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Abstract
Andrews studied a function which appears in Ramanujan’s identities. In Ra-
manujan’s “Lost” Notebook, there are several formulas involving this function,
but they are not as simple as the identities with other similar shape of functions.
Nonetheless, Andrews found out that this function possesses combinatorial infor-
mation, odd-even partition. In this paper, we provide the asymptotic formula for
this combinatorial object. We also study its companion odd-even overpartitions.

Keywords: Odd-Even partitions; Overpartitions; Asymptotics; Wright’s circle
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1 Introduction and Statement of results

Andrews [1] considered a certain family of functions and noticed a mysterious phe-
nomenon. More precisely, Andrews looked into ¢-series identities involving hypergeo-
metric functions, for example in particular ([1], [2, eq. (4.10) and (4.12)] and [3, p. 19
and 104])
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While the others can be nicely written in terms of infinite product (so that it turns out that
they are modular forms up to ¢ powers), Andrews did not find any such shape of identities
for (1). Moreover, Zagier [14, Table 1] figured out that (1) is not modular. Nonetheless,
Andrews [1] provided a combinatorial interpretation for this function, namely odd-even
partitions.

Recall that a partition of positive integer n is a nowhere increasing sequence of positive
integers whose sum is n. Define a partition function OF(n) by the number of partitions
of n in which the parts alternate in parity starting with the smallest part odd. In other
words, OFE(n) counts the number of odd-even partitions of n. For instance, there are
no odd-even partitions of 2 and the odd-even partitions of 3 are 3 and 2+1. Therefore
OFE(2) =0 and OFE(3) = 2. By Andrews’ proof a generating function (in Eulerian form)
for the odd-even partitions is given by

S oo m(mitl)
n g =2
O(q) =1+ E OE(n)q" = E ) (4)
n=1 m=0 ! m

which is (1). Here the g-Pochhammer symbol or ¢-shifted factorial is defined as (a), :=
(@;q)n = [T}, (1 —ag’™") for n € No U {oo}.

In this paper we investigate the asymptotic behavior of OE(n). In order to study the
asymptotic behavior of the coefficients of a series, one can either use the Circle Method
[6, 11, 13] or apply Ingham’s Tauberian Theorem [7]. Since O(q) has a pole at every
root of unity and it is not easy to find the bounds for &'(q) at every root of unity, it is
difficult to use the Circle Method in our case. Moreover, as OFE(n) is not monotonically
increasing, we cannot directly apply Ingham’s Tauberian Theorem to our case either (see
Section 2 for more details). Thus, we need to slightly modify our function so that we can
apply Ingham’s Tauberian Theorem.

Theorem 1. We have

1 o
OE(n) ~ ok V5

as n — Q.
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We also investigate the asymptotics of odd-even overpartitions, studied by Lovejoy [9].
Recall that an overpartition of positive interger n is a partition of n in which the first
occurrence (equivalently, the final occurrence) of a number may be overlined. An odd-even
overpartition is an overpartition with the smallest part odd and such that the difference
between successive parts is odd if the smaller is nonoverlined and even otherwise. For
example, there are no odd-even overpartitions of 2, the odd-even overpartitions of 3 are
3, 3, 2+1, and 2+ 1, and the odd-even partitions of 4 are 3 + 1 and 3 + 1. Notice that
if all parts are non-overlined, then we have the odd-even partitions. We denote OFE(n)
by the number of odd-even overpartitions of n and define OF(0) := 1. The generating
function is given in [9]

m(m+1)

o) =S OEmg =Y % — (—)f(a),
where - ,
fl@) =Y (Eq)Q (5)

is one of Ramanujan’s third order mock theta functions. These functions appeared in
Ramanujan’s deathbed letter to Hardy and are now known as the holomorphic parts of
weight 1/2 harmonic Maass forms (see [15]). We remark that the generating function for
the odd-even overpartitions is a mized mock modular form, i.e., the product of a modular
form and a mock theta function. From this fact, we can apply Wright’s Circle Method
[13] to obtain the asymptotic formula for OE(n).

Theorem 2. We have
OE(n) ~ e"V3

as n — Q.

This paper is organized as follows. In Section 2 we study some basic properties of
odd-even partitions and introduce an auxiliary theorem which play important roles to
prove Theorem 1. The proof is given in Section 3. We conclude the paper with the proof
of Theorem 2 in Section 4.

