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Abstract

Orthomorphisms of groups and pairwise orthogonal orthomorphisms have been
used in several constructions of combinatorial designs, in particular in the construc-
tion of mutually orthogonal sets of latin squares based on groups. In this paper we
will use difference equations to construct orthomorphisms in £3(q), an orthomor-
phism graph of GF(q)* x GF(3)", and to establish lower bounds for the number
of pairwise orthogonal orthomorphisms in £3(q).

Keywords: latin squares; orthomorphisms; MOLS

1 Introduction

For G a finite abelian group, a mapping 6: G — G is an orthomorphism of G if the
mappings z — 0(x) and z — 0(x) —z are both bijections. Two mappings 6, ¢: G — G are
said to be orthogonal if the mapping x — 6(x) — ¢(x) is a bijection. An orthomorphism
0 of G is normalized if 6(0) = 0. If # is an orthomorphism of G, then the mapping
x — O(x) — 0(0) is a normalized orthomorphism of G: normalization does not affect
orthogonality. We will use Orth(G) to denote the set of normalized orthomorphisms of G
as well as the graph in which adjacency is orthogonality. Some automorphisms of Orth(G),
described in [7], are H,, @ € Aut(G), defined by H,[0] = aba; T,, g € G, defined by
T,10)(z) = 0(z + g) — 6(g); and R defined by R[f](z) = x + 6(—x). These automorphisms
will prove useful in counting orthomorphisms in Section 4. An orthomorphism graph of G
is a subgraph of Orth(G). For an orthomorphism graph H of a group G one parameter is
of particular interest: the clique number of H, written w(#), is the largest possible number
of pairwise adjacent vertices of H. The reason for interest in this parameter is that from
r pairwise orthogonal orthomorphisms of G we can construct r + 1 mutually orthogonal
latin squares (MOLS) of order |G|. Several constructions of large sets of MOLS arise in
this way: see [1] and [11] in the Handbook of Combinatorial Designs [4]. For more on
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orthomorphism graphs see [7], and for more on latin squares and MOLS see [5] and [15].
Closely related to orthomorphisms is the concept of a complete mapping. For G a finite
abelian group, a mapping 0: G — G is a complete mapping of G if the mappings = — 0(x)
and = +— 6(z) + = are both bijections. Note that a bijection §: G — G is a complete
mapping of G if and only if the mapping = — 6(z) + x is an orthomorphism of G, and
an orthomorphism of G if and only if the mapping x — 6(x) — x is a complete mapping
of G. There is an extensive literature of constructions of complete mapping polynomials,
i.e., polynomials that represent complete mappings of elementary abelian groups: see the
survey [17]. Complete mappings and orthomorphisms have a number of applications: see
the papers in [12] and [13] for instance.

In [16] a set of four MOLS of order 15 was constructed via a computer search. This
construction implicitly used orthomorphisms of Zi5, which turned out to have a very
striking property: each orthomorphism had the following form.

axr (mod 5) ifrt=0 (mod 3)
f(x) =<Car+3 (mod5) ifz=1 (mod 3)
ar —3 (mod5) ifx=2 (mod 3)

This suggests trying to construct large sets of MOLS of order 3p, p a prime, p # 2,3,
using orthomorphisms of Zs, that have a similar form.

ar (mod p) ifxr=0 (mod 3)
f(x) =<ar+b (modp) ifz=1 (mod3)
ar —b (mod p) ifxz=2 (mod 3)

Here b is fixed. In [8] all orthomorphisms of this type were determined, and it was
shown that no orthogonal pair of orthomorphisms can be constructed from this class of
orthomorphisms if b = 0, and at most three if b # 0. In [9] this class of orthomorphisms
was generalized to the group Zs,, where n > 3 is not divisible by either 2 or 3, constructing
orthogonal pairs of orthomorphisms whenever b # 0: this was subsequently improved
in [10] to three pairwise orthogonal orthomorphisms when n # 7,17, n not divisible by 2
or 3. A number of special cases of this latter result had already been proved: see [2] for
a summary of these special cases.

In this paper we will generalize these results by considering the orthomorphism graph
L3(q) of GF(q)T x GF(3)*. In Section 2 we will introduce the orthomorphism graph
L3(q) and show that orthomorphisms and orthogonalities in this graph can be obtained
by solving systems of difference equations. In Section 3 we will use these difference
equations to construct orthomorphisms in £3(g), in Section 4 we will derive lower bounds
for |£3(q)], and in Section 5 we will give lower bounds for w(L3(q)).

2 The orthomorphism graph L£3(q)

In this section we will define the orthomorphism graph £3(¢q), ¢ > 3 a prime power. We
will see that the elements of £3(¢) and orthogonalities in £3(¢) can be determined by
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solving systems of difference equations.

First note that any mapping GF(q) x GF(3) — GF(q) x GF(3), and hence any
orthomorphism of GF(q)* x GF(3)™, can be written as 0(x,y) = (61,(2), 02..(y)), where
for each y € GF(3), 61, is a mapping GF(q) — GF(q), and for each x € GF(q), 02, is
a mapping GF(3) — GF(3). We will call 0, ,, y € GF(3), the first component mappings
of 0; and 6, ,, x € GF(q), the second component mappings of 6.

The orthomorphism graph £3(g) is the induced subgraph of Orth(GF(¢)" x GF(3)™)
whose orthomorphisms have first component mappings 6, ,(x) = ax+b,, a # 0,1 and by =
0. From the first component mappings of a bijection GF(q) x GF(3) = GF(q) x GF(3)
the form of the corresponding second component mappings can be determined.

Lemma 1. Let the mapping 0: GF(q) x GF(3) — GF(q) x GF(3) have first component
mappings 61 4(x) = ax + by, a # 0 and by = 0. Then 0 is a bijection if and only if each
second component mapping can be written as

b2 (y) = ydefy(x + b,/a) + sumg(x + b, /a) (1)
for some defy, sumy: GF(q) — GF(3), defy(x) # 0 for all z € GF(q).

