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Abstract

A graph I' is a matching minor of I" if some even subdivision of I'y is isomorphic
to a subgraph I's of I'; and by deleting the vertices of I'y from I' the left subgraph
has a perfect matching. Motivated by the study of Pfaffian graphs (the numbers
of perfect matchings of these graphs can be computed in polynomial time), we
characterized Abelian Cayley graphs which do not contain a K33 matching minor.
Furthermore, the Pfaffian property of Cayley graphs on Abelian groups is completely
characterized. This result confirms that the conjecture posed by Norine and Thomas
in 2008 for Abelian Cayley graphs is true.
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1. Introduction

All graphs in this paper are finite and simple. Let I' = (V| E) be a graph. A perfect
matching of T" is a set of independent edges of I' covering all vertices of I'. A subgraph
[V of T" is mice if I' — IV has a perfect matching, where I' — I” denotes the subgraph of
I’ obtained from I' by deleting the vertices of I'V. The length of a path is the number of
its edges. We say that a graph I is a subdivision of a graph I' if I is obtained from
I’ by replacing the edges of I' by internally disjoint paths of length at least one. If each
replacing path is of odd length, then I is called an even subdivision of I'. A graph I" is
a matching minor of I if some even subdivision of I is isomorphic to a nice subgraph of
[. For FF C E(T'), we denote by I" — F' the graph obtained from I' by removing the edges

in F'. Let I' be an orientation of I'. An even cycle C' is called oddly oriented if traversing
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C we encounter an odd number of edges of ? oriented in the direction of the traversal.
The orientation ? is a Pfaffian orientation if every nice even cycle in I' is oddly oriented
relative to I'. A graph is said to be Pfaffian if it admits a Pfaffian orientation.

It is known that the number of perfect matchings of a Pfaffian graph can be computed
in polynomial time [13]. Enumeration problem for perfect matchings in general graphs
(even in bipartite graphs) is fP-complete. So determining whether a graph is Pfaffian is
interesting. Obviously, if a graph is Pfaffian, then every nice subgraph of it is Pfaffian. And
if some nice subgraph of a graph I' is not Pfaffian, then T" is not Pfaffian. Kasteleyn [4, 5]
showed that every planar graph is Pfaffian and described a polynomial-time algorithm for
finding a Pfaffian orientation of a planar graph. Denote by K,; the complete bipartite
graph with two partitions of s vertices and ¢ vertices. Little [9] gave a sufficient condition
containing a K33 matching minor for a non-Pfaffian graph. And it is also necessary for
bipartite graphs. McCuaig [14] and, independently, Robertson et. al. [17] provided a
polynomial-time algorithm for determining whether a bipartite graph is Pfaffian.

A graph is I-extendible if every edge has a perfect matching containing it. A graph is
near-bipartite if it is 1-extendible, not bipartite but it has two edges whose removal yields
a l-extendible bipartite graph. Fischer and Little [3] characterised the near-bipartite
graph G is not Pfaffian if and only if a K33, cubeplex or twinplex can be obtained from
a matching minor of GG by a sequence of odd cycle contractions. Miranda and Lucchesi
[15] discovered a polynomial-time algorithm to decide whether a near-bipartite graph is
Pfaffian. A l-extendible graph I' is solid if, for any two disjoint odd cycles Cy and Cs
of I', the subgraph I' — V(C; U C5) has no perfect matching. de Carvalho, Lucchesi and
Murty [1] characterized the Pfaffian property of solid 1-extendible graphs, which are a
kind of generalization of the bipartite graphs. They introduced the notion of a minor,
name S-minor, which is stronger than the notion of a matching minor, and proved that
every non-Pfaffian solid 1-extendible graphs contains the K33 as an S-minor. Norine and
Thomas [16] exhibited an infinite family of minimal non-Pfaffian graphs with respect to
the matching minor. They also stated the following conjecture.

Conjecture 1. There exists a finite collection of valid rules such that every non-Pfaffian
graph can be reduced to K33 by repeated reductions using those rules.

Little and Rendl [10] discussed various operations on graphs and examined their effect
on the Pfaffian property. The Cartesian product of two graphs I' and I”, denoted by
['OrY, is the graph with vertex set V(I'CIY) = {(u,v)lu € V(I'),v € V(I")} and two
vertex (ug,v1) and (ug, vy) in TOIY are adjacent if and only if v; = ve and wyuy € E(T), or
uy = ug and vyvy € E(I"). Yan and Zhang [20, 21] considered the Pfaffian property of the
Cartesian product of trees and a path with four vertices. Lin and Zhang [6] studied the
Pfaffian property of Cartesian product of non-bipartite unicycle graphs and a path with
four vertices. Denote by P, and C} the path and the cycle with k vertices respectively.
Lu and Zhang [11] characterized the Pfaffian property of the Cartesian products I'OP,,
and ['LJCYy, for any graph I'.