2 Preliminaries

2.1 Basic properties of odd-even partitions

First we look into the first few values of the odd-even partition function OFE(n) given in
Table 1. From these values, we see that OF(n) is not monotonically increasing. Never-
theless, OFE(n) < OFE(n+2) holds for every n due to the fact that we can always make an
odd-even partition of n+2 from the one of n by adding 2 to the largest part. Thus, OE(n)
is monotonically increasing for even (odd resp.) m. This suggests that the appropriate
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relevant partitions of n | OE(n)
1

n

1

2

3 3, 142
4 .

5 5, 1+4

6 14+2+3

7 7, 146, 3+4
8 14+2+5

W~ N O N O

Table 1: Values of OE(n)

approach to understand the asymptotic behavior of OFE(n) is to split the power series of
OE(n) into two parts, one with even n and the other with odd n, as follows:

O(qg) => OE(n)g" =Y OE@2n)¢™ + > OE@2n+ 1) =: O.(q) + 0,(q).

Here, for convenience we define OF(0) := 1. We further split the ¢ hypergeometric series
in (4) accordingly by considering the parity of powers of ¢ for each summand. Since the
g-Pochhammer symbol (¢?; ¢*),, in the denominator always produces even powers of g,
the parity of powers of ¢ depends only on m(m + 1)/2. Note that m(m + 1)/2 is even iff
m = 0,3 (mod 4) and odd iff m = 1,2 (mod 4). Hence

m(m+1) m(m+1)

o)=Y é—q)m o0)= > é—wm

m=0 m=0
m=0,3 (mod 4) m=1,2 (mod 4)

2.2 Ingham’s Tauberian Theorem

From the asymptotic behavior of a power series, Ingham’s Tauberian Theorem [7] gives
an asymptotic formula for its coefficients.

Theorem (Ingham [7]). Let f(q) = >, ., a(n)q" be a power series with weakly increasing
nonnegative coefficients and radius of convergence equal to 1. If there are constants A >
0, \,a € R such that

as e — 0T, then

as n — Q.
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3 Proof of Theorem 1

3.1 Asymptotics for the generating functions

In this section we estimate the functions &,.(¢q) and &,(q). Throughout the section we
set ¢ = e~t. In order to get the asymptotic formulas for these functions, we exploit the
second proof of [14, Proposition 5]. The idea of the proof is based on the asymptotics of
the individual terms in the series. We first study the asymptotic behavior of the summand
and then sum up the asymptotics. We denote the mth term in the series (4) by

m(m+1)

q 2

(4% 6,

The sequence (f)men is unimodal, meaning that f,, increases until f,, reaches a maxi-
mum value and then decreases. More precisely, for 0 < |g| < 1 the ratio

Jm "
fm—l B 1 _qq2m (6>

goes to co as m — 0, decreases as m grows, and tends to 0 as m — oo. To determine
when f,, takes the maximum value, we check when the ratio (6) becomes 1. This ratio
is equal to 1 exactly for ¢*™ the unique root of the equation Q% + () = 1 in the interval
(0,1), namely @ := %5 In other words, f,, approaches the maximum value when ¢*™
is close to @ and m near Log(Q)/(2 Log(q)). We further note that

Log(@)

2m —

——= =00, ¢"—=Q as q— 1.

2 Log(q)
Thus, the main contribution occurs when the terms are of the form ¢*™ = Qq=* (or

1 . . . .

q" = Q2q7Y) with v € vy + Z satisfying v = o(m) and 1y denotes the fractional part
of Log(Q)/(2Log(q)). In this setting, we evaluate the size of f,,. For this, we use the
asymptotic expansion from Zagier [14, Page 53]. Here the dilogarithm function Liy(z) is
defined for |z| < 1 by

Jm = fm(Q) =

o0

Li = —.
12(2) 2 n2

Lemma 3. Let A,B € R and A > 0. For the unique root R € (0,1) of the equation
R+RA=1and g = e with ¢ = Rg™", v = o(n) as n — 0o, we have

LAn24Bn
q?
bos ( @ )

= (%2 — Liy(R) — %Log(R) Log(1 — R)) T — 5 Log (27”) + Log (\/1R——LR)
- (%ﬁ — (B + 2(1—}31%)> v+ —241(1+_RR)) t+0 (),

ast — 0.

