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Abstract

A graph is said to be a bi-Cayley graph over a group H if it admits H as a
group of automorphisms acting semiregularly on its vertices with two orbits. For a
prime p, we call a bi-Cayley graph over a metacyclic p-group a bi-p-metacirculant.
In this paper, the automorphism group of a connected cubic edge-transitive bi-p-
metacirculant is characterized for an odd prime p, and the result reveals that a
connected cubic edge-transitive bi-p-metacirculant exists only when p = 3. Using
this, a classification is given of connected cubic edge-transitive bi-Cayley graphs
over an inner-abelian metacyclic 3-group. As a result, we construct the first known
infinite family of cubic semisymmetric graphs of order twice a 3-power.

Mathematics Subject Classifications: 05C25, 20B25

1 Introduction

Throughout this paper, groups are assumed to be finite, and graphs are assumed to be
finite, connected, simple and undirected. For a graph Γ, we denote by V (Γ) the set of
all vertices of Γ, by E(Γ) the set of all edges of Γ, by A(Γ) the set of all arcs (ordered
paries of adjacent vertices) of Γ, and by Aut (Γ) the full automorphism group of Γ. For
u, v ∈ V (Γ), denote by {u, v} the edge incident to u and v in Γ. For the group-theoretic
and the graph-theoretic terminology not defined here we refer the reader to [2, 24].

Let Γ be a graph. If Aut (Γ) is transitive on V (Γ), E(Γ) or A(Γ), then Γ is said to be
vertex-transitive, edge-transitive or arc-transitive, respectively. An arc-transitive graph is
also called a symmetric graph. A graph Γ is said to be semisymmetric if Γ has regular
valency and is edge- but not vertex-transitive.

∗Supported by the National Natural Science Foundation of China (11671030,11271012) and the Fun-
damental Research Funds for the Central Universities (2015JBM110).
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Let G be a permutation group on a set Ω and α ∈ Ω. Denote by Gα the stabilizer of
α in G, that is the subgroup of G fixing the point α. We say that G is semiregualr on Ω
if Gα = 1 for every α ∈ Ω and regular if G is transitive and semiregular. A graph is said
to be a bi-Cayley graph over a group H if it admits H as a semiregular automorphism
group with two orbits (Bi-Cayley graph is sometimes called semi-Cayley graph). Note
that every bi-Cayley graph admits the following concrete realization. Given a group H,
let R, L and S be subsets of H such that R−1 = R, L−1 = L and R ∪ L does not contain
the identity element of H. The bi-Cayley graph over H relative to the triple (R,L, S),
denoted by BiCay(H,R,L, S), is the graph having vertex set the union of the right part
H0 = {h0 | h ∈ H} and the left part H1 = {h1 | h ∈ H}, and edge set the union of the
right edges {{h0, g0} | gh−1 ∈ R}, the left edges {{h1, g1} | gh−1 ∈ L} and the spokes
{{h0, g1} | gh−1 ∈ S}. Let Γ = BiCay(H,R,L, S). For g ∈ H, define a permutation R(g)
on the vertices of Γ by the rule

h
R(g)
i = (hg)i,∀i ∈ Z2, h ∈ H.

Then R(H) = {R(g) | g ∈ H} is a semiregular subgroup of Aut (Γ) which is isomorphic to
H and has H0 and H1 as its two orbits. When R(H) is normal in Aut (Γ), the bi-Cayley
graph Γ = BiCay(H,R,L, S) will be called a normal bi-Cayley graph over H (see [27]).

A natural problem in the study of bi-Cayley graphs is: for a given finite group H, to
classify bi-Cayley graphs with specific symmetry properties over H. Some partial answers
for this problem have been obtained. For example, in [1] Boben et al. studied some prop-
erties of cubic 2-type bi-Cayley graphs over cyclic groups and the configurations arising
from these graphs, in [20] Pisanski classified cubic bi-Cayley graphs over cyclic groups, in
[14] Kovács et al. gave a classification of arc-transitive one-matching abelian bi-Cayley
graphs, and more recently, Zhou et al. [26] gave a classification of cubic vertex-transitive
abelian bi-Cayley graphs. In this paper, we shall investigate cubic edge-transitive bi-
Cayley graphs over metacyclic p-groups where p is an odd prime. Following up [8], we
call a bi-Cayley graph over a metacyclic p-group a bi-p-metacirculant.

Another motivation for us to consider bi-Cayley graphs over metacyclic p-groups is
the observation that the Gray graph [4], the smallest trivalent semmisymmetric graph,
is a bi-Cayley graph over a non-abelian metacyclic group of order 27. In [8], the cubic
edge-transitive bi-Cayley graphs over abelian groups have been classified. So, we shall
restrict our attention to bi-Cayley graphs over non-abelian metacyclic p-groups.

Our first result characterizes the automorphism groups of cubic edge-transitive bi-p-
metacirculants.

Theorem 1. Let Γ be a connected cubic edge-transitive bi-Cayley graph over a non-abelian
metacyclic p-group H with p an odd prime. Then p = 3, and either Γ is isomorphic to
the Gray graph or Γ is a normal bi-Cayley graph over H.

Applying the above theorem, our second result gives a classification of connected cubic
edge-transitive bi-Cayley graphs over a inner-abelian metacyclic p-group. A non-abelian
group is called an inner-abelian group if all of its proper subgroups are abelian.
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Theorem 2. Let Γ be a connected cubic edge-transitive bi-Cayley graph over an inner-
abelian metacyclic 3-group H. Then Γ is isomorphic to either Γt or Σt (see Section 5.1
for the construction of these two families of graphs).

Theorem 1 also enables us to give a short proof of the main result in [17].

Corollary 3. [17, Theorem 1.1] Let p be a prime. Then, with the exception of the Gray
graph on 54 vertices, every cubic edge-transitive graph of order 2p3 is vertex-transitive.

2 Preliminaries

In this section, we first introduce the notation used in this paper. For a positive integer
n, denote by Zn the cyclic group of order n and by Z∗n the multiplicative group of Zn
consisting of numbers coprime to n. For a finite group G, the full automorphism group,
the center, the derived subgroup and the Frattini subgroup of G will be denoted by
Aut (G), Z(G), G′ and Φ(G), respectively. For x, y ∈ G, denote by [x, y] the commutator
x−1y−1xy. For a subgroup H of G, denote by CG(H) the centralizer of H in G and by
NG(H) the normalizer of H in G. For two groups M and N , N oM denotes a semidirect
product of N by M .

Below, we restate some group-theoretic results, of which the first is usually called the
N/C-theorem.

Proposition 4. [13, Chapter 1, Theorem 4.5] Let H be a subgroup of a group G. Then
CG(H) is normal in NG(H), and the quotient group NG(H)/CG(H) is isomorphic to a
subgroup of Aut (H).

Now we give two results regarding metacyclic p-groups.

Proposition 5. [22, Lemma 2.4] Let P be a split metacyclic p-group:

P = 〈x, y | xpm = yp
n

= 1, yxy−1 = x1+pl〉, where 0 < l < m, m− l 6 n.

