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Abstract

We disprove the following conjecture due to Victor Neumann-Lara: for every pair
(r, s) of integers such that » > s > 2, there is an infinite set of circulant tournaments
T such that the dichromatic number and the cyclic triangle free disconnection of T’
are equal to r and s, respectively. Let F, s denote the set of circulant tournaments 7’
with de(T) = r and W3 (T) = s. We show that for every integer s > 4 there exists a
lower bound b(s) for the dichromatic number r such that 7, s = 0 for every r < b(s).
We construct an infinite set of circulant tournaments 7" such that dc(T') = b(s) and
W3(T) = s and give an upper bound B(s) for the dichromatic number r such that
for every r > B(s) there exists an infinite set F, s of circulant tournaments. Some
infinite sets F;. s of circulant tournaments are given for b(s) < r < B(s).

Keywords: Circulant tournaments; dichromatic number; acyclic disconnection

1 Introduction

The dichromatic number and the acyclic (respectively, cyclic triangle free) disconnection
were introduced as measures of the complexity of the cyclic structure of digraphs. A large
value of the dichromatic number and, oppositely, a small value of the acyclic disconnection

*Research supported by CONACYT Project CB-2012-01 178910.

THE ELECTRONIC JOURNAL OF COMBINATORICS 24(4) (2017), #P4.5 1



express a more complex cyclic structure of a given digraph. Among other papers, see
(1,5, 7,8, 11, 12, 13, 14, 15] for old and recent results on the study of these parameters
as well as open problems. Many variations of colorings of digraphs have been extensively
studied as the oriented chromatic number and the oriented game chromatic number. See
for example [10] and [18].

We define the dichromatic number of a digraph D, denoted by de(D), as the minimum
number of colors in a coloring of the vertices of D such that each chromatic class induces
an acyclic subdigraph of D (that is, a subdigraph containing no directed cycles). In this
terminology, the notion was introduced by V. Neumann-Lara in [12]. Even before, the
dichromatic number for graphs and digraphs is defined by P. Erdés in [4] (pp. 16-20)
reporting some results obtained in a joint work with V. Neumann-Lara. In this earlier
paper, article [12] is mentioned to be in preparation.

On the other hand, the acyclic (respectively, cyclic triangle free or briefly, the 83 -free)
disconnection of a digraph D, denoted by ﬁ(D) (respectively, 73(D)), is defined to be
the maximum number of colors in a coloring of the vertices of D such that no directed
cycle is properly colored (respectively, no directed 3-cycle is 3-colored). We recall that in
a proper coloring of the vertices of a digraph D, consecutive vertices of a directed cycle
receive different colors. A digraph D (in particular, a tournament T') is said to be tight if
W3(D) = 2 (respectively, W3(T) = 2). These definitions first appeared in [13].

In 1999, V. Neumann-Lara posed the following

Conjecture 1 ([13], Conjecture 5.8). For every pair (r, s) of integers such that r > s > 2,
there is an infinite set of regular (circulant) tournaments 7' such that dc(T) = r and
W3(T) = s (respectively, W(T) = s).

Let T be a regular tournament. We define

Fro = {T:de(T)=7,W3(T)=s} and

Frs = {T:dc(T) =, W (T) = s}.
The following theorem will be useful to simplify the proofs.

Theorem 2 ([6], Theorem 19 and Corollary 22). Every prime circulant tournament T is
tight. Moreover, ﬁg(T) = U(T) for every circulant tournament T'.

In this paper, we only deal with circulant tournaments. We notice that in virtue
of Theorem 2, it suffices to consider ﬁg(T) for every circulant tournament 7'. If some
statement is valid for @ 3(T) or for a family of type Fr.s, it holds for W (T) or for a family
of type ]?775.

In [8], the authors positively answer the conjecture for the special case when r = 3 and
s = 2 giving an infinite family of 3-dichromatic tight regular not circulant tournaments.
However, in this paper the conjecture is disproved in general. We show that for every
integer s > 4 there exists a lower bound b(s) for the dichromatic number r such that
Frs = 0 for every r < b(s). We construct an infinite set of circulant tournaments 7' such
that de(T) = b(s) and W3(T) = s. All this is summarized in the main theorem of this
paper (see the proof in Section 4).
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Theorem 3. Let T be a circulant tournament such that de(T) = r and &s(T) = s
(2<s<r). Let b(s) = Dy_y, where Dy = [3D,_1| (s > 2 and Dy = 2). Then

o= [30.] <[ (3) 7.

where K ~ 1.62227 1s an irrational number. Moreover, {83_2 la],a € ]-"272} s an infinite

set of r-dichromatic circulant tournaments such that @ s (8;‘2 [a]) =s and r = b(s).

