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Abstract

In this paper we construct an infinite family of hypertopes of rank four having the
complete graph K, as diagram. Their group of rotational symmetries is isomorphic
to PSL(2,q). It turns out some elements of this family are regular hypertopes and
some are chiral. Moreover, we show that the chiral ones have both improper and
proper correlations simultaneously.

Mathematics Subject Classifications: 51E24, 52B11, 20F05

1 Introduction

Abstract polytopes generalize (the face lattice of) convex polytopes to combinatorial
structures. The main interest of the theory of abstract polytopes has been the study of
their symmetries. Hence, highly symmetric polytopes (in particular those regular and
chiral), together with their automorphism groups, are the most studied ones. A polytope
can be regarded as a thin residually connected geometry with linear diagram. The concept
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of hypertope was introduced in [2] and generalizes the concept of a polytope by dropping
the linear condition on the diagram. This generalization was made in such a way that
the concept of chirality can be extended to hypertopes. As it is the case with maps and
polytopes, we are interested in understanding chiral hypertopes, and finding examples of
them can be the first step to achieve this goal.

In the 1970’s Branko Griinbaum considered rank 4 polytopes that are locally toroidal,
meaning that all their facets and vertex figures are either spherical or toroidal, and not
all of them are spherical. In [5] an almost complete answer to Griinbaum’s problem,
the classification of rank 4 regular locally toroidal polytopes, is given. In this paper we
follow [2] and generalize the concept of a polytope to that of a hypertope, and study some
interesting locally toroidal ones.

In [3] some examples of chiral hypertopes of rank 4 with certain diagrams are given,
satisfying that their residues of rank 3 are either spherical or toroidal. In this paper we
continue with the study of locally toroidal 4-hypertopes, in the sense that their residues of
rank 3 are toroidal. Using PSL(2,q) as their rotational subgroups, we found an infinite
family of hypertopes that contains both regular and chiral hypertopes. Moreover, the
chiral ones have the very interesting property that they admit both proper and improper
correlations, a feature that is known to be impossible for polytopes (see [4, Lemma 3.1]).

We construct these hypertopes as coset geometries I' = (G; {Gy, G1, Ge, G3}) where G
is PSL(2,q) with ¢ = p or ¢ = p? for certain primes p. In these geometries two maximal
parabolic subgroups are alternating groups A4 and the other two are £, : C'5. Therefore
3 must divide ¢ — 1 for our construction to work, and there is a third root of unity e
in the field of order ¢. In the case ¢ = p? we require that e is not in the subfield of
order p, which is equivalent to requiring that p = 2 mod 3. We get an infinite family of
regular hypertopes when ¢ = p? and an infinite family of chiral hypertopes when ¢ = p.
More precisely in the case ¢ = p* two residues are hypermaps of type (3,3,3)2,0) and
the other two are hypermaps of type (3,3,3)(p,0); in the case ¢ = p two residues are
hypermaps (3,3, 3)(2,0) and the other two are both chiral hypermaps of types (3,3,3)(1,¢)
and (3,3, 3)(e,1), respectively.

The paper is organised as follows. In Section 2, we give the definitions and notation
needed to understand this paper. In Section 3, we construct PSL(2,q), with ¢ € {p, p*}
and p a prime, as a Ct-group. In Section 4, we show that the C"-groups obtained in the
previous section give hypertopes. In Section 5 we show that the hypertopes obtained are
either regular or chiral. In Section 6, we give a geometric description of the hypertopes
we constructed, in terms of objects of the projective line PG(1,q).

2 Preliminaries

2.1 Incidence geometries

Following [1], an incidence system I :== (X, *,t,I) is a 4-tuple such that

e X is a set whose elements are called the elements of T';
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e [ is a set whose elements are called the types of T';
e t: X — [ is a type function, associating to each element z € X a type t(x) € I;

e x is a binary relation on X called incidence, that is reflexive, symmetric and such
that for all z,y € X, if x x y and ¢(z) = t(y) then z = y.

The incidence graph of T is the graph whose vertex set is X and where two vertices are
joined provided the corresponding elements of I' are incident. A flag is a clique of the
incidence graph of I'. The type of a flag F' is {t(x) : x € F'}. A chamber is a flag of type I.

An element z is incident to a flag F' and we write x * F' for that, when z is incident
to all elements of F. An incidence system I" is a geometry or incidence geometry if every
flag of I' is contained in a chamber. The rank of I is the number of types of I', namely
the cardinality of .

Let I' := (X, *,¢,I) be an incidence geometry and F' a flag of I". The residue of F' in
[ is the incidence geometry I'p := (Xp, *p, tp, [r) where

o Xp={reX:zxFaog¢gF}
o [p:=1\1t(F);
e tr and xp are the restrictions of ¢t and * to X and Ip.

An incidence system I' is connected if its incidence graph is connected; I' is residually
connected when each residue of rank at least two of I' (including itself) has a connected
incidence graph; I is called thin (resp. firm) when every residue of rank one of I" contains
exactly two (resp. at least two) elements. As in [2], we say that a hypertope is a thin
incidence geometry which is residually connected.

Let I' := (X,*,t,I) be an incidence system. An automorphism of I' is a mapping
a: (X, I)—= (X, 1I): (z,t(z)) = (a(z),t(a(x))) where

e « is a bijection on X;
e for each x, y € X, x xy if and only if a(z) x a(y);
e for each x, y € X, t(z) = t(y) if and only if t(a(x)) = t(a(y)).

Note that « induces a bijection on /. When t(x) = ¢ we say that z is an element of type i,
or equivalently, that x is an i-element. The set of automorphisms of I' is a group denoted
by Aut(T).

An automorphism « of T is called type preserving when for each x € X, t(a(x)) = t(x)
(i.e. o maps each element on an element of the same type). The set of type-preserving
automorphisms of I' is a group denoted by Aut;(I") and obviously Aut;(I') < Aut(T).