Then the automorphism group Aut (P ) of P is a semidirect product of a normal p-subgroup
and the cyclic subgroup 〈σ〉 of order p−1, where σ(x) = xr and σ(y) = y, r is a primitive
(p− 1)th root of unity modulo pm.

Proposition 6. [22, Proposition 2.3] Let G be a finite group with a non-abelian metacyclic
Sylow p-subgroup P . If P is nonsplit, then G has a normal p-complement.

Next, we give some results about graphs. Let Γ be a connected graph with an edge-
transitive group G of automorphisms and let N be a normal subgroup of G. The quotient
graph ΓN of Γ relative to N is defined as the graph with vertices the orbits of N on V (Γ)
and with two orbits adjacent if there exists an edge in Γ between the vertices lying in
those two orbits. Below we introduce two propositions, of which the first is a special case
of [15, Theorem 9].
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Proposition 7. Let Γ be a cubic graph and let G 6 Aut (Γ) be arc-transitive on Γ. Then
G is an s-arc-regular subgroup of Aut (Γ) for some integer s. If N E G has more than
two orbits in V (Γ), then N is semiregular on V (Γ), ΓN is a cubic symmetric graph with
G/N as an s-arc-regular subgroup of automorphisms.

The next proposition is a special case of [16, Lemma 3.2].

Proposition 8. Let Γ be a cubic graph and let G 6 Aut (Γ) be transitive on E(Γ) but
intransitive on V (Γ). Then Γ is a bipartite graph with two partition sets, say V0 and V1.
If N E G is intransitive on each of V0 and V1, then N is semiregular on V (Γ), ΓN is a
cubic graph with G/N as an edge- but not vertex-transitive group of automorphisms.

The next proposition is basic for bi-Cayley graphs.

Proposition 9. [26, Lemma 3.1] Let Γ = BiCay(H,R,L, S) be a connected bi-Cayley
graph over a group H. Then the following hold:

(1) H is generated by R ∪ L ∪ S.

(2) Up to graph isomorphism, S can be chosen to contain the identity of H.

(3) For any automorphism α of H, BiCay(H,R,L, S) ∼= BiCay(H,Rα, Lα, Sα).

(4) BiCay(H,R,L, S) ∼= BiCay(H,L,R, S−1).

Next, we collect several results about the automorphisms of the bi-Cayley graph Γ =
BiCay(H,R,L, S). Recall that for each g ∈ H, R(g) is a permutation on V (Γ) defined by
the rule

h
R(g)
i = (hg)i, ∀i ∈ Z2, h, g ∈ H, (1)

and R(H) = {R(g) | g ∈ H} 6 Aut (Γ). For an automorphism α of H and x, y, g ∈ H,
define two permutations on V (Γ) = H0 ∪H1 as following:

δα,x,y : h0 7→ (xhα)1, h1 7→ (yhα)0, ∀h ∈ H,
σα,g : h0 7→ (hα)0, h1 7→ (ghα)1, ∀h ∈ H.

(2)

Set

I = {δα,x,y | α ∈ Aut (H) s.t. Rα = x−1Lx, Lα = y−1Ry, Sα = y−1S−1x},
F = {σα,g | α ∈ Aut (H) s.t. Rα = R, Lα = g−1Lg, Sα = g−1S}. (3)

Proposition 10. [27, Theorem 3.4] Let Γ = BiCay(H,R,L, S) be a connected bi-
Cayley graph over the group H. Then NAut (Γ)

(R(H)) = R(H) o F if I = ∅ and

NAut (Γ)
(R(H)) = R(H)〈F, δα,x,y〉 if I 6= ∅ and δα,x,y ∈ I. Furthermore, for any δα,x,y ∈ I,

we have the following:

(1) 〈R(H), δα,x,y〉 acts transitively on V (Γ);
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(2) if α has order 2 and x = y = 1, then Γ is isomorphic to the Cayley graph Cay(H̄, R∪
αS), where H̄ = H o 〈α〉.

Proposition 11. [8, Proposition 5.2] Let n,m be two positive integers such that nm2 > 3.
Let λ = 0 if n = 1, and let λ ∈ Z∗n be such that λ2 − λ+ 1 ≡ 0 (mod n) if n > 1. Let

Hm,n = 〈x〉 × 〈y〉 ∼= Znm × Zm,
Γm,n,λ = BiCay(Hm,n, ∅, ∅, {1, x, xλy}).

Let Γ = BiCay(H,R,L, S) be a connected cubic normal edge-transitive bi-Cayley graph
over an abelian group H. Then Γ ∼= Γm,n,λ for some integers m,n, λ.

Finally, we give some results about cubic edge-transitive graphs.

Proposition 12. [9, Theorem 3.2] Let Γ be a connected cubic symmetric graph of order
2pn with p an odd prime and n a positive integer. If p 6= 5, 7, then every Sylow p-subgroup
of Aut (Γ) is normal.

Proposition 13. [17, Proposition 2.4] Let Γ be a connected cubic edge-transitive graph
and let G 6 Aut (Γ) be transitive on the edges of Γ. For any v ∈ V (Γ), the stabilizer Gv

has order 2r · 3 with r > 0.

3 A few technical lemmas

In this section, we shall give two easily proved lemmas about metacyclic p-groups that
are useful in this paper.

Lemma 14. Let p be an odd prime, and let H be a metacyclic p-group generated by a, b
with the following defining relations:

ap
m

= bp
n

= 1, b−1ab = a1+pr ,

where m,n, r are positive integers such that r < m 6 n+ r. Then the following hold:

(1) For any i ∈ Zpm , j ∈ Zpn, we have

aibj = bjai(1+pr)j .

(2) For any positive integer k and for any i ∈ Zpm , j ∈ Zpn, we have

(bjai)k = bkjai
∑k−1
s=0 (1+pr)sj .

(3) For any i1, i2 ∈ Zpm, j1, j2 ∈ Zpn, we have

(bj1ai1)(bj2ai2) = bj1+j2ai1(1+pr)j2+i2 .
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Proof. For any i ∈ Zpm , j ∈ Zpn , since b−1ab = a1+pr , we have b−jabj = a(1+pr)j , and then

b−jaibj = ai(1+pr)j . It follows that aibj = bjai(1+pr)j , and so (1) holds.
For any positive integer k and for any i ∈ Zpm , j ∈ Zpn , if k = 1, then (2) is clearly

true. Now we assume that k > 1 and (2) holds for any positive integer less than k. Then

(bjai)k−1 =b(k−1)jai
∑k−2
s=0 (1+pr)sj , and then

(bjai)k = bjai(bjai)k−1

= bjai[b(k−1)jai
∑k−2
s=0 (1+pr)sj ]

= bj[aib(k−1)j]ai
∑k−2
s=0 (1+pr)sj

= bj[b(k−1)jai(1+pr)(k−1)j
]ai

∑k−2
s=0 (1+pr)sj

= bkjai
∑k−1
s=0 (1+pr)sj .

By induction, we have (2) holds.
For any i1, i2 ∈ Zpm and j1, j2 ∈ Zpn , from (1) it follows that

(bj1ai1)(bj2ai2) = bj1(ai1bj2)ai2 = bj1(bj2ai1(1+pr)j2 )ai2 = bj1+j2ai1(1+pr)j2+i2 ,

and so (3) holds.

