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Abstract

We define an algebraic variety X (d, A) consisting of matrices whose rows and
columns are partial flags. This is a smooth, projective variety, and we describe it as
an iterated bundle of Grassmannian varieties. Moreover, we show that X (d, A) has
a cell decomposition, in which the cells are parametrized by certain matrices of sets
and their dimensions are given by a notion of inversion number. On the other hand,
we consider the Spaltenstein variety of partial flags which are stabilized by a given
nilpotent endomorphism. We partition this variety into locally closed subvarieties
which are affine bundles over certain varieties called Y, parametrized by semistan-
dard tableaux T. We show that the varieties Y7 are in fact isomorphic to varieties
of the form X(d, A). We deduce that each variety Y7 has a cell decomposition,
in which the cells are parametrized by certain row-increasing tableaux obtained by
permuting the entries in the columns of T and their dimensions are given by the
inversion number recently defined by P. Drube for such row-increasing tableaux.

Mathematics Subject Classifications: 05A05, 05A19, 14M15

1 Introduction

Given the following data:

e a p X ¢ matrix of nonnegative integers d = (d; ;) which is nondecreasing along the
rows and the columns, i.e., d; ; < dy ; whenever i <7i', j < 7/,

e a chain of C-vector spaces A = (A; C ... C A,) such that dim A; = d,, ,

*Supported in part by the ANR project GeoLie (ANR-15-CE40-0012).
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we define X (d, A) as the set of p X ¢ matrices of vectors spaces V' = (V; ;) such that

Vi j is a d; j-dimensional subspace of A; for all i, j, (1)

Vij C Vi j» whenever i <4', j < j. (2)

Thus X (d, A) consists of representations of the p x ¢ rectangular quiver

® 1 — @92 — @3 - — O,
\ \ 4 1
.2’1 — .2’2 — .2,3 v — .2,(1
1 4 Lo 1
)1 T ®p2 7 @3 T %y

in the subcategory of vector spaces where we retain only inclusion morphisms. Clearly
X(d, A) is a closed subset of the projective variety

H Grassg, ;(4;)
'7.j

where Grassi(H) stands for the Grassmannian variety of k-dimensional subspaces of a
vector space H.

We outline some general facts on the variety X(d, A), which are explained in more
detail in the rest of the paper:

1) X(d, A) is an iterated bundle of base type the following collection of Grassmannian
varieties

{Grassy (CHa—di-1i-1) 2 i< p, 1< <q}

i—1,—di—1,j—1

(where d; o = 0), in particular X (d, A) is smooth, irreducible, and its Poincaré polynomial
is explicitly determined; see Theorem 1.

2) For certain dimension matrices d, X (d, A) is a resolution of a Schubert variety in a
natural way; see Remark 5 (a). In fact, in the case where the chain A is maximal, X (d, A)
is a Bott-Samelson variety of special type; see Remark 5 (b). The definition of X (d, A)
is related to the combinatorial construction of Bott-Samelson varieties given in [10]; see

Remark 5 (c).
3) We define W = W(d) as the set of p x ¢ matrices of sets w = (w; ;) such that

w; j is a subset of {1,...,d, ;} of cardinality d;; for all i, j, (3)

w;; C wy ;v whenever ¢ <4/, j < 7. (4)

In Section 3, we introduce a notion of inversion number n;,, (w) for the elements of YW, and
we show that the elements of VW parametrize a cell decomposition X (d, A) = | | ., C(w)
such that dim C'(w) = njny(w).
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4) Our main original motivation in considering the variety X (d, A) is the study of
Spaltenstein varieties. A Spaltenstein variety Fl , is a variety of partial flags (for dimen-
sion vector k) which are preserved by a given nilpotent endomorphism u : C"* — C" (see
Section 4.1). This variety is in general not irreducible. As it is recalled in Section 4.2,
there is a natural partition of Fl , into locally closed subsets

Flk,u = |_| Flk,u,T
TeSTabg (A(u))

parametrized by semistandard tableaux T" whose shape is the Jordan form of u (seen as
a Young diagram). Moreover, the closures Flj , 7 are the irreducible components of Fly ,,.
In Proposition 17, we show that for each subvariety Fl;, 7, there is an affine bundle

or - Flk,u,T — YT

where Y7 is a certain projective variety (realized as the subvariety of Fli , r formed by
flags which are homogeneous with respect to a grading adapted to the filtration C" =
U?:1 ker u/). The main results of Section 4 concern the structure of the variety Y. In
Theorem 20 we show that

Y7 is isomorphic to a variety of the form X(d, A).

In Theorem 27, relying on Section 3, we then show that Y has a cell decomposition

Yr = I_l Y(7)

TE€RTab(T)

parametrized by the set RTab(T') of all row-increasing tableaux obtained by permuting
entries in the columns of 7', moreover the cell decomposition is such that the dimensions
of the cells Y(7) coincide with the inversion numbers ny,,(7) defined by P. Drube [4] for
such row-increasing tableaux.

Spaltenstein varieties are considered in [12, 13]. Computations of their Poincaré poly-
nomials can also be deduced from [3, 11]. In the present paper, we are able to provide
closed formulas for the Poincaré polynomials of the varieties Yr and the Spaltenstein
variety Fli, (see Corollaries 21, 29, and Remark 30). This generalizes similar results
obtained for Springer fibers in [6]. The results obtained in Section 4 also give a geometric
interpretation of the recent results of [4, 5].

Notation and mathematical background

All the algebraic and geometric constructions are made over C. By |M| we denote the
cardinality of a set M. For a positive integer k, we consider the polynomials [k], :=
1+z+...+2" 1 and [k],! = 1], - [k

Given an algebraic variety Y, we denote by H'(Y,Q) its cohomology spaces (con-
sidering sheaf cohomology with rational coefficients) and by H(Y,Q) its cohomology
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with compact support. Note that H(Y,Q) = H!(Y,Q) whenever Y is projective. Let
P(Y)(t) := > ,50dim H(Y,Q) t* be the Poincaré polynomial.

In fact, all varieties considered in this paper satisfy the parity vanishing condition
H{(Y,Q) = 0 whenever i is odd. Hence we may renormalize the Poincaré polynomial as
P(Y)(x) = Yoo dim H*(Y,Q) 2', setting x = ¢°.

A sufficient condition for a projective variety Y to have this parity vanishing condition
is the existence of a cell decomposition. By cell decomposition, we mean here a partition
into finitely many locally closed subsets that can be numbered as Y = Y, U... U Y} so
that Y, U ... U Y, is closed for all £ and each Y, is isomorphic to an affine space AdmYe,
Then

PY)(t) = P(Y)(x) = Y o™ ()
/=1

For example, the decomposition P(C") = | |,_,(P(C*) \ P(C*™")) is a cell decomposition,
hence P(P(C™))(xz) = [n],. More generally, letting B C GL,(C) be the subgroup of
upper triangular matrices, by the Bruhat decomposition, the partition into B-orbits of
any variety of partial flags of C" is a cell decomposition. In the case of the Grassmannian
variety Grassg(C™), the cells are parametrized by the subsets I C {1,...,n} with k
elements: the cell C(I) is the B-orbit of the subspace C! € Grass;,(C") spanned by the
vectors ¢; (1 € I) of the standard basis of C". Moreover

dimC(I) = |{(i,j):1<j<i<n, i€l j¢I} (6)

If X,Y, F are projective varieties, Y, F' are smooth, irreducible, satisfy the aforemen-
tioned parity vanishing condition, and ¢ : X — Y is a locally trivial fiber bundle with fiber
isomorphic to F, then X is smooth, irreducible, satisfies the parity vanishing condition,
and P(X)(z) = P(Y)(x) - P(F)(x).