We give an upper bound B(s) for the dichromatic number r such that for every
r > B(s) there exists an infinite set F,, of circulant tournaments (see Proposition 23).
Some infinite sets F, s of circulant tournaments are given for b(s) < r < B(s). The
construction of the remaining cases in this interval is an open problem since the tools
used in the paper do not apply for them.

Our proofs are strongly based on the techniques developed in [14]. For the usual
terminology on digraphs and tournaments used in the paper, see [2, 3, 17].

An extended abstract of some parts of this work, with no proofs, appeared in [9].

2 Preliminaries

Let D = (V, A) be a digraph. For any v € V(D) we denote by N*(v) or N*(v, D) and
N~ (v) or N~ (v, D) the out- and in-neighborhood of v in D, respectively. A digraph D is
said to be acyclic if D contains no directed cycles. A subset S C V(D) is acyclic if the
induced subdigraph D(S) of D by the set S is acyclic. The maximum cardinality of an
acyclic set of vertices of D is denoted by 5(D).

An r-coloring ¢ : V(D) — {1,2,...,r} of a digraph D is a surjective function. A
subdigraph D’ of D is heterochromatic or rainbow if every pair of vertices of D’ receive
different colors under ¢. A subdigraph D’ of D is properly colored if every pair of adjacent
vertices of D’ receive different colors under ¢. A subset S of vertices of D that receive the
same color under ¢ is called a chromatic class and it is a singleton if |S| = 1. We say that
a r-coloring ¢ of a digraph D is 83—f7‘ee (respectively, 8— free) if D contains no rainbow
cyclic triangles (respectively, no properly colored directed cycles).

Let D and F be digraphs and {F,}.,cv(py a family of mutually disjoint isomorphic
copies of F'. The composition (or lexicographic product D o F') D[F| of the digraphs D
and I is defined by V(D[F]) = U,cy(p) V (£2) and

A(D[F]) = [ U A(Fv)] U{(i,j) i € V(F,), j € V(F,) and (v,w) € A(D)}.

veV (D)

It is easy to prove (and left to the reader) that the composition of digraphs is an
associative but not a commutative operation.

Let Zam1 be the cyclic group of integers modulo 2m + 1 (m > 1) and J a nonempty
subset of Zoy, 41 \ {0} such that [{—7,7} N J| =1 for every j € Zgy11 \ {0} (and therefore
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|J| =m). A circulant (or rotational) tournament 82m+1(J) is defined by V(82m+1(J)) =
Ziyym+1 and

A(Comir(J)) = {(0sJ)  1,J € Zamsr and j —i € J}.

Recall that the circulant tournaments are regular and their automorphism groups are
vertex—transitive. Let [m] = {1,2,...,m}. We denote by Co,,11 () and C9,,11 (j) the
circulant tournaments C's,,11(J) where J = [m] and J = ([m]\{j})U{—j}, respectively.

Observe that 83 = 83 (0). Moreover, 83 € Fao.

Proposition 4 ([13], Proposition 3.3). The composition of two circulant tournaments is
a circulant tournament.

The above proposition holds for circulant digraphs in general. A (circulant) tour-
nament T is prime (or simple) if it is not isomorphic to a composition of (circulant)
tournaments.

Proposition 5 ([15], Theorem 1). Let m € N. Then dc(agmﬂ 0)) = 2.
Proposition 6 ([13], Proposition 4.4(i), Theorem 4.11). Let m € N.

(i) Ds(Comer (1) = D (Cromr (0)) = 2.
(i) Ds(Camsr (m — 1)) = B(Capr (m — 1)) = 2.

We use the following definition taken from [13]. A digraph D will be said to be -
keen (respectively, jg-k@@ﬂ) if there is an optimal coloring ¢ of V(D) (that is, it uses
the maximum number of colors), with no properly colored directed cycles (respectively,
with no 3-colored 83) of D, having exactly one singleton chromatic class. Notice that no
optimal coloring ¢ of V(D) leaves more than one such a class.