Given a group G with identity element 1 and a subset S of G such that 1 ¢ S and
r € S implies x71 € S, the Cayley graph of G with respect to S, denoted by I'(G, S),
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has the elements of G as its vertices and edges joining x and yx for all z € G and y € S.
For S C G, denote by (S) the subgroup of G generated by S. It is known that every
Cayley graph is vertex-transitive. When the group is cyclic, or G = Z,,, the Cayley graph
is called a circulant, denoted by Z,(S). The group G is said to be Abelian if ab = ba for
all a,b € G. Obviously, circulants are special Abelian Cayley graphs. We say the edge
joining x and sz in T'(G, S) is s-edge. Stong [18] showed that for every generating set a
Cayley graph over an Abelian group of even order has a perfect matching. In this paper,
the Pfaffian property of Cayley graph on finite Abelian groups is completely characterized,
that is the following theorem.

Theorem 2. Let I' = I'(S) be a connected Cayley graph on an Abelian group of even
order. I" us Pfaffian if and only if I' contains no Ks3 as a matching minor.

The proof of Theorem 2 is given in Section 3.

2. Structures of I'(G, S) with |S| <4

Suppose G is a finite Abelian group with |G| = n. For convenience, write I'(S) for the
Abelian Cayley graph I'(G, S) with respect to the subset S of G. If |S]| is odd, then S
contains an odd number of elements of order 2 since S = S~!. For the element of order
2, we have the following proposition.

Proposition 3. Suppose |S| = 2. Then T'(S) is a union of disjoint cycles. And, except
the elements in S, there exist at most two elements of order 2 in every cycle of T'(S),
specially, there exists at most one element of order 2 in the cycle containing 1.

Proof. Since |S| = 2, ' is 2-regular, Hence it is a union of cycles. We may assume
the following two cases: S = {a,a™'} where a # a™!, or S = {a,b} where a* = b* = 1.
And assume that there is an elements of order 2, denoted by ¢ (¢ ¢ S), in some cycle of
['(G,S). If S = {a,a '}, then every element of order 2 in the cycle has the form a®c,
where s is an integer. Thus 1 = (a’c)? = a*c® = a**. Hence, s = 0 or s = |a|/2. So at
most two elements of order 2, that is a’c = ¢ and (al®/?¢), in this cycle. If S = {a,b},
then this cycle is of length four. Except the elements in S, only two elements left. If 1
lies in the same cycle, then every element of order 2 in the cycle has the form a®. Only
one element of order 2, since a® = 1. O

Obviously, a Cayley graph I'(S) is connected when (S) = G. The following proposition

is about the subset of S and the subgraph of I'(S).

Proposition 4. [7/Suppose G is a finite Abelian group which is generated by S. And
let G' be the subgroup of G which is generated by S’ = S\{s,s™'}, where s € S. If
G'N{(s,s7 ) = {1}, then T'(S) = T(G', SO ((s,s™ 1), {s,s7'}).

Specially, if s € S,s ¢ S\{s} and s* = 1, then I'(S) = T'((S\{s}), S\{s})TOP,, by
Proposition 4.
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Proposition 5. Suppose the Abelian Cayley graph T'(S) is connected with |S| = 3. Then
I'(S) is isomorphic to Z,(1,n — 1,n/2) or C,;;0Ps.

Proof. By |S| =3, S contains at least one element of order 2. Suppose S = {a, b, ¢},
where a? = 1. By Proposition 1, T'({b,¢)) is a cycle or a union of disjoint cycles. And the
a-edges consist of a perfect matching of I'(S). Since I' is connected, I'({(b, ¢)) has at most
two cycles. If it is a cycle, then I'(.S) is isomorphic to Z,(1,n —1,n/2). If it is a union of
two disjoint cycles, then I'(S) is isomorphic to C,,/2[0P,. So the result follows. O

Proposition 6. Ifn is even, then I' = Zy,(1,2n —1,n) contains no even division of K 3
as a subgraph after contracting at most one odd cycle.