The notion of iterated bundle is defined by induction. An iterated bundle of base type
{Y1} is a variety isomorphic to Y; for k > 2, we say that X is an iterated bundle of base
type {Y1,..., Y%} if (up to renumbering the Y;’s), there is a locally trivial fiber bundle
X — Y, whose typical fiber is an iterated bundle of base type {Y1,...,Yy_1}. Assume
that X, Y7,..., Y, are projective. If Y1, ..., Y} are smooth, irreducible, satisying the parity
vanishing condition, then so is X, and P(X)(z) = HIZ:1 P(Yy)(x).

For instance the variety of complete flags F1(C") is an iterated bundle of base type
{P(C* : 1 < ¢ < n} (indeed, the map FI(C") — P(C"), (Vy,...,V,) = Vi is locally
trivial, of fiber isomorphic to FI(C"™!)), hence

P(FIC"))(z) = [nl.!.

The map F1(C") — Grass(C"), (Vo, ..., Vy) = V4 is also locally trivial, of fiber FI1(C*) x
FI(C"*), whence

P(Grass(C"))(z) =
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2 Structure of the variety X (d, A)
The variety X (d, A) is endowed with a natural action of the group
Py:={geGL(A,) : 9g(Aj) = A, forallj=1,...,¢},

which is a parabolic subgroup of GL(A,).
Given nonnegative integers a < b < ¢, we denote

c—a C—(Zx!
Grass (*?) := Grass, o(C“™*) and [*!] := [c—[b]wl [b]— al,!”

Whenever V, C V. are vector spaces of dimensions a and ¢, respectively, the variety
of b-dimensional spaces H such that V, € H C V. is isomorphic to Grass, o(V./V,) =
Grass (2?%), and its Poincaré polynomial is [¢ 2] . Its dimension is

dim Grass (¢%) = deg[*t] = (¢ —b)(b—a).

Theorem 1. The variety X (d, A) is an iterated bundle of base type the sequence of Grass-
mannian varieties

{Grass (di‘l’j_l dfj”) (i) €{2,...,p} x{1,... ,q}}

(%)

(where d; o :=0). In particular X (d, A) is smooth, irreducible, of dimension

dim X(d, A) = > (dij = di1;)(diry — dionja),
2<i<p
1<y<q

its cohomology spaces H™(X (d, A), Q) vanish in odd degrees, and its Poincaré polynomial
s given by

P(X(d, A))(x) == ) | dim H*"(X(d, A), Q)™ = [ [ #= 4|
m>0 2<i<p
1<<q

0 0 1
Example 2. For d = ( 0 2 3 ) we get
12 4

P(X(d, A)(z) =

Lemma 3. Assume that p > 2.

(a) Assume that dy; = d,_1; for all j € {1,...,q}. Then, X(d, A) = X(d, A), where
d = (d;;) is the (p— 1) X ¢ matriz given by d; ; = d; ; for all (i,5) € {1,...,p—1} x
{1,...,q}.
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(b) Assume that d, ;o > d,—1j, for some jo € {1,...,q} and choose jo minimal for this
property. The map

@ X(d, A) = Grassg, , ; —a, 1,1 (Ajo/Ajo-1), (Vi) = Vo1
is a locally trivial fiber bundle, of fiber o1 (H) = X(c?7 g), where
" dp—l,jg Zf (Z7J) - (paj0>; ! H Zf] = jO-

In fact ¢ s trivial over each B-orbit of Grassq, ,; —d
B C GL(A;,/Aj,-1) is a Borel subgroup.

(Ajy/Aj,—1) whenever

r—1,jo—1

Proof of Lemma 3. In the situation of Lemma 3 (a), for every V = (V; ;) € X(d, A) we
have V,,_; ; = A;. We obtain a canonical isomorphism

X(d,A) = X(d,A), V=V

where V' := (V;;) denotes the (p — 1) x ¢ matrix of spaces given by V;; = V;; for all

(1,7) e{1,...,p—1} x{1,...,¢}.
In the situation of Lemma 3 (b), we have a canonical isomorphism

o7 (H) = X(d, A), (Vig) = (Viy) given by V;; = { Zr] ﬁ 8% i 8:;2;?

It remains to show that ¢ is trivial over the B-orbit of H whenever B is a Borel subgroup
of GL(A;,/Aj,—1) (this fact guarantees that ¢ is locally trivial, since there is a Borel
subgroup B for which the orbit B - H is open). By the properties of Schubert cells (see,
e.g., [2]), there is a unipotent subgroup U C B such that the map

Y:U—B-H, u— u(H)

is an isomorphism of algebraic varieties. Moreover there is a natural embedding of
GL(A,,/Aj,—1) into P4, which yields an action of GL(Aj,/A;,—1) on X(d, A), such that
the map ¢ is GL(A},/A;,—1)-equivariant. Whence a commutative diagram

o (B H) < U x o (H)

lw lpn

B-H . U

where pr; is the projection on the first factor while the isomorphism & is given by &(u, V') =
w-V forall (u,V) €U x ¢ 1 (H) and £ 1(V) = (¥ Lop(V), (0 op(V))™t-V) for all
V € ¢~ Y(B - H). Therefore the restriction of ¢ to ¢! (B - H) is trivial. O

Proof of Theorem 1. The proof is done by induction on the tuple (p, dp1, ..., d,,) (consid-
ering lexicographic order), with immediate initialization for p = 1 (in which case X (d, A)
is reduced to a point). The induction step is yielded by Lemma 3. O
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Remark 4. If G is an algebraic group and G’ is a closed subgroup acting on an algebraic
variety Y, then we let G' act on G xY by ¢'-(g,y) = (99}, ¢'y) and denote by G x 'Y :=
(GXY')/G" the quotient variety. The latter variety is equipped with a G-action in a natural
way.

Lemma 3 (b) yields the following inductive formula, in terms of a P4-equivariant iso-
morphism of varieties

X(d,A) = Py xp, , X(d, A),

where H is any d,_; j,-dimensional space such that A; 1 C H C Aj,. As before P4 C
GL(A,) is the parabolic subgroup of elements which fix the partial flag A = (4; C ... C
A,), while by P4y we denote the (parabolic) subgroup Payg ={g € P4 :g(H) = H}.