Lemma 7 ([6], Theorems 17,18). Every circulant tournament is &y-keen (respectively,

W -keen,).

This lemma was an important tool to prove Theorem 2 in [6]. It will be later used in
other proofs of the paper.

3 Infinite sets of r-dichromatic circulant tournaments for every
r>2and s = 2

This section is devoted to the construction of infinite families of circulant tournaments 7’
such that de(T) = r and &3(T) = 2 (that is, tight circulant tournaments), where r > 2.

Let C'pt1)+1 (J) be the set of circulant tournaments defined in [1], where

J = {1,2,....ppuU{p+2,p+3,...,2p—t} U
{2p+3,....3p—=2t}U...U{(n—1)p+n}

n—1

= U{ip+G+1),...ip+p—it}
=0
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Figure 1: The tournament Hjy, 5 and the out-neighborhood of m;; = mus.

andp=(n—1)(t+1)+1,n>2¢t>0.

To understand the structure of these tournaments it is convenient to establish a one
to one correspondence between the out-neighborhood of a vertex and the following subset
H,, of entries m;; in a M,y (p+1) matrix:

Hyp = {mij € Myxeny: (i = 1) (t+1) +5 < pf.

Let v € V(Copriyer (J), and 4,5 € N such that v = (p+1) (i —1) + j, with 1 <
i <nand 1 < j < p. The function ¢ : N*(v) — H,; defined by ¢ (w) = my; is
clearly a bijection. Since C',(p+1)41 (J) is vertex-transitive, we have that J = N*(0). Let
H,: be the induced subtournament by N*(0) in 8n(p+1)+1 (J). Notice that the induced

subtournament by N*(v) is isomorphic to H,, for every v € V(Cypi1)41 (J)).
We define the out-neighborhood of each vertex m;; € H); as the union of three disjoint
sets of vertices in H,, specifically N* (m;;, H,;) = A;; U B;; U C;;, where

Ay =A{mu € Muxprry : (k=1)(s+ 1) +1—j < (i—2)(s+1),
k>1,1>j},

Bij ={mn € M@yt (k=) (s + 1) +1—j—-1<(n—i)(s+1)—j+r,
k>il>j+1},

Cij:{mklEMnX(erl)1(k—i—1)<8+1)+l—1<j—2,
k>ir1,0> 1)

By Lemma 1 of [1], the subtournaments induced by A;;, B;; and C;; are the vertex-
disjoint tournaments Hy ;_2)+1),t, Hp—(i—1)(t+1)—jc and H;_1 4, respectively. In Figure 1,
the entry myg is the point *, the vertices in the out-neighborhood of * in Hys 5 are the o
points partitioned into the sets Ay s, Byg and Cy g (the triangles that appear at the top, to
the right and to the left of %, respectively). Notice that the vertices in the in-neighborhood
of * in Hyy 5 are the o points and the - and A points are not vertices of Hyg 5.

Lemma 8 ([1], Theorem 5). dc <8n(p+1)+1 (J)) =n+1
Theorem 9. Cypaiir () is tight (that is, @s(Cogpryr (J)) = 2).
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Proof. Let T = 8n(p+1)+1 (J). For a contradiction, suppose that T is not tight, that

is, there exists a 83—free 3-coloring ¢ : V (T') — {blue, green,red} of T. By Lemma 7,
T is Ws-keen and therefore there is exactly one singleton chromatic class. Since T is
vertex-transitive, we may assume that ¢ (0) = blue, and 0 is the only vertex of color blue.
Suppose that ¢ (1) = green (¢(mq1) = green in matrix notation). Since (0, 1,7) is a cyclic
triangle for every i € {kp — (k — 1)t +1:1 < k < n} (these cyclic triangles correspond
to (0,mq1, A) in the matrix M, »(,41)) and ¢ is Bg—free, then ¢ (i) = green. Let us define

Ne={(k—=V)p+k (k—1)p+k+1,.. . kp—(k—1)t}

for 1 < k < n (N can be viewed as the set of elements o and e of the k-th row of the ma-
trix My« (p+1)). Observe that (0, j, kp — (k — 1)t + 1) (respectively, (0,0, A) or (0,8, A))
is a cyclic triangle for every j € N;. Using again that ¢ is C's-free, we have that
¢ (j) = green for every j € Nj. Therefore N (0) is monochromatic. Observe that
kp—(k—1)t+ 1€ N~ (0) (elements of type kp — (k — 1)t 4+ 1 correspond to A in the
matrix) and ¢ (kp — (k — 1)t + 1) = green. Analogously, we can conclude that N~ (0) is
monochromatic. We have only used two colors, so ¢ is not surjective, a contradiction to
the initial assumption. O

Observe that ﬁ(?n(pﬂ)ﬂ (J)) = 2 by Theorem 2.