Proof. Assume that 6 is a bijection. For any given z € GF(q) the mapping y —
02,(:—b,)/a(y) is a bijection GF(3) — GF(3), as 0 is a bijection and 6((z — b,)/a,y) =
(z,¢) = 0((z — by)/a,w) whenever 0y (.—p,)/a(y) = 02,(:-b,)/a(w) = c. Thus, using the
fact that any permutation of the elements of GF'(3) can be represented as a nonconstant
linear polynomial over GF'(3),

O, —b,)/a(y) = yk(2) + h(2)

for some maps k,h: GF(q) — GF(3), k(z) # 0 for all z € GF(q). This equation holds
for all = € GF(q) and y € GF(3). Setting x = (2 — b,)/a, defyp(zr) = k(az), and

sumy(x) = h(ax) yields Equation (1). The converse is routine. O

We will call the function defy in Lemma 1 the defining sequence for 6 and the function
sumy the sum function for 6. Any element 6 € L3(q) can be specified by stating its
first component mappings, its sum function sumy, and its defining sequence defy. These
functions must satisfy a system of difference equations.

Theorem 2. Let §: GF(q) x GF(3) — GF(q) x GF(3) be a bijection with first component
mappings 01 ,(x) = ax+b,, a # 0,1 and by = 0, defining sequence defy, and sum function
sumy, sumy(0) = 0. Then 0 € L3(q) if and only if defy and sumy satisfy the following
system of difference equations.

sumg(z + Cy,y) — sumg(x) = y(discrg(x) — defg(z + Cy,y) + 1) (2)

for all y € GF(3) and some discrg: GF(q) — GF(3), discrg(z) # 0 for all x € GF(q),

where

_by

C@y == m
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Proof. Assume that 6 is an orthomorphism. For the mapping (z,y) — 0(x,y) — (z,y)
the three images with first component (a — 1)z have second components sumg(x + Cp ) +
ydefy(z + Cp,) — v, and so, as these must all be different and any permutation of the
elements of GF'(3) can be represented as a nonconstant linear polynomial over GF'(3),

sumg(z + Cy ) + ydefo(x + Cyy) — y = ydiscrg(x) + co(z)

for some discrg, cp: GF(q) — GF(3), discrg(x) # 0 for all x € GF(q). Setting y = 0
we see that cg(x) = sumg(z). This yields the system of equations (2). The converse is
routine. [

We will call the function discrg in Theorem 2 the discriminant function for 6 and
we will call the system of equations (2) in Theorem 2 the difference equations for 0.
Orthogonality in £3(¢) depends similarly on solutions to a system of equations.

Theorem 3. Let 0, ¢ € L3(q) have first component mappings 6, ,(x) = ax + by, a # 0,1
and by = 0, and ¢1,(z) = Ar+ By, A#0,1,a and By = 0, respectively, sum functions
sumg and sumgy, respectively, and defining sequences defy and def,, respectively. Then 0
1s orthogonal to ¢ if and only if

(sumg(z + Cpg,y) — sump(x)) — (sumg(x + Cpg,) — sumy(z)) = (3)

y(discrg ¢(z) — defg(x + Cppy) + defy(x + Choy))

for ally € GF(3), and some discrg »: GF(q) — GF(3), discrg »(z) # 0 for all x € GF(q),
where

aB, — Ab, Ab, —aB

= -————— d = —y y .

Cg,d’,y a(a — A) an C¢797y A(A — a)

Proof. Similar to the proof of Theorem 2. O]

We will call the function discry 4 in Theorem 3 the discriminant function for 6 by ¢ and
we will call the system of equations (3) in Theorem 3 the adjacency difference equations
for 6§ and ¢. Note that, in Theorem 3, a necessary condition for § to be orthogonal to ¢

is A # a.

3 Constructions of orthomorphisms in L£3(q)

In this section we will give some constructions of orthomorphisms in £3(¢). Throughout
this paper, for a bijection 0: GF(q)* x GF(3)T — GF(q)" x GF(3)"; defy will denote
the defining sequence for 0, defy(x) # 0 for all z € GF(q); sumy will denote the sum
function for #; and, if the first component mappings for 6 are ax + b,, y € GF(3), then,
as in Theorem 2, Cyp, = —b,/(a(a — 1)).

To construct orthomorphisms in £3(q) we first specify first component mappings ax +
by, a # 0,1 and by = 0, and then solve the difference equations (2) for defy and sums.
As the difference equation (2) with y = 0 is 0 = 0, we need only solve the difference
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equations (2) for y = 1,2. If we regard GF(q) as a vector space over its prime subfield
then {Cy,, | y = 1,2}, equivalently {b, | y = 1,2}, spans a subspace of GF(q) of dimension
at most two: the dimension of this subspace will be called the dimension of 8. The simplest
orthomorphisms in £3(g) to construct are those of dimension 0.

Theorem 4. [f0: GF(q) x GF(3) — GF(q) x GF(3) is a bijection with first component
mappings ax for all y € GF(3), a # 0,1, then 0 € L3(q) if and only if defy(x) = —1 for
all x € GF(q) and sumy(0) = 0.

Proof. The difference equation (2) for # with y = 1 and also y = 2 is
discrg(x) — defp(z) + 1 = 0.

As discrg(x), defy(x) # 0 for all x € GF(q), it follows that discrg(z) = 1 for all x € GF(q)
and defy(x) = —1 for all x € GF(q). Hence

O(z,y) = (ax, —y + sumy(x)), (4)

a# 0,1, sumy(0) = 0.
It is routine to show that, if 6 satisfies Equation (4), then € satisfies the difference
equations (2). O

In the following theorems we will describe more orthomorphisms in £3(¢) of dimension
one.

Theorem 5. If0: GF(q) x GF(3) = GF(q) x GF(3) is a bijection with first component
mappings ax+by, a # 0,1, by = by =0, by # 0, then 0 € L3(q) if and only if defy(x) = —1
for all x € GF(q), sumy is constant on orbits of x — = + Cya, and sumy(0) = 0.

Proof. The difference equation (2) for  with y =1 is
discrg(x) — defp(z) +1 = 0.