Remark 5. (a) We consider the space C" (n > 1) and its standard basis (1,...,¢,), and
let A= (Ay,...,4,) be a standard partial flag, i.e., A; = (g5 : 1 < s < {j)¢, for some
1<l <ty <...<ly=mn. Thus P, is a standard parabolic subgroup.

Given a sequence of positive integers k = (k1 < ... < k, = n), let F1,(C") be the
variety of partial flags ' = (Fy C ... C F, = C") with dimF; = k; for all i. A
permutation w € &,, gives rise to the element

Fp = ((ew, : 1 <7 < Eki)o)y.
Let d* = (d;) be the p x ¢ matrix given by
di; = {wi,wy, .. wi } V{12, 4}
The P4-orbit of F, is given by
Py Fy={F = (F,...,F},) € FR(C") : dim F; N A; = d}'; Vi, j}
and its closure is the Schubert variety
Py-F,={F=(F,...,F) e FlR(C") : dim F; N A; > d’; Vi, j}.

Then, the map
X(d",A) = Pa-Fp, V=UVij)) = Vig--sVog)

is a resolution of singularities of the Schubert variety P4 - F,, (this map is proper since
X (d", A) is projective; it is birational since its restriction over Py - F,, is an isomorphism;
finally it follows from Theorem 1 that the variety X (d*, A) is smooth).

(b) Now assume that {; = k; = j for all j, hence FI(C") := F1,(C") is the variety
of complete flags, A = (A1,...,A,) = ({e1,...,¢5)c)j=; = Fia is the standard complete
flag, and B := P, is the Borel subgroup of upper triangular matrices. For a permutation
w € &, the matrix d* = (d;)1<i j<n is here given by

di; = [{wy,...,wi} N {1,... 5} foralld,je{l,... ,n}.
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For every j € {1,...,n — 1}, let P; := {g € GL(C") : g(4;y) = A; Vj' # j} be
the corresponding minimal parabolic subgroup. Write s; = (j,7 + 1) € &,. A reduced
decomposition

W = 8i;Sip " Sig

gives rise to the Bott-Samelson variety
iy, .., ig) = Py, Xp Py, Xxp-++Xp -Pie/B

and to the resolution

Ziiy,ip) = Py xp Py Xxp -+ xg P,/B = (P, P,---P,) - Fla=B-F,
(see [2]).

A standard way of producing a particular reduced decomposition [w] := (iy,...,ds) of
w is as follows:

e [id] :=g;

o if w, = n, then set [w] := [W] where W := w1, -1} € Gpo1;

e if w, < n, then write w = s,,,w" with w/, = w, + 1 and set [w]| := (wy, i, ... 1))
where [w'] = (i}, ...,1}).

Then, the variety X (d", A) is (B-equivariently) isomorphic to the Bott-Samelson variety
Zp) associated to the reduced decomposition [w] just defined. This fact can be shown
directly by induction, by relying on the inductive formula given in Remark 4. It also
follows from part (c) of the present Remark.

(c) Following the terminology of [10], a subset family is a collection D of subsets of
{1,...,n}. A flagged representation of D is a sequence of subspaces (Vo)cep of C" such
that dim Vo = |C] and Vo C Vv whenever C' C €. In fact, we focus on subset families
such that {1,...,j} € D for all j € {1,...,n}, and on flagged representations (V) such
representations; it is a projective variety endowed with a natural action of B.

Given a permutation w € G,,, let D" be the subset family

DY = {{w,...,wi}N{l,...,5}: 1 <i,j <n}.

Then, there is a natural isomorphism Z5, = X (dv, A).

If i = (4y,...,4) is a reduced decomposition of w, it is shown in [10, Theorem 7| that
there is a B-equivariant isomorphism Z; = Zgﬂ where D" is the subset family

D i={s; s, ({1,...,0}): 1<t <P U{{1,....j}: 1<j<n}

If i = [w], then it is easy to show (by induction) that both subset families D* and D[J{U]
coincide, whence B-equivariant isomorphisms X (d*, A) =I5, = Zj,.
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3 Discrete data and inversion number

In this section we set n := d, ,(= dim A4,) and fix a basis (1, ...,¢&,) of the space A, such
that A; = (e, :a e {l,...,d,;})cforall j€{1,...,q}.

Definition 6. Let w € W(d), i.e., w = (w;;) is a p X ¢ matrix of subsets of {1,...,n}
which fulfills (3) and (4). Thus, for every j € {1,...,q}, the j-th column of w yields a
filtration

w1 Cwoj C... pr7j:{1,...,dp7j}. (7)

(a) Let a,b € {1,...,n} such that a # b. For j € {1,...,q}, we write a <; b if one of the
following two conditions is fulfilled:

e a appears before b in the filtration (7), i.e., there is i € {1,...,p} such that a € w;, ;
and b ¢ w; ;; or

e b does not appear in the filtration (7) and is greater than a, i.e., b ¢ w,; (that is,
b>d,;)and b> a.

We write a ~; b if the following condition is fulfilled:

e a,b appear simultaneously in the filtration (7), i.e., a,b € {1,...,d, ;} and min{i =
L,...,pra€wjt=min{i=1,...,p:b € w;;}

For j = 0, we write a <o b whenever a < b; hence 1 <y 2 <y ... <o n.
(b) Let j € {1,...,q}. Let Inv;(w) be the set of couples (a,b) € {1,...,n}?* satisfying,
for some j' € {0,...,5 — 1},

a <j b, b <j’ a, and a ~ i b whenever j/ < j// <j
a<b and or
b<,a, a<jb, and a ~j» b whenever j' < j" < j.

Note that Inv;(w) C {1,...,d,,;}*
(c) Finally set nipy (w) := [Invy(w)] + [Inva(w)| + ... + [Invy(w)].

@ {1} {1,3}
Example 7. For w = ( {2} {1,2,3} {1,2,3} ) we get
{1,2} {1,2,3} {1,2,3}

1<02<03, 2<11<13, 1<92~93, 1~33<32,
hence Invy (w) = {(1,2)}, Inve(w) = {(1,2)}, Invs(w) = {(2,3)}, and s0 njuy(w) = 3.
Definition 8. For w = (w; ;) € W(d), we define
Vi = ({41 @ € Wi j)c)ij,

which is an element of the variety X(d, A). Clearly, V,, =V, iff w = .

THE ELECTRONIC JOURNAL OF COMBINATORICS 25(3) (2018), #P3.41 9



Recall that Py C GL(A,) is the parabolic subgroup of elements which preserve the
partial flag A = (Ay,..., A,). Hence

Sa:={g€ GL(A,) : g(e,) € C'¢, foralla =1,...,n}
is a maximal torus of Pj.

Theorem 9.

(a) The elements V,,, for w € W(d), are exactly the Sa-fized points of the variety
X(d, A).

(b) There is a cell decomposition X (d, A) = || cyy(g) C(w) such that

(i) V, € C(w) for all w € W(d);

(ii) C(w) is isomorphic to the affine space A"“) of dimension Ny (w).
The proof relies on a discrete version of Lemma 3 (b).