Corollary 10. For every r > 2 there exists an infinite set F,o of tight r-dichromatic
circulant tournaments.

Proof. By Propositions 5 and 6(i), the infinite set Foo = {82n+1 D) :ne N} is the
desired set for r = 2. By Lemma 8 and Theorem 9, for every r > 3 the infinite set

Frona = {Crprmin () ip=(r =) (t+1) + 1,1 > 0}

provides the remaining cases. O

4 Infinite sets for s > 3

Let H = (V, F) a finite hypergraph. A hypergraph H is t-uniform (or simply, a t-graph)
if every edge of H has cardinality ¢. A hypergraph H is called circulant if it has an
automorphism which is a cyclic permutation of V (H). If ¢ < m, the circulant t-graph
Ay is defined by V (A, +) = Z,, and E (A1) = {aj : j € Zy,,} where

OéJ:{j,j+1,,j+t—1}

for j € Z,.

We denote by (T the maximum cardinality of an acyclic set of vertices of a tour-
nament 7. In [12] (see Theorem 8), it was proved that dc (T [U]) = dc(T') + dc(U) — 1.
Using this result as well as Propositions 32(iii) and 34 and Corollary 43 of [14], it is not
hard to establish the following proposition that will be useful in the proof of Theorem 3.
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Proposition 11. Let T" and U be circulant tournaments such that T" has order 2m + 1
and U 1is an r-dichromatic tournament. Then

de (T [U)) > [%} .

Moreover, if B(T) =t and T contains an isomorphic copy of a t-graph MAopm 1+ (where
V (Aamyrs) = Zomyr, E(Momir) = {01 j € Zomir}, a5 = {j,j+1,...,j+t—1} and
sums are taken modulo 2m + 1), then

@@mp{ﬂﬁﬁﬁw

Proposition 12 ([13], Proposition 3.6(i)). Let T be a &s-keen (respectively, o -keen)
tournament and U an arbitrary tournament. Then

G (TU) = Ts(T)+T5(U)—1
(F(TU]) = D)+ U) -1,

Proposition 13 ([16], Corollary 1). Consider the recurrence relation D, = (%Dn_ﬂ
(n =1 and Dy = 1), then

where K =~ 1.62227 s an irrational number.

The previous recurrence relation appears in the solution of the legendary Josephus
Flavius problem. It is the classical case when n Jews formed in a circle decide to kill
every third remaining person until no one is left (the last survivor must commit suicide).
In the story, there were 40 Jewish soldiers trapped in a cave by the Roman army who
chose suicide rather than be captured. For more details about the mathematical problem
see [16].

The following proposition is a consequence of Theorem 2.

Proposition 14. Let T be a circulant tournament with s (T) = s = 3. There exist
s — 1 tight circulant tournaments Ty, Ty, ..., Ts_1 such that T =T, [Tx ... [Ts_1]]].

Proof. We proceed by induction on s. If s = 3, then by Theorem 2, T" is a composition of
two circulant tournaments 77 and Ty, that is, T' = T1[T»]. Observe that if 73(7’1) =5 =2
and ﬁg(TQ) = 8y > 2, then

W3(Th[Ty)) = 51+ 85 — 1 =3,

s1 = S = 2 and both T} and T; are tight circulant tournaments.
Suppose that the claim is valid for every 3 < ﬁg(T} = ¢ < s. By the induction
hypothesis, there exist s’ — 1 tight circulant tournaments 73, T5, ..., Ty _; such that

T2 T[T [Ty_]].
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Let ﬁg(T) = 5. Hence, T is a composition of two circulant tournaments U and W, that

is T = U[W]. Let W3(U) =1t; >2and &3(W) =t, > 2. Since
3<?3<U[W]):t1+t2—128,

then 2 < t; < s and 2 < t; < s. By the induction hypothesis, there exist t; — 1 tight
circulant tournaments Uy, Uy, ..., U, 1 such that U = U [Us]. .. [Uy, —1]]], and t5 — 1 tight
circulant tournaments Wy, Wy, ... Wy, 1 such that W = W, [Ws|. .. [W;,_41]]], then