As discrg(x), defy(x) # 0 for all x € GF(q), it follows that discrg(xz) = 1 for all x € GF(q)
and defy(x) = —1 for all z € GF(q). It follows that the difference equation (2) for 6 with
y=21is

sumg(z + Cp2) — sumy(z) = 0.
Hence, sumy is constant on orbits of z +— x + Cj 5.

We leave it to the reader to verify that the defining sequence, sum function, and
discriminant function we have constructed satisfy the conditions of Theorem 2. O]

Theorem 6. Let p be the characteristic of GF(q), p odd. If 0: GF(q) x GF(3) —
GF(q) x GF(3) is a bijection with first component mappings ax + b,, a # 0,1, by = 0,
by = 2by # 0, then 0 € L3(q) if and only if sumg(0) = 0 and, for each orbit O of
x +— x + Cy 1, one of the following holds.
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(i) > ,codefg(z) = —p and

sump(w + nCy 1) = sump(w) +n + Z defy(w +1iCy 1),

i=1
where w is a given element of O.
(ii) p =3, defy(z) =1 for all x € O, and
sumg(w 4+ nCy,) = sump(w) + n,
where w is a given element of O.
(iii) p =3, defy(x) = —1 for all x € O, and
sumg(w 4+ nCy) = sump(w) + n,
where w is a given element of O.

Proof. Adding the difference equation (2) for § with y = 1 to the difference equation (2)
for § with y = 1 and z replaced by = + Cy; yields

sumg(z + 2Cy 1) — sumy(z) = discrg(z + Cp 1) + discry(z)
— defy(x + Cpq) — defp(x 4+ 2Cy ;) — 1.

Comparing this with the difference equation (2) for 6 with y = 2 yields
discrg(x + Cy1) + defy(x + 2Cy 1) = discrg(x) + defg(x + Cy1).

Thus discrg(x) + defg(x 4+ Cy 1) is constant on orbits of x +— z + Cpy ;.
Let O be an orbit of z +— x 4+ Cp ;.
If discrg(x) + defg(x + Cy 1) = 0 for all x € O, then

sumg(z + Cy) — sumg(x) = defg(x + Cy 1) + 1,

from which (i) follows.

If discrg(x)+defy(z+Cp) = 1 for all z € O, then discrg(x) = defy(z+Cp,) = —1 for all
x € 0. lf discrg(z) +defg(x+Cp1) = —1 for all x € O, then discry(z) = defy(x+Cp,) =1
for all x € O. In either case sumy(z + Cy 1) — sumy(z) = 1, which can only occur if p = 3.
(ii) and (iii) follow.

We leave it to the reader to verify that the defining sequence, sum function, and
discriminant function we have constructed satisfy the conditions of Theorem 2. O]

Let us consider more generally, for GF'(q) of odd characteristic, the case of orthomor-
phisms in £3(¢) of dimension 1 that have first component mappings of the form ax + b,,
where by, by # 0. For such an orthomorphism by = m.b; # 0 = by for some positive integer
m, 1 < m < p— 1, p the characteristic of GF(q).
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Theorem 7. Let p be the characteristic of GF(q), p odd. If 0: GF(q) x GF(3) —
GF(q) x GF(3) is a bijection with first component mappings ax+b,, y € GF(3), a # 0,1,
by =m.by #0 =0y, 1 <m < p, then 0 € L3(q) if and only if sumy(0) = 0, and, for all
z € GF(q),

S discrg(x +iCy 1) — § defg(x +iCp1) +p =0, (5)
i=0 i=0
m—1
discrg(x) — defg(x + mCy1) + Z discrg(x +iChy 1) (6)
i=0
— i defo(z 4+ iCp1) +m+1=0,
i=1
and for any orbit O of v — x4 Cy,
sump(w + nCy) = sumg(w) + ”Z_l discrg(w +iCy ) — i defg(w +1iCyy) +n,  (7)
i=0 i=1

where w is a given element of O.

Proof. Summing the difference equation (2) with y = 1 over an orbit of x — x + Cy;
yields Equation (5), and summing the difference equation (2) with y = 1 with z = w
through @ = w + (n — 1)Cy, yields Equation (7). Comparing Equation (7), with w = «
and n = m, with the difference equation (2) with y = 2 yields Equation (6).

It is routine to show that, if equations (5), (6), and (7) hold, then the difference
equations for 6 are satisfied. O

We will apply Theorem 7 in the special case m = 3 and the characteristic of GF(q)
is 7.

Theorem 8. Let the characteristic of GF(q) be 7. If0: GF(q)xGF(3) = GF(q)xGF(3)
is a bijection with first component mappings ax +b,, y € GF(3), a # 0,1, by = 3.by #
0 = by, then 6 € L3(q) if and only if sumy(0) = 0; for all x € GF(q),
discrg(x) = defy(x 4+ 6Cy 1) — defp(z + 5Ch 1) (8)
—defg(flf + 40971) - defg (ZL’ + 209’1) - 1;

for O an orbit of v — x + Cy;, either defy(x) = —1 for all x € O and sumy is con-
stant on O, or (defy(z),defg(x + Cp1),...,defg(x + 6Cp1)) is a cyclic permutation of
(1,1,-1,—-1,—1,1,—1); and sumy is given by

m

sumg(x +mCp,) = Z(defg(a: + 6iCy 1) — defy(xz + 5iCp 1) (9)
i=1

—defy(z + 4iCy) — defy(x + 2iCy 1) — defg(z +iCy1)) + ¢,

where ¢ is constant on O.
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Proof. Assume that 6 € L3(q). By Equation (6) of Theorem 7, the difference equations
for 6 have a solution only if

—discrg(z) 4 discrg(x + Cy 1) + discrg(z 4+ 2Cy 1) (10)
= defy(z + Cp1) + defp(x + 2Cy 1) — defy(x + 3Cp1) — 1,

for all z € GF(q). A solution to Equation (10) for discry is

discrg(x) = defg(x 4+ 6Cy 1) — defp(z + 5Ch 1)
—defg(l‘ + 40971) - defg(l‘ + 20971) - 17

which is Equation (8). To see that this is the only solution suppose that discrj is another
potential discriminant function for 6 that satisfies Equation (10) and set d(z) = discry(z)—
discry(z). Then d(z) = d(z+ Cy1) + d(x +2Cy1): we leave it to the reader to verify that,
for O any orbit of z — x+Cj 1, d(x) = 0 is the only solution to this recurrence relation on
O. From this and Equation (7) we can derive Equation (9). The solution to Equation (10)
satisfies Equation (6) of Theorem 7. As discrg(z) # 0 for all x € GF(q) we obtain the
inequality

defg(x 4+ 6Cy1) — defp(z + 5Ch 1) — defg(z + 4Cp 1) — defy(x +2Cy,) # 1, (11)

for all x € GF(q).