Lemma 10. Assume that p > 2. Assume that there is jo € {1,...,q} (chosen minimal)
such that d, j, > dp—1 -

o Let d = (67”) be the p x q matriz as in Lemma 3 (b).

o Let Wy denote the set of subsets wy such that {1,...,d, j,—1} Cwo C{1,....dp o}
and |wo| = dp_1 4, and let us consider the map

¢ : W(d) — Wo, w = (wi,j) — Wp—1,j0-

o Fizwy € Wy, and let o : {1,...,n} — {1,...,n} be the bijection such that

o(a) =a wunless d,jo—1 < a < dpj,
o is increasing on wy and on w§ = {1,...,dy;} \ wo,
o(wo) =A{1,...,dp_1,4,} and o(w§) = {dp-14, +1,...,dp o }-

Then, the map

o) WD oo g i { 0T T

is a bijection such that, for every w € ¢~ (wy),
ninv(w) = ninv(z}) + |J0|> (8)

where Jo = {(a,b) 1 dpj—1 <a <b<dpj, b€wy a¢uw}.
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Proof of Lemma 10. The definitions of ¢, W(d), and o easily ensure that the map w +— @
is well defined and bijective. It remains to show (8).

Let <j, resp. ~;, be the analogues of <;, resp. ~j, relative to @. Given a,b €
{1,...,n} and j € {0, ..., ¢}, we say that the relative position of (a, b) in the j-th column
of wis <, ~, or > depending on whether a <; b, a ~; b, or b <; a. For j € {1,...,q}, we
say that the relative position of (a,b) before the j-th column of w is < or > depending
on whether a <j; b or b <; a where j' < j is maximal such that a 7,/ b.

Set I = {(a,b) € {1,...,n}?>:a < b} and let 7 : I — I be the bijection defined by

_ | (o(a),a(b)) ifo(a) < o(b),
7(a,b) —{ (o(b),o(a)) otherwise.

By definition of ni,y(w) and ni,, (W), for proving (8), it suffices to check that for every
couple (a,b) € I we have

if (a,b) ¢ Jo or j # jo:  (a,b) € Inv;(w) © 7(a,b) € Inv;(©); (9)
if (a,b) € Jp and j = jo: (a,b) € Inv,,(w) and &(a,b) ¢ Inv,, (©). (10)

To this end, we need to compare the relative positions of (a,b) and (o(a),o(b)) in each
column of w and w, respectively.
We make two observations. The first one follows from the construction of w:

a € w;;j < o(a) €w;; unless j = jo and a € Wy,

in which case a € w, j, but o(a) ¢ W, j,- (11)
The second one follows from the construction of o:

a<b= o(a) < o(b) unless (a,b) € Jy,
in which case we have a < b but o(a) > o(b). (12)

Since the relative position of a couple (a,b) in the j-th column of w depends only on the
belonging of a,b in the subsets w; ; and on the fact that a < b or b < a, for every couple
(a,b) € I'\ Jo, we deduce from (12) and (11) that &(a,b) = (c(a),o(b)) and

the relative position of (a,b) in the j-th column of w coincides

with the relative position of (o(a), (b)) in the j-th column of @ (13)

for all j € {0,...,q} when a,b ¢ w§, resp., for all j € {0,...,q}\ {jo} when a € w§ or
b € wg. Moreover:

e For (a,b) € I such that b € w§(= {1,...,d, ,} \ wo) and a ¢ w§, we have on one
hand a € w,_1 j,(= wp) and b & w,_1 j,, hence a <;, b, and we get on the other hand
o(a) € Wp1,o(= 0(Wp-1,)) and o (b) ¢ Wp-1,5,, hence o(a)<j,0(b).

e For (a,b) € I such that b > d, j,, we have on one hand b > max{d, ,,a}, hence
a <j, b, while we get on the other hand o(b) > o(a) (by (12)) and o(b) = b > d,;, >
dp j, (by definition of o), hence o(a)<;,0(b).
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Thus in these two cases, (13) holds also for j = jy. At this stage, because of (13), we
obtain that every couple (a,b) € I such that (a,b) ¢ Jy and (a,b) ¢ Jj := {(a',V') € I :
a', b € w§} fulfills the equivalence in (9).

Next we consider a couple (a,b) € J). Thus a,b € w§ = wyj, \ Wp—1,,, and this yields
a ~j, b. For every j < jo, we have b > a > d,_1j, = d, ; hence a < b. On the other hand
by (11)—(12) we have o(b) > o(a) and o(b) & W, , i.e., o(b) > d,j, = dpj for all j < jo,
whence o(a)<;o(b) for all j € {0,...,j0}. Altogether we conclude that (a,b) ¢ Inv;(w)
and o(a,b) ¢ Inv,;(w) for all j € {1,...,jo}, and that the relative positions of (a,b) and
7 (a,b) before the (jo+ 1)-th column of w and w, respectively, are both equal to <. These
facts, combined with (13), guarantee that every couple (a,b) € J|, fulfills the equivalence
in (9).

Finally we consider a couple (a,b) € Jy. Thus 7(a,b) = (o(b),0(a)) in view of (12).
This yields b € wy_; JO( wp) and a ¢ wy_1,, hence b <;, a, while for every j < j, we
have b > a > dpjO 1 = dp; hence a <; b. On the other hand, by (11) we get o(b) € W,_1,
and o(a) ¢ @,_1,,, hence o(b)<;,0(a), and for every j < jo we get o(a) > o(b) and
ola) > dyj,—1 = c?m hence o(b)<;o(a). Altogether this implies that (a,b) ¢ Inv;(w)
whenever j < jo and (a,b) € Inv; (w) on one hand, 7(a,b) ¢ Inv;(w) whenever j < jo
on the other hand; in addition the relative positions of the couples (a,b) and (o(a), o (b))
before the (jo + 1)-th column of w and @, respectively, are both equal to >. For j > jy
we have a,b € wy;, C wp;. On the basis of (11) we deduce that the relative positions of
(a,b) and (o(a),o(b)) in the j-th column of w and W, respectively, coincide. Hence, for
J > Jo, we have (a,b) € Inv;(w) if and only if (6(b),0(a)) € Inv;(&). Therefore the couple
(a,b) fulfills the equivalences in (9) and (10). The proof of the lemma is complete. O

Proof of Theorem 9. (a) Clearly V, is fixed by S4. Conversely, an element V = (V) €
X(d, A) is fixed by S, if and only if each subspace V;; is Ss-stable, which means that
Vi is a sum of S-eigenspaces, i.e., is of the form V;; = (¢, : @ € w; ;)¢ for some subset

w;; C {1,...,n}. This subset must be of cardinality dimV;; = d;; and the inclusion
Vij C Vi yields w;; C wy ; whenever ¢ < ¢, j < j'; in addition, the equality V,,; = A;
yields w,; = {1,...,d,;} for all j. Hence w := (w; ;) is an element of W(d) and we have
V =V,.

(b) The proof is done by induction on the tuple (p,d,1,...,d,,) (considering lexico-
graphic order) with immediate initialization if p = 1. So assume that p > 2 and let us
distinguish two cases, as in the statement of Lemma 3.