Zn
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Remark 4. In fact, Zagier obtained the asymptotic expansion with arbitrary many main
terms. Since we only use the first few main terms in this paper, we do not need to consider
the complete expansion.

We set g — ¢*, A+~ 1/2, and B ~ 1/4 in Lemma 3. Thus, R becomes @ and we
have, recalling that Q:+Q=1and Q= %5,

_ lLog (f) V5 <y2—u+1> t+0 (). (7)

2 t 2 6

Furthermore, we use the special value of the dilogarithm function from [14, Section I1.1]

2
2 1 5
Lin(@) = 7= - (Log ( +2f)> ®)
and note that

<1 Log (Q)> = (Log(1-Q))* = (Log (1 —Q)™"))" = (Log (1 +2\/5>) .9

2

Combining (7), (8), and (9) gives
m(m+1) 2
q 2 T 1 T V5 ) 1 ,
L | Tom o o8 ) T - —t+ O (¢
s ((qQ;qQ)m) 20t 2 Og(t) 2 (” vt g t+o(t) (10)

where

m(m+1)
q 2
Sj = Z 2. 2y
m=j (mod 4) (q 4q )m
so that we can write
ﬁe(q) = So + 83, ﬁo(q) = 81 + 82. (11)

Theorem 5. We have 1 ,
ﬁe (e_t) ~ ﬁO (e_t) ~ Q;TOt

ast — 0F.
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Proof. Using (10), we can also rewrite S; in terms of ¢(v) as

S;=(1+0(#)) > (V). (12)

v=vp+j (mod 4)

To estimate S;, we begin by rewriting the sum in v on the right-hand side of (12) as

D plnt+w+i)= > eldn+a)

nez nEL+7Z
— \/jGQOt Z 4TL+C|{ (4n+a)+%)t (13)
nes= +Z
_ \/zeg(i—ég(&—wé)tﬁ V5 (2a —1)ti 1; 8+/5ti |
T T 2 T

where o := 2 4 vy + 7 and the Jacobi Theta function is given for z € C and 7 € H by

9 (Z, 7_) — Z eﬂ'in27'+27rin(z+%)'

n€%+Z

The modular inversion formula for the Jacobi theta function [15, Proposition 1.3 (7)]
implies that for a,b € C with Re(a) > 0

g (Y Loatty T )y (b T
T 2w at a 2at at

Plugging in a — 8v/5 and b — v/5(2a — 1) and simplifying the summation yields that

2 20— 1)ti ) 2
19<\/3(2a—1)t 1 8\/_tz> / T =i (- B2z
T
nEZ

t ﬂ2n2
Tt ro | X w9
8\/5t neZ\{0}

:‘/8\/&(”0(”)'

The last equality comes directly from the fact that as ¢t — 0"

I Lo,
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and

7\'27L2 7(2
Z e 8ot KL e 8Vt
neZ\{0}
From (12), (13), and (14), we obtain for any j € {0,1,2,3}
Sj ~ 1 6%7§(a27a+é)t ~ ;e;\%

2v/2/5 2v/2v/5

as t — 0. Recalling (11), we have the desired result.

Moreover, since 0(q) = O.(q) + 0,(q), we have following Corollary.

% (e’t) ~ «/%eéﬁt

Remark 7. One can directly estimate the series &(q) by using the Constant Term Method,
inserting an additional variable to identify the series as the constant term of the product
of more familiar number-theoretic functions in a new variable. (See [14, First proof of
Proposition 5] for more details.)

Corollary 6. We have

ast — 0F.

Remark 8. Mclntosh [10] derived the complete asymptotic expansion of the more general

g-series
o anqbn2 +cn

~ (@)

in full detail using elementary methods (Euler-Maclaurin sum formula). The asymptotic
of O(q) is the case ¢ = 1/4 and ¢ — ¢* (gence t — 2t) in the following formula [10, p.