Let O be an orbit of x — x + Cyy and set N = [{x € O | defy(x) = 1}|. We will show
that NV € {0,3}. It is easy to rule out the possibilities N =1, 6, or 7.

If N =2 then defy(z) = defy(z + jCy1) = 1 for some z € O and some j € {1,2,3}. If
J = 1 then setting © = z — 4Cj; in Inequality (11) leads to a contradiction: if j = 2 then
setting x = z — 2Cjp; in Inequality (11) leads to a contradiction; and if j = 3 then setting
x =z — 2Cy; in Inequality (11) leads to a contradiction. Thus N # 2.

If N =5 then defy(z) = defy(z + jCy1) = —1 for some z € O and some j € {1,2,3}.
If j = 1 then setting x = z in Inequality (11) leads to a contradiction: if j = 2 then
setting © = z — Cy; in Inequality (11) leads to a contradiction; and if j = 3 then setting
x = z in Inequality (11) leads to a contradiction. Thus N # 5.

If N =4 then there are two possibilities. It could be that defy(z) = defyp(z + Cy 1) =
defy(z + jCp1) = —1 for some z € O and some j € {2,3,4,5}: in this case if j = 2
then setting x = z — 5Cy; in Inequality (11) yields a contradiction; if j = 3 then setting
x =z —5Cp; in Inequality (11) yields a contradiction; if j = 4 then setting x = z — 2Cjp
in Inequality (11) yields a contradiction; and if j = 5 then setting + = y — Cyp; in
Inequality (11) yields a contradiction. The other possibility is that (defq(z), ..., defy(z +
6Cp1)) = (—1,1,—-1,1,-1,1,1) for some z € O. In this case setting x = 2z + 3Cy; in
Inequality (11) yields a contradiction. Thus N # 4 and so N € {0, 3}.

If N =0 then defy(z) = —1 for all x € O, Inequality (11) is satisfied, discryg(x) = 1
for all z € O, and the sum function is constant on O.

If N = 3 then there are two possibilities. It could be that (defy(z),...,defs(z +
6Cp1)) = (1,—-1,1,—1,1,—1,—1) for some z € O, in which case setting + = z in Inequal-
ity (11) yields a contradiction, or it could be that defy(z) = defy(2+B) = defy(2+Cy1) =
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1 for some z € O and some j € {2,3,4,5}: in this case if j = 2 then setting x = z —2Cjp,
in Inequality (11) yields a contradiction; if j = 3 then setting x = z — Cy; in Inequal-
ity (11) yields a contradiction; if j = 4 then setting © = z — Cp 1 in Inequality (11) yields
a contradiction; and if j = 5 then Inequality (11) is satisfied.

We leave it to the reader to verify that, if 6 satisfies the conditions of the theorem,
then 6 satisfies the conditions of Theorem 7 and hence that 6 € L3(q). ]

In principle the techniques used in the proof of Theorem 8 can be employed to compute
all orthomorphisms in £3(¢q) of dimension one for any given characteristic of GF'(q). It
is clear though that the length of the proof must increase as the characteristic of GF(q)
increases, making this approach impractical in general. This problem gets worse in the
dimension two case. We will describe all orthomorphisms in £3(¢) when the characteristic
of GF(q) is 2 only. First we need a dimension two analogue of Theorem 7.

Theorem 9. If0: GF(q) x GF(3) — GF(q) x GF(3) is a bijection with first component
mappings ax + by, y € GF(3), a # 0,1, by = 0, for which {by, b2} spans a 2-dimensional
subspace of GF(q), viewed as a vector space over its prime subfield, then 0 € L3(q) if and
only if, for all z € GF(q),

p—1 p—1
> " diserg(x +iCyy) — > defg(a +iCyy) +p =0 (12)
=0 1=0

fory = 1,2, where p is the characteristic of GF(q); and

discrg(x) + discrg(x + Cy1) + discrg(x + Cy ) + defg(x + Cy 1) (13)
+defg(z + Cp1 + Cp2) + defg(z + Cpa) = 0.

Proof. Let 6 € L3(q). Summing the difference equation (2) for # with y = 1 over an orbit
of x — x + Cp, yields Equation (12) for y = 1, and summing the difference equation (2)
for # with y = 2 over an orbit of x — z + Cjp, yields Equation (12) for y = 2.

Equation (13) can be derived by using the difference equations (2) to evaluate

(sumg(z 4+ Cp2) — sumy(z)) + (sumg(z + Cp1 + Cp2) — sump(x + Cy2))
—(sump(z + Cyp1 + Cy2) —sumy(z + Cp1)) — (sumy(z + Cp1) — sumg(x)).

We leave it to the reader to verify that, if 8 satisfies the conditions of the theorem,
then 6 satisfies the conditions of Theorem 2 and hence that 6 € L3(q). O

Using Theorem 9 we can now describe all orthomorphisms of dimension two in £3(q)
when the characteristic of GF(q) is 2.

Theorem 10. Let the characteristic of GF(q) be 2. If 0: GF(q) x GF(3) — GF(q) x
GF(3) is a bijection with first component mappings ax +b,, y € GF(3), a # 0,1, by =0,
for which {by, by} spans a 2-dimensional subspace of GF(q), viewed as a vector space over
its prime subfield, then 6 € L3(q) if and only if sumy(0) = 0, and, for each orbit O of
(x =24+ Cyh1,x — x+ Cpo), either
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(1) for all x € O, defy(x) = —1, discrg(z) = 1, and sumy is constant on O, or,

(ii) for some w € O, defyg(w) = —1, defp(x) =1 for all x € O\ {w}, discrg(w + Cp1 +
Co2) =1, discrg(x) = =1 for allx € O\ {w+ Cy1 + Cpa}, and

(sump(w), sumy(w + Cy 1), sumg(w + Cy2), sumg(w + Cy 1 + Cy2)) (14)
=(c,—14c¢1+4c¢0),

where ¢ 1s a constant.