A correlation is a non-type-preserving automorphism, that is an element of Aut(I") \
Aut;(T). A duality is correlation that induces an involutory permutation on I.

An incidence geometry I' is chamber-transitive if Aut;(T") is transitive on all chambers
of I'. Finally, an incidence geometry I is reqular if Aut;(I") acts regularly on the chambers,
that is, the action is semi-regular (free) and transitive.
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Observe that chamber-transitivity implies flag-transitivity, that is, for each J C I,
there is a unique orbits on the flags of type J under the action of Aut(I").

Sometimes, when Aut(I') is not transitive on the chambers of I, it has two orbits. We
are also interested in those hypertopes having two orbits with an extra condition. Two
chambers C' and C’ of a thin incidence geometry of rank r are called i-adjacent if C' and
C’ differ only in their i-elements. We then denote C’ by C*. Let I'(X,*,t,I) be a thin
incidence geometry. We say that I" is chiral if Aut;(I") has two orbits on the chambers of
I' such that any two adjacent chambers lie in distinct orbits. Moreover, if I is residually
connected, we call I' a chiral hypertope.

When I is a chiral hypertope, if Aut(I') # Aut/(I"), correlations may either interchange
the two orbits or preserve them. A correlation that interchanges the two orbits is said to
be improper and a correlation that preserves them is said to be proper.

The following proposition shows how to construct an incident geometry starting from
a group.

Proposition 1. (Tits Algorithm, 1956) [7] Let n be a positive integer and I := {1,...,n}.
Let G be a group together with a family of subgroups (G;)ier, X the set consisting of all
cosets Gi;g with g € G and i € I, and t : X — I defined by t(G;g) = i. Define an
incidence relation x on X X X by :

Gigl * ngz Zﬁ ngl N ngg 7£ .

Then the 4-tuple T := (X, *,t,I) is an incidence system having a chamber. Moreover, the
group G acts by right multiplication as an automorphism group on I'. Finally, the group
G is transitive on the flags of rank less than 3.

When a geometry I' is constructed using the proposition above, we denote it by
I'(G; (Gy)ier) and call it a coset geometry. The subgroups (G;);e; are called the mawi-
mal parabolic subgroups.

2.2 Coset geometries from Ct-groups

As in [2], consider a pair (G*, R) with G* being a group and R := {ay,...,q,_1} a set
of generators of G*. Define ag := 1g+ and oy := «; 'aj for all 4,5 € I :={0,...,r — 1}.
Let G :={(ay; | i,j € J) for J C I.

If the pair (GT, R) satisfies the following condition called the intersection property
IP*, we say that (G*, R) is a CT-group.

Gy NG =Gl

for all J, K C I, with |J|,|K| > 2. The following construction produces an incidence
system from a Ct-group.

Construction 2.1. [2] Let R = {aq,...,a,_1} be an independent generating set of the
group G*. Define G; := {ay|j # i) fori=1,...,r — 1 and Gy := {a;'a;|j > 2). The
coset geometry I'(G™, R) := I'(G™"; (Gi)icqo,..r—1}) constructed using Tits’ algorithm (see
Proposition 1) is the incidence system associated to the pair (G1, R).
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We denote T'(G*, R) simply by T" whenever G and R are clear from the context. We
set 1:={0,...,7r — 1}, where r := |R| + 1.

It is convenient to represent (G, R) by a graph B with r vertices which we call the
B-diagram of (G, R). The vertex set of B is the set {ay, ..., a,—1}. The edges {e, o;} of
this graph are labelled by o(a; ') = o(e; 'a;). We take the convention of dropping an
edge if its label is 2 and of not writing the label if it is 3. Vertices of B are represented by
small circles. Finally, we sometimes attach to each vertex «; the corresponding subgroup
G; defined in Construction 2.1.

Observe that, thanks to Proposition 1 that ensures that G is transitive on the flags
of rank less than 3, we not only know the number of elements of type i for every i, that
is the index of G; in G, but also the number of elements of type j incident to a given
element of type 4, that is the index of G; N G; in G;.

The residue of the element G; is the coset geometry I'(G;, (GiNG;)jeniy). Its diagram
is obtained by removing the vertex «; from the diagram of T'(G™; (G;)ier)-

The coset geometry I'(G*, R) gives an incidence system using Proposition 1. In what
follows we prove that any such coset geometry has a connected incidence graph if its rank
is at least 3.

Proposition 2. If |R| > 2, then T'(G™, R) has a connected incidence graph.

Proof. As for any g € GT, {G,g|i € I} is a set of mutually incident elements of T, it is
sufficient to prove that GG; and G;g are in the same connected component of the incidence
graph (of I') for every g € G* and every i € I. As G" = («;|i € I), we can assume
g €{a; i el}. Ifi+#0,then G;NG,a; = G; for any j € I\ {i}. Moreover, G; * G}, and
Gy * G;a; for any k € I\ {0,}, which is a non-empty set since |I| =2 =|R| —1> 1. If
i =0, then Gy * G, and Gy, * Goa; for any k € I\ {1, j}. H

Although the incidence geometry I' has a connected incidence graph, it need not be
residually connected. Moreover, I' might not be a thin geometry, and hence I" need not
be a hypertope. Furthermore, in general I' might not be transitive on flags of rank 3,
and it might have many orbits of chambers. In the construction we shall give in the next
section, the geometry that we obtain will in fact be a hypertope and have only two orbits
of chambers. The following theorem will help us to decide if a hypertope is regular of
chiral.