134]
logg qn;:;:cn = 17T—02t + 2clog <\/52_ 1) — %log (5 _4\/5)
(4046 1 N 0(2010 1)\/5> ;
—c(2¢—1) <% + 4(];)5_01\/5) t?
+e(2e— 1) <4c25_01 e ;58+ 3\/5) £
(2 - 1) (202 ;72(;1— 13 (4c—1) (ﬁi@a 6c — 31) \/5> t4

where ¢ = et and t — 07,
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3.2 Applying Ingham’s Tauberian Theorem

Now we are ready to apply Ingham’s Tauberian Theorem to the functions &, (e™*) and
0, (e7"). We first deal with the even case. Setting a(n) = OF(2n) and replacing ¢ by ¢
in Theorem 2.2 determines the constants

We remark that since OF(n) does not satisfy weakly increasing property with n = 0, we
only consider when n > 1. Thus, we have

1 274/ 16
——e :
2v/5(2n)1

By letting n +— n/2, we obtain the desired asymptotic formula for OF(n) with even n,
namely

OE(2n) ~

OE(n) ~ 2\/1%26”\/? | (15)

For odd n, we rewrite the series as

O,(q) = Z OE(2n + 1)¢g*"*! = qZOE@n +1)g*".

n=0 n—=0
Since by Theorem 5
o, (eit) =e ! i OE(2n + 1)67%” ~ #e%ozt,
n=0 25
we have o
Z OE(2n + 1)e 2" ~ L =3

B

— 2
n=0
Similar to the case of even n, setting a(n) = OF(2n + 1) and replacing g by ¢? yields

1 n
OE(2n+1) ~ ————¢*™Vio,
( ) 2v/5(2n)3

As before we let n — n/2 and thus we have for even n

1 D
OE(n+1) ~ p eV, (16)
2v/5n4
Finally from (15) and (16) we get the desired asymptotic formula for OE(n), for every
n’

1
e
2\/571%

n
™5

OE(n) ~

as n — 0.

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.62 9



4 Proof of Theorem 2

We follow the same method of the proof of Theorem 4 in [5]. The strategy is to estimate
the generating function near and away from a dominant pole, and then apply Wright’s
Circle Method. Although the method of proof is not new, because we are dealing with a
different function, the result does not follow directly from the statement of Theorem 4 in
[5], and thus we include its proof here. However, it is basically the same proof.

4.1 Asymptotics of 0(q)

Using the Watson’s identity for Ramanujan’s third order mock theta function f(q) [12]

n(3n+1)
f(Q) _ 2 (_1)nq 2
(Q)oo nez 1+ q" ’
we rewrite 0(q) as
n(3n+1)
= 2(=@)oo g~ (=D 2
Oq) = : 17
@ (@)oo nez; 1+ qn 17)

From this expression we can see that &(g) has a dominant pole at ¢ = 1.
Theorem 9. Let M > 0 be fixed.
(i) For|z| < My, asy — 0

(52 (v

Remark 10. One can find M > (1222)2 —1=>5.543. .., so that the bound in the part

1
—— exp
Y2 {

(ii) is indeed an error term.

Proof. (i) To estimate the function &(g) near ¢ = 1, we first examine f(q). By Taylor’s
theorem, we have

fl@) = F)+0(r]),

and from (5) we see that

Thus, we have for |z| < My
fl@)=3+0(y) (18)
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asy — 0T,
Now we turn to the infinite product (—¢)s in front of f(q). Recall that, from the
modular inversion formula for Dedekind’s eta-function ([8, p. 121, Proposition 14]),

(q;q)oo:\/i_hemé (1+O< )) (19)

Therefore, we find that

_(q2§q2>00_ie% e;LImTl
I A GRS 20)

Combining (18) and (20) gives the proof of the part (i).
(ii) In the case of O'(q) away from ¢ = 1, we consider the expression in (17). Note that

n(3n+1) n(3n+1)
1 —1)"q~ 2
S =S
€Z + q n=1 + q
and that, for My < |z] < 1/2,
( 1)”61”(33“) nantn)
— n 3n+1 1 3
I DI R P
n>1 1 + q | n>1
This implies
n(3n+1)
1\
S E Ty (21)
nez T4

Now it remains to bound the infinity product

(0 _ (¢%6)s
(@)oo (9)%

We write this as

Log (%) = Z (Log (1 — ¢*") —2Log (1 — ¢"))

o n>1
2gm 2nm
=22, % DI
n=1 m>1 n=>1 m>1
B q2m
mz>1 ( (I—=gm) m(1- q2m))

2m1

_Z 2m —1) (1 — ¢ 1)’
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Thus,

(4% ¢%) )‘ 2|q*m
Log (—OO <
(9)% ,; (2m — 1) [1 — g
2|q*m ! 2|q| 2|q|

(]

_|_
L Cm—1) (A =g t)  [1—q]  1—]q

= Log (%) ol ()

% = \/geé; <1+O (eﬁ)) :

1

From (19), we have

To evaluate the remaining term, we note that for My < |z| < 5, cos(mMy) > cos(nz).