Case 1: dp; = dp1 5 for all j € {1,...,q}.

We denote by d (resp., V) (resp., &) the matrix formed by the first p — 1 rows of d
(resp., of V € X(d, A)) (resp., of w € W(d)). The map 0 : X(d, A) — X(d,A), V — V is
an isomorphism of algebraic varieties (see Lemma 3), similarly the map W(d) — W(d),
w — @ is a bijection, and we have 0(V,,) = V, for all w € W(d). Moreover, since
Wp—1,; = Wpj, we must have min{i =1,...,p—1:a€w;;} =min{i=1,...,p:a € w;;}
for all j € {1,...,q}, all @ € @,_1; = w,;, which ensures that ni,(w) = Niny(©). The
statement follows from these observations and the induction hypothesis.

Case 2: d, ;, > d, j,—1 for some jy, € {1,..., ¢}, chosen minimal.
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Let Y be the variety of d,_; j,-dimensional subspaces H such that A;,_1 C H C Aj,
and let us consider the map

©: X(d7 A) =Y, V= (V;,j) = ‘/;?—17j0
as in Lemma 3. For wg € W,, with W, as in Lemma 10, let
H,, = (ca:a €wy)c €Y.

Denoting by B C GL(A,) the subgroup of automorphisms which are upper triangular in

the basis (e1,...,&,), we have a cell decomposition
Y= || B-H, (14)
woEWD

such that dim B - H,,, = |Jy| where Jy is the set given in Lemma 10 (see (6)). Note that
(14) yields a partition X (d, A) = | |, ey, ¢~ (B - Hy,). Note also that V, € ™' (H,,) C
¢ ' (B-H,,) whenever w € ¢~ *(wp), with ¢ as in Lemma 10. Hence, for showing Theorem
9 (b), given any wy € W, it suffices to construct a cell decomposition

e N(B-Hy)= || C)
w€¢>—1(wo)

which satisfies conditions (i) and (ii) of the statement.
Letting d = (d;;) and A = (A4;) be as in Lemma 3 (b) (for H = H,,), we get by
Lemma 3 (and its proof) a trivialization of ¢ over B - H,,

§:¢  (Huy) X (B Hyy) = ¢ (B - Hy)
such that £( -, Hy,) = 1dy,-1¢g and an 1somorphism
h that (-, Hy, id,—1( wo) d 1 hi
C: o (Hay) = X(d, A), (Vig) = (Vi) with { “N;J :—VE if (4,7) # (p. jo),
p.jo = “Twor

Letting &, := €,-1(q) (fora = 1,...,n), with o as in Lemma 10, we get a basis (£1,...,&,)
of A, such that A; = (€, : 1 < a < dp;)c forall j =1,...,¢. By induction hypothesis,
we have a cell decomposition

x@i= | o

wew(d)

such that dim 5(@)) = Ninv(w) and V, = ((€a : a € wWij)c)ij € 6’(w) for all w € W(cAi/)

Considering the bijection ¢! (wp) = W(d), w + @ defined in Lemma 10, we derive a cell
decomposition of ¢~!(B - H,,) parametrized by the set ¢~*(wp), given by

e M (B-Hy)= || €CHC@) x (B Hy)).

wep(wo)

The cell C(w) := &(¢HC(@)) x (B - H,)) = C(@) x (B- H,,) satisfies
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(i) V, € C(w); indeed we easily have V,, = Cil(\N/g) = 5((’*1(\7@), H,,).
(i) dim C(w) = dim C(@) + dim B - Hy, = nine (@) + | o]

Invoking Lemma 10, we deduce that this cell decomposition satisfies conditions (i) and
(ii) of Theorem 9 (b). This completes the proof of the theorem. O

From (5) and Theorems 1, 9, it follows:

Niny (W) __ di—1,j-1 di—1,j . o
Corollary 11. Z x = H [ 7 di,jj]x (with d; o :=0).
wew(d) 2<i<p
1<y<q
Example 12. (a) In the special case where ¢ = 1, the chain of subspaces A = (A4;)
consists of a single space, say A; = C", while the dimension matrix d = (d;1)}_; consists
of a single column. Then the variety X (d, A) coincides with the variety of partial flags
F = (F, C...CF,=C") such that dim F; = d; ;, and Theorem 9 retrieves the properties
of the decomposition of this partial flag variety into Schubert cells. Specifically, the map

w e &, = ww) = ({wi,...,wq, })i_; € W(d)

yields a bijection between the set W(d) and the quotient &,,/&, of the symmetric group by
the parabolic subgroup &4 := {w € &, : w({1,...,d;1}) ={1,...,dia} Vi=1,...,p}.
In addition the inversion number ni,,(w(w)) coincides with the Coxeter length of the
representative of minimal length of the coset w&,.

(b) Next let us consider the special case where p = 2, which means that the dimension
matrix d consists of two rows; let k := (dy; < ... < dy,) be the entries in the first row;
let ¢ := (da1 < ... < dyy = n) be the entries in the second row, i.e., the dimensions
of the subspaces forming the (fixed) sequence A = (4; C ... C A, = C"). In this case
X(d, A) can be identified with the subvariety ¥ C Fl(C™) consisting of partial flags
F=(F C...CF, CcC") such that F; C A; for all j = 1,...,¢q. Note that Y is
Pj-stable, smooth, and irreducible (by Theorem 1), hence it is the closure of a P4-orbit,
i.e., a (smooth) Schubert variety of F1;(C"). Theorem 9 retrieves the properties of the
decomposition of this Schubert variety into Schubert cells. Specifically, the map

fwed,w{l,...,d;}) c{l,...,d2;} Vi=1,...,¢}/6y — W(d)
wS, = w=(w;,)

(with & :=={w € &, : w({1,...,d1;}) ={1,...,d1;} Vji=1,...,q}) given by
wrj = Awy, .. wayf, wey =41, doy} forall j=1,...,¢q

is a bijection such that, for w € W(d), the number n;,,(w) coincides with the length of
the minimal representative of the corresponding coset wSy,.
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4 Application to Spaltenstein varieties

In this section we fix the following data:

o k= (0=ky <k <...<k,=n)is an increasing sequence of integers. As before,
we denote by F1;,(C") the variety of partial flags F = (0 =Fy C Fy C ... C F, =C")
such that dim F; = k; for alli =1,... p.

e 1 :C" — C" is a nilpotent endomorphism.

4.1 The Spaltenstein variety Fli ,
The Spaltenstein variety Fl, is the subvariety of F1;(C") defined by
Flkﬂ = {F = (Fo,. . .,Fp) : U(E) C E—l Vi = 1, e 7])}.

Thus Fl, is a closed subvariety of F1,(C™), hence a projective variety — provided that it
is nonempty.

Let AM(u) = (A = ... > \;) be the partition of n formed by the sizes of the Jordan
blocks of w. This partition can be represented by a Young diagram (also denoted A(u))
of rows of lengths Ai,..., A.. By Au)* = (A] > ... > A},) we denote the dual partition
of n, i.e., the lengths of the columns of A(u).