Lemma 15. Let p be an odd prime, and let H be an inner-abelian metacyclic p-group
generated by a, b with the following defining relations:

ap
m

= bp
n

= 1, b−1ab = a1+pr ,

where m,n, r are positive integers such that m > 2, n > 1 and r = m − 1. Then the
following hold:

(1) For any positive integer k, we have

a(1+pr)k = a1+kpr .

(2) For any i ∈ Zpm , j ∈ Zpn, we have

(bjai)p = bjpaip.

(3) H ′ ∼= Zp.

Proof. For (1), the result is clearly true if k = 1. In what follows, assume k > 2. Since
r = m − 1 and m > 2, we have 2r > m. This implies that ap

2r
= 1, and hence ap

`r
= 1

for any ` > 2. It then follows that

a(1+pr)k = a[C0
k ·1

k·(pr)0+C1
k ·1

k−1·(pr)1+C2
k ·1

k−2·(pr)2+···+Ckk ·1
0·(pr)k]

= aC
0
k ·(p

r)0 · aC1
k ·(p

r)1 · aC2
k ·(p

r)2 · . . . · aCkk ·(pr)k

= a · (apr)C1
k · (ap2r)C2

k · . . . · (apkr)Ckk
= a · akpr

= a1+kpr ,
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and so (1) holds. (Here for any integers N > ` > 0, we denote by C`
N the binomial

coefficient, that is, C`
N = N !

`!(N−`)! .)

For (2), for any positive integer k and for any i ∈ Zpm , j ∈ Zpn , by Lemma 14 (1)−(2),
we have

(bjai)p = bjpai[1+(1+pr)j+(1+pr)2j+···+(1+pr)(p−1)j ]

= bjpai[1+(1+j·pr)+(1+2j·pr)+···+(1+(p−1)·jpr)]

= bjpai(p+
1
2
p(p−1)·jpr)

= bjpaip.

Hence (2) holds.
From [25] we can obtain (3).

4 Proof of Theorem 1

We shall prove Theorem 1 by a series of lemmas. We first prove three lemmas regarding
cubic edge-transitive graphs of order twice a prime power.

Lemma 16. Let Γ be a connected cubic edge-transitive graph of order 2pn with p an odd
prime and n > 2. Let G 6 Aut (Γ) be transitive on the edges of Γ. Then any minimal
normal subgroup of G is an elementary abelian p-group.

Proof. Let N be a minimal normal subgroup of G. If G is transitive on the arcs of Γ,
then by [9, Lemma 3.1], N is an elementary abelian p-group, as required.

In what follows, assume that G is not transitive on the arcs of Γ. Then since Γ has
valency 3, Γ is semisymmetric and so it is bipartite. Let B0 and B1 be the two partition
sets of V (Γ). Then B0, B1 are just the two orbits of G on V (Γ) and have size pn. Recalling
that N EG, each orbit of N has size dividing pn. So, if N is solvable, then N must be an
elementary abelian p-group, as required.

Suppose that N is non-solvable. By Proposition 13, we have |G| = 2r · 3 · pn, where
r > 0. If p = 3, then by Burnside paqb-theorem, G would be solvable, which is impossible
because N is non-solvable. Thus, p > 3. Since N is a minimal normal subgroup of G, N
is a product of some isomorphic non-abelian simple groups. Observing that 32 - |G|, by
[12, pp.12-14], we obtain that N ∼= A5 or PSL(2, 7). Then p = 5 or 7, and p2 - |N |. Since
n > 2, it follows that N is intransitive on each bipartition sets of Γ. By Proposition 8, N
is semiregular on V (Γ), and so |N | | pn, which is impossible. This completes the proof of
our lemma.

Lemma 17. Let p > 5 be a prime and let Γ be a connected cubic edge-transitive graph of
order 2pn with n > 1. Let A = Aut (Γ) and let H be a Sylow p-subgroup of A. Then Γ is
a bi-Cayley graph over H, and moreover, if p > 11, then Γ is a normal bi-Cayley graph
over H.

Proof. By Proposition 13, the stabilizer of any v ∈ V (Γ) in A has order dividing 2r · 3
with r > 0. Recalling H is a Sylow p-subgroup of A, H must be semiregular on V (Γ)
since p > 5. Since Γ is edge-transitive, Γ is either arc-transitive or semisymmetric, and
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so pn | |A|. It follows that pn | |H|, and so |H| = pn. Thus, H has two orbits on V (Γ),
and hence Γ is a bi-Cayley graph over H.

Now suppose that p > 11. We shall prove the second assertion. It suffices to prove
that H E A. Use induction on n. If n = 1, then Γ is symmetric by [11, Theorem 2], and
then by [18, Theorem 1] (see also [5, Table 1] or [9, Proposition 2.8]), we have H EA, as
required. Assume n > 2. Take N to be a minimal normal subgroup of A. By Lemma 16,
N is an elementary abelian p-group and |N | | pn. Consider the quotient graph ΓN of Γ
corresponding to the orbits of N . If |N | = pn, then H = N E A, as required. Suppose
that |N | < pn. Then each orbit of N has size at most pn−1, and by Propositions 8
and 7, N is semiregular, and ΓN is of valency 3 with A/N as an edge-transitive group of
automorphisms of ΓN . Clearly, ΓN has order 2pm with m < n. By induction, we have
any Sylow p-subgroup of Aut (ΓN) is normal. It follows that H/N E A/N because H/N
is a Sylow p-subgroup of A/N . Therefore, H E A, as required.

Lemma 18. Let Γ be a connected cubic edge-transitive graph of order 2pn with p = 5 or
7 and n > 2. Let Q = Op(A) be the maximal normal p-subgroup of A = Aut (Γ). Then
|Q| = pn or pn−1.

Proof. Let |Q| = pm with m 6 n. Suppose that n − m > 2. Then by Propositions 7
and 8, the quotient graph ΓQ is a connected cubic graph of order 2pn−m with A/Q as
an edge-transitive group of automorphisms. Let N/Q be a minimal normal subgroup of
A/Q. By Lemma 16, N/Q is an elementary abelian p-group. It follows that N E A and
Q < N , contrary to the maximality of Q. Thus n−m 6 1, and so |Q| = pn or pn−1.

Now we are ready to consider cubic edge-transitive bi-Cayley graphs over a metacyclic
p-group. We first prove that p = 3.

Lemma 19. Let Γ be a connected cubic edge-transitive bi-Cayley graph over a non-abelian
metacyclic p-group H with p an odd prime. Then p = 3.

Proof. Suppose to the contrary that p > 3. Let A = Aut (Γ). Then R(H) is a Sylow
p-subgroup of A. We shall first prove the following claim.

Claim.. R(H) E A.