Proof. Let 0 € L3(q). Equation (12) reduces to
discrg(z) + discrg(z + Cy,) = defy(z) + defo(x + Cp,y) + 1.
It follows that

discrg(x) = defp(x 4+ Cy1 + Cyo2) — defp(x)
—defg(ZE + 0971) - defg(l‘ + 0972) —1.

Plugging this into Equation (13) yields
defg(l‘ + 09’1 + 09’2) — defg(l’) — defg(l’ + 09,1) — defg(l’ + 09,2) 75 1,

for all x € GF(q).

For O an orbit of (z — x + Cy1,2 — x + Cyo) let N = |[{z € O | defy(x) = 1}|. It
is easy to prove that N € {0,3}. If N = 0 then defy(z) = —1 and discry(z) = 1 for all
x € O, and sumy is constant on O. If N = 3 then let w be the unique element in O for
which defg(w) = —1. Then defy(z) = 1 for all x € O, x # w, and simple computation
shows that discrp(w+Cp1+Cp2) = 1 and discry(z) = —1forallz € O, x # w+Cy1+Ch o.
The sum function sumy can then be computed using the difference equations (2).

We leave it to the reader to verify that, if 8 satisfies the conditions of the theorem,
then 6 satisfies the conditions of Theorem 9 and hence that 6 € L3(q). O

As in the dimension one case the amount of computation needed to describe all
orthomorphisms in £3(¢) of dimension 2 for any given characteristic increases as the
characteristic increases. For any 6 € L3(q), as discrp(z),defg(x) # 0 for all z € G(q),
discrg(z) = +defy(z) for any © € GF(q). In Theorem 11 we will characterize 0 € L3(q)
of dimension two for which discry(z) = —defy(z) for all = € GF(q), and in Theorem 12
we will characterize § € L3(q) of dimension two for which discrg(z) = defy(z) for all
x € GF(q).

Theorem 11. Let the characteristic of GF(q) be p, p odd. Let 6: GF(q) x GF(3) —
GF(q) x GF(3) be a bijection with first component mappings ax+b,, y € GF(3), a # 0,1,
bo = 0, for which {by,by} spans a 2-dimensional subspace of GF(q), viewed as a vector
space over its prime subfield, and discrg(x) = —defy(z) for all x € GF(q). For an
orbit O of (x — =+ Cp1,x — x + Cpa), let Go be the p X p matriz with ijth entry
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defg(w + (i — 1)Cy1 + (7 — 1)Cy2), where w € O is fized. Then 6 € L3(q) if and only if
for all orbits O of (x — x4+ Cy1,x — x + Cpa) the matriz Go is a circulant matriz with
first row summing to —p, and

j—1
sumg(a + iCp1 + jCy2) = » _ defy(w + (i — k)Cpy) (15)
k=0
i—1

Zdefg w+ (i — k)Cy) — Zdefg w + kCy1)

— Zdefg(w +kCpy) +i—j+e,

k=1
where w € O is fired and ¢ is a constant.
Proof. Let 0 € L3(q). If discrg(xz) = —defy(x) then the equations of Theorem 9 become

p—1

Z defy(z +iCy,) = —p, (16)

=0
for y=1,2 and all z € GF(q), and
def9($ =+ 0971 + Cg}g) = defg(l’), (17)

for all x € GF(q).

Equation (17) implies that, for each orbit O of (x — z+ Cp 1,2 — x+ Cpa), Go must
be a circulant matrix, and so each row sum and each column sum must be the same, —p
by Equation (16). Any circulant p X p matrix with row sum —p satisfies Equation (16)
and Equation (17).

By induction on Equation (17) we see that

defg(x 4+ iCp1 + jCyo) = defg(x + (i — §)Cy1) = defg(z + (j —i)Ch2).

Then sumy can then computed using the difference equations (2).
We leave it to the reader to verify that, if 6 satisfies the conditions of the theorem,
then 6 satisfies the conditions of Theorem 9 and hence that 6 € L3(q). ]

Theorem 12. Let the characteristic of GF(q) be p, p odd. Let 6: GF(q) x GF(3) —
GF(q) x GF(3) be a bijection with first component mappings ax + by, y € GF(3), a #
0,1, b = 0, for which {b1,bs} spans a 2-dimensional subspace of GF(q), viewed as a
vector space over its prime subfield, and discrg(x) = defy(z) for all x € GF(q). For an
orbit O of (x — =+ Cp1,0 — x + Cpa), let Go be the p X p matriz with ijth entry
defg(w + (i —1)Cyy1 + (7 — 1)Cy2), where w € O is fized. Then 6 € L3(q) if and only if
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p =3, for each orbit O of (x — x+ Cp1,2 — x + Cpa), each row of Go is either (1,1,1)
or (—1,—1,—1), or each column of Go is either (1,1,1)T or (—=1,—1,—-1)T, and

i—1

sumg(w +iCy 1 + jCpa) = Z defyg(w + kCp 1) (18)
k=0

— Zdef,g(w +kCo1)+i—j+c,

k=1

if each row of Go is either (1,1,1) or (—1,—1,—1), or

J
sump(w + iCyp1 + jCyo) = Z defp(w + kCy2)— (19)
k=1
j—1
Z defo(w + kCy2) +i —j +c,
k=0

if each column of Go is either (1,1,1)T or (=1,—1,—1)T, where w € O is fived and c is
a constant.

Proof. Let 0 € L3(q). If discrg(x) = defy(z) then the equations of Theorem 9 become
p=0,ie.,p=3, and

defy(z + Cyy1 + Cp2) + defy(x) = defy(z + Cy 1) + defy(z + Cya).