Proof. Label the vertices of I as {v,vs,...,v9,} such that E(I') = {vv;41 1 1 =
1,2,...,2n — 1} U{vguu } U{vjvgni1—; 1 i =1,2,...,n}. If ' contains an even division of
K, 3 as a subgraph, denoted by H;. Since I' is vertex transitive, without loss of generality,
suppose vy,v; € V(H;) and the degrees of v; and v, are 3 in Hy. Then v1vq, v1vg, and
v1U,41 belong to three different paths in H;. Note that T' — {v1v,41, 0,09, } 18 a bipartite
graph with the two color classes {v;]i is even} and {v;|i is odd}. If ¢ is odd, then all
the paths from vy (or vy,) to vy in I' — {vv,41, V09, } are of odd length. And all the
paths from v, to vy in I' — {010,411, VU2, } are of even length since n is even. So there
do not exist three different paths of even length from v; to v; in I'. A contradiction.
Similar contradiction occurs when ¢ is even. So I' contains no even subdivision of K5 3 as
a subgraph.

Let By = {vjviy1 i =1,2,...,2n—1}U{v9,v1 }. For any odd cycle C of ', C' contains
|E41|/2 edges in E). Let I be obtained from I' by contracting C' to a vertex v. Then v is
adjacent to all the other vertices of I, and I'" — v consists of disjoint paths. So IV contain
no even subdivision of Kj 3. O

Thomassen [19] defined a kind of quadrilateral tilling on the torus, named @, s, (also
called r-pseudo-cartesian products in [2, 7, 8]), where s > 1 and 0 < r < m. If s > 1,
write the vertices of the two cycles on the boundary of C,,0P; as xi,xs,..., 2, and
Y1, Y2, - - -, Ym, respectively, where x; corresponds to y;(i = 1,2,...,m). The graph Q. s
is the graph obtained from C,,0P; by adding edges x;y;+, (1 = 1,2,...,m, r is an integer
and ¢ + r is modulo m). If s = 1, the graph @Q,, s, can be obtained from an m-cycle
wiwsy . . . wypwy by adding edges w;w;i,, © = 1,2,...,m, where ¢ 4+ r is modulo m. It is
easy to see that @, 1, is isomorphic to Z,,(1,m — 1,7, —r) and Qs is isomorphic to
C,OCs. A 4-regular circular is isomorphic to some Qs [12].

Proposition 7. Let I' = I'(S) be a connected Cayley graph on an Abelian group with
|S| = 4.

(1) If S contains no any element of order 2, then for a,b € S,a # b~', there exists
0 <7 < |a| such that a” = b9 and T is isomorphic to Qlaln/lal,r-

(2) If S contains some element of order 2, then I' is isomorphic to Qnau0, Znj2(1,n/2 —
17 77,/4)|:|P2 or Qn/2,2,n/4'
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Proof.

(1) Suppose S = {a,a"',b,b7'}. If (a) = G, then a-edges consist of a hamiltonian cycle.
Therefore, T is isomorphic to Z,(1,n — 1,t, —t), where a* = b. If |a|] < |G/, then a-
edges consist of a union of disjoint cycles. And those cycles are connected by b-edges
in I'. Therefore, I' is isomorphic to Q|q|s,», Where s = n/lal, 7(< |a|) is an integer
satisfied b° = a”.

(2) Suppose S = {a,b,c,d}, where ¢ = 1 = d?. By Proposition 3, I'({a, b}) is not a
cycle, hence (a,b) # G and (a,b) does not contain both ¢ and d. If ¢,d ¢ (a,b) and
c ¢ (a,b,d), then (a,b) N (d) = {1} and (a,b,d) N (c) = {1}. By Proposition 4, I'
is isomorphic to some Q,/44,0 Where n/4 = |(a,b)|. If c,d ¢ (a,b) and d € (a,b,c),
then (a,b) N (c) = {1} and (a,b) N (d) = {1}. Therefore I'(a,b, c) and I'(a,b,d) are
isomorphic to C,,s0P, where n/2 = |(a,b)|, by Proposition 4. So I' is isomorphic
to some Q/22n/4. We now suppose that one of ¢ and d in (a,b). Assume that
¢ € (a,b) and d ¢ (a,b), then (a,b,c) N (d) = {1} and each component of I'(a, b, c)
is isomorphic Z,,/5(1,n/2 — 1,n/4) where n/2 = |(a, b)|. Therefore I' is isomorphic to
Zn2(1,n/2 —1,n/4)0P, by Proposition 4. So the result follows. O

It is easy to see that K33 contains an even subdivision of K33 as a subgraph. Hence,
Lemma 12 and Theorem 16 in [12] imply the following proposition.

Proposition 8. Suppose I' = I['(S) be a circulant graph with |S| = 4. Then I" contains
an even subdivision of Ky3 as a subgraph, after contracting at most one odd cycle.

Proposition 9. Let I' = I'(S) be a connected Cayley graph on an Abelian group with
|S| = 4. Then I contains an even subdivision of Ky3 as a subgraph, after contracting at
most one odd cycle.