Suppose to the contrary that R(H) is not normal in A. By Lemma 17, we have
p = 5 or 7. Let N be the maximal normal p-subgroup of A. Then N 6 R(H), and by
Lemma 18, we have |R(H) : N | = p. Then the quotient graph ΓN is a cubic graph of
order 2p with A/N as an edge-transitive automorphism group. By [6, 7], if p = 5, then
ΓN is the Petersen graph, and if p = 7, then ΓN is the Heawood graph. Since A/N is
transitive on the edges of ΓN and R(H)/N is non-normal in A/N , it follows that

A5 . A/N . S5, if p = 5;
PSL(2, 7) . A/N . PGL(2, 7), if p = 7.

Let B/N be the socle of A/N . Then B/N is also edge-transitive on ΓN , and so B is
also edge-transitive on Γ. Let C = CB(N). By Proposition 4, B/C . Aut (N). And
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C/(C ∩ N) ∼= CN/N E B/N . Since B/N is non-abelian simple, one has CN/N = 1 or
B/N .

Suppose first that CN/N = 1. Then C 6 N , and so C = C ∩ N = CN(N) = Z(N).
Then B/Z(N) = B/C . Aut (N). Since R(H) is a metacyclic p-group, N is also a
metacyclic p-group. If N is non-abelian, then by Proposition 5 and [22, Lemma 2.6],
Aut (N) is solvable. It follows that B/Z(N) is solvable, and so B is solvable. This is
contrary to the fact that B/N is non-abelian simple.

If N is abelian, then C = Z(N) = N . Let

Aut Φ(N) = 〈α ∈ Aut (N) | gαΦ(N) = gΦ(N), ∀g ∈ N〉,

where Φ(N) is the Frattini subgroup of N . Recall that Aut Φ(N) is a normal p-subgroup
of Aut (N) and Aut (N)/Aut Φ(N) 6 Aut (N/Φ(N)) (see [19]). Let K/C = (B/C) ∩
Aut Φ(N). Then K/C EB/C, and so K EB. It follows that

B/K ∼= (B/C)/(K/C) ∼= ((B/C) · Aut Φ(N))/Aut Φ(N) 6 Aut (N/Φ(N)).

Clearly, K/C is a p-group. Since C = N , K is also a p-group. As N is the maximal normal
p-subgroup of A, N is also the maximal normal p-subgroup ofB. This implies thatK = N .
If N is cyclic, then N/Φ(N) ∼= Zp, and so B/N = B/K . Aut (N/Φ(N)) ∼= Zp−1, again
contrary to the fact that B/N is a non-abelian simple group. If N is not cyclic, then
N/Φ(N) ∼= Zp × Zp. It follows that B/N = B/K . Aut (N/Φ(N)) ∼= GL(2, p). This
forces that either A5 6 GL(2, 5) with p = 5, or PSL(2, 7) 6 GL(2, 7) with p = 7. However,
each of these can not happen by Magma [3], a contradiction.

Suppose now that CN/N = B/N . Since C ∩N = Z(N), we have 1 < C ∩N 6 Z(C).
Clearly, Z(C)/(C∩N)EC/(C∩N) ∼= CN/N . Since CN/N = B/N is non-abelian simple,
Z(C)/C∩N must be trivial. Thus C∩N = Z(C), and hence B/N = CN/N ∼= C/C∩N =
C/Z(C). If C = C ′, then Z(C) is a subgroup of the Schur multiplier of B/N . However, the
Schur multiplier of A5 or PSL(2, 7) is Z2, a contradiction. Thus, C 6= C ′. Since C/Z(C)
is non-abelian simple, one has C/Z(C) = (C/Z(C))′ = C ′Z(C)/Z(C) ∼= C ′/(C ′ ∩ Z(C)),
and then we have C = C ′Z(C). It follows that C ′′ = C ′. Clearly, C ′∩Z(C) 6 Z(C ′), and
Z(C ′)/(C ′∩Z(C))EC ′/(C ′∩Z(C)). Since C ′/(C ′∩Z(C)) ∼= C/Z(C) and since C/Z(C) is
non-abelian simple, it follows that Z(C ′)/(C ′∩Z(C)) is trivial, and so Z(C ′) = C ′∩Z(C).
As C/(C∩N) ∼= CN/N is non-abelian, we have C/(C∩N) = (C/(C∩N))′ = (C/Z(C))′ ∼=
C ′/(C ′∩Z(C)) = C ′/Z(C ′). Since C ′ = C ′′, Z(C ′) is a subgroup of the Schur multiplier of
CN/N . However, the Schur multiplier of A5 or PSL(2, 7) is Z2, forcing that Z(C ′) ∼= Z2.
This is impossible because Z(C ′) = C ′∩Z(C) 6 C ∩N is a p-subgroup. Claim is proved.

If H is non-split, then by Proposition 6, A has a normal p-complement Q. By Propo-
sitions 7 and 8, the quotient graph ΓQ would be cubic graph of odd order, a contradiction.

Thus, H is split. Then we may assume that

H = 〈a, b | apm = bp
n

= 1, ab = a1+pr〉,

where m,n, r are positive integers such that r < m 6 n+ r.
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By Claim, R(H)EA. Since Γ is edge-transitive, we assume that Γ = BiCay(H, ∅, ∅, S).
By Proposition 9, we may assume that S = {1, g, h} with g, h ∈ H. By Proposition 10,
there exists σα,x ∈ Aut (Γ)10 , where α ∈ Aut (H) and x ∈ H, such that σα,x cyclically
permutates the three elements in Γ(10) = {11, g1, h1}. Without loss of generality, assume
that (σα,x)|Γ(10) = (11 g1 h1). Then g1 = (11)σα,x = x1, implying that x = g. Furthermore,
h1 = (g1)σα,x = (ggα)1 and 11 = (h1)σα,x = (ghα)1. It follows that gα = g−1h, hα = g−1.
This implies that α is an automorphism of H order dividing 3. If α is trivial, then
h = g−1 and g = g−1h = g−2, and then g3 = 1. Since p > 3, we must have h = g = 1, a
contradiction. Thus, α has order 3. By Proposition 5, we must have 3 | p−1. Furthermore,
α is conjugate to the following automorphism of H induced by the following map:

β : a 7→ as, b 7→ b,

where s is an element of order 3 of Z∗pm .
Assume that β = π−1απ for π ∈ Aut (H). Consider the graph Γπ = BiCay(H, ∅, ∅, Sπ).

By Proposition 10 (3), we have Γπ ∼= Γ, and σβ,gπ cyclically permutates the three elements
in Γπ(10) = {1π1 , gπ1 , hπ1}. For convenience of the statement, we may assume that π is trivial
and α = β.

Let g = bjai, where i ∈ Zpm , j ∈ Zpn . Then h = ggα = bjaibjais. Since Γ is connected,
we have H = 〈S〉 = 〈g, h〉 =〈bjai, bjaibjais〉= 〈bj, ai, ais〉 = 〈ai, bj〉, implying that i, j are
coprime to p. Then there exists an integer u such that ui ≡ 1 ( mod pm). It is easy
to check that the map γ : a 7→ au, b 7→ b can induce an automorphism of H, and then
(ai)γ = aui = a. Again, by Proposition10 (3), we have Γ ∼= BiCay(H, ∅, ∅, Sγ), where
Sγ = {1, bja, bjabjas}. Let Γ′ = BiCay(H, ∅, ∅, Sγ). Then σγ−1αγ,gγ ∈ Aut (Γ′) cyclically
permutates the elements in Γ′(10) = {11, (b

ja)1, (b
jabjas)1}.