27
Therefore,

11— q]> =1— 22 cos(2mz) + e 4™ > 1 — 27 2™ cos(2r My) + e 4™,

By the Taylor expansion around y = 0, we conclude that
11 —gq| >2myvV1+ M2+ 0 (y°).
Since 1 — |q| = 27y + O (y?), we arrive at

0 Beols 62 (- k)]

Plugging (21) and (22) into (17) yields the part (ii).

Corollary 11. For My < |z| < 1/2 with M > /(52 )2 — 1, there exists € > 0 such

12—72
that as y — 0*
(q) < 1 @i(lm(%)ie)'

yV2

l

4.2 Wright’s Circle Method

(22)

]

In this section we complete the proof of Theorem 2 by applying Wright’s Circle Method.

By Cauchy’s Theorem, we see for y = ﬁ% that

v 1 [0(q) 2 s
OE(n) = —/ 1 dq = / 17 (62“”5‘%) e TS da
c -

o gntl

1
2

J— s T _ . 71'\/5
_ / ﬁ <€2mx 72\/5) e 2minz+ 23 diL‘
lz|<My

J— . o /N
+ / G (s ) e R Ay = T+ T,
My<|z|<

1
2
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where C = {|q| = e_ﬁ}. In fact, the integral Z; contributes the main term as the
integral Z, is an error term.
In order to evaluate Z;, we introduce a function Ps(u), defined by Wright [13], for fixed

M >0 and u € Rt .
1 1+M:q 1
P,(u) := —/ vie () dy,
270 Sy

This function is rewritten in terms of the I-Bessel function up to an error term.

Lemma 12 ([13]). Asn — o
Py(u) =1_,41(2u)+ O (e"),
where I, denotes the usual the I-Bessel function of order (.

Using Theorem 9 (i), we write the integral Z; as

Il:/|m|< <2f s nya

extr + O (n 2eﬁ¢2>> e TSR g
By making the change of variables v = 1 — i4v/3nx, we arrive at

1+MZ —' T T/ NV
1'1:/ ! 2ﬂ@2Iv+O % 2\/§> 62\/\/;’ dv
1-mi 4v3n

_3¢§n (g\/f%) o

4F

§

/\

™

e V3

I\J\W

.

~s () o)
= 351 7€ ra —|—O(n 36%) (23)
ini

where we use the asymptotic formula for the I-Bessel function [4, 4.12.7]

e” e’
@) = 7Z=t 0 (‘) |

Now we turn to the integral Z,. From the Corollarly 11, we have for My < |z| < 1/2

n/m
I2<</ 2\/6ne%( )eQIdx<<n§@f(1 5),
My<l|z|<3

which together with (23) completes the proof.
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5 Concluding remarks

The referee has kindly pointed out that in Section 3.1 by the unimodality of the sequence
(fm)men all of the S; have the same asymptotic expansion since any differences in the S;
are exponentially small compared to other terms in their asymptotic expansions. There-
fore the asymptotic expansion of each S; is equal to the asymptotic expansion of the full
g-series multiplied by 1/4. In this case it is not necessary to use theta functions for the
proof. We refer the interested reader to [10] for details.

The referee has also suggested a interesting discussion. In [10] McIntosh obtained

(@)n NG 10 80 200 48000 240000

n=0
and
©  _n(n+1/2) 1 2 1 5
s e (LYY,
—  (Qn V5 15 48 " 80
1 23v/5 103
b2 4 23V5 +—— "1 0 (t5)} ,

200 48000 240000

where ¢ = et and t — 0F. These expansions appear to agree up to sign from the t? term
onward. If we replace ¢ by ¢* in the first series, then in some sense it is in the middle of
the identities (2) and (3). Watson [12] discussed the second series, denoted by G1,2(q),
in terms of Ramanujan’s concept of ’closed’” and "unclosed’ asymptotic expansion. This
appears to be somewhat related to the concept of 'modular’ and 'nonmodular’.
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