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Abstract

We show that the universal Grobner basis and the Graver basis of a binomial
edge ideal coincide. We provide a description for this basis set in terms of certain
paths in the underlying graph. We conjecture a similar result for a parity binomial
edge ideal and prove this conjecture for the case when the underlying graph is the
complete graph.
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1 Introduction

For n € Nog, [n] :=={1,...,n}. Let G be a simple graph on the vertex set [n], that is, G
has no loops and no multiple edges. Let E(G) denote the edge set of G. Let F be a field
and let S = Flxy,...,Zn,Y1,- .., Yn| be the polynomial ring in 2n variables. The binomial
edge ideal of G was introduced and studied independently by Herzog, Hibi, Hreinsdottir,
Kahle and Rauh [2] and Ohtani [6].

Definition 1.1. The binomial edge ideal of G is
Je = (zy; — xy: : {i,j} € E(G)) C 5. (1.1)

The parity binomial edge ideal of G was introduced and studied by Kahle, Sarmiento
and Windisch [5] but had previously been examined by Herzog, Macchia, Madani and
Welker [3].
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Definition 1.2. The parity binomial edge ideal of G is
Ie = (viw; — vy, - {i,7} € E(G)) C S. (1.2)

These ideals appear in various settings and applications in mathematics and statistics
and belong to an important class of binomial ideals which may be defined as follows. If
we let R = Flxq,...,x,] then an ideal I of R is a pure difference ideal (also known in the
literature as a pure binomial ideal) if I is generated by differences of monic monomials i.e.
binomials of the form x" —x" with u, v € N". There are several well-known distinguished
subsets of binomials in such an ideal I, two of which we now mention. A binomial
x" — xV € I is called primitive if there exists no other binomial x* — x¥' € I such that
x" divides x" and x¥' divides x¥. The set of primitive binomials in [ is called the Graver
basis of I and denoted Gr(I). The union of all of the reduced Grébner bases of [ is
called the universal Grébner basis of I and denoted U(I). Graver bases were originally
defined for toric ideals by Sturmfels [§8]. Charalambous, Thoma and Vladoiu [1] recently
generalised the concept to an arbitrary pure difference ideal I. They show that Gr(7) is
finite and extend an argument of Sturmfels to prove that U(I) C Gr([).

One open problem that arises in the literature is providing a combinatorial charac-
terisation of toric ideals for which the universal Grobner basis and the Graver basis are
equal (many examples have been discovered, see Petrovié¢, Thoma and Vladoiu [7] and
references therein). We consider this problem for certain classes of pure difference ideals
that are not lattice ideals. In particular, we show that U(Jg) = Gr(Jg) and provide a
description for this basis set in terms of certain paths in G. We conjecture a similar result
for Zg and prove this conjecture for the case when G is the complete graph.

1.1 Preliminaries

Throughout the paper we assume that G is finite, undirected and connected. For any
W C [n], let G[W] denote the induced subgraph on W, and for a sequence of vertices
7= (ig,...,%) € [n]"", Glr] := G[{io, ... ,ir}]. A (v,w)-path of length r is a sequence of
vertices v = ig, i1, . .., 4, = w such that {iy,ix.1} € E(G) forallk =0,...,r—1. The path
is odd (even) if its length is odd (even). The interior of a (v, w)-path ™ = (i, . .., ) is the
set int(m) = {ig,...,%,.} \ {v,w}. The inverse 771 of a (v, w)-path m = (ig,...,i,) is the
(w,v)-path (i,4,_1,...,%). For the vertex set of a graph H we sometimes use the notation
V(H). For a monomial x* = z#y% - .- 2%y in S the set {i : d; # 0 or ¢; # 0} C [n] is
denoted by V(x").

2 Binomial Edge Ideals

In this section we will use two different gradings on S, the first is the N2-grading by
considering the letter of a variable, so we let ldeg(z;) = (1,0) and ldeg(y;) = (0, 1) for all
i € [n]. The second is the N"-grading which considers the vertex of a variable and we set
gdeg(z;) = gdeg(y;) = e; for all i € [n], where e; is the ith standard basis vector in N”. The
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ideal J¢ is homogeneous with respect to both of these gradings and we combine them into
what we call the multidegree of a monomial mdeg(x") := (ldeg(x"), gdeg(x")) € N? x N".