It is easy to check that aγ
−1αγ = (ai)αγ = (ais)γ = as and bα

γ
= b. It then follows

that 1
σ
αγ,bja

1 = (bja)1, (bja)
σ
αγ,bja

1 = (bjabjas)1, and (bjabjas)
σ
αγ,bja

1 = (bja(bjabjas)α
γ
)1=

(bjabjasbjas
2
)1 = (b3ja(1+pr)2j+s(1+pr)j+s2)1 6= 11. This is a contradiction. Thus p = 3.

In what follows, we consider cubic edge-transitive bi-Cayley graph over the group H,
where H is a non-abelian metacyclic 3-group.

Lemma 20. Let Γ = BiCay(H,R,L, S) be a connected cubic edge-transitive bi-Cayley
graph over a non-abelian metacyclic 3-group H with |H| = 3s, where s > 4. Then Γ is a
normal bi-Cayley graph over H.

Proof. Let A = Aut (Γ) and let P be a Sylow 3-subgroup of A such that R(H) 6 P . By
Proposition 13, we have |A| = 3s+1 · 2r with r > 0. This implies that |P | = 3|R(H)|,
and so |P10| = |P11| = 3. Thus, P is transitive on the edges of Γ. Clearly, R(H) E P .
This implies that the two orbits H0, H1 of R(H) do not contain the edges of Γ, and so
R = L = ∅.

Claim. P E A.
Let M E A be maximal subject to that M is intransitive on both H0 and H1. By

Proposition 7 and Proposition 8, M is semiregular on V (Γ) and the quotient graph ΓM of
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Γ relative to M is a cubic graph with A/M as an edge-transitive group of automorphisms.
Assume that |M | = 3t. Then |V (ΓM)| = 2 · 3s−t. If s − t 6 2, then by [6, 7], ΓM
is isomorphic to F006A or the Pappus graph F018A, and then Aut (ΓM) has a normal
Sylow 3-subgroup. It follows that P/M E A/M , and so P E A, as claimed.

Now assume that s − t > 2. Take a minimal normal subgroup N/M of A/M . By
Lemma 16, N/M is an elementary abelian 3-group. By the maximality of M , N is
transitive on at least one of H0 and H1, and so 3s | |N |. If 3s+1 | |N |, then P = N E A,
as claimed. Assume that |N | = 3s. If N is transitive on both H0 and H1, then N
is semiregular on both H0 and H1, and then ΓM would be a cubic bi-Cayley graph on
N/M . Since ΓM is connected, by Proposition 9, N/M is generated by two elements,
and so N/M ∼= Z3 or Z3 × Z3. This implies that |V (ΓM)| = 6 or 18, contrary to the
assumption that |V (ΓM)| = 2 · 3s−t > 18. Thus, we may assume that N is transitive
on H0 but intransitive on H1. Then N/M 6= R(H)M/M , and so NR(H)M/M = P/M .
Since |P/M : R(H)M/M | | 3, one has |N/M : (N/M ∩ R(H)M/M)| | 3, and since H
is metacyclic, one has N/M ∩ R(H)M/M is also metacyclic and so is a two-generator
group. This implies that |N/M | | 33, and so |N/M | = 33 because |N/M | = 3s−t > 9.
Then |V (ΓM)| = 2 · |N/M | = 54. Since s > 4, we have |M | > 3. If M � R(H),
then P = MR(H) and then N/M 6 R(H)M/M . As H is metacyclic, N/M is also
metacyclic, and so |N/M | = 3 or 9, a contradiction. Thus, M 6 R(H), and hence M
is metacyclic. Then M/Φ(M) ∼= Z3 or Z3 × Z3. Since Φ(M) is characteristic in M , one
has Φ(M) EA because M EA. Then the quotient graph ΓΦ(M) is a cubic graph of order
2 · 34 or 2 · 35 with A/Φ(M) as an edge-transitive group of automorphisms. By [6, 7] and
Magma [3], we obtain that every Sylow 3-subgroup of Aut (ΓΦ(M)) is normal. This implies
that P/Φ(M) E A/Φ(M), and so P E A, completing the proof of our claim.

Now we are ready to finish the proof of our lemma. By Claim, we have P EA. Since
|P : R(H)| = 3, one has Φ(P ) 6 R(H). As H is non-abelian, one has Φ(P ) < R(H)
for otherwise, we would have P is cyclic and so H is cyclic which is impossible. Then
Φ(P ) is intransitive on both H0 and H1, the two orbits of R(H) on V (Γ). Since Φ(P ) is
characteristic in P , P E A gives that Φ(P ) E A. By Propositions 7 and 8, the quotient
graph ΓΦ(P ) of Γ relative to Φ(P ) is a cubic graph with A/Φ(P ) an edge-transitive group of
automorphisms. Furthermore, P/Φ(P ) is transitive on the edges of ΓΦ(P ). Since P/Φ(P )
is abelian, it is easy to see that ΓΦ(P )

∼= K3,3, and so P/Φ(P ) ∼= Z3 × Z3. Since |P | =
3s+1 > 35, one has |Φ(P )| = 3s−1 > 33.

Let Φ2 be the Frattini subgroup of Φ(P ). Then Φ2 EA because Φ2 is characteristic in
Φ(P ) and Φ(P ) E A. Clearly, Φ2 6 Φ(P ) < R(H), so Φ2 is intransitive on both H0 and
H1. Consider the quotient graph ΓΦ2 of Γ relative to Φ2. By Propositions 7 and 8, ΓΦ2

is a cubic graph with A/Φ2 as an edge-transitive group of automorphisms. Furthermore,
ΓΦ2 is a bi-Cayley graph over the group R(H)/Φ2. Again, since H is a metacyclic group,
we have Φ(P )/Φ2

∼= Z3 or Z3 × Z3. If Φ(P )/Φ2
∼= Z3, then Φ(P ) is a cyclic 3-group, and

so Γ is an edge-transitive cyclic cover of ΓΦ(P )
∼= K3,3. By Feng et al. [10, 23], we have Γ

is isomorphic to either K3,3 or the Pappus graph, a contradiction.
Thus, Φ(P )/Φ2

∼= Z3 × Z3. Since |Φ(P )| = 3s−1 > 33, one has |Φ2| > 3. Let Φ3 be
the Frattini subgroup of Φ2. Then Φ3 is characteristic in Φ2, and so normal in A because

the electronic journal of combinatorics 25(3) (2018), #P3.28 11



Φ2 E A. As Φ2 6 R(H), one has Φ2/Φ3
∼= Z3 or Z3 × Z3, and so |R(H)/Φ3| = 34 or

35. Clearly, Φ3 is intransitive on both H0 and H1. Again, by Propositions 7 and 8, the
quotient graph ΓΦ3 is a cubic graph of order 162 or 486 with A/Φ3 as an edge-transitive
group of automorphisms. Observe that R(H)/Φ3 is metacyclic semiregular on V (ΓΦ3)
with two orbits.