Proof. By Proposition 5, I' is isomorphic to Qs or Zy,/2(1,n/2 — 1,n/4)0F,. If T
is isomorphic to Z,/2(1,n/2 — 1,n/4)0P,, then n/2 is even and the spanning subgraph
Cn20Py of Z,/5(1,n/2 — 1,n/4)0P, contains an even subdivision of K,3. Therefore,
Zn2(1,n/2 —1,n/4)0P, contains an even subdivision of K 3. In the following, we need
to show that @, s, contains an even subdivision of Kj3 as a subgraph, after contracting
at most one odd cycle, to complete the proof.

If s =1, then I' is a circulant. By Proposition 6, I' contains an even subdivision of Kj 3,
after contracting at most one odd cycle. If s > 3, it is easy to see that a subgraph P;[1P;
of I' contains an even subdivision of K5 3 as a spanning subgraph. So we consider the case
when s = 2. The spanning subgraph C,,[1P, of I' contains an even subdivision of K3
when m is even. When m is odd, label the vertices of Q. 2, as {vi,u; i =1,2,...,m}
such that

m
E(ng,r) = U{Uiuia ViWitr, ViVit1, ui“i—f—l}a
i=1
where the subscripts are modulo m. If r is odd, let

Py = 010U U — 1 Uy —2Upp—3 -+ - U3 p U g
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Then P, contains an odd number of vertices. Therefore, the three paths vyvousy,,
V1Up41U24, and Py consist of an even subdivision of Ky 3. If r is even, let

Py = viug ey .o usus.

Then P, contains an odd number of vertices. Therefore, the three paths vivous, viuius
and P, consist of an even subdivision of K3 3. Thus, the result holds. O

3. The K33 matching minor of I'(S)

For proving our main results, we need some known results.
Theorem 10. [11] Let ' be a connected graph.

(1) TOP, is Pfaffian if and only if I' contains no subgraph which is, after the contraction
of at most one cycle of odd length, an even subdivision of Ka3;

(2) TOP, is Pfaffian if and only if I contains neither an even subdivision of Q-graph nor
two edge-disjoint odd cycles as its subgraph, where Q-graph is the graph obtained from
a 4-cycle and a vertex mot in the J-cycle by joining the vertex to one vertex of the
4-cycle;

(3) TOPy,(n = 3) is Pfaffian if and only if T contains no Y-tree as its subgraph, where
Y -tree is a graph obtained from K 3 by replacing an edge by a path of length two.

If a graph I' contains an even subdivision of K3 (after possibly contracting an odd
cycle), then I'C0P, contains K33 as a matching minor (see the proof of Theorem 10 in
[11]). For the Pfaffian property of @, s, we have the following result.

Theorem 11. [22] The graph Qum.s.» of even order is Pfaffian if and only if it is not a
bipartite graph, if and only if it has no matching minor isomorphic to Ks 3.

Theorem 12. [12] Let I = Z, (a1, tas, . .., xay) be a connected circulant graph of even
order. Then I' is Pfaffian if and only if m =1 or, m = 2 and a; + as is odd, if and only
if it has no matching minor isomorphic to Ks 3.

For s > 1 and an even number m, label the vertices of Z,,(1,m — 1, m/2)0P; as vg,
1=1,2,...,m,5=1,2,...,s, such that

s m m/2 s—1 m
E(Zn(1,m=1,m/2)3P,) = | J | (J{vlvl,, )U(U{vaf+m/z}) g (U U{Uzjvzj-i-l})

j=1 \ i=1 j=1i=1
where the subscripts are modulo m. The graph @, .. is the graph obtained from
Zm(1,m—1,m/2)0P; by adding edges vjvf,, (i =1,2,...,m, r is an integer, 0 < r <m

and 7 4+ r is modulo m). Obviously, @/, ., is isomorphic to Z,,(1,m — 1,m/2)0Cs.

m,s,0
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Proposition 13. The graph Q' contains Ks3 as a matching minor.

m,s,r

Proof. If m =2 (mod 4), then Zm(l m — 1,m/2)contains K33 as a matching minor
by Theorem 12, so does Q' for Z,,(1,m — 1,m/2) is a nice subgraph of @ In

the following, we consider tﬁg gase when m =0 (mod 4). Label the vertices of 5ST

{uj:1=1,2,...,575=12,...,m} such that

m,s,T

s m m/2 s—1 m m

Qmsr U U{U;u;+1}U(U{UEU;+m/2} U U LJ{UZ ol U U(vzlvf—i-r)
j=1

i=1 = i=1j=1 J=1

where the subscripts are modulo m. If m > 8 and s > 3, then @, ., contains

Zg(1,7,4)0P;5 as a nice subgraph. The subgraph spanned by {ul,u2,u1,u2,u6,ué}, to-