It is an exercise to show that this is equivalent to either each row of Gy being either
(1,1,1) or (—=1,—1,—1), or each column of Go being either (1,1,1)" or (—1,—1,—1)7,
for each orbit O of (x — =+ Cp1,2 — = + Cyo). Then sumy can computed using the
difference equations (2).

We leave it to the reader to verify that, if 8 satisfies the conditions of the theorem,
then 6 satisfies the conditions of Theorem 9 and hence that 6 € L3(q). O

4 The number of orthomorphisms in L3(q)

In this section we will count the number of orthomorphisms in £3(q). We will pay par-
ticular attention to the smallest cases of interest, in which the characteristic of GF(q) is
2, 3, 5, or 7. In Section 1 we described the following automorphisms of Orth(G): H,,
a € Aut(G), defined by H,[0] = aba™; T,, g € G, defined by T,[0](z) = 0(z + g) — 0(9);
and R defined by R[0](x) = x + 0(—x). For G = GF(q)" x GF(3)" we will restrict
automorphisms of G to automorphisms of the form (x,y) — (dz,ey), d,e # 0. These
automorphisms of Orth(G) turn out to be automorphisms of L3(q).

Lemma 13. If0 € L5(q) has first component mappings 6, ,(x) = ax+b,, a # 0,1, by = 0,
then the following hold.
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1. R[0] € L3(q) and has first component mappings
Ry () = (1 — )+ b,

2. Forall(b,c) € GF(q)"xGF(3)", T 0] € L3(q) and has first component mappings

T(b,c) [9]1,0(37)7 = ax;

(az + by if c =0,
Tiool0li1(z) = S ax + (by — b)) ifc=1,
L ax — by if c=2;
(azx + b, ifc=0,
Tip,0)[0)12(7) = § ax — by if c =1,
(ax 4 (b1 — by) if c=2;

3. For all o € Aut(GF(q)" x GF(3)T) of the form (z,y) — (dx,ey),H,[0] € L3(q)

and has first component mappings

ax +dby if a(z,y) = (dr,y);

Ho[0]1,y(2) = {ax +db_, if a(z,y) = (dz, —y).

Proof. Routine computation. O]

We will use M, 3,) to denote the number of orthomorphisms in £3(q) with first compo-
nent mappings ¢, ,(z) = ax+0b,, a # 0,1 and by = 0. From the constructions in Section 3
and the actions of automorphisms of £3(¢) in Lemma 13 we can compute My, p,) in a
number of cases.

Lemma 14. Let p be the characteristic of GF(q) and let b € GF(q), b # 0. Then the
following hold.
M) = (q—2)377

M(O,b) = M(b,O) = M(b,b) — (q _ 2)3(‘]/1’)*1;
M(b,Qb) = (q — 2)3(‘1/17)_1411/37 pr _ 3’

q/p
_ V% .
M) = Mp (p-1)/200) = M o1y = (g — 2)319/P 7! (Z (3@)) e

120
and
Mapy = Mpspy = (¢ — 2)310/P718U7 jif p = 7,

If q is not prime, let b,c € GF(q) span a 2-dimensional subspace of GF(q), viewed as
a vector space over its prime subfield. Then the following hold.

Moy = (q —2)39W/D71594 if p = 2;
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M > (g —2)39W/971499 jf p = 3;

and

q/p?
M((w) > (q — 2)3(‘1/172)—1 (Z (;)) , ifp > 3.

i>0
Proof. The calculation of Mo 0y; Mp); Mp.av); Mpap) for p = 7; and M) is straightfor-
ward from the characterizations of orthomorphisms given in Theorems 4, 5, 6, 8, 10, 11,
and 12. From the actions of automorphisms, described in Lemma 14, we see that M) =
Mpo)y = Mppy, Mpany = Mpp-1)20) = M- if p # 2,3, and Mz = M) if
p="T. O
Theorem 15. Let p be the characteristic of GF(q). The following hold.
(1) If p=2, then

1L3(a)] = (¢ — 237" + (¢ — 1)(g — 237% + (¢ — 2)*(¢g — 1)3WH 1591,

(i) If p =3, then

1L5(q)| = (¢ —2)37" + (¢ — 1)(q — 2)37* + (¢ — 1)(q — 2)34/H~149/3
+(q = 1)(g — 2)(q — 3)31/ 14977,

(iii) If p =5, then

1L3(q)| = (¢ —2)37 " + (¢ — 1)(q — 2)37° + (¢ — 1)(¢q — 2)37/°119/°
+(q—1)(g — 2)(g — 5)31/*) 1110/,

(iv) Ifp=1, then

1£3(q)] = (¢ —2)37" + (¢ — 1)(g — 2)397 + (¢ — 1)(q — 2)39/7437"
+2(q = 1)(q = 2)87739D7 4 (g = 1)(q — 2)(g — T)3/ 71430,

(v) If p>T7, then

a/p
1L3(a)] = (q = 2)3" + (¢ = 1)(qg = 2)3"7 + (¢ — 1)(g — 2)3/P" (Z @@))

qa/p
+(g = 1)(q - 2)(g — p)3L/)! (Z (gi)) ,
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Proof. If q is not prime, let b, c € GF(q) span a 2-dimensional subspace of GF(q), viewed
as a vector space over its prime subfield. If ¢ is prime, let b € GF(q) \ {0} and set

M(b,c) =0.
If p =2, then
1L3(q)| = + (g = 1) (M) + Mpo) + Mpp)) + (@ = 1)(q — 2) M)
If p = 3, then
1L3(q)| = + (¢ = D) (Mop) + M0y + M) + (¢ — 1) Mp,20)
+(q = 1)(q = 2) M)
If p =5, then
|£3(CI)‘ = M(o,o) + (q - 1)(]W(O,b) + M(b,O) + M(bﬁ))
+(q = 1)(Mpap) + Mpap) + Mpapy) + (¢ — 1)(q — 2)Mp ).
If p=7, then
1L3(q)| = M) + (¢ = 1)(Mop) + M0y + M)
+(g = 1) (Mpap) + Mpapy + Mpe) + (@ — 1) (Mpsp) + Mpsp))
+(q = 1)(q = 2)Mp).-
If p > 7, then

|L3(q)] = Mo,0) + (g — 1)(Mog) + Moy + M)
+(¢ — D) (Mp,20) + Mo, (p-1)/20) + Mo, o-1y0)) + (@ — 1)(q — 2) Mp,0)-