If |ΓΦ3| = 486, then by [6, 7], ΓΦ3 is semisymmetric or symmetric. For the former,
by Magma [3], all semiregular subgroups of Aut (ΓΦ2) of order 243 are normal, and so
R(H)/Φ3 EAut (ΓΦ3). It follows that R(H)/Φ3 EA/Φ3, and so R(H)EA, as required. If
ΓΦ3 is symmetric, then by [6], ΓΦ3

∼= F486A, F486B, F486C or F486D. By Magma [3], if
ΓΦ3
∼= F486B,F486C or F486D, then Aut (ΓΦ3) does not have a metacyclic semiregular

subgroup of order 243, a contradiction. If ΓΦ3
∼= F486A, then by Magma [3], all semireg-

ular subgroups of Aut (ΓΦ3) of order 243 are normal, and so R(H)/Φ3 E Aut (ΓΦ3). It
follows that R(H)/Φ3 E A/Φ3, and so R(H) E A, as required.

If |ΓΦ3| = 162, then by [6, 7], ΓΦ3 is symmetric, and is isomorphic to F162A, F162B
or F162C. By Magma [3], if ΓΦ3

∼= F162C, then Aut (ΓΦ3) does not have a metacyclic
semiregular subgroup of order 81, a contradiction. If ΓΦ3

∼= F162A or F162B, then
by Magma [3], all semiregular subgroups of Aut (ΓΦ3) of order 81 are normal, and so
R(H)/Φ3EAut (ΓΦ3). It follows that R(H)/Φ3EA/Φ3, and so R(H)EA, as required.

Proof of Theorem 1. Let Γ = BiCay(H,R,L, S) be a connected cubic edge-transitive
bi-Cayley graph over a non-abelian metacyclic p-group H with p an odd prime. By
Lemma 19, we have p = 3, and since H is a non-abelian metacyclic 3-group, we have
|H| = 3s with s > 3. If s = 3, then Γ has order 54, and by [6, 7], Γ is isomorphic
to F054 or the Gray graph. However, by Magma [3], Aut (F054) does not have a non-
abelian metacyclic 3-subgroup which acts semiregularly on the vertex set of F054 with
two orbits. It follows that Γ is isomorphic to Gray graph. If s > 3, then by Lemma 20,
R(H) E Aut (Γ), as required.

5 A class of cubic edge-transitive bi-3-metacirculants

In this section, we shall use Theorem 1 to give a characterization of connected cubic
edge-transitive bi-Cayley graphs over inner-abelian metacyclic 3-groups.

5.1 Construction

We shall first construct two classes of connected cubic edge-transitive bi-Cayley graphs
over inner-abelian metacyclic 3-groups.

Construction 1. Let t be a positive integer, and let

Gt = 〈a, b | a3t+1

= b3t = 1, b−1ab = a1+3t〉.

Let S = {1, a, a−1b}, and let Γt = BiCay(Gt, ∅, ∅, S).

Lemma 21. For any integer t, the graph Γt is semisymmetric.
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Proof. We first prove the following three claims.

Claim 1. Gt has an automorphism α mapping a, b to a−2b, a3t−3b, respectively.

Let x = a−2b and y = a3t−3b. Then,

(yx−1)3t+1 = [(a3t−3b)(a−2b)−1]3
t+1 = (a3t−1)3t+1 = a−1,

((yx−1)3t+1)−2 · x = a2 · a−2b = b,

and hence 〈a, b〉 = 〈x, y〉.
By Lemma 15 (2), we have x3t+1

= (a−2b)3t+1
= 1 and y3t = (a3t−3b)3t = 1. Further-

more, we have

x1+3t = (a−2b)1+3t = (a−2b)(a−2b)3t = a−2ba−2·3t = a−2−2·3tb = a3t−2b,

and
y−1xy = (a3t−3b)−1(a−2b)(a3t−3b)

= (b−1a3−3ta−2b)a3t−3b

= (b−1a1−3tb)a3t−3b

= a(1+3t)(1−3t)a3t−3b

= a3t−2b

= x1+3t .

It follows that x and y have the same relations as do a and b. Thus, the map α : a 7→
a−2b, b 7→ a3t−3b induces an automorphism of Gt, as claimed.

Claim 2. Gt has no automorphism mapping a, b to a−1, a3tb−1, respectively.

Suppose to the contrary that Gt has an automorphism, say β, such that aβ = a−1, bβ =
a3tb−1. Then (b−1ab)β = (a3t+1)β, and so

a−3t−1 = (a3t+1)β = (b−1ab)β

= (a3tb−1)−1 · a−1 · (a3tb−1)

= ba−1b−1 = a−(1+3t)3
t−1

= a−1+3t .

It follows that a2·3t = 1, and so 3t+1 | 2 · 3t, a contradiction.

Claim 3. Gt has no automorphism mapping a, b to b−1a, b−1, respectively.

Suppose to the contrary that there exists γ ∈ Aut (Gt) such that aγ = b−1a, bγ = b−1.
Then (b−1ab)γ = (a1+3t)γ, and then

b−1a3t+1 = (b−1a)1+3t = (a1+3t)γ = (b−1ab)γ = b(b−1a)b−1 = ab−1.

It follows that b−1a3t+1b = a, and so a32t+2·3t+1 = a2·3t+1 = a, forcing that 3t+1 | 2 · 3t, a
contradiction.

Now we are ready to finish the proof. By Claim 1, there exists α ∈ Aut (Gt) such that
aα = a−2b and bα = a3t−3b. Then (a−1b)α = (a−2b)−1(a3t−3b) = b−1a3t−1b = a−1. It then
follows that

Sα = {1α, aα, (a−1b)α} = {1, a−2b, a−1} = a−1S.
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By Proposition 10, σα,a is an automorphism of Γt fixing 10 and cyclically permutating the
three neighbors of 10. Set B = R(Gt)o 〈σα,a〉. Then B acts regularly on the edges of Γt.

If t = 1, then by Magma [3], Γ1 is isomorphic to the Gray graph, which is semisym-
metric. In what follows, assume that t > 1. By Theorem 1, Γt is a normal bi-Cayley
graph over R(Gt). Suppose that Γt is vertex-transitive. Then Γt is also arc-transitive. So,
there exist f ∈ Aut (Gt), g, h ∈ Gt so that δf,g,h is an automorphism of Γt taking the arc
(10, 11) to (11, 10). By the definition of δf,g,h, one may see that g = h = 1 and Sf = S−1,
namely,

{1, a, a−1b}f = {1, a−1, b−1a}.

So, f takes (a, a−1b) either to (a−1, b−1a) or to (b−1a, a−1). However, this is impossible by
Claims 2-3. Therefore, Γt is semisymmetric.

Construction 2. Let t be a positive integer, and let

Ht = 〈a, b | a3t+1

= b3t+1

= 1, b−1ab = a1+3t〉.

Let T = {1, b, b−1a}, and let Σt = BiCay(Ht, ∅, ∅, T ).

Lemma 22. For any positive integer t, the graph Σt is symmetric.

Proof. We first prove the following two claims.