We now recall the definition of admissible paths and the description of the Grobner
basis of Jz with respect to the lexicographic order which was independently obtained by
Herzog et al. [2] and Ohtani [6].

Definition 2.1. Fix a permutation o € S, of [n] and let i, j € [n] satisfy o7 (i) < o71(4).
An (i, j)-path m = (ig,...,%,) in G is called o-admissible, if

(i) i A u itk #1;
(i) jo,---,Js is not a path from i to j for any proper subset {jo, ..., js} of {ig, ..., i, };
(iii) for each k=1,...,r — 1, either o' (i) < o 1(i) or o1 (ix) > o7 1(j).

Given a o-admissible (i, j)-path © = (ig, . ..,4,) in G, where 0 (i) < c7(j),

Uyg ‘= H Yiy, H Ly -

o~ Mig)<o1(@) oM (ik)>0 ()

Theorem 2.2 ([2], [6]). The set of binomials

G6o = U {tur(z;y; — z;y;) : ™ is a o-admissible (i, j)-path in G}

o= (i)<o 1 (j)

is the reduced Grobner basis of Jg w.r.t. the lexicographic monomial order on S induced
by Lo(1) - Lo(n) ~ Yo (1) e Yo (n)-

Our first result is a characterisation of the binomials in Jg. For this we need to
introduce the following notations. We denote by dg (v, w) the length of a shortest (v, w)-
path in G. For a monomial x* = x{'y¢" .- 2%y € S we sometimes use the notation

deg,,(x") for d; and deg, (x") for e;. For an induced subgraph H of G, we define the
restriction of x* to H to be resy(x") = ey (mxys".

Lemma 2.3. Let x" — x¥ be a multi-homogeneous binomial such that G|V (x%)] is a
connected graph. Then x* —xV € Jq.

Proof. Suppose that m = x" is a monomial such that there is a pair of indices i < j
with deg,,(m) > 1 and deg, (m) > 1. Let G' = G[V(m)]. We can assume that i and j
are chosen such that dg (i, 7) is minimal. Now we consider an (7, j)-path m = (ig, ..., 1)
of minimal length in G’. Since 7 is of minimal length we can conclude that i, # 4
for k # [ and that no proper subset {jo,...,js} of {i,...,i-} is a path from i to j.
Suppose that there is a k such that ¢ < i, < j, then either degmik (m) > 1, in which case
der (i, J) < de(i,j) which contradicts the minimality of de (i, 7), or deg,, (m) > 1, in
which case dgr(i,4r) < de(i,j) which again contradicts the minimality of de(i,75). We
may thus conclude that 7 is a o-admissible (i, j)-path in G’, where ¢ = id, the identity
permutation in S,,.
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Now we consider the vertex i, on m. By the minimality of dg (4, 7), if i < i then
deg,, (m) = 0 and if i, > j then deg,, (m) = 0. We may thus conclude that u,r;y; divides
m, and therefore m is reducible Witﬁ respect to Ggiq. This shows that an irreducible
monomial of the same multidegree as x" has the form x“ = y;*---y; :xf: o ':cfll where
11 < g < --- < ;. Since there is only one such monomial in a given multidegree, we can
conclude that x" — xV reduces to zero with respect to Ggiq and thus x* —x¥ € Jo. O

Lemma 2.4. A multi-homogeneous binomial x* — xV lies in Jg if and only if
mdeg(resc(x")) = mdeg(resc(x"))
for all connected components C' of G|V (x")].
Proof. Let x" —xV € Jg, then we can write
x' —x" = Z > S ('Iikyjk - xjkyik)
k
where {ig, jx} € E(G) for all k. Let C be a component in G[V (x")], then by restricting
to C' we get
resc(x") — resg(x¥) = Z resc (X% ) (@i, Y. — 5, Yi, )
kireV(C)

since jp € V(C) if and only if i, € V(C). Thus we see that resc(x") — res¢(xV) € Jq,
and therefore mdeg(resc(x")) = mdeg(resc(xY)).