Theorem 3. [2] Let (G, R) be a Ct-group. Let I' := T'(G™, R) be the coset geometry
associated to (G, R) using Construction 2.1. If T is a hypertope and G* has two orbits
on the set of chambers of T', then I is chiral if and only if there is no automorphism of G*
that inverts all the elements of R. Otherwise, there exists an automorphism o € Aut(G™)
that inverts all the elements of R and the group G* extended by o is reqular on I

2.3 Toroidal hypermaps of type (3,3, 3) ()

The hypertopes we shall construct in Section 4 have residues of rank 3 with a known
structure, namely, they are toroidal hypermaps of type (3,3, 3).
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If T is a hypertope of rank three, then it is also a hypermap. A toroidal hypertope
(or toroidal hypermap) is either a map or a hypermap embeddable on the torus. The
toroidal (regular or chiral) hypertopes of rank 3 are divided into the following families: the
toroidal maps {3, 6} (a.p), {6,3}ap), {4, 4}(ap), and the hypermaps (3,3, 3) ) with (a,b) #
(1,1). Note that the hypermap (3,3, 3)() is obtained from the toroidal map {6, 3}
by doubling the fundamental region. Indeed as {6, 3}, is bipartite it is possible to take
one monochromatric set of vertices to be the hyperedges of the hypermap (3,3, 3) ) (see
8)).

The rotation subgroup G of the automorphism group of a rank three toroidal hypermap
is as follows for some integers a and b.

(z,y|2®, 9%, (x7'y)*, (xy~"2)" (2y)"} (1)

This hypermap is denoted by (3,3, 3)(4,)- The above presentation readily shows that such
a hypermap has a B-diagram that is a triangle with no numbers on the edges.

2.4 PSL(2,q) acting on the projective line

For a prime power g = p" let GF'(¢q)* be the multiplicative group of the Galois field GF'(q)
on ¢ elements.
A primitive element of GF(q) is a generator of the multiplicative group GF(q)*.
For any positive integer k < ¢, a solution of ¥ = 1 which is not a solution of 27 = 1
for any j € {1,...,k — 1} is called a kth primitive root of unity. If i is a kth primitive
k-1
root of unity, then & divides ¢ — 1 and > @/ = 0.
=0
Let V be the 2-dimensional vector space GF'(q)* over GF(q). Consider the relation ~
in V'\ {(0,0)} defined as follows.

(20, 21) ~ (yo,91) if and only if (yo,51) = A(zo, 1), for some A € GF(q)".

The projective line PG(1, q) is the set of equivalence classes V'\ {(0,0)}/ ~. The elements
of the projective line [z, x1] can be identified with their non-homogeneous coordinates by
the following bijection where 7 is a (¢ — 1)th root of unity.

PG(1,q) — {0,1,i,4%,...,i% % oo},

i—o 1f[L‘17é0,
[0, 21] = {oé if 2y = 0.

Consider the special linear group SL(2,q) = {A € GL(2,q) | det(A) = 1} and denote
by Id its identity matrix. As PSL(2,q) = SL(2,q)/Z where Z = {+Id}, the elements
of PSL(2,q) can be seen as unordered pairs +A with A € SL(2,q). Observe that in
characteristic 2, |Z| = 1. For convenience, we shall denote PSL(2,q) by G*. An element
of G* will be given by one of its two representative elements in SL(2,q). Consequently
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we X

Figure 1: Tetrahedral B-diagram for PSL(2, q).

a b

equalities are to be taken modulo Z = {£Id}. For A = ( . d) € SL(2,q) and

z € PG(1,q), consider the correspondence
o: Gt x PG(1,q) = PG(1,q), (£A,z) — Az

defined as follows.

As — az + b.
cz+d
As —Az = Az, ¢ is well-defined and gives an action of Gt on PG(1,q).

Lemma 4. [6, Lemma 5.3] Let q be a power of a prime. Then SL(2,q) is generated by
the elementary matrices of the form

1 0 10 .
<c 1) and <O 1) with b,c € GF(q).

3 A Ct-group for PSL(2,q)

Let q € {p, p*} for a prime number p with 3 being a divisor of ¢ — 1, and let e € GF(q) be
a third primitive root of unity. In the case ¢ = p? we also assume that 3 is not a divisor
of p — 1 so that

GF(p*) =2 {a+eb:a,be GF(p)}.

In this section we prove that PSL(2,q) is a Ct-group with the B-diagram of Figure 1
(where the labels of the corners are the groups corresponding to each rank 3 residue).
In order to construct this CT-group we consider the following elements of PSL(2,q):

o 0 1 [ e e? q . e? e
a1 = 11 , Qg 1= 0 62 and oy = 0 e s

and we let Gt = (a1, ag, a3), G, := (qj|j # i) for i = 1,2,3 and Gy := (a7 'aylj = 2). In
what follows we show that Gy := (a1, a3) and G3 := (a1, az) are both isomorphic to Ay,
while Gy := (] as, a7 as) and Gy := (s, as) are both isomorphic to E,: Cs.

Lemma 5. The groups Go and G35 are both isomorphic to Ay and their intersection is
(o). Moreover (Ga, {1, as}) and (G, {a1, az}) are CT-groups with triangular B-diagram
of type (3,3,3).
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(0,1, 00, —€?)

Oq/ \;13
(1,00,0, —¢?) (1,—€?,00,0)
N IRV
(00,0,1,—€?) (—€?,00,1,0) (00, —€20,1) (—€%0,00,1)
043\1/ 043\1/ ioq \l/oq
(00,1,—€%0) (0,00,—€%,1) (0,—€?,1,00) (—€?,1,0,00)
a1\( )/113
(1,0, —e?, 00)

Figure 2: Action of Gy on the 4-tuple (0, 1, 00, —e?).

Proof. We first observe that, for each i € {2,3}, {a1, a;} is an independent set, which is
sufficient to guarantee that it gives a set of generators of a CT-group. Now let us compute
the order of the elements that give the B-diagram. It is straightforward to see that ay
has order 3. To compute the order of the other elements we use the fact that e is a third
root of unity and hence e? + e + 1 = 0. Therefore the following equalities hold for any

ce GF(q).
2 3
e 0 e 0 e 0
(c 62)_(—0 e)’ (c 62)_Id’
e ¢\’ ez —c e ¢\’
<O 62):(0 e>’ (0 e2>:[d'

In particular, this shows that both as and as have order 3. In addition,

1 e 0 1 e 0
apap = and o ag= e o )

hence these elements have also order 3.
To prove that the groups are isomorphic to A4 we first observe that for 7 € {2, 3}

= al = (o] )? = (ano; toy)? = Id.