The result then follows from Lemma 14. O

5 Bounds on w(L3(q))

In this section we will establish lower bounds on w(L3(q)) when ¢ is not a power of 3.
Throughout this section, for 6, ¢ € L3(q), discrg, will denote the discriminant function
for 6 by ¢, discryg will denote the discriminant function for ¢ by 6, and, if the first
component mappings for 6 are ax +b,, y € GF(3), and the first component mappings for
¢ are Ax + By, y € GF(3), then, as in Theorem 3, Cy 4, = (aB, — Ab,)/(a(a — A)), and
Cyoy = (Aby, —aBy)/(A(A — a)). First let us note an easily established upper bound.

Theorem 16. w(L3(q)) < g — 2.

Proof. Let 6y,...,0, be a pairwise orthogonal set of orthomorphisms in £3(g), and let
the first component mappings of 6; be a;,x + b;,, fori =1,...,n. Then 0,1,a,,...,a, are
distinct elements of GF(q). The result follows. O
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In [9] it was shown that w(Zs,) > 2 for all n > 5, n not divisible by 2 or 3. We will
show that this result also holds for w(£3(q)) when the characteristic of GF(q) is not 2 or
3. In the process we will show how the orthogonal pair of orthomorphisms, constructed
in [9], can be obtained by solving the difference equations (2) and adjacency difference
equations (3): this should shed light on the construction used in [9].

Theorem 17. If ¢ > 2 is a power of a prime greater than 3 then w(L3(q)) = 2.

Proof. Let p be the characteristic of GF(q). Let 6,¢: GF(q) x GF(3) be bijections; let
6 have first component mappings 6, o(x) = 2z, 611(z) = 2z — 2, and 0 5(x) = 2z + 2;
and let ¢ have first component mappings ¢10(z) = —x, ¢11(x) = —z — 2, and ¢12(z) =
—x 4 2. These are the first component mappings used in [9] for Zs,, as opposed to
GF(¢q)t x GF(3)*. Simple calculations show that Cy; =1 = Cy; and Cpo = —1 = Cyp 2.
Thus the difference equations (2) for 6 are identical to the difference equations (2) for
¢. Hence, we may impose the conditions sumy = sum, = sum, defy = defy, = def, and
discrg = discrg = discr. We will also impose the condition discr = —def: we leave it to
the reader to show that this condition can be derived from the difference equations (2).
Then the difference equations (2) for both 6 and ¢ reduce to

sum(z + 1) — sum(z) = —def(x) — def(z + 1) + 1. (20)

Equation (20) has a solution if and only if, for each orbit O of z +— = + 1,

Z def(z) = —p.

zeO

Now Cpg1 = —1,Coe2 =1, Cyg1 =2 and Cyp2 = —2, and the adjacency difference
equations for € and ¢ reduce to

sum(z — 1) — sum(x + 2) (21)
= discrg »(z) — def(x — 1) + def(z + 2)
= discrg o(x + 1) — def(z + 2) + def(z — 1).

Equation (20) can be used repeatedly to compute sum(x + m) — sum(x + n) for all
integers m and n. Doing so yields

sum(z + 2) — sum(x — 1) = —discrg »(z) + def(z — 1) — def(z + 2) (22)
= —discrg y(z + 1) + def(x + 2) — def(z — 1)
= —def(x 4 2) + def(z + 1) + def(x) — def(x — 1).
Thus
discrg »(z) = —def(x + 1) — def(z) — def(z — 1).

Hence 6 can be orthogonal to ¢ if and only if > _,def(z) = —p, for each orbit O of

r—x+ 1, ie., 0,0 € L3(q); and
def(z) + def(z + 1) + def(z +2) #0

zeO

THE ELECTRONIC JOURNAL OF COMBINATORICS 25(1) (2018), #P1.43 16



for all z € GF(q). Such a def exists. For example set def(w),def(w + 1), ..., def(w+p—
1)=1,-1,1,-1,...,1,—1,¢, where ¢ = —p (mod 3) and w is a given element of an orbit
O of  — x + 1: this is the solution that was used in [9]. O

In [10] the result that w(Zs,) > 2 for all n > 5, n not divisible by 2 or 3, was improved
to w(Zsy,) = 3 for all n > 5, n not divisible by 2 or 3, n # 7,17. This yields a better lower
bound for w(L3(q)) when the characteristic of GF(q) is not 2, 3, 7, or 17.

Theorem 18. If the characteristic of GF(q) is not 2, 3, 7, or 17, then

w(Ls(q)) = 3.

Proof. Let p be the characteristic of GF(q). Let 0, ¢,v: GF(q) x GF(3) be bijections; let
6 have first component mappings 6 o(z) = 2z, 01 1(x) = 22 + 2, and 0; 5(x) = 2z — 2; let
¢ have first component mappings ¢ 0(x) = —x, ¢11(x) = —z + 2, and ¢y () = —x — 2;
let v have first component mappings v o(z) = ((p +1)/2)x, 1(z) = (p +1)/2)x + 2,
and y12(x) = ((p+1)/2)x — 2. These are the first component mappings used in [10] for
Zs,,, as opposed to GF(¢)* x GF(3)". Simple calculations show that Cp; = —1 = Cy 1,
Cg,g =1= C¢72, 0%1 = —8, C%g = —8, 097(]571 = 1, Cg7¢72 = —1, C¢7971 = —2, C¢7972 = 2,
00,7,1 = 1, 097%2 = —1, 0%9’1 =4 and C%g,g = —4, C’Y7¢71 = 4, C’y,qb,Q = —4, C¢7%1 = —2,
and Cy 2 = 2. We will impose the conditions sumy = sum, = sum, defy = defy = def,
discrg = discry, = —def, and discr., = —def,,.