T=UW]= (W] [Uy]) W [Wal. .. [Wi, ]
Using the associative property of the composition, we have that
T = Ui[Us.... [Upy -1 [Wa[Wal. .. [We, 1 ]]1]]1])-

Therefore, T' is the composition of t; — 1+, — 1 = s — 1 tight circulant tournaments. [

Let s € N and define 8; = 83 and 8 8 [85 1} for every s > 2. Observe that
in virtue of Proposition 12 and Lemma 7, Wy (83) =s+1

We prove the main theorem of this paper.

Proof. (Theorem 3)
Let U be an r-dichromatic tournament. Since the composition of tournaments is
associative and by the first inequality of Proposition 11, we have that

de (T [U)) > [“;m—:lﬂ .

Therefore

de (T [U]) > [27‘— m:J > [;r-‘

It follows that dc (T [U]) > [3r] for every r-dichromatic tournament U.
Now let T be a circulant tournament such that @s (T) = s. By Proposition 14, there
exist 71, T, ..., Ts_y such that T = Ty [T5[...[Ts_1]]]. Let dc(Ts—1) =7 > 2 = [2], then

s el ol BT a0 -

N N

s—1

By Proposition 13, dc (T { (%) J

Let T € {6 o € Fy 2} Since 83 and o are tight, then @5 (T) = s. Observe
that 2 = [2], then

313 3
= (2] 2] -2
s—1

By Proposition 13, de (T) = {K (%)S_lJ = b(s). O
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Remark 15. Notice that b(s) is a lower bound for de(T) = r when W3(T) = s and there
are no r-dichromatic circulant tournaments for which r < b(s).

Let D be a digraph. The hypergraph H,(D) is defined by V(H;(D)) = V(D) and
E(H(D)) ={U C V(D) : U is a maximal acyclic set}.

Lemma 16 ([14], Proposition 41(i)). Let m > 2. Then

(i) Hl(82m+1 0)) 2 Aomt1,ms1 and
(1) B(Comr (0) = m+1.

We prove a similar result to the previous lemma for the family of circulant tournaments
2m-+1 (m — 1) with m 2 2.

Lemma 17. Let m > 2. Then
(i) H1(82m+1 (m—1)) D Aoppi1,m—1 and
(i) B(Camer (m—1)) = m — 1.

Proof. (i) Since 82m+1 (m — 1) is vertex-transitive and {0,1,...,m — 2} is an acyclic
vertex subset of cardinality m — 1, the inclusion is valid.

(ii) Clearly, B(Comy1(m —1)) = m — 1. Let U be a vertex set of maximum car-
dinality, such that (U) is isomorphic to the acyclic subtournament of order |U|. Since

om+1 (M — 1) is a vertex-transitive tournament, we may assume that 0 is the source of
U. In the out-neighborhood of 0 we have the following sequence:

(1) = {2,3,...,m—2},

Nt (2) = {3,4,...,m—2,m,m+ 2},
(3) = {4,5,....m—2,m},
(4) = {5,6,...,m—2,m,m+ 2},

Nt (m-2) = .{m,m—l—Q},
N m) = {Lm+2).
Nt (m+2) = {1,3}.

Therefore, if |U| > m, the second source is 2, and U = {0,2,3,...,m —2,m,m + 2} .
But (m+2,3,4,m+2) is a cyclic triangle in Cy,,+1 (m — 1). Hence, it follows that
B(Camir (m —1)) = m — 1. 0

As a consequence of the second equality of Proposition 11 and Lemma 17, we have
the following
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Corollary 18. Let o be a r-dichromatic tournament, then

de (Canmsr (m — 1) [0]) = [MW |

m— 1
Moreover, if m = 3r + 1, then dc <82m+1 (m—1) [a]) =2r+1.

In what follows, we will recursively construct r-dichromatic circulant tournaments

with fixed Bg-free disconnection. For this purpose, we define the following functions
that will describe the growth of the dichromatic number by the composition of circulant
tournaments.