Claim 1. Ht has an automorphism α mapping a, b to a2·3t+1b−3, a2·3t+1b−2, respectively.

Let x = a2·3t+1b−3 and y = a2·3t+1b−2. Note that ((y−1x)−1) = b and xb3 = a2·3t+1.
This implies that 〈x, y〉 = 〈a, b〉 = Ht.

By Lemma 15 (2), we have x3t+1
= (a−2b)3t+1

= 1 and y3t+1
= (a2·3t+1b−2)3t+1

= 1.
Furthermore, we have

y−1xy = (a2·3t+1b−2)−1(a2·3t+1b−3)(a2·3t+1b−2)

= b−1a2·3t+1b−2 = b−1a2·3t+1bb−3

= a(2·3t+1)(3t+1)b−3 = ab−3 = x3tx

= x3t+1.

It follows that x and y have the same relations as do a and b. Therefore, Ht has an
automorphism taking (a, b) to (x, y), as claimed.

Claim 2. Ht has an automorphism β mapping a, b to a−1, a−1b.

Let x = a−1 and y = a−1b. Clearly, 〈a, b〉 = 〈x, y〉. By Lemma 15 (2), we have that
x3t+1

= (a−1)3t+1
= 1 and y3t+1

= (a−1b)3t+1
= 1. Furthermore, we have

y−1xy = (a−1b)−1(a−1)(a−1b) = b−1a−1b = a−3t−1 = x3t+1.

It follows that x and y have the same relations as do a and b. Therefore, Ht has an
automorphism β which takes (a, b) to (a−1, a−1b), as claimed.
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Now we are ready to finish the proof. By Claim 1, there exists α ∈ Aut (Ht) such that
aα = a2·3t+1b−3 and bα = a2·3t+1b−2. Then

Sα = {1, b, b−1a}α = {1, a2·3t+1b−2, b−1}.

By an easy computation, we have a2·3t+1b−2 = a2·3t+1b−3b = b−3a2·3t+1b = b−2b−1a2·3t+1b =
b−2a(2·3t+1)(3t+1) = b−2a. It follows that

b−1S = b−1{1, b, b−1a} = {b−1, 1, b−2a} = Sα.

By Proposition 10, σα,b is an automorphism of Σt fixing 10 and cyclically permutating the
three neighbors of 10. Set B = R(Ht)o 〈σα,b〉. Then B acts transitively on the edges of
Σt.

By Claim 2, there exists β ∈ Aut (Ht) such that aβ = a−1 and bβ = a−1b. Then
Sβ = {1, b, b−1a}β = {1, a−1b, b−1} = S−1. By Proposition 10, δβ,1,1 is an automorphism
of Σt swapping 10 and 11. Thus, Σt is vertex-transitive, and so Σt is symmetric.

5.2 Classification

In this section, we shall give a classification of cubic edge-transitive bi-Cayley graph over
an inner-abelian metacyclic 3-group.

Lemma 23. Let H be an inner-abelian metacyclic 3-group, and let Γ be a connected cubic
edge-transitive bi-Cayley graph over H. Then Γ ∼= Γt or Σt.

Proof. Since H is an inner-abelian metacyclic 3-group, it has order at least 33. If |H| = 33,
then |Γ| = 54 and by [6, 7], we know that Γ is isomorphic to Γ1. In what follows,
assume that |H| > 33. By Theorem 1, Γ is a normal bi-Cayley graph over H. Let
Γ = BiCay(H,R,L, S). Since Γ is edge-transitive, the two orbits H0, H1 of R(H) on
V (Γ) do not contain any edge of Γ, and so R = L = ∅. By Proposition 9, we may
assume that S = {1, x, y} for x, y ∈ H. Since Γ is connected, by Proposition 9, we have
H = 〈S〉 = 〈x, y〉.

Let A = Aut (Γ), since Γ is normal and since Γ is edge-transitive, by Proposition 10,
there exists σα,h ∈ A10 , where α ∈ Aut (H) and h ∈ H, such that σα,h cyclically per-
mutates the three elements in Γ(10) = {11, x1, y1}. Without loss of generality, assume
that (σα,h)|Γ(10) = (11 x1 y1). Then x1 = (11)σα,h = h1, implying that x = h. Further-
more, y1 = (x1)σα,h = (xxα)1 and 11 = (y1)σα,h = (xyα)1. It follows that xα = x−1y and
yα = x−1. This implies that α is an automorphism of H order dividing 3. If α is trivial,
then x = y−1 and x = x−1y = y2, and then y3 = 1 and x3 = 1. This implies that H ∼= Z3,
contrary to the assumption that |H| > 33. Thus, α has order 3.

Since H is an inner-abelian 3-group, by elementary group theory (see also [21]), we
may assume that

H = 〈a, b | a3t+1

= b3s = 1, b−1ab = a3t+1〉,
where t > 2, s > 1. We first prove the following claim.

Claim 1. H/H ′ = 〈aH ′〉 × 〈bH ′〉 ∼= Z3t × Z3t , Z3t × Z3t−1 or Z3t × Z3t+1 .
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By Lemma 15 (3), we have the derived subgroup R(H)′ of R(H) is isomorphic to Z3.
Since R(H)′ is characteristic in R(H), R(H) E A gives that R(H)′ E A. Consider the
quotient graph ΓR(H)′ of Γ relative to R(H)′. Clearly, R(H)′ is intransitive on both H0

and H1, the two orbits of R(H) on V (Γ). By Propositions 7 and 8, ΓR(H)′ is a cubic
graph with A/R(H)′ as an edge-transitive group of automorphisms. Clearly, ΓR(H)′ is a
bi-Cayley graph over the abelian group R(H)/R(H)′. Since R(H)/R(H)′EA/R(H)′, by
Proposition 11, we have R(H)/R(H)′ ∼= Z3m+m1 ×Z3m for some integers m,m1 satisfying
the equality λ2−λ+ 1 ≡ 0 (mod 3m1) with λ ∈ Z∗3m1 . This implies that m1 = 0 or 1, and
so R(H)/R(H)′ ∼= Z3m × Z3m or Z3m+1 × Z3m .

Since a3t = [a, b], one has 〈aH ′〉 ∼= Z3t , and since H ′ ∩ 〈b〉 = 1, one has H/H ′ =
〈aH ′〉 × 〈bH ′〉 ∼= Z3t × Z3s . So, if R(H)/R(H)′ ∼= Z3m × Z3m , then we have m = s = t,
and if R(H)/R(H)′ ∼= Z3m+1 × Z3m , then (t, s) = (m,m + 1) or (m + 1,m). Claim 1 is
proved.

For any h ∈ H, denote by o(h) the order of h. Let n = Max{t+1, s}. By Lemma 15 (2),
it is easy to see that 3n is the exponent of H.

Claim 2. o(x) = o(y) = o(x−1y) = 3n and x3n−1 6= y3n−1
.

Observing that xα = x−1y and yα = x−1, we have o(x) = o(y) = o(x−1y). By
Lemma 15 (2), we must have o(x) = o(y) = o(x−1y) = 3n. Then (x−1y)3n−1 6= 1, and
again by Lemma 15 (2), we have x−3n−1

y3n−1 6= 1, namely, x3n−1 6= y3n−1
, as claimed.