As Id, oy, ay, o2, aaq, aray, o2, a2, ?ay, alag, apa?, ajaiag are distinet elements of
(0, o), from 1 we conclude that G; is isomorphic to Ay, the rotational subgroup of the
hypermap of type (3,3,3)(2,0). From the given enumeration of the elements of these two

groups we conclude that their intersection is (ay). [

Figures 2 and 3 show that G is in the stabilizer of {0, 1, 00, —e?}, while G5 is in the
stabilizer of {0,1, 00, —e} (and both groups are isomorphic to Ay).

THE ELECTRONIC JOURNAL OF COMBINATORICS 25(3) (2018), #P3.22 8



(Oa 17 e, _6)

Oq/ \Ia2
(1, 00,0, —e) (1,—e,00,0)
N RV G
(00,0,1,—€) (—e,00,1,0) (00,—e€,0,1) (—e,0,00,1)
az\l/ Otgi \Loq \J/Oq
(00,1, —€,0) (0,00,—e,1) (0,—e,1,00) (—e,1,0,00)
al\l )/CV2
(L 07 —€, OO)

Figure 3: Action of G3 on the 4-tuple (0,1, co, —e)

Lemma 6. The groups Gy and G are both isomorphic to E, : Cs, more precisely, Gy =
Hy : {ay'as) and Gy = Hy : {ag'as) where Hy and Hy are the following elementary
abelian p-groups of order q.

Hoz{(i (1)) |c€GF(q)} andH1:{<(1) ll))\beGF(q)}.

Moreover Gy N Gy = (ag'as). Finally, (Go, {a; az, o as}) and (G1,{az, as}) are C*-
groups with triangular B-diagram of type (3,3, 3).

Proof. First observe that the sets {as, a3} and {a; 'as, o as} are independent, thus Gy
and G| are C* -groups. Now let us compute the order of the elements that give the
B-diagram. As noted above, the elements as, a3, aj ‘ay and a; ‘as have order 3. Now
e
0
Consider the following subgroups of PSL(2,q):

H0:{<i (1))|c€GF(q)} andle{((l) Zi)|b€GF(q)}

When ¢ = p, Hy and H; are cyclic groups of order p. More precisely,

H0:<(i (1)>>andH1:<((1) 1)>

When ¢ = p?, Hy and H; are elementary abelian groups of order p?. More precisely,

() (w3 1) (20D

THE ELECTRONIC JOURNAL OF COMBINATORICS 25(3) (2018), #P3.22 9

E = 042_1043 = 602 ) has also order 3 and belongs to Gy N G;.



since we assumed that 3 does not divide p — 1 and therefore GF(q) = {a +eb : a,b €
GF(p)}.

We claim that Gy = Hy : (E) and G; = H; : (E). The following equalities prove that
Hy and H; are subgroups of Gy and G, respectively.

(10)=t@raeearan () ])=ani'e .
(L)) =@itaarar () f) —ala

On the other hand, as

. 10\ /e O » 1 0\ /e 0
arar={q )\ ) amd aras={ ., 0 e

we have that o ay, a;tas € Hy - (E), while

(11 e 0 4o (11 2 0
2=\ 1 0 e2 and a3 =19 1 0 e

show that as, a3 € Hy : (E).
With this we have that the groups G; and G, are both isomorphic to E, : (E).

egi ) for some ¢ € GF(q) and i € {0,1,2},

1
Since an element of Gy is equal to ( i

J
60 egj ) for some b € GF(q) and j € {0,1,2}, we

have that Go NG = (E). O

while an element of G, is equal to

Lemma 7. (G*,{a1,aq,a3}) is a CT-group with tetrahedral B-diagram as in Figure 1.

Proof. By Lemmas 5 and 6 we have that G;, i = 0,1,2,3 are C*-groups, Go N G5 = (o)
and G1NGy = (a5 'az). We have that Gy is a subgroup of the stabilizer of 0 in G* and G,
is a subgroup of the stabilizer of co in G*. Figure 2 shows that the only elements of G
fixing 0 are the identity, c2c; and afag, hence GoNGy = <a1_1a3). The same figure shows
that the only elements of Gy fixing oo are the identity, a3 and o2, thus Gy N Gy = (as).
Figure 3 shows that the only elements of G5 fixing 0 are the identity, a3a; and afas, hence
GoNG3 = {a;'ay). The same figure shows that the only elements of G5 fixing co are the
identity, ap and o3, thus G; N G3 = (ay). From this we conclude that (G*,{a, s, az})
is a C*t-group. Moreover, as G; N G; are cyclic groups of order three, for 4,5 € {0,1,2,3}
with (i # j), the B-diagram is a complete graph K, with edges labelled 3. ]

Lemma 8. The group G is isomorphic to PSL(2,q).

Proof. This follows from the description of the subgroups Hy and H; in Lemma 6 and
Lemma 4. [
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Gy
%J%)
(as) Gy (az)
» / \71
(o7 "as) (o7 "az)
/ \
Go a1 Gs

Figure 4: The intersections G; N G;.

4 A hypertope for PSL(2,q)

As pointed out in [2], not every coset geometry is a hypertope. In this section we shall
see that the coset geometry I' := I'(G™, R) := I'(G™; (Gi)ier) where I ={0,1,2,3}, G is
isomorphic to PSL(2, ¢q) and the G;’s are the groups defined in Section 3, is a hypertope.
Since I' is a coset geometry, then we only have to show that it is thin and residually
connected.