The dimension vector k yields a composition of n denoted u(k) := (ky — ko, ..., kp —
kp—1). By u(k)™ we denote the partition of n obtained by putting the sequence p(k) in
nonincreasing order.

We emphasize the following properties of the Spaltenstein variety Fly ,,.

Proposition 13 ([12, 13]).

(a) Fly,, is nonempty if and only if u(k)™ < A(u)*, where < stands for the dominance
order.

(b) In this case, Fly,, is equidimensional of dimension Z;;l (’\2]) -3, (kij“l).

(c) Moreover, there is a bijection between the set of irreducible components of Fli,, and
the set STaby(A(u)) of semistandard tableaux of shape \(u) and weight p(k).

Recall that a semistandard tableau of shape A(u) and weight p(k) = (1, . . ., pp) (with
w; = ki — k;—1) is a numbering of the boxes of the Young diagram A(u) by the integers
1,2,...,p, comprising u; boxes of number ¢ for all ¢, such that the entries in each row are
increasing from left to right and the entries in each column are nondecreasing from top to
bottom. The set STaby(A(u)) of such semistandard tableaux is nonempty precisely when
the condition p(k)™ < A(w)* is fulfilled.

Example 14. For k = (0,2,5,8) and A(u) = (3,2,2,1), we get u(k) = (2,3,3), (k)" =

(3,3,2) < (4,3,1) = AMw)*, dimFly,, = (6 +3+0) — (14+ 3+ 3) =2, and STaby(A(u)) =
1[2]3] [1]2]3]

{ Al } Thus Fl, is the union of two irreducible components of dimension 2.
3] 12]
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In the next subsection, we recall from [12, 13] an explicit parametrization of the
components of Fl ,, by the semistandard tableaux of the set STaby(A(u)).

4.2 The subvarieties Fl ., r and Y := (Flk’u,T)S associated to semistandard
tableaux
Given F' = (Fy, ..., F,) € Fli,, for each ¢, we get by restriction a nilpotent endomorphism

ulp, : F; — (F;—1 C)F;, whose Jordan form can be encoded by a partition/a Young
diagram A(u|g,) F k;. This yields a chain of Young diagrams

@ = MNulg,) C Mulp,) C ... C Mulg,) = AMu).

Let T be the tableau of shape A(u) obtained by putting the number ¢ in the boxes of
AMulg) \ Mul|g,_,) for all i = 1,...,p. The condition u(F;) C F;_; implies that each row
of AMu|r,) \ M(u|F,_,) contains at most one box, which guarantees that 7" is a semistandard
tableau, in fact an element of STabg(A(u)).

For every semistandard tableau T € STaby(A(u)), we define

Flywr ={F = (Fo,...,F,) € Flg, : M(u|p,) =shape of T'|<; Vi =1,...,p}

where T'|<; stands for the subtableau of T of entries < 7. The above discussion shows that
the Spaltenstein variety Fl;,, is the disjoint union of the subsets Fl , r so-obtained. In
fact, we have the following result:

Proposition 15 ([12, 13]).

(a) For every T' € STabg(A(u)), the subset Fly v C Fli,, is nonempty, locally closed,

smooth, wrreducible, of dimension equal to Zj;l ()‘QJ) >, (k’;g”l).

(b) Therefore, the closures Fl 1, for T € STabg(A(u)), are exactly the irreducible
components of Fly ,,.

Note that parts (b) and (c) of Proposition 13 are consequences of this result. Proposi-
tion 15 (a) can be proved by induction on n. The fact that the subsets Flj , 7 are locally
closed (and smooth) can also be shown as follows. The iterated kernels of u form an
increasing sequence

keru C keru? C ... C keru™ = C",

i.e., a partial flag. The stabilizer Q := {g € GL,(C) : g(keru?) = ker v’ Vj} of this flag is
a parabolic subgroup of GL, (C). By definition the number of boxes in the first j columns
of the Young diagram \(u|f,) is equal to dimker(u|g,)? = dim F; N kerw’. Therefore, we
have

Fliwr = Flpu N {F € FI(C") : dim F; Nker v/ = c;(T|<;) Vi, j} (15)

where c<;(T|<;) stands here for the number of entries < ¢ in the first j columns of 7.
This description shows that the subsets Fli, r (for 7' € STabg(A(u))) coincide with the
intersections between Flj ,, and the @Q-orbits of F1,(C"). Since every @Q-orbit of F1,(C") is
locally closed, this guarantees that the subsets Fl;,, r are locally closed in Fl .
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Remark 16. The subspace ng := {y € End(C") : y(kerw’) C keru/~' Vj > 1} is the
nilradical associated to the parabolic subgroup ). The nilpotent endomorphism u is a
Richardson element of @, in the sense that the orbit Q - u := {gug™ : g € Q} is Zariski
open in ng (see [8, §3]).
Any partial flag F' = (Fp, ..., F,) € Flg, 1 gives rise to a parabolic nilradical n(F) :=
{y € End(C") : y(F;) C F,_1 Vi=1,...,p}. Note that
Flyur =Fleu N(Q - F) = {g(F) : g € 7 ((Q - w) Nn(F))}

where 7 : Q — Q - u, g — g 'ug. Then the smoothness of Fl;, 1 (stated in Proposition
15) also follows from the fact that (@ - u) Nn(F') is a smooth variety (since it is open in
the space ng Nn(F')) while g — g(F) and 7 are smooth maps.

The variety Yr

For deducing more facts on the structure of the subvariety Flj ,, 7, we need more notation.
Since A(u) = (A1,...,A,) is the Jordan form of u, there is a basis (g;; : 1 <7< r, 1<
Jj < A;) of the space C" such that

Eig ifj =2

FOI'j c {1,---7/\1}7 we set

Thus we get a grading
C'=K1®...® Ky, (16)

moreover the subspaces K satisfy
kerv/ =K1 @ ... 0 K;=kerv/ ' ® K; and u(K;) C K; 4

for all j € {1,..., A} (with K, :=0).
Let S = {h(t) : t € C*} C GL,(C) be the rank-one subtorus such that

h(tyv=t%v forallve K;, forall j=1,...,\.

Thus h(t)uh(t)™! = t?u for all ¢ € C*, hence each element of S normalizes u, and so
stabilizes the kernels ker u/. This implies that S acts on the Spaltenstein variety Fly,, and
preserves the subvariety Fly , r for every semistandard tableau 7" € STaby(A(u)). We can
therefore define

Yy = (Flyur)® = {F € Flyur : h(t)F = F ¥t € C*}.