By Claim 1, we shall consider the following three cases:

Case 1. H/H ′ = 〈aH ′〉 × 〈bH ′〉 ∼= Z3t × Z3t .

In this case, we have s = t. By Claim 2, we have o(x) = o(y) = o(x−1y) = 3t+1 and
x3t 6= y3t . As H ′ ∼= Z3, we have H ′ = 〈x3t〉 = 〈y3t〉, implying that y3t = x−3t . Thus
(xy)3t = x3ty3t = x3tx−3t = 1. Since [x, y] ∈ H ′ and H ′ = 〈x3t〉, we have [x, y] = x3t or
x−3t . It follows that (xy)−1 · x · (xy) = y−1xy = x1+3t or x1−3t .

If (xy)−1 · x · (xy) = y−1xy = x1+3t , then

H = 〈x, xy | x3t+1

= (xy)3t = 1, (xy)−1 · x · (xy) = x1+3t〉,

and S = {1, x, y} = {1, x, x−1(xy)}. So, Γ is isomorphic to Γt (see Construction 1).
If (xy)−1 · x · (xy) = y−1xy = x1−3t , then

H = 〈x, (xy)−1 | x3t+1

= [(xy)−1]3
t

= 1, (xy) · x · (xy)−1 = x1+3t〉,

and S = {1, x, y} = {1, x, x−1[(xy)−1]−1}. By Proposition 9 (4), we have

Γ = BiCay(H, ∅, ∅, S) ∼= BiCay(H, ∅, ∅, S−1).

Note that S−1 = {1, x−1, y−1} = {1, x−1, (xy)−1x}. It is easy to check that the map

f : x 7→ x−1, (xy)−1 7→ (xy)−1x3t
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induces an automorphism of H such that {1, x, x−1(xy)−1}f = S−1. By Proposition 9 (3),
we have

Γ ∼= BiCay(H, ∅, ∅, S−1) ∼= BiCay(H, ∅, ∅, {1, x, x−1(xy)−1}) ∼= Γt,

as required.

Case 2. H/H ′ = 〈aH ′〉 × 〈bH ′〉 ∼= Z3t × Z3t−1 .

In this case, we have s = t − 1. Let T = 〈R(h) | h ∈ H, h3t−1
= 1〉. Then T =

〈R(a)9〉 × 〈R(b)〉 and T is characteristic in R(H), and so normal in A for R(H) E A.
Furthermore, R(H)/T ∼= Z9. By Propositions 7 and 8, the quotient graph ΓT of Γ
relative to T is a cubic edge-transitive graph of order 18. Clearly, R(H)/T is semiregular
on V (ΓT ) with two orbits, so ΓT is a bi-Cayley graph over the cyclic group R(H)/T
of order 9. Since R(H)/T E A/T , by Proposition 11, there exists λ ∈ Z∗32 such that
λ2 − λ+ 1 ≡ 0 (mod 32), which is impossible.

Case 3. H/H ′ = 〈aH ′〉 × 〈bH ′〉 ∼= Z3t × Z3t+1 .

In this case, we have s = t + 1. Let N = 〈h | h ∈ H, h3 = 1〉. Then N = 〈a3t , b3t〉 ∼=
Z3×Z3. By Claim 2, we have o(x) = o(y) = 3t+1. Since H = 〈x, y〉, one has N = 〈x3t , y3t〉.
As H ′ ∼= Z3, one has H ′ 6 N . So, H ′ = 〈x3t〉, 〈y3t〉, 〈(xy)3t〉 or 〈(xy−1)3t〉.

Recall that H has an automorphism α taking (x, y) to (x−1y, x−1). Suppose that one
of the three subgroups: 〈x〉, 〈y〉, 〈x−1y〉 is normal in H. Then all of them are normal in
H. So H = 〈x, y〉 = 〈x〉 × 〈y〉 because |H| = 32(t+1). This is impossible because H is
non-abelian. Thus, all of the three subgroups: 〈x〉, 〈y〉, 〈x−1y〉 are not normal in H.

It then follows that H ′ = 〈(xy)3t〉. Then either x−1(xy)x = (xy)1+3t or x−1(xy)x =
(xy)1−3t . For the former, we have

H = 〈xy, x | (xy)3t+1

= x3t+1

= 1, x−1(xy)x = (xy)3t+1〉,

and S = {1, x, y} = {1, x, x−1(xy)}. Hence, Γ ∼= Σt (see Construction 2).
For the latter, we have

H = 〈xy, x−1 | (xy)3t+1

= x−3t+1

= 1, x(xy)x−1 = (xy)3t+1〉,

and S = {1, x, y} = {1, (x−1)−1, x−1(xy)}. By Proposition 9 (4), we have

Γ = BiCay(H, ∅, ∅, S) ∼= BiCay(H, ∅, ∅, S−1).

Note that S−1 = {1, x−1, y−1} = {1, x−1, (xy)−1x}. It is easy to check that the map

f ′ : x−1 7→ x−1, xy 7→ (xy)3t−1

induces an automorphism of H such that {1, x−1, x(xy)}f ′ = S−1. By Proposition 9 (3),
we have

Γ ∼= BiCay(H, ∅, ∅, S−1) ∼= BiCay(H, ∅, ∅, {1, x−1, x(xy)}) ∼= Σt,

as required.
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6 Proof of Corollary 3

In this section we complete the proof of Corollary 3.

Proof of Corollary 3. Let p be a prime, and let Γ be a connected cubic edge-transitive
graph of order 2p3. By [11], the smallest semisymmetric graph has 20 vertices. So, if p = 2,
then Γ is vertex-transitive. If p = 3, then by [6, 7], we know that Γ is not vertex-transitive
if and only if it isomorphic to the Gray graph.

Now assume that p > 3. By Lemma 17, Γ is a bi-Cayley graph over a group H of order
p3. Suppose that Γ is not vertex-transitive. Then Γ is bipartite with the two orbits of H
as its two parts. So we may let Γ = BiCay(H, ∅, ∅, S). By Proposition 9, we may assume
that S = {1, a, b} form a, b ∈ H. If H is abelian, then H has an automorphism α which
maps every element of H to its inverse. By Proposition 10, δα,1,1 is an automorphism
of Γ swapping the two parts of Γ, and so Γ is vertex-transitive, a contradiction. If H is
non-abelian, then H is either metacyclic or isomorphic to the following group:

J = 〈a, b, c | ap = bp = cp = 1, c = [a, b], [a, c] = [b, c] = 1〉.

By Theorem 1, H is non-metacyclic. If H ∼= J , then it is easy to see that J has an
automorphism β taking (a, b) to (a−1, b−1). Again, by Proposition 10, δβ,1,1 is an auto-
morphism of Γ swapping the two parts of Γ, and so Γ is vertex-transitive, a contradiction.
This completes the proof of Corollary 3.
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[6] M. Conder and P. Dobcsǎnyi. Trivalent symmetric graphs on up to 768 vertices. J.
Combin. Math. Combin. Comput., 40:41–63, 2002.
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