gether with the paths ududududuiuduju} and uiuuug, consists of an even division of K3 3,

and after its removal, the left graph has a perfect matching {uiul, uiu2, viud, uiu?, ugui{’
That is Zg(1,7,4)0P; contains K33 as a matching minor (see Figure 1). If s = 2 and
r is even, then @7, ., contains Q, 2, as a spanning subgraph, and @2, is a bipar-
tite graph when m and r are even and therefore contains K33 as a matching minor
by Theorem 11. If s = 2 and 7 is odd, let H be the subgraph of @, ,, which is
generated by vertices {vi, v, v7,,, 03, Ul+T+m/2, v2+r+m/2} together with the two paths
VaU3 + o Uy gV gV« - Uiy ) g a0 vj0f0R 02y 02y . Then H is an even subdi-
vision of Ks33. And Q) — H has a perfect matchmg

m,2,r

11 11 1,1 2.2 2 2 2 2
{VrsaVrss) Uri6Urizs - - s U1V V3Us, VUss - -5 Up_q Uy -
p . . .
So Q2. contains K33 as a matching minor.
If m = 4 and s = 3, then @) ,, contains K33 as a matching minor for r = 1,2
(see Figure 2, the colored edges consist of an even division of K33). After remov-

ing the edges (J;_, ((UZ Avivl, )U(Um/Q{vz Zer/z})) from @, ,, when s > 3,7 #
0 and s is odd, an even division of @3, can be gotten. After removing the edges

Uj- ((UZ Avlvl )U(Umﬁ{vZ Zer/Q})> from @, ,, when s > 3,7 # 0 and s is even,

an even division of @) , . can be gotten. Similarly, Q7 , , contains an even division of @ 5
when s is odd, or Q) 4, when s is even. Both Q) 3, and Q) , ; contain K33 matching minor
(see Figure 3). So the result follows. O

The following result which is a characterization of the Pfaffian property of Abelian
Cayley graphs, extending the result of circulants [12].

Theorem 14. Let I'(G, S) be a connected Cayley graph on the Abelian group G with even
order. Denote by Sy the set of elements with order 2 in S. Then T'(G,S) is not Pfaffian
if and only if |S| = 5, or one of the following statements holds:

(1) |S| =3, |G| =2 (mod 4) and S contains an element of order |G|;

(2) |S| =4, |S2| =0, all elements in S are even order and for two elements a,b € S(a #
b=1), there exists an integer 0 < r < |a| such that |G|/|a| +1r is even and b1l = q7;

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.65 7



J

(a) (b)

Figure 3: (a) A K33 matching minor of Q 3,; (b) A K33 matching minor of @ , .
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(3) |S| =4, |S2] = 2, n/4 is even when there exist a,b € Sy such that a,b ¢ (S'\ {a,b}),
otherwise n/4 is odd.

Firstly, we prove the following Lemma 15-Lemma 19.

Lemma 15. Let I' = I'(S) be a connected Abelian Cayley graph of n vertices, where
|S| = 3. Then T is not Pfaffian if and only if n =2 (mod 4) and S contains an element
of order n.

Proof. By Proposition 5, I' is isomorphic to Cy,200P; or Z,(1,n —1,n/2). If I' is
isomorphic to Cj,/ol1P,, then there has no any element in .S with order n and I' is Pfaf-
fian since it is a planar graph. If I' is isomorphic to Z,(1,n — 1,n/2), then S has an
element with order n. By Theorem 12, I' is Pfaffian if and only if n/2 is even. Thus for
a € S with |a| = n, I'is not Pfaffian if and only if |a| = 2 (mod 4). So the result follows. [

Lemma 16. Let I' = I'(G, S) be a connected Cayley graph on an Abelian group of even
order with |S| = 4 and |G| = n. Denote by So(C S) the set of elements with order 2.
Then T'(S) is not Pfaffian if and only if one of the following statements holds:

(1) |S2| = 0, all elements in S are even order and for two elements a,b € S(a # b™'),
there exists an integer 0 < r < |a| such that n/|a| +r is even and b1 = a’;

(2) |Se| = 2, n/4 is even if there exist a,b € Sy such that a,b ¢ (S \ {a,b}), else n/4 is
odd.

Proof.

(1) For |Ss] = 0, T is isomorphic to some Q|q|s, Where a,b € S(a # b7'), s = n/|al,
0 < r < |a| satisfied b* = a*, by Proposition 7 1). By Theorem 11, @Q,, s, of even
order is Pfaffian if and only if it is not a bipartite graph. And it can be checked that
Qm.sr of even order is bipartite if and only if both m and s + r are even. Therefore
[ is not Pfaffian if and only if I" satisfied 1).