For the converse, suppose x" — xV satisfies that mdeg(resc(x")) = mdeg(resc(xY))
for all connected components C1,...C, of G[V(x")], then, by Lemma 2.3, resc, (x") —
resc, (x¥) € Jg for all r, and we can write

i—1
u v i x" Hzil resc; (XV) (

which shows that x" — x¥ € J5. O

Definition 2.5. An (i, j)-path m = (i, ..., 4,) in G is called weakly admissible if it satisfies
conditions (i) and (ii) of the definition of a o-admissible path.

Given a weakly admissible (i, j)-path 7 = (g, ...,%,) in G,
Sri= {tits, -t (Tiy; — 259:)  te € {Tk, Yn}}

and S(Je) = U, Sx \ {0} where 7 runs over all weakly admissible paths in G. Notice
that if 7 is an (¢,)-path in G, then 7 is weakly admissible if and only if 7 is the path (i)
of length 0, in which case S, = {0}.
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Figure 1: See Examples 1 and 2.

Example 1. Let G be the graph in Figure 1. The weakly admissible paths in G are the
paths (1), (2), (3), (4), (1,2), (1,3), (2,3), (2,4), (1,2,4) and (3,2,4), together with
their inverses. Hence |S(Jg)| = 16.

Theorem 2.6. The sets S(Jg), U(Te) and Gr(Jg) coincide.

Proof. We prove the theorem in three steps; the containments S(J¢) C U(Ja), U(Ts) C
Gr(Jg) and Gr(Js) € S(Js)-

Step 1. S(Ja) CU(Tg): Let m = (ig, ..., i) be a weakly admissible (7, j)-path in G and
let f=t;ti, -t ,(xiy; — x;y;) be a corresponding binomial in S(Jg). Now let 0 € S,
be a permutation such that o=1(i) < o71(j), o' (i,) < o~ '(¢) for all k such that t;, = y;,
and 071 (iy) > o71(j) for all k such that ¢;, = x;,. Then f € Gg, and thus f € U(JTg).
Step 2. U(T) € Gr(Jg): [1, Proposition 4.2].

Step 3. Gr(Jg) C S(Jg): Let x* — xV be a primitive binomial in Jg and let C' be a
component of G[V(x")]. By Lemma 2.4 we have that resc(x") — resc(xY) € Jg, so by
primitivity we can conclude that C' := G[V(x")] is connected.

Since u # v we can choose i, j € V(x") such that d¢ (i, 7) is minimal among all pairs
i,j with deg, (x") > deg, (x") and deg, (x") > deg, (x¥). Now let 7 = (ig,...,i,) be an
(i, 7)-path in C' of minimal length. Suppose that there is a k € {1,...,r — 1} such that
deg,, (x") # deg,, (x¥). Then either deg,, (x") > deg,, (xV), in which case d¢(ig,7)
would contradict the minimality of d¢(3, j), or deg,, (x") < deg,, (x"), in which case by
homogeneity we would have deg, (x") > deg,, (xV) and thus d¢ (i, 4x) would contradict
the minimality of de(7,7). So for k € {1,...,r — 1} we have deg,, (x") = deg,, (xV)
and hence by homogeneity deg, (x") = deg,, (x¥). We can then, for k = 1,...,r — 1,
let z;, € {xi,,v; } such that z;, divides x" and thus also xV. Then z; --- 2, ,(v;y; —
x;y;) € Jo with z;, -+ - 2z, xy;/x" and z;, - - - 2, x;4;|x¥, which implies that x" — x¥ =
Zin o 2 (T — 25y:) € S(Ja)- O

3 Parity Binomial Edge Ideals

In this section we will use two different gradings on S, but not exactly as in the previous
section. The first grading is the Z3-grading by considering the letter of a variable, so we
let ldeg(x;) = (1,0) € Z3 and ldeg(y;) = (0,1) € Z3 for all i € [n]. The second is the
N"-grading as in the previous section. The ideal Z4 is homogeneous with respect to both
of these gradings and we combine them into what we call the multidegree of a monomial
mdeg(x") := (Ideg(x"), gdeg(x")) € Z3 x N
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Lemma 3.1 ([5]). Let @ = (ig,...,i) be an (i,7)-path in G and for k € int(n), let
tr € {xk, yr} be arbitrary. If m is odd, then

(Tix; — viy;) H tr € 1a.

ke€int ()

If 7 is even, then
a;ly] ylxj H tr € Ig.

keint(m)
Definition 3.2. An (i,j)-path 7 in G is called minimal, if
(i) for no k € int(7) there is an (i, j)-path with the same parity as 7 in G[7 \ {k}];

(ii) there is no shorter (i, j)-path 7’ in G satisfying parity(n’) = parity(7) and int(7") =
int (7).

For a minimal (7, j)-path 7 in G, we define a set of binomials S, as follows. If 7 is
odd, then Sy := Sf U S, , where

Sao = (i — viy)) H tr ti € {oe, Ykt

keint ()

Sro = Ay —mwy) [[ t:te € {z e}

keint(m)

If w is even, then S; := S; . where

Sne = {(zy; — yiz;) H te ke € {Tk, it}

keint(m)

S(Z¢) == U, Sx \ {0} where 7 runs over all minimal paths in G. Notice that if 7 is an
even (i,i)-path in G, then 7 is minimal if and only if 7 is the path (i) of length 0, in
which case S; = {0}.

Example 2. Let G be the graph in Figure 1. The minimal paths in G are the paths

(1), (2), (3), (4),

(1, ) (1,3), (2,3), (2,4),

(1,2,3), (1,2,4), (1,3,2), (2,1,3), (3,2,4),

(1 2 3,1), (1,3,2,4), (2,1,3,2), (3,1,2,3), (3,1,2,4),
(2,1,3,2,4), (2,3,1,2,4)

and (4,2,1,3,2,4),

together with their inverses. Hence |S(Zg)| = 92.
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Given a graph G, it is clear that the set of its weakly admissible paths is a subset
of the set of its minimal paths. If 7 is a minimal (i, j)-path in G which is not a weakly
admissible path, 7 contains repeated vertices or G[r] contains an (i, j)-path 7’ of parity
opposite to that of 7 such that int(7’") C int(7).

Conjecture 3.3. The sets S(Zg), U(Zg) and Gr(Zg) coincide.

We have partially tested Conjecture 3.3 for small graphs using the software GFAN [4]
and have found no counterexamples so far. It must be said, however, that we are not
currently aware of any algorithm for computing the Graver basis of an arbitrary pure
difference ideal. The main result of this section is a proof that Conjecture 3.3 holds when
G is the complete graph K, on the vertex set [n]. The rest of the section is arranged
as follows. In Lemmas 3.4 through 3.7 we describe a reduced Grobner basis of Zg, . In
Lemmas 3.8 through 3.12 we characterise the binomials in Zk, . In Theorem 3.13 the main
result is proved.

Lemma 3.4. The minimal paths in K, are all

(i), (i,7), (i,k,7) and (i,k,1,17)
where i, 7,k and | are distinct elements of [n].

Proof. Let m = (ig,...,i.) be an (i, j)-path in K. Suppose that 7 is odd. If int(7) = &
then 7 is necessarily of the form (4, 7,4, j, . .., ¢, j) and thus minimal if and only if 7 = (3, j).
If int(7) # @ then there are two cases: i = j and i # j. If i = j then [int(7)| > 2 so
let is, # is, € int(m) and notice that K, contains the odd path 7’ = (g, is,, is,,%0). Now
K"\ {is, }] = K,[7"\ {is,}] = K> which does not contain an odd cycle, hence 7’ is
minimal. It follows that 7 is minimal if and only if 7 = (i, k,(,4), where {k,{} = int(n).
If ¢ # j then for all k& € int(7) # @ the graph K,[r \ {k}] contains the odd (i, j)-path
7" = (i,7), hence 7 is not minimal in this case. The proof for an even path is similar and
omitted. O

Given a permutation o € S, of [n] and a set L C [n] let > denote the lexicographic
monomial order on S induced by

Loty = =+ > to(n) > t;(l) e = t;(n)

where ta(i) = To(i), t;(i) = Yo (i) for all i € [n] \L and ta(i) = Yo(i), t;(i) = Ty (4) for all i € L.
For 4, j € [n] write i = j if 071(i) < 071(j). Let G, (@) denote the reduced Grobner basis
of Z; with respect to . For a nonzero f € S let Ng_(¢)(f) denote the normal form of
f with respect to G, (G) and let in. (f) denote the initial monomial of f with respect to
>. For the next three lemmas (3.5 to 3.7) fix a permutation ¢ € S,, and a set L C [n].
For v € [n]

+1 ifot(v) ¢ L v, ifol(v) ¢ L
C?) = ’[”,U =
-1 ifov) € L; r, ifol(v)e L.
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For i,j,k,l € [n] let By = {ci(miz; —yy;) i = 7}, Buky = {ci(xiy; — vixj)re -
i,k > j} and Buguy = {ei(af — y?)rer o k1 = 4}. Notice that for an element
f e (B(i,j) U Bk, ) U B(i,k,lﬂ-)), the value of ¢; ensures that the coeflicient of the ini-
tial monomial in, (f) is 1. Finally let the set I' C B ) consist of all binomials
[ =ci(zy; — yixj)re € By, satisfying i = k = j and |[{oc~'(¢),0 7' (k)} N L| = 1.

Lemma 3.5. Let f € S be a nonzero binomial corresponding to a minimal path m in
K, (in the sense of Lemma 3.1). Then f is reduced with respect to = if and only if
f € A = (B(Z,g) U B(i,k,j) U B(i,k,l,i)) \F

Proof. By Lemma 3.4 it suffices to consider only binomials corresponding to the paths
(1,7), (i,k,j) and (i, k,1,7) in K,,, where 7, j, k and [ are distinct elements of [n]. Without
loss of generality we may assume that ¢ > j. If f is the binomial corresponding to the
path (4, 7) then clearly f is reduced if and only if f € B(; ;) C A.

If f is a binomial corresponding to the path (i, k, j) then there are three conceivable
cases: © = J = k,i>=k > j7and k > 7 > j. For ease of notation f(ti’j,k) = ¢i(Tiyr — yik)t;
where the superscript ¢ € {z,y} indicates whether ¢; = z; or t; = y;.

Case 1 (i = j = k). If 07'(i) € L then fGixz 1s reduced by x;z, — y;yx; also f(ylkj is
reduced by f(yi,j,k) if o7(j) &€ L, or yjyr — xjxy if 071(j) € L. If 071(i) € L then ferp
is reduced by z;x — yjyp if 071(j) € L, or fGim if o~ (j) € L; also f(z,k,j is reduced by
Yilk — TiTk.-

Case 2 (i = k = j). If c7'(i) ¢ L then fiir ) is reduced by @izr — yiyps also fii; ) is
reduced by yry; — zxz; if 01(k) € L but is irreducible if o' (k) € L. If c7'(i) € L then
i x. g 1s reduced by zpx; — ypy; if o~ (k) € L but is irreducible if ¢~ (k) € L; also f (k)
is reduced by y;yr — x;Tk.

Case 3 (k =i = j). If 07'(i) ¢ L then f{, . is reduced by zyz; — yryi if o7 (k) ¢ L
but is irreducible if o1 (k) € L; also iy 1s reduced by yyy; — wpa; if o (k) € L but is
irreducible if c71(k) € L. If 071(i) € L then G 1) 18 reduced by zpx; —yyy; if o~ (k) € L
but is irreducible if o71(k) € L; also fz, k) 18 reduced by yry; — zpx; if 071 (k) € L but is
irreducible if o71(k) & L.

Finally let f = c;(z? — y?)t1t; be a binomial corresponding to the path (i, k,1,7). If
i > k then f is reduced by one of f7,, f(yi,l,k) or ¢;(x;xr — yiyr). The case i > [ is similar.
If k,1 > 7 then by arguing as before one finds that f is irreducible if and only if 5 = y;
whenever 071(s) € L and t, = z, whenever o~ '(s) € L. O

Lemma 3.6. Let m be an (i,7)-path in K, and for k € int(w), let t, € {x,yr} be
arbitrary. Then (x;x; — vy ) keimte if © s odd and (x;y; — vix ;) icine(x)te if T is even,
reduce to zero modulo A.

Proof. Tt suffices to restrict to a minimal path 7 (if 7 is not minimal, then its binomial is
a multiple of the binomial for a shorter path). If 7 is minimal, then Lemma 3.5 gives the
result. O]

Lemma 3.7. G_(K,) = A.
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Proof. The proof is by Buchberger’s criterion and is similar to the proof of Theorem 3.6
in Kahle et al. [5]. Let g,¢" € A be reduced binomials corresponding, respectively, to the
odd path 7 = (i, k,(,4) in K,, and the even path 7’ = (u,v,w) in K,. Consider the case
that |{i, k,{} U {u,v,w}| = 3. Since k,l > i and u,v > w we may assume without loss of
generality that + = w, k = u and [ = v. Thus

g = Cz‘(l’? - yf)?‘m,

g = Ck(mkyi - yk%)?“z-

There are four possibilities for the constants ¢;, ¢;. By duality we need only consider
(ciyex) = (1,1) and (¢, ¢x) = (—1,1). If (¢;,¢) = (1,1) then ry =y and

spol(g, ¢') = —(wry? — yrad)yxrs
= —(yy?) - g + (ye;) - g+ 0

and in, (spol(g, ¢')) = ine (=yy; - 9'), i (yrxi - 9). I (i, cx) = (—1,1) then spol(g, ¢') =
—(zpr; — YrYi)xiyrr; which is a monomial multiple of the binomial corresponding to the
path (k,7) in K, and thus reduces to zero by Lemma 3.6. In a similar fashion to the above
all spol(g, ¢’) (where g,¢" € A) reduce to zero with respect to A. Thus the set A fulfills
Buchberger’s criterion and hence is a Grébner basis of Zk, . By Lemma 3.5 it follows that
the elements of A are reduced with respect to >. m

Lemma 3.8. Let f = x" —xV € S be multi-homogeneous with V(x*) = {i,j}. If
ged(x*,xY) = 1 then f € {x(2fz] — yjv]), £(z]y] — y/x%) : p,q > 1, parity(p) =
parity(q)}.

Proof. By homogeneity f is necessarily of the form

! !
u_ v _ d; e; dj € d;‘ efi dj 6j
X X =T, Y; ;Y T Y XY

satisfying d; + ¢; = d; + ¢} and d; + ¢; = d; + ¢;. By ged(x",x¥) = 1 it follows that if
d; > 0 then d} = 0 and similarly for all exponents. But if d; > 0 then d; > 0 or €, > 0 i.e.
e; > 0 (since d; = 0) which in turn implies e; = 0. If d; > 0 we get a similar result. If
d; = 0 then by V(x") = {i, j} we have e; > 0. By inverting the argument we obtain

. . el e e el d’.
x'—x" € {i(@"?lmg‘] - yilyjj)7 i(xgl?ljj - yiz$jj)}'
The result follows from the implications of homogeneity. O]

Lemma 3.9. Let > be the lexicographic monomial order on S corresponding to o = id and
L=@. Let x* = gP'yf - adnyen € S where |V (x%)| > 2. Let k = max{i:i € V(x%)}
and let v = Zle d;.

di+e1 di+ey i ]
. Y Lyt if v is even
N ) — 3.1
G- (56 (X") {xky(lmel Certedikel e s odd. @1
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Proof. The forms in (3.1) are clearly irreducible. By Lemma 3.7 we have z;x; — y,y; €
G, (K,) for all i > j € [n], so that x" can be reduced to

X = glelyditer g dsites 1y§$”y§lff+es“ Coyditen
for some 1 < s < k where | € Zs, | < ds. By the homogeneity of x;x; — yy;
parity(Zle d;) = parity(ds — [). If dy = [ then we are done. Otherwise we con-
sider the following two cases. If 1 < s < k — 1 then by |[V(x")| > 2 there exists
ve V(") \{s}, v#Ek Sincev,s > k, by Lemma 3.7 f = y,(zsyx — yszx) € G (K,).
Using f and zszy — ysyx € G- (K,) in that order x" can be reduced to

u” _ ds—1—2 d1+€1 s 1t+es—1_e +l+2 d5+1+es+1 dk+5k
X' =x° Yy T Ys Ys Yst+1 Y .

Repeated iteration of this step gives one of the forms in (3.1), depending on the parity
of ds — I. If s = k then by |V(x")| > 2 there exist vy,vy € V(x") \ {k}, v1 # v9. Since
v1,vy = k, by Lemma 3.7 f = vy, yu, (77 — 47) € G..(K,). Using f we can reduce x* to
one of the forms in (3.1), depending on the parity of d; — . ]

Lemma 3.10. Let > be the lexicographic monomial order on S corresponding to o = id
and L = @. Let x" = xfiyfimjjy;" €S ie |V(x")] <2. Let ¢ =min{d;,d;}.

u) d —q, ei+q d] q eJJFq (32)

Ng, (k) (x Y; Y;

Proof. The monomial x" can be reduced to (3.2) by the binomial z;,x; — y;y; € G- (K,,)
(Lemma 3.7). No element of the set {in.(g) : ¢ € G.(K,)} divides (3.2) hence (3.2) is
irreducible. O]

Lemma 3.11. Let f =x" —x¥ € S be such that |V (x")| > 2. Then f € Ik, if and only
if fis multi-homogeneous.

Proof. “=": Thisis clear. “<=": Suppose f is multi-homogeneous in degree ((a1, as), ) €
Z3 x N". Let = be the lexicographic monomial order on S corresponding to ¢ = id and
L =@. Let k =max{i:ie V(x")}. If a; =0 then Ng_(k,)(x") = Ng_(k,)(x") is the
first form in (3.1) and if a; = 1 then Ng_(x,)(x") = Ng,_(k,)(x") is the second form in
(3.1). O

Lemma 3.12. Let f = X —xY € S be such that |V( )| < 2. Then f € Ik, if and only

if f is of the form %y ZL‘ yj — x4 qyf’+q 4= qy]J ! where q € Z.

)

Proof. “=": f =x"—x" € T = Ng_k,)(x") = Ng_(k,)(x") where > is the lexicographic
monomial order on S corresponding to ¢ = id and L = &. Apply Lemma 3.10. “<”:
Apply Lemma 3.10. O]

Theorem 3.13. Conjecture 3.3 holds for G = K,,.

Proof. Let G = K,, throughout. We prove the theorem in three steps; the containments
S(Ig) Q Z/{(IG'), U(Ig) g GI"(IG) and Gl"(Ig) Q S(Ig)
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Step 1. S(Zi) C U(Z¢): Here we invoke Lemmas 3.4 and 3.7. If 7 is a path of the form
(i,k,1,7) in G then let o € S,, be a permutation such that k,l > i. A suitable choice of
L C{o7(i),07 (k),07(I)} then provides that (z? — y?)ryr; € G (G) or (y? — x2)rpr; €
G. (G). The cases m = (i, k,j) and m = (7, j) are similar and omitted.

Step 2. U(Zg) C Gr(Zg): [1, Proposition 4.2].

Step 3. Gr(Zg) C S(Zg): Let f =x"—x¥ € Gr(Zg). If |[V(x")| < 2 then by Lemma 3.12
we have [ = xf"yf"x?j Yy — x?"fqyfiJrqx?" “9y7 where ¢ € Z. If ¢ > 0 then necessarily
f=uzx; —yy; € S(Zg). If ¢ <0 then necessarily f = y;y; — xix; € S(Ze).

Now consider the case that [V (x")| > 2. First suppose that f = t;(x* — x¥') where
k€ V(x") and t, € {zs, 1} Now x¥ —x¥' is multi-homogeneous and it must be that
|V (x")| = 2 since otherwise by Lemma 3.11 x* —x"' € Zg, contradicting the primitivity
of f. Write o

f= i —x) = tylaliyfagyy — o). (33)
If ged(x™,x¥') # 1 then it follows from the previous argument that f = tzt;(z%y —
x?gygg) where {s,l} C {i,j} and t; € {z;,y;}. Now zdyc — 2%y is multi-homogeneous
and nonzero. These criteria are minimally satisfied by (ds,es) € {(2,0),(0,2)} i.e. f =
teti(22 —y?) € S(Zg) or f = titi(y? — %) € S(Zg). For ds+ e; > 2 the primitivity of f is
contradicted either by one of these binomials or by an element of the form +(z;x; —y,y;) €
S(Zg). If instead in (3.3) ged(x™,x¥') = 1 then by Lemma 3.8 and the primitivity of f
we have f = ttp(xy; — viz;) € S(Za).

Suppose now that f = x" — xV cannot be written as t;(x¥ — x¥') where k € V(x%)
and ty € {xy,yr}. Since f is multi-homogeneous and |V (x")| > 2 we can assume that for
some 7,5 € V(x") either z;x;|x" and y;y;|x¥ or y;y;|x" and z;x;|xV i.e. in this case the
primitivity of f is contradicted by an element of the form *(x;z; — y;y;) € S(Zg). O
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