We observe that I" has a lot of symmetry, and we shall use such symmetry to show
that it is a hypertope. Note that since GT is a C"-group, then G1NGoN G35 is trivial. This
implies that the action of G on the flags by right multiplication is free (semi-regular) on
the chambers. Moreover, as I' is a coset geometry, it is transitive on the flags of rank less
than 3. We shall show that in fact I' is transitive on the flags of rank 3. To show this,
in the following two lemmas we analyze some incidences among elements of I, and some
incidences among elements and flags of T'.

From the B-diagram of G, since G; with ¢ € {2, 3} is isomorphic to A, and G;NG; =
(3, we know that each element of type ¢ € {2,3} is incident to exactly four elements of
type j # 4. Similarly, since G; with ¢ € {0,1} is isomorphic to E, : C3, we have that
each element of type i € {0,1} is incident to exactly ¢ elements of type j # i. Remark
also that, if G;g * G; then G;g = G,h for some h € G;. Moreover, if T is a transversal
for G; N G; in G}, then Gi9 = G;h = Gt for some t € T. More precisely we have the
following lemma.

Lemma 9. Leti,j € I withi # j and let g € G*. Then
Gig € {Gih | h € H;} if 7 €{0, 1};

GigxG; < ¢ Gige{G,, GiahGiaiak,Giaia;l} if 7€{2,3} and {3, j, k} ={1, 2, 3};
Gig € {Go, Goar, Goayt, Goay} if §, k € {2, 3} and {i, j, k} = {0, 2, 3}.

Proof. Tt can be easily checked that all of the cosets in the set on the right side of the
equivalences are incident to the respective Gj.

Suppose that j € {0,1}. By Lemma 6, H; is a subgroup of G, of order ¢. Thus g € H;
implies that G,g N G; # @. As G; N G, has order 3, if G;g * G;, then |Gig N G;| = 3. It
remains to prove that the cardinality of {G,g|¢ € H,} is ¢. Suppose that g,h € H; and
Gig = Gih. Then gh™' € G;NH; = (G;NG;) N H;. In all the cases G; N G} is generated
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by an element of order 3 which does not belong to H;, therefore all the intersections
(G; N G;) N H;j are trivial, and so g = h.
For the cases when j € {2,3}, by Lemma 7 (see also Figure 4 we have the following:

o If i # 0, then G; N G; = (ay) where {7, 7, k} = {1,2,3}. Hence
T ={Id, a;, c;ay, aa;'}
is a transversal for G; N G, in G and G;g = Gt for some t € T'.
e If i =0, then Gy N G; = (a7 ay) where {j,k} = {2,3}. Hence
T ={Id, a1, ai', o}
is a transversal for Go N G in G; and Gog = Gyt for some t € T'. O
Proposition 10. Let i, 5,k € I be distinct and let g € G*. Then
G.g*{G;,Gy} © G,9 = G;h for some h € G;NG,.

Proof. Obviously the right hand side of the equivalence implies the left one. The proof
of the converse will be divided in cases covering all the possibilities for the set {j, k}.
Assume that G;g * {G;, Gi.}.

Case 1. If {j,k} = {0, 1}, then i € {2,3} and

Gig S {Glho | ho c HO} N {Gzhl | h, € Hl}

by means of Lemma 9. Looking at the 12 elements of G;, we see that for hg = ( i (1) ) €

Hoandh1:<(1] ?)GHl,

hoh{* = ( i 1:bbc ) € G; & (bye) € {(0,0),(1,1), (=" —e 1)} .

As before, we set E := a;'as. We have to prove that G;g = G;h for some h € (E) =
Go N Gy (Figure 4). If (b,c) = (0,0), then G;g = G;hog = G;hy = G;. If (b,c) = (1,1),
then h; = 042043_10@ by 2. Hence

Gig = Giho = Gihy = Gy 'ag = GE™!

since Gaana 'y = Ga(ag'an)? = GoE~2 = GyE
and Gsaoaz'ay = Gsag'lay = GoE~L = G3E2.

If (b, c) = (—e'™, —e' 1), then

Gig = Gihg = Gihy = GiE''E'™ = G,E'™"
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pl=i i1

0 ei—l

Case 2. If {j,k} = {0,2} or {0, 3}, then i # 0 and we can assume k = 0, j € {2, 3}.
By means of Lemma 9 there is hg € Hy such that

-1
since B! = ( ) € G;. Thus G;g = G;h for some h € (E) = Gy N Gy.

Gig = G;hy € {Gi, Gy, Giaiay, G '}
where [ € I is such that {7, j, k,l} = I. In other words, G;g must belong to the set
S={Git |t € {Id, v;, un, ;o] }, HyNGit # 2}

Obviously G; € S. To see that G;a; € S, consider the following elements:

1 -1
ﬁl::(O 1 )eGl, By :=aaz'a; € Gy and B3 = ajay'aq € Gy .

Then S;a; € Hy N Gy for any i € {1,2,3}. To show that G ;o € S we remark that

0o ifi=1,
a;q(0) =a;(1) =< —e if i=2,
—e? if i =3,

from which it follows Hy N G,y = @, since there is no element in G; sending «;(1) to
0. Finally, considering the following elements

Y1 = Ejil € Gl, Yo = (g € G2 and V3 = X1 G2 € Gg,
we have that %aial_l € H, for any i € {1,2,3}. Hence Giaial_l € S and so
S = {Gw Gioz,-, Gi(l/iOél_l} .

It is now straightforward to check that S = {G;h | h € (a;'qy)}, from which we conclude
that G;g = G;h for some h € (a;'ay) = Gy N G, (Figure 4).

Case 3. If {j,k} = {1,2} or {1,3} we assume k = 1 and j € {2,3}. Let [ € I such
that {j,{} = {2,3}. According to Lemma 9 we have the following:

e [f i =0 then G,g = Gyg belongs to

{Got | t e {]d, 041,041_1,041}, H1 N Got 7é @}

) are elements

which is equal to {Go, Goa; !, Gooy}. Namely, E ,E? and ( _11 1

of GGy such that
1 0

EQO‘ZaEO@? < -1 1

)Oél_leHl,

while a;(00) = 0 gives H; N Goay = @. As Goa;' = Goa;*, we conclude that
Gog = Goh for some h € (o) = G; NGy = G; NGy, (Figure 4).
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e If 7 £ 0 then G;g belongs to
{Gzt | te {Id, O{i,OéiOq,O[Z‘OZI_I}, Hi NGt 7é @}

which is equal to {G;, G;o, Gy }. Namely, a4, oo € Hy, G = Giaj_lozi_l =
Gio; ', while a7t (00) = ay(1) = —e'! gives Hy N Giaz0; " = @, We conclude so
that G;g = G;h for some h € (o;) = G; NGy = G; NGy, (Figure 4).

Case 4. If {j,k} = {2,3}, then by Lemma 9 we have the following:
o [f i =0, then G,g = Gyg belongs to
{Go, Goar, Goart, Goas} N {Go, Goa, Goagt, Goars}
which is equal to {Go, Goay, Goag '} since asaz' & Go.
e If i =1, then G,g = G1g belongs to
{Gy, Gran, Gragas, Graga, 'y NGy, Grag, Gionas, Grajaz ).

Remark that Gioqop, = Glalglafl = Glafl by means of the fact that aja4 is an
involution for k = 2,3. Moreover (aja;')(araz')™' € Gy because it does not fix
oo. Hence G1g belongs to {G1, Gray, Giag '}, O

We are now ready to show that G is transitive on the flags of rank 3.

Proposition 11. Let J = {i,j,k} € {0,1,2,3} with i,j and k all distinct. The action of
G™ on the flags of type J is transitive.

Proof. Let F' = {G;,G;,Gy} and F' = {G,a;,G;a;,Grax}. By Proposition 1, GT is
transitive on the flags of rank 2. Hence, there exists a flag F” and a € G such that
F' = F"q with F" = {G,9,G;,Gy}. Without loss of generality we may assume that
(1,7,k) € {(0,2,3),(1,2,3),(0,1,3),(0,1,2)}. Then by Proposition 10, there exists h €
Gig N GjNGy. Hence F" = Fh and therefore F' = Fha. O

To show that I' is a thin geometry, we need to show that every residue of rank 1 has
exactly two elements. A residue of rank 1 is the set of elements of I' that are incident
to a flag of type J C {0,1,2,3}, with |J| = 3. By Proposition 11, all residues of rank 1
corresponding to flags of a given type J are isomorphic. Hence, it is enough to show that,
for {1, j, k, 1} ={0,1,2,3}, the sets {G;g | G;9 * {G;, Gk, Gi}} all have cardinality two.

Proposition 12. The coset geometry I' is a thin geometry.

Proof. Following the above discussion, we need to show that four sets have cardinality
two. To do this, we shall show that:

Gog * {G1, G2, G3}
Glg * {Go, GQ, Gg}
Ggg * {Go, Gl, Gg}
Gsg x {Go, G1, G2}

Gog € {Go, Goay ' };

Glg c {Gl,Glal}; (3)
Ggg c {GQ,GQO&Q};

Ggg - {Gg,Gg&g}.

teo e
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It is straightforward to see that the elements on the sets of the right are incident to
the flags on the left.

We start by assuming that G,g*{G;, G2, G5} where {7, j} = {0,1}. As Gig*{G2, G3},
by Proposition 10, G;g € {G;, Gia1, Giay '}, As we also have Gig * G; we observe that

( _11 (1) )al_l € Goa;' NGy

while Goay NG = @ since any element of Gy sends oo to 0 and so it does not belong
to G which is in the stabilizer of co. As Gog* G1 < Go* G1g~!, this proves the first two
equivalences in 3.

Now let G;g * {Go, G1,G;} where {i,j} = {2,3}. As G,g * Gy and G;g * Gy, there
exists an element of G;g fixing 0 and an element fixing oo. In addition, as G;g * G;, by
Lemma 9, G;g € {G;, Giay, Giazay, Gioai ).

Let i = 2. Looking at Figure 2 and Figure 3, we have that asa;(0) = —e and
asa;t(00) = —e. As Gy stabilizes {0, 1, 00, —e?}, there is no element in Gyasa fixing 0
and there is no element in Gyasa; ! fixing co. Thus Gaog € {Gy, Garas}, as az'as € Goay
fixes both 0 and oo.

Now consider i = 3. We have that aza;(0) = —e? and aza;'(00) = —e?. As Gy
stabilizes {0, 1, 00, —e}, there is no element in Gzasa; fixing 0 and there is no element in
Gsasa;! fixing co. Thus Gsg € {G3, Gsas}, as a; 'as € Gsas fixes both 0 and oo.

Therefore all the equivalences in (3) are satisfied and so I is a thin geometry. 0

In order to show that the geometry I' is a hypertope, we need to show that it is
residually connected. That is, we need to show that each residue of rank at least two
has a connected incidence graph. We already showed that all the residues of rank 3 are
hypermaps of type (3,3,3) (Lemmas 5 and 6). Since we know that all such hypermaps
are residually connected, as observed in [2], that will conclude the proof. More precisely,
we have the following theorem.

Theorem 13. I' is a hypertope.

Proof. As pointed out before, I' is a geometry, and by Proposition 12, it is thin. By
Lemmas 5 and 6, its rank 3 redidues I'; are toroidal hypertopes isomorphic to the coset
geometries ['(Gy, (G; N Gj)jeniy). This, together with Proposition 2, implies that I' is
residually connected. Therefore I is a hypertope. O

4.1 The residues of rank 3

The residues of rank three of I' are hypermaps of type (3,3,3) ) for some a and b that
depend on the type of the residue. To determine the vector (a,b) of the rank 3 residues
of I' we now fix an order for the generators of each G;. Let the first generator of G; be
the one with minimal label when i # 0 and let the first generator of G be aj as.

Lemma 14. The residues I'; with i € {2,3} are regular hypermaps of type (3,3,3)(0,2)
When g = p* the residues T; with i € {0,1} are regular hypermaps of type (3,3,3)0,p)
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When q = p the residue I'g is the chiral hypermap of type (3,3,3)q.e) while the residue I'y
is the chiral hypermap of type (3,3,3) 1), where e is a third root of unity (which is an
integer, as ¢ =p).

Proof. For the following see 1. As (ajas)? = (a1a3)? = 1g+, the residues I'y and I's are
regular hypermaps of type (3,3,3)(0,2)-

Consider first the case ¢ = p®. In this case the order of (o] 'ay)(a;as) is p. Hence
'y and I'; are regular hypermaps of type (3,3,3)(0,)-

Now let ¢ = p. We have that ( (1) i ) = ( (1) 1 ) which gives the following relation

in GT,
(OKQO[3_1012>6(OCQO[3) =1g+.

Hence I'y is a chiral hypermap of type (3,3,3),1). We also have that (o as)(a; ag) =

(1 0)mtetoataontaon - (1 0) a2, 1) (4 9)

1 0. . 10
and(_1 1)1sthemverseof(1 L)

(a; tan)(ay as) Mo o) [(ag M an) (o )] = 1+

Hence T’y is a chiral hypermap of type (3,3,3)(1,¢)- O]

5 The symmetries of I

As pointed out in the introduction, the hypertopes we have constructed in this paper
are highly symmetric. Recall that we have two families: a family of hypertopes I'®) =
['(G*, R) with GT = PSL(2,p) for any prime number p satisfying p = 1 mod 3, and a
family of hypertopes I'®") = I'(G*, R) with GT = PSL(2, p?) for any prime p satisfying
p = 2mod 3, where R = {ay,ay, a3} for both families. In this section we shall show
that all hypertopes I'® are chiral, while all hypertopes @) are regular. Furthermore,
we study the correlations of the hypertopes and find that all the chiral hypertopes I'?)
have both proper and improper correlations. For any I' in one of these two families we
have the following lemma.

Lemma 15. G acts with two orbits on chambers of T' with adjacent chambers in different
orbits.

Proof. This is a consequence of Propositions 11 and 12. n
Lemma 16. Any hypertope IT'®) is chiral while any hypertope @) s reqular.

Proof. By Lemma 14, one residue of I'®) is chiral. Hence I'® is itself chiral, indeed by
Theorem 3 the residues of a regular hypertope must all be regular. For I'®) we have
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that Gt = PSL(2,p?). Then, the Frobenius automorphism of GF(p®) gives rise to the
involutory automorphism

e + (a b a? bP
v: G —>G,<C d)H(cp dp>
which fixes a; and interchanges ap and as (since p = 2mod 3 and therefore e = €? in
that case). Let 1 be the automorphism of Gt given by conjugation with

_ (-1 1 2
A.—< 0 1>EGL(2,p).
Then ¢ is an automorphism of G* inverting a;, as and as. Hence, by Theorem 3 I'®*)

is a regular hypertope. O]

For the chiral hypertopes I'® we will now exhibit proper and improper correlations.
In order to give a proper correlation of I'®)| we remark the following general fact. Given a
coset geometry I' := I'(G, (G;)ier), any ¢ € Aut(G) satisfying {p(G;) |i € [} ={G; |i €
I} gives rise to an automorphism of I" mapping G;g to ¢(G;g) = ¢(G;)¢(g). In particular,
we have the following lemma.

Lemma 17. The automorphism n of GT = PSL(2,p) defined by conjugation with the
wmnwolution

B = ( - > € GL(2,p)
gives rise to a proper duality of T'®).
Proof. As n is an involution satisfying
n(an) =art, mlag) = arlag, nla) =ajtas,
it interchanges Go with G; and G5 with Gj. O

To give an improper correlation of I'®) | we extend the assignment
MZGO'—)G()Oél_l, G1F—>G1, G2|—>G3, GgHGQ

to a bijection of the set of elements of I'® by setting

1(Gig) = u(Gy)g?, where A := ( _01 1 ) € GL(2,p).
Note that A is an involution and that of' = o', af = a3', af = a;'. Therefore

w(Go)* = a1 Gy and p(G;)* = G, for any i € {1,2,3}. Then, for any j € I we have
w(Gig) = n(Gsh) & p(Gy)g" = p(Gh" & u(Gy)'g = u(Gy)*h = Gig = Gjh,

showing that p is well-defined and a bijection. To prove that p is a correlation we need
the following lemma.
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Lemma 18. {G;g%; | g € Hy} = {G;h | h € Hy} for anyi € {1,2,3}.

Proof. Let g = ( i (1) ) € Hy. Then

gAcn:(_c_fl 1) :( )( )e{G1h|heH0}
0
c 1

:Oél(_ )E{GQh‘hEH@}m{Ggh‘hEHo}

Hence G;g%ay € {G;h | h € Hy}. O
Lemma 19. The bijection i is an improper duality of T'®).

Proof. By definition u sends the chamber {Gy, G1,Go, G3} to {Goay', Gy, Gy, G3}, the
adjacent chamber. Hence we have only to prove that u is a correlation. It is enough to
prove that for any g € G™ and any ¢,j € I with ¢ > j

p(Gig) x (Gy) & Gig x G .
According to the definition of ;4 and Lemma 9, we have

1(Gig) * u(Gy) & n(Gi)g® * u(Gy)

w(Gi)gtay € {u(Gi)h | h € Hy} if =0,
GggA S {G3, G3C¥3, G30[30&1, G3a3af1} if j =2 (:> 1= 3)
Gigozfl € {GZhA ‘ h e Ho} if 7=0,
&< Gige{Gh*| he H} if j=1,
Gsg € {Gs,Gsazt, Gzaztar !, Gsaztay}  if j=2.
ng € {GihAOél | h e Ho} if j = 0,
& Gge{Gh* | heH} if j=1,

Ggg € {Gg,Gg@:;l,Ggagl@;l,GgOéglOél} if j =2.
Using Lemma 18 (j = 0), checking that A normalizes H; (j = 1) and verifying that
{G37 G3Oé§1, G3@;106;1, GgOéglOél} = {Gg, G30[30(17 G3Oé3, GgOégOéII} (] = 2) ,

we conclude that p(G,g) * p(G;) < Gig x G; for any i,j € I with ¢ > j using again
Lemma 9. [

As it has been shown in Lemmas 17 and 19, the chiral hypertopes I'®® have both proper
and improper correlations simultaneously. We therefore have the following theorem.

Theorem 20. There exist chiral hypertopes of rank 4 having both proper and improper
correlations simultaneously.
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We finish this section with the following two remarks.

1. All residues of rank 3 of the regular hypertope I'® are regular hypermaps of type
(3,3,3)(0,2) (Lemma 14). Consequently a correspondence fixing a generator of G*
and interchanging the other two, can be extended to an automorphism of G*. Thus
'™ has all possible kinds of correlations. In other words, Aut(IT') = S5 x S, =
PSL(2,4) x S,.

2. We observe that the tetrahedral groups G arise naturally as subgroups of index 4
in the symmetry group [6, 3, 6] = (rq, r1, r2, r3) of the hyperbolic tessellation {6, 3,6}
given in [6, Section 11] (generated by 71, ro, (1) and (r2)").

6 A geometric construction of I

We now give a geometric description of the rank 4 hypertopes I' = (X, *,¢, I) constructed
in the previous sections. The set I = {0,1,2,3} of types gives a partition of the set of
elements of I" into four sets Xy, X1, Xs and X3, where x € X if and only if ¢(x) = j. The
elements of Xy, X1, Xy and X3 can be described from a certain action in the projective
line PG(1,q), where g = pif I =T® and ¢ = p? if [ = @), In what follows we define
each of the X; and the incidence between them.

Let G be the group PSL(2, ¢q) acting on the projective line PG(1,q) = GF(q)U{oco}
as follows.

PG(1,9) x Gt = PG(1,q), (2,9) = 29 == g ' (2),

where g7'(2) = Az if g7' = + A with A € SL(2,q), as in Section 2.4.

Consider a transversal U for the stabilizer G of co. The index of G in G is ¢ + 1,
since G7 is the semi-direct product of the elementary abelian p-group H; of order ¢ (given
in Lemma 6) with the cyclic group D of diagonal matrices in G*, which has order %
with d = ged(2,qg—1). As ¢+ 1 = |PG(1,q)|, we can identify any u € U with the element
z = oo" of PG(1,q) and write u = u,.

By Lemma 6 the group G; = H; : (GoN Gy) is a subgroup of GI, = Hy : D. Consider
a transversal T for G in GZ. Let X and X; be two disjoint copies of T' x PG(1,q). For
o= (t,2) € Xo and 21 = (s,w) € X; we say that

xo * x1 whenever ¢t = s and z # w. (4)

It is straightforward to see that an element zy, € Xj is incident with exactly ¢ elements
of X, and vice-versa.

Let X, and X3 be the orbits of the sets {1,¢,¢e? 0o} and {1, ¢, e? 0} under the action
of G, respectively. Remarking that all possible cross ratio of four distinct points in

{1,e,e?,00} or in {1,e,e?, 0} take only two values, we conclude that both sets have a

(g+1)q(g—1) ‘

stabilizer isomorphic to A4. Hence |X;| = | X3| = =3~

Given z9 € X, and x3 € X3, we shall say that

T9 * T3 whenever |ry N x| = 3. (5)
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Then, each element x5 € X5 is incident with exactly 4 elements of X3 and vice-versa.
Before defining the incidences between any other two elements, we shall first define
the incidence between {1,¢,e? 0o} € Xy and an element (¢, 2) of Xy or X;. We say that

{1,e,e*,00}  (t,2) if and only if t = 15+ and z € {1,¢,¢€* 0o}. (6)
+
{1,e,e2,00}
for z € {1,e,e?, 00}. This is possible and motivated by the following. If the coset Gitu,
intersects G?Le’e%o}, then z € {1,e,¢? oo} and therefore u, € Gae’eam} by our choice of
U. It follows then that Gt intersects Gae,e%o}. As Gyt is in G, and GE N Gae’egm} <
GG, we have that Git N G; # @, that is t = 1g+. Now we can say that an element
{1,e,€?,00}9 in X, will be incident to those (¢,2) (in X, or X;) such that Gae’egm} N
Gitu,g~! # @. Note that, if g € Gae’egm}, then {1,e,e% 00} = {1,e,€?, 00} will be
incident to those (t,2) such that G, , . ., is incident with Gitu.g~" = Gitu -1 (by the
choice of U). As we saw, these are the pairs (¢,z) with ¢t = 1g+ and 2z € {1,e,¢e? oco0}.
Thus incidence is well-defined.

Finally, an element {1,e¢,¢? 0}Y € X3 will be incident with an element (¢, z) in X, or
X if the corresponding element {1, ¢, e? 0o}Y € X, is incident with (¢, 2).

By definition, I' = (X, ,t,]) is an incidence system, where X = Ul_(X;, I =
{0,1,2,3}, t - X — [ is such that t(z) = j whenever x € X; and the incidence * is
given by (4), (5), (6) and the last paragraph above. Furthermore, it is straightforward to
see that every flag is in a chamber, implying that I" is in fact an incidence geometry. By

construction, I' is isomorphic to the hypertope given in section 4.

Having 6 in mind, the transversal U can be choosen in such a way that u, € G
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