Let f/, fi : N> - N (i € {0,1,2}) be functions defined by

fola;m) =qm+1) =1, folg;m)=q2m+1)-1 (¢=1,m > 2),
filg;m) = qm +1, filg;m) =q(2m+1)+3 (g=1,m > 3),
falg;m) =2q +m, falg;m) =3¢+m+1  (¢=1,me {1,2}).

We define the (infinite) digraphs D; for ¢ € {0, 1,2} as follows:
V(D)) = {veN:v>3},
A(D:) = {(fi(g;m), filg;m))}.

Let D = Dy U Dy U Ds. Clearly, Dy, D; and Dy are arc-disjoint and acyclic. We
emphasize that (u,v) € A(D) if and only if u = f/ (¢,m) and v = f; (¢,m) (i € {0,1,2})
for some positive integers ¢ and m such that ¢ > 1 and

(i) m>2ifi=0,
(i) m > 3ifi=1 and
(i) 1< m<2ifi=2

Furthermore, if 7' is an r’-dichromatic tournament with ' = f/ (¢, m), then W;[T] is
an r-dichromatic tournament with r = f; (¢,m) (i € {0,1,2}), where Wy = Copi1 (0),
W, = 82m+1 (m) and Wy = 83. Finally, if » = 1(mod 3), then by the definition of
fa(g,m) it follows that dc (83[T]) # r for every tournament 7.

We point out that f;, f/ and D; for i € {0,1} were defined by V. Neumann-Lara in
[14], where more details can be found.

Lemma 19 ([14], Lemma 64). For each positive integer n > 3, n # 7, there is a directed
path in D = Dy U Dy from a vertex in S = {3,4,5,11,15,23} to n.

Lemma 20. For each positive integer n > 3, there is a directed path in D = DyU Dy U Dy
from a vertex in S = {3,4,5,7} ton.
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Proof. A consequence of Lemma 19 and observing that (7,11), (10, 15), (15,23) C A(D,)

and (7,13) € A(Dy). Note that by Lemma 8, we have that C'501143(J) is a 7-dichromatic
tournament for every ¢ > 0. 0

Proposition 21. Letr > 2 and s > 2. Then
(i) Forst1 = {82r+1 Dy [a] - € .7:,,75} )
(il) Forstoes = {82(3”1)“ (3r)[a] : € ]—"} .
(i) Fapgir = {83 o] o € fm}.
(iv) Fariosi1 = {83 [a] :a € F2T+1,s}.

Proof. We proceed case by case.

(i) Let o € F,.5. By Proposition 11 and Lemma 16, if » < m, then

de (Camar (0) [a]) = [Mw - [27«— Lw — o

m+1 m+1
Hence, m = r and by Propositions 12 and 6(i), s (82T+1 (0) [a]) =s+ 1
(ii) Let o € F, 5. By Corollary 18, if m > 3r + 1, then
de (82m+1 (m—1) [a]> =2r + 1.
In this case the equality holds. By Proposition 6(ii) and Lemma 17,

s (E@mﬂ (m—1)[a]) =s+1.

(iii) Let o € Fy, 5. By Proposition 11, de <83 [a]) = [222] = 3r. On the other hand,
since 83 € Fao, s (63 [a]) =s+ 1.

_ | (@r+1)3

(iv) Let o € Fyp41,5. By Proposition 11, dc (33 [a]> = {TW = 3r+2. On the other
hand, since 83 € Faoo, s <83 [a]) =s+ 1. O

Proposition 22. For every integer r > 3 there is an infinite set of circulant tournaments
T such that de(T) = r and &3 (T) = 3.
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Proof. By Theorem 3 and Lemma 20, we can construct the infinite sets F,. 3 for r = 6 and
r = 8.
Let a € ./_"272, then

de (83 o) = [@W —3and Ty(Csla]) =2+2-1=3.

Therefore F3 3 = {83 [a] :a € .7-"272} )
Let a € ]:2’2, then

de (85 (0) [a]) = [@W =4 and 33(83 ) =2+2—-1=3.

Then Fy3 = {85 0)[a] : a € }"272} .
Analogously,

F53 = {83 o] 1a € }—3,2}, Frz= {87 (3)[a] :a € ]:3,2} . n

Let B(s) (s > 2) be a positive integer such that for every r > B(s) there exists an
infinite set of circulant tournaments T € F,.,. Clearly, B(2) = 2 and by Proposition 22,
we have that B(3) = 3 (see Corollary 10).