Let sum, def, sum., and def,, restricted to {0,1,...,p—1}, be as defined in [10]. Note
that in [10] sum was denoted f, def was denoted g, sum, was denoted f’, and def, was
denoted ¢'. Let 0,wy,...,w(y/p-1 be representatives of the orbits of z — =+ 1 in GF(q),
and let us extend the definitions of sum, def, sum.,, and def,, by setting sum(w; + j) =
sum(j), def(w; + j) = def(j), sum,(w; + j) = sum,(j), and def,(w; + j) = def,(j)
for i = 1,...,(¢/p) —1 and j = 0,1,...,p — 1. These functions solve the difference
equations (2) for 6, ¢, and . As in the proof of Theorem 17, discry 4, discry -, and discr, 4
can be determined from the adjacency difference equations (3). These functions satisfy
the adjacency difference equations (3) for 6 and ¢, for 6 and ~, and for v and ¢. Hence,
0, ¢, and v are pairwise orthogonal orthomorphisms in £3(q). O

Similarly, when the characteristic of GF'(q) is 2, we can find solutions to the difference
equations (2) and the adjacency difference equations (3) that yield orthogonal pairs of
orthomorphisms in L3(q).

Theorem 19. If ¢ > 2 is even, then w(L3(q)) > 2.

Proof. There are two cases to consider, ¢ an even power of 2, and ¢ an odd power of 2.

Case 1. Let ¢ an even power of 2, let a be a solution to 2> + x +1 = 0 in GF(q),
and let A = a+ 1. Let 0,¢: GF(q) x GF(3) be bijections; let # have first component
mappings 0 o(z) = az, 0;1(x) = ax + 1, and 0, 5(x) = az;and let ¢ have first component
mappings ¢ (x) = Az, ¢11(x) = Az, and ¢ 2(x) = Az + 1. Simple calculations show
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that 09’1 =1= C¢727 0972 =0 = O¢71, 097(1,71 = a2 + 1, 09’(7572 = 17 C¢7971 = 1, and
C¢,972 = CL2.

By Theorem 5, defy(x) = —1 for all z € GF(q), discry(xz) = 1 for all z € GF(q),
and sum, is constant on orbits of z — 2 + 1. A similarly proof to that of Theorem 5
shows that defy(z) = —1 for all € GF(q), discrg(z) = 1 for all z € GF(q), and sumy is
constant on orbits of x — x + 1.

Let us impose the condition sumy = sumy = sum. It is clear that 6, ¢ € L3(q) if and
only if sum(0) = 0, sum is constant on orbits of x — x + 1, and defy(z) = defy(x) = —1
for all x € GF(q).

With these conditions on # and ¢, the adjacency difference equations (3) are

sum(z + a® + 1) — sum(z + 1) = discry 4(z),

and
sum(z + 1) — sum(z + a*) = —discrg 4 ().

These two equations are equivalent as sum is constant on orbits of x — z + 1. It follows
from these equations that § and ¢ are orthogonal if sum(z + a?) # sum(z) for all z €
GF(q). Set H ={0,1,a®,1+a*}. H is a subgroup of GF(q)". let 0 = wo, wy, ..., w11
be a system of coset representatives for H in GF(q)", and set sum(w;) = sum(w; +1) =0
and sum(w; + a?) = sum(w; +a®> + 1) = 1 for i = 0,...,(q/4) — 1. With this choice of
sum, # and ¢ are orthogonal orthomorphisms in £3(q).

Case 2. Let ¢ be an odd power of 2, let > +a+ 1 # 0 and let A = a + 1. Let
0,¢0,v: GF(q) x GF(3) be bijections; let § have first component mappings 6, o(z) = az,
011(x) = ax+a*+a, 01 5(x) = ax; and let ¢ have first component mappings ¢ (z) = Az,
$11(x) = Az, ¢12(x) = Az + a® + a. Simple calculations show that Cp; = 1 = Cy o,
09’2 =0= C¢,1, C@,¢>,1 =a’+ 1, 097(;572 =a’+ a, C¢79?1 =a’+ a, and C¢79’2 = a?. Asin the
case ¢ an even power of 2, we can show that defy(z) = —1 for all x € GF(q), discrg(z) = 1
for all x € GF(q), defy(z) = —1 for all x € GF(q), discry(z) = 1 for all x € GF(q), sumy
is constant on orbits of  +— z + 1, and sum,, is constant on orbits of x — = + 1. As in
the case ¢ an even power of 2, we will impose the condition sumy = sum, = sum. It is
clear that 6, ¢ € L3(q) if and only if sum(0) = 0, sum is constant on orbits of x — = + 1,
and defy(z) = defy(x) = —1 for all x € GF(q).

With these conditions on 6 and ¢, the adjacency difference equations (3) are
sum(z + a® + 1) — sum(x + a® + a) = discrg 4(7),

and
sum(z + a® + a) — sum(z + a®) = —discry 4(z).

These two equations are equivalent as sum is constant on orbits of z — z + 1. It follows
from these equations that 6 and ¢ are orthogonal if sum(z+a) # sum(z) for all z € GF(q).
Set H = {0,1,a,1+ a}. H is a subgroup of GF(¢)". let 0 = wp, w1, ..., we/-1 be a
system of coset representatives for H in GF(q)", and set sum(w;) = sum(w; +1) = 0 and
sum(w; +a) = sum(w; +a+1) =1 fori =0,...,(¢/4) — 1. With this choice of sum, ¢
and ¢ are orthogonal orthomorphisms in £3(q). a
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The smallest example, where ¢ = 4, is given in Figure 1, where an element of Zy x

Zo X 73 is denoted ijk, i,5 = 0,1, and k = 0,1,2. A pair of orthogonal orthomorphisms
of Zy X Zy x Zz was first found via a computer search (see [6]): subsequent computer
searches (see [3] or [14]) improved this to four pairwise orthogonal orthomorphisms.

z | 000 010 100 110|001 O11 101 111|002 012 102 112
() |000 111 010 101|100 012 110 002|001 112 011 102
¢(x) | 000 101 110 011|002 100 112 010|102 001 012 111

Figure 1: Orthogonal orthomorphisms in £3(4).
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