(2) By Proposition 7 2), if there exist a,b € Sy such that a,b ¢ (S \ {a,b}), then I'
is isomorphic to @140 OF @Qrnj2,2n/4, otherwise I' is isomorphic to Z,2(1,n/2 —
1,n/4)0PR,. If T' is isomorphic to Z,,)2(1,n/2 —1,n/4)0P,, then Z,5(1,n/2 —1,n/4)
contains no even division of Ky 3 as a subgraph after contracting at most one odd
cycle when n/4 is even, by Proposition 6, and Z,2(1,n/2 — 1,n/4) contains an even
division of K33 as a subgraph when n/4 is odd by Theorem 16 in [13]. So Z,5(1,n/2—
1,n/4)0P; is not Pfaffian if and only if n/4 is odd by Theorem 10. Note @, 14,0 or
Qn/2.2,n/4 is bipartite if and only if n/4 is even. If I' is isomorphic to @ a40 or
(Qn/2,2,n/4, then I' is not Pfaffian if and only if n/4 is even. Thus the result follows. [J

Lemma 17. Let I' = I'(S) be a connected Cayley graph on an Abelian group with |S| = 5.
Then I' contains K33 as a matching minor.
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Proof. If there exist an element of order 2 in S, denoted by a, such that a ¢ (S’) where
S" = S\{a}, then I' = I'((S"), S")OP, by Proposition 4. Each component of I'({S"),S")
is a 4-regular Abelian Cayley graph. And it contains an even subdivision of Ky 3, after
contracting at most one odd cycle by Proposition 9. So I' contains K33 as a matching
minor. So we consider that G can be induced by the set gotten by removing an arbitrary
element of order 2 from S in the following.

Case 1. There is only one element of order 2 in S.

Suppose S = {a,b,b7',¢c,c'} where a®* = 1, and a € (S\{a}). Then at least one
element in {b, c} is of even order since |G| is even. Without loss of generality, suppose b
is of even order. If I'({a,b,b"'}) is connected, then it is isomorphic to Z,(1,n — 1,n/2)
when [b] = |G| = n, or C\dP, when |b| < |G|. In the former case, I' is a 5-regular
circulant since (b) = G, therefore contains K33 as a matching minor by Theorem 12. In
the latter case, c-edges connect the two disjoint cycles of T'({b,b7'}) since a € (S\{a}).
Denote by C; and C5 the two cycles of T'({b,b7'}) such that 1 € C;. Then c¢,c™t,a € Cs.
There exist two vertices in {c,c™!,a}, without loss of generality, suppose a and ¢, such
that the distance between a and c is even in Cs. By removing all the ¢ '-edges from I, a
Q)pl,2,» can be gotten, where ' is even, which is bipartite. Therefore, I' contains K33 as
a matching minor by Theorem 11.

If T'({a,b,b~'}) is not connected, then c-edges connect those components, and every
component is isomorphic to Z(1,]b] — 1,|b|/2) or CpOF,. In the former case, I' is
isomorphic to Qibl,n Jjblr which contains K33 matching minor by Proposition 13. In the
latter case, I' contains CjyJP,0P; as a nice subgraph since |(a,b,b™')| is even. Note that
CppOP; contains an even subdivision of Kj 3 since |b| is even. Then Cj,0P0P, contains
K33 as a matching minor. So does I'.

Case 2. S contains at least three elements of order 2.

Suppose a,b,c € S and a* = b* = ¢ = 1. By Lemma 16 2), I'(S\a) is isomorphic
to Qn/14,0, Qnj22n/a OF Zyja(l,n —1,n/4)0P,. If I'(S\a) is isomorphic to @ 22,4 OF
Zns2(1,n — 1,n/4)0P,, suppose C; and Cy are the two cycles of I'(S \ {a,b,c}). By
Proposition 3, C; and Cy contain two different elements in {1, a,b, c}, respectively. Then
I' is isomorphic to @, /2,204 which contains K33 as a matching minor by Proposition 13.
If I'(S'\ @) is isomorphic to @, 44,0, then it contains K33 as a matching minor when n/4 is
even by Theorem 11. So we consider when n/4 is odd. The elements a and 1 can not lie in
the same cycle of I'(S\ {a, b, c}) since n/4 is odd. So a € (b,c) since a € S\{a}. Therefore
each component of I'({a, b, c}) is isomorphic to K,. And I' is isomorphic to @/, /4,400 Which
contains K33 as a matching minor by Proposition 13. So the result follows.

Lemma 18. Let I' = I'(S) be a connected Cayley graph on an Abelian group of even order
and |S| = 6. Then I' contains K33 as a matching minor.

Proof. If S contains an element of order 2, denoted by a, then every component of
I'((S\{a}),S\{a}) is 5-regular, therefore contains K33 as a matching minor by Lemma
17. So does I'. Suppose no element in S is of order 2 and S = {a,a™1,b,b7 %, ¢, c7t}. If
one of T'(S\{a,a™1}), T(S\{b,67'}) and T'(S\{c,c'}) is not connected, without loss of
generality, suppose I'(S\{a,a"'}) is not connected and has k& components. If the graph
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L'((S\{a,a™'}),S\{a,a™'}) contains an odd number of vertices, then k is even, since
|G| is even. Therefore T' contains T'((S\{a,a'}), S\{a,a™'})OP, as a nice subgraph.
If T((S\{a,a™'}),S\{a,a™1}) contains an even number of vertices, then I also contains
L'((S\{a,a™'}),S\{a,a1})OP, as a nice subgraph, since I'({(S\{a,a"'}), S\{a,a"'}) has
a perfect matching. Note that T'((S\{a,a™*}), S\{a,a™'}) is isomorphic to some Q,, 5. It
contains an even subdivision of K 3 after contracting at most one odd cycle by Proposition
9. So I' contains K33 as a matching minor by Theorem 10.

Suppose all of T'(S\{a,a™1}), T(S\{b,b7'}) and T'(S\{c,c'}) are connected. Since
|G| is even, at least one element in {a,b,c} is of even order. Without loss of generality,
suppose a does. Then I'({a,a™'}) consists of a union of disjoint even cycles, and those
cycles connected by b-edges and c-edges. Label the cycles as Cy,Cy, Cs, . .., Cig/ja| sSuch
that C; and C;11(7 = 1,2,...,|G|/|a]) are connected by b-edges, where i + 1 is modulo
|G|/]al. Note that T'(S\{c,c¢™'}) is isomorphic to some Q| G|/jalr If T(S\{c,c7}) is
bipartite, then it contains K33 as a matching minor by Theorem 11. So we suppose
[(S\{c,c7'}) is not bipartite. After the removal of all the b-edges between C; and C;y
for any ¢, the left graph is bipartite. Denote the b-edges between C7 and Cy by Ej.
Similarly, if C; and C}, are jointed by c-edges, then after removing all the c-edges between
C; and Cj, from T'(S\{b,b~'}), the left graph is a bipartite graph. Suppose C; and C} are
jointed by c-edges and denote the c-edges between C; and C; by E..

If the two ends of every edge in E. are in different colors of T'(S\{c,c¢™'}) — Ej, then
by adding edges Ej, to the subgraph of I'(S\{c, ¢ '}) spanned by V(C;) U V(Ciyq) U
.. UV(Ciaa)) U V(Cy), we get a bipartite subgraph of I'. It is isomorphic to some
Q\a],|G|/|a|—t+2,r » Which contains K33 as a matching minor by Theorem 11. And it is nice
subgraph of I' since every cycle C;, i = 2,3,...,¢t — 1, is even, therefore I' contains K33
as a matching minor. So the two ends of every edge in E. are in the same colors of
['(S\{c,c™'}) — E}. Then by adding edges Ej to the subgraph of I'(S\{c,c™'}) spanned
by V(Cy) UV(Cy) U...UV(C), a bipartite nice subgraph of I" can be gotten. It is
isomorphic to some Q) ,r,, Which contains K33 as a matching minor by Theorem 11.
Thus the proof is completed. U

Lemma 19. LetI' = I'(S) be a connected Cayley graph on an Abelian group of even order
with |S| =k > 6. Then I' contains K33 as a matching minor.

Proof. If k£ is odd, then S contains at least one element of order 2, denoted by a.
Set S’ C S such that |S'| =5, a € S" and S’ = S'". Each component of I'(S') is a nice
subgraph of I'(S). And each component of I'(S") contains K33 as a matching minor by
Lemma 17. So does I'(9).

If k is even, then S contains at least one element of even order, denoted by b, since I’
has an even number of vertices. Set S” C S such that |S”| = 6,5" = §” " and b € S,.
So [(S")] is even. Then each component of I'(S”) is a nice subgraph of I'(S). And each
component of I'(S”) contains K33 as a matching minor by Lemma 18. So does I'(S).
Thus the result is true. O

Proof of Theorem 14. It is easy to see that the result can be obtained immediately
from Lemma 15-Lemma 19.
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Proof of Theorem 2. If |S| = 3, then I is isomorphic to C,, 00, or Z,(1,n—1,n/2)
by Proposition 5. C,,200P, is a planar graph, therefore Pfaffian. And Z,,(1,n —1,n/2) is
Pfaffian if and only if it contains no K33 as a matching minor by Theorem 12. If |S| =4
and |Sz| = 0, then I' is isomorphic to some Q|q s, Where a,b € S(a # b™'), s = n/lal,
0 < r < |a| satisfied b® = a", by Proposition 7 1). By Theorem 11, I' is Pfaffian if and
only if it contains no K33 as a matching minor. If |[S| = 4 and |Ss| > 2, then I' is
isomorphic to Qn 14,0, @n/2,.2,n/a O Zys2(1,n/2 —1,n/4)0P,. By the proof of Lemma 16
(2) and Theorem 11, I" is Pfaffian if and only if it contains no K333 as a matching minor.
Therefore the result follows by Lemma 17-Lemma 19.

References

[1] Marcelo H. De Carvalho, Claudio L. Lucchesi, U. S. R. Murty, A generalization
of Little’s Theorem on Pfaffian orientations, J. Comb. Theory Ser. B 102 (2012)
1241—-1266.

[2] C. Fan, D. R. Lick, J. Liu, Pseudo-cartesian products and hamiltonian decomposi-
tions of Cayley graphs on Abelian groups, Discrete Math. 158 (1996) 49—62.

[3] 1. Fischer and C. H. C. Little, A characterisation of Pfaffian near bipartite graphs,
J. Combin. Theory Ser. B 82 (2001) 175—222.

[4] P. W. Kasteleyn, The statistics of dimers on a lattice, Physica. 12 (1961) 1209—1225.

[5] P. W. Kasteleyn, Graph theory and crystal physics, in F. Harary, editor, Graph
theory and theoretical physics, Academic press, 1967, 43—110.

[6] F. Lin, L. Zhang, Pfaffian orientation and enumeration of perfect matchings for some
Cartesian products of graphs, Electron. J. Combin. 16 (1) (2009) #R52.

[7] J. Liu, Hamiltonian decompositions of Cayley graphs on Abelian groups, Discrete
Math. 131 (1994) 163—171.

[8] J. Liu, Hamiltonian decompositions of Cayley graphs on Abelian groups of even
order, J. Combin. Theory Ser. B 88 (2003) 305—321.

[9] C. H. C. Little, A characterization of convertible (0, 1)—matrices, J. Combin. Theory
Ser. B 18 (1975) 187—208.

[10] C. H. C. Little, F. Rendl, Operations preserving the Pfaffian property of a graph, J.
Austral. Math. Soc. (Series A) 50 (1991) 248—257.

[11] F. Lu, L. Zhang, The Pfaffian property of Cartesian products of graphs, J. Comb.
Optim. 27(3) (2014) 530—540.

[12] F. Lu, L. Zhang, The Pfaffian property of circulant graphs, Discrete Appl. Math. 181
(2015) 185—192.

[13] L. Lovédsz, M. Plummer, Matching theory, Ann. of Discrete Math. 29,
North—Holland, New York, 1986.

[14] W. McCuaig, Pdlya’s permanent problem, Electron. J. Combin. 11(1) (2004), #R79.

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.65 12



[15] A. A. A. Miranda, C. L. Lucchesi, A polynomial time algorithm for recognizing
near-bipartite Pfaffian graphs, in: IV Latin-American Algorithms, Graphs and Op-
timization Symposium C lagos 2007, Chile, in: Electron. Notes Discrete Math., vol.
30, 2008, pp.171—176.

[16] S. Norine, R. Thomas, Minimally non-Pfaffian graphs, J. Comb. Theory Ser. B 98
(2008) 1038—1055.

[17] N. Robertson, P. D. Seymour, R. Thomas, Permanents, Pfaffian orientations, and
even directed circuits, Ann. Math. 150 (1999) 929—975.

[18] R. A. Stong, On 1-factorizability of Cayley graphs, J. Combin. Theory Ser. B 39
(1985) 298—307.

[19] C. Thomassen, Tilings of the torus and the Klein bottle and vertex-transitive graphs
on a fixed surface, Transactions of the American Mathematical Society, Vol. 323, No.
2(Feb.,1991).

[20] W. Yan, F. Zhang, Enumeration of perfect matchings of graphs with reflective sym-
metry by Pfaffians, Adv. Appl. Math. 32 (2004) 655—668.

[21] W. Yan, F. Zhang, Enumeration of perfect matchings of a type of Cartesian products
of graphs, Discrete Appl. Math. 154 (2006) 145—157.

[22] L. Zhang, Y. Wang, F. Lu, Pfaffian graphs embedding on the torus, Sci. China Math.
56(9) (2013) 1957—1964.

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(3) (2017), #P3.65 13