Proposition 23. B(s) <2B(s—1) —1 <252+ 1 for every s > 3.
Proof. We proceed by induction on s. For s = 3, by Proposition 22, we have that

313

60 - [2[2]] =5 -2 .

Suppose that the statement is valid for some s > 3. We will prove it for s + 1. By
Proposition 21 (i) and (ii), we can construct the infinite sets

Forsi1 = {BQTH 0y [a] : v € ]-"T,s} and
f2r+1,s+1 = {82(374_1)4_1 <3T’> [Oé] Qe .F»,»75}

for every r > B(s). It follows that B(s+1) < 2B(s). We only need to prove the existence
of an infinite family Fos-2,; , for every s > 4.
Let s > 3. Notice that 2572 + 1 =0 (mod 3) or 2°°2 4+ 1 =2 (mod 3).

(i) If2°724+1 = 0 (mod 3), then 27241 = 3¢ for some integer ¢ > 1 and by Proposition
21(iii) it follows that Fos—24q 5 = {83 [a] :a € fgq,s,l} :

(i) If 2°72 + 1 = 2(mod 3), then 2°72 + 1 = 3¢ + 2 for some integer ¢ > 1 and by
Proposition 21(iv) it follows that Fos—24; 5 = {83 [a] - € .7-"2q+173_1} . O
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By Proposition 23 and Proposition 21(iii) and (iv), we can construct infinite families
of circulant tournaments 7" with arbitrary

D5 (T) = s and r > Bb(s)-‘

for every r > 2, except for the cases when r = 1 (mod 3) and [2b(s)] < r < B(s). For
these values of r, we have to construct each infinite family case by case. Some of these
families are obtained using the construction and the properties of digraph D = DyUD;UD,
(see Lemmas 19 and 20). Others are obtained by the composition Cg,,41 (m — 1) [af,
where « is an r-dichromatic circulant tournament with » > m. Since r > m, these
families are not those Fo, 511 = {Comy1 (D) [a] : o € F, 5} given in Proposition 21(i).
Working with the aforementioned tools, one could obtained the following infinite sets F,
of circulant tournaments:

(i) 3<s<5andevery r > b(s),

(ii

s =6 and every r > 12 and r # 13,

(iii) s =7 and r = 18,21 and every r > 25,

9 and r = 41,48,51 and every r > 53,

)

)

)

(iv) s =8 and r = 27,32 and every r > 35,

(v) s

(vi) s =10 and r = 62,72,76,77 and every r > 80 and
)

(vii) s =11 and r = 93,108, 114,121 and every r > 123.

Cases (i) and (ii) are consequences of Proposition 22, Theorem 3 and using that
b(s) = B(s) for s € {2,3,4}, b(6) = 12 and B(6) = 14. Observe that Fi3¢ is the first
unknown infinite set.

In Case (iii), we have that r > 18 by Theorem 3. By Proposition 23, there is an infinite

set F,. 7 for every r > 25. For r = 21, let a € Fy46. Hence dc <3 [a]> = {%(3)} = 21 and
W (83 [oz]) =246 —1 =7 by Corollary 18 and Proposition 12, respectively. There-
fore, Fo17 = {83 a] :a € .7-'14,6}. For r € {19, 20,22, 23,24}, the infinite sets F, 7 are
unknown. Let r = 25 and a € Fia6. Then de <875 (36) [oz]) = {12:525 -‘ = 25 (Corollary
18 for m = 37) and W <875 (36) [a]) =246 —1=7 (Proposition 12). For r = 26, take
a € Fire and apply Proposition 21(iv) to obtain Fas 7 = {83 a] :a € .7:1776} . Forr = 27,

take o € Fig6 and apply Proposition 21(iii) and we get For 7 = {83 [a] € .7:1876} . Fi-

nally, note that B(7) < 2B(6) — 1 =214 — 1 = 27 (see Proposition 23).
Using similar arguments, one can obtain the remaining cases.
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The following table summarizes some exact values of b(s) and B(s).

s [2]3[4][5]6 ] 7]8[9]10] 11
b(s) | 23|58 |12 1827 41|62 93
B(s) |2[3]5|9]14|25|35|53|80] 123

We finish with the following conjecture.

Conjecture 24. B(s) < 2b(s — 1) — 1 for every s > 3.

Acknowledgment. We thank the anonymous referees for their suggestions that helped
us to significantly improve the presentation of this paper.
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