In other words, Y7 is the subset of flags F' = (Fy,. .., F,) € Fl; ,r whose subspaces F;
are homogeneous with respect to the grading of (16) in the sense that

FE=FNKi®..aF,NK, foralli=1,...p.
The notation Y7 is not ambiguous since, up to isomorphism, the variety Yr only depends

on the semistandard tableau 7.
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Proposition 17. Y is a smooth, projective, and irreducible variety. Moreover, the map
or: Flyur = Yp, F— PI% h(t)F is an algebraic affine bundle.
—

Proof. Our aim is to apply [7, Proposition 2]. The torus S = {h(t) : t € C*} acts by
conjugation on the Lie algebra gl,,(C) = End(C"), and this action induces a grading

gl,(C) = @g(z) where (i) = {y € gl,,(C) : h(t)yh(t)™' = t'y Vt € C*}.

1€Z
Note that:
o u € g(2);

e the Lie subalgebra g(> 0) := €D,. g(i) consists of the endomorphisms y : C* — C"
which preserve the kernels keru/ (j = 1,...,);), in particular every endomorphism
which commutes with u belongs to g(> 0).

These observations mean that the grading gl,(C) = €, 9(¢) is good for v in the sense
of [7, Proposition 2|. Moreover the second observation means that the parabolic subgroup
Q C GL,(C) formed by the elements which preserve the kernels ker v/ is corresponding
to the cocharacter ¢ — h(t) in the sense of |7, Section 2.1.3]. As shown above, Flj , r is
the intersection between the Spaltenstein variety Fli, and a @Q-orbit of the partial flag
variety F1;(C"). We are now in position to apply [7, Proposition 2], which shows that
Yr is smooth, projective, and that the map ¢ is an algebraic affine bundle over each
connected component of Yr. Therefore the proof of the proposition is complete once we
know that Y7 is also an irreducible variety. This fact is shown in Section 4.3 below (it
follows from Theorem 1 and the claim made in the title of Section 4.3 below). O

Remark 18. The reasoning made in [9, Section 11.16] shows that, if C' C Y7 is a locally
closed subset isomorphic to an affine space, then so is its inverse image go}l(C’ ) C Flyur C
Fli., (and the codimension of ¢7.'(C) in Fl, coincides with the codimension of C' in Y7).
In Section 4.4, we show that the variety Y, has a cell decomposition for all semistandard
tableau 7" € STabg(A(u)). By collecting the inverse images of these cells by the various
maps o7, we therefore obtain a cell decomposition of the whole Spaltenstein variety Fl, ,,.

4.3 The variety Y7 is isomorphic to a variety of the form X (d, A)

As in Section 4.2, we consider a nilpotent endomorphism u : C* — C" of Jordan form
AMu) = (A1,...,\) Fn. Thus g := A is the nilpotency order of u, i.e., u? = 0, u?~* # 0.
As in Section 4.2, we consider a grading

Cn:Kl@@Kq
such that kerw/ = K1 @ ... ® K; and u(K;) C K;_; for all j € {1,...,q} (with Ky :=0).
We fix a semistandard tableau T' € STaby(A(u)) and focus on the variety Y7 = (Fly . 1)°
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of partial flags F' = (Fy, ..., F,) which both belong to the subvariety Fl; , r C Fl;, and

are homogeneous with respect to the grading C" = ;’,:1 Kj, ie.,
FF=FNKi®..eFNK, foralli=1,...,p. (17)

The tableau T" has ¢ columns and its entries belong to {1,...,p}. Fori € {1,...,p}
and j € {1,...,¢q}, we denote by ¢;(T|<;) (resp., c<;(T|<;)) the number of boxes in the
j-th column (resp., in the first j columns) of the subtableau T'|;; i.e., the number of
entries < 7 in the j-th column (resp., in the first j columns) of 7.

Lemma 19. Let F' = (Fy,..., F,) € FIt(C") be a partial flag homogeneous with respect
to the grading (i.e., such that (17) holds). The following conditions are equivalent:

(i) F belongs to the variety Yp;
(ii) We have
dmK;NF, =¢;(T<) and w(K;NFE)CK;_1NF_4
forallj=1,...,q, alli=1,... p.

Proof. Assume that (i) holds. Hence F' belongs to Fli, r. In particular F' belongs to
Fly., which implies that w(F;) C F;_; for all i € {1,...,p}. Since u(K;) C K;_1, we
deduce that w(K; N F;) C K;_1 N F;_;. In addition by (15) and the homogeneity of F', we
have
dim F; N K; = dim F; Nker v/ — dim F; Nker v/ ™' = ¢;(T|<;).

This shows (ii). Conversely assume that (ii) holds. Since F' is already assumed to be
homogeneous, we just need to show that F' belongs to Flj , 7. Again the homogeneity of
F', combined with the assumption in (ii), implies that

J J
dim F; Nkeru? = Zdimﬂ NK; = ch/(Tki) = c<;(T<i)

j'=1 j'=1
and
q q q
U(Fl) = u(@ﬂ N Kj> C ZU(E N Kj) C ZFi_l N Kj_l C F,4.
j=1 j=1 Jj=1
By (15), we conclude that F' € Flg , 7. O

Notation. When A = (a; ;) is a p X ¢ matrix (whose coefficients a; ; are numbers, linear
spaces, or sets), we define its shifting A* as the (p + ¢ — 1) X ¢ matrix whose j-th column
has the following content:

(@1, -y, Aoy s Gyt Gpys oo s Gp ).
N————— ~—— ——
j terms q+1—j terms

1 4 7
. 14 7\F 2 4 7
For instance, | 2 5 8 | =| 3 5 7
3 6 9 3 6 8
3 6 9
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Theorem 20. We consider a semistandard tableau T' € STaby(A(u)).
o Let dr = (d; ;) be the p x ¢ matriz of nonnegative integers given by

di; = cq+1-;(T|<i) (= the number of entries < i in the (¢ + 1 — j)-th
column of T').

o Let A= (utkeru?) C ... C u(keru?) C keru).
Then, there is an isomorphism of varieties &1 : Yp — X(dﬁr, A) given by
F=(F,...,F)w—V*
where V- = (V; ;) is the p X ¢ matriz of linear spaces such that
Vij=u"7(F;Nkeru'™) foralli=1,...,p, allj=1,...,q.

Combining Theorems 1 and 20, we obtain in particular a closed formula for the
Poincaré polynomial of the variety Y :

Corollary 21. Let dr = (d;;) be the p x q¢ matriz of Theorem 20. Set by convention
dio = 0. Then:

(a) dimYp = Y (dij — di1;)(dior — dij1);

2<i<p
1<y<q
. dij_1 di1;
(b) P(Yp)(x) = > dim B> (Y, Q™ = [] [ d] .
m=0 2<i<p v
1<y<q
1]2]3] 1]2]3]
Example 22. For T} = ; g and Ty = ; g (the two tableaux of Example 14), we get
3] 2]
00 2 00 2
i 0 0 2\*F 0 0 2 i 0 0 2\F 0 0 2
dr. =02 3| =12 2|, d,=(014] =11 2|,
! 1 3 4 1 3 3 2 1 3 4 1 3 4
1 3 4 1 3 4

and Corollary 21 yields dim Yy, =1, dim Yy, = 2,
P(Yp)(x)=['2], =1+, and P(Yp)(z)=['2] =1+z+2>

Proof of Theorem 20. We first check that the variety X (dﬁT,A) is well defined. The
tableau 7' being semistandard, every box of entry < ¢ contained in the j-th column
of T (j > 2) is on the right of a box of entry < i — 1 (contained in the (j — 1)-th column).
Thus we must have

¢i(T)<i) € ¢jm1(Tgimq) foralli=1,....,p,all j=2,..., q.
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In view of the definition of the matrix dr = (d,;), this yields
dij <di—141 foralli=1,... p,allj=1,...,¢—1 (18)
(with dp ; :== 0). Moreover, it is clear that ¢;(T|<;) < ¢;(T|<it1), hence

dij <diyjforalli=1,...,p—1alj=1,...,q (19)

1,
Relations (18) and (19) ensure that the shifted matrix d’ has nondecreasing rows and
columns. In addition the j-th subspace A; := u?7(keru?™7) of the sequence A has
dimension

i C— di a+1-7 _ J; =7 — . =d. .
dim A; = dimker u dimker u?™ = cp41-;(T)<p) = dp

which coincides with the last coefficient of the j-th column of d%. These observations
ensure that the variety X (d%, A) is well defined.

Let /=1 : K; — Ay_ji1 = v/ (kerw’) denote the restriction of u/~*. We note that
@~ is a linear isomorphism. Whenever M C C" is a subspace homogeneous with respect
to the grading C* = @I_, Kj, we note that «/~'(M Nkerw) = @/~'(M N K;). Both
observations are used throughout the rest of the proof.

Next, we check that the map ®r is well defined. So let F' = (Fy, ..., F,) € Y7 and let
V = (Vi;) be as in the statement. By Lemma 19, we have

Vii = uw(Finkeru™™ ) = w7 (F;N Ky )
C TN E N Ky ) = w U (F o Nker ™0 = Vi

foralle=2,...,p,all j=1,...,¢ — 1. Next, it is clear that
Vij=u7(F;Nkeru™' ™) C w7 (Fiyy Nkeru?™ ) =V, CV,; = A
whenever i =1,...,p—1, 7 =1,...,q. Finally, invoking again Lemma 19, we get
dimV;; = dimuw?™7 (F; Nkeru?™7) = dim F; N K11 = g1 (T|<i) = di

for all 7, j. These observations guarantee that the shifted matrix of spaces V* belongs to
the variety X (d%, A).

The well-defined map &7 : Yp — X (dﬁT, A) so-obtained is clearly algebraic. Assume
that we know that & is bijective. Then, since Y7 and X (dﬁT, A) are projective varieties,
it is also bicontinuous. Since X (d%, A) is irreducible (by Theorem 1), we deduce that Y7
is irreducible (which, by the way, completes the proof of Proposition 17). Since Y7 and
X(d&, A) are smooth varieties, by Zariski’s main theorem (see, e.g., [1, §AG.18.2]), ¢ is
in fact an isomorphism. Thus, the proof of the theorem is complete once we check that
d1 is bijective.

Let us check that ®r is injective. So let F = (F;)!_,, F' = (F))!_, € Yr such that
Or(F) = ®p(F'). In view of the definition of ®p, this implies that w/~'(F; Nkeru/) =
wHF Nkerw!) for all 4,7, ie., &/~ 1(F;N K;) = @/ '(F/ N K;) with the notation @/~*
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introduced above. Since @/~ is injective, we derive F;NK; = F/ N K; for all i, j. Whence
F; = F/ for all i (since F, F’ satisfy (17)).

It remains to show that ®7 is surjective. Let V' = (V) € X(d, A). So V' is a
(p+q—1) x ¢ matrix of subspaces. The subspaces in the j-th column of V' form a chain

! / !
Vl,jc"'cv;}jcvﬁlj - C J+p 25 & J+p 1; €. C p+q 13( Aj)

and their respective dimensions are the corresponding coefficients of the matrix dT, ie.,

dl,j =...= dl,j < d27j < e < dpfl,j < dpJ' =...= dp,j(: dlmAJ>
whence Vi ; = ... =V, = Vi;and V,; . =V/ . =...=V (=4 For1l<i<p,

let V;; :=V/,; 1 ;. Altogether, we obtain a p x ¢ matrix V = (V;;) such that V' = V¥,
Moreover, the subspaces V; ; satisfy

Vij C...CV,;=A; =ul(kerut™7) forall j=1,...,q, (20)
dimV;; =d;; = cg11-j(T|<;) for all 4, j, (21)

and (since V' has increasing rows with respect to inclusion)
VijCVicijp foralli=2,... pallj=1,...,¢—1 (22)

Forie {1,...,p}, we set
S @ (@) (Vigr1-5)

where @/~ 1 K; — A1, is the linear isomorphism obtained by restriction of u/~!. By
construction, the subspace F; is homogeneous with respect to C* = ;1.:1 K; and, by
(1),

FiNKj = (@) (Vigs1-;) has dimension d; 11— = ¢;(T|<i). (23)

In particular dim F; is the number of boxes in the subtableau T'|;, hence dim F; = k;. By
(20), we have Fy C ... C F,. Hence F := (F, =0, F},..., F,) belongs to Fl;(C") and is
homogeneous. On the basis of (22), we have

wE;NF) = u((@ ) (Vigny) =u({v € Kj /" (v) € Vigri})
u({v e Kj:w ™ (v) € Vi g10-5})

{v' € Kj—q 1w/ *(V') € Visy gy}

(@) (Vicrgr2—y)

= K, 1NF_y forallt=2,...,p,all j=2,...,q.

C
C

We further note that (K3 N F;) = 0 (since Ky C keru) and K; NFy =01if j > 2 (by
(23) and the fact that the entry 1 appears only in the first column of the semistandard
tableau T'). Whence, finally,

u(K;NE)CK;iNEy foralli=1,....p,allj=1,...,q. (24)
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By (23) and (24), F satisfies the conditions of Lemma 19 (ii). Therefore Lemma 19
guarantees that F' € Yr. Finally, by the first equality in (23), we have

‘/’L'yj = uqu(E ﬂ Kq+17‘7) e fu/qu(E m ker uq+1,])

for all i, j. Hence V' = V# = ®4(F). The surjectivity of ®r is established, the proof is
complete. O

4.4 Cell decomposition of Y7

Recall that k = (kg =0< k; < ... <k, =n). By A(u) = (A > ... > ) - n we denote
the Jordan form of the nilpotent endomorphism u € End(C™), seen as a Young diagram.

Definition 23.

(a) Let RTabg(A(u)) be the set of tableaux 7 of shape A(u) and entries 1,...,p, such
that 7 contains k; — k;_; entries equal to ¢ for all ¢, and the entries in each row of
7 are (strictly) increasing from left to right. Note that STabg(A(u)) is a subset of

RTaby(A(u)).

(b) Given a tableau 7 € RTabg(\(u)), define its rectification Rect(7) to be the tableau
of shape A(u) obtained from 7 by reordering the entries of each column in non-
decreasing order from top to bottom. In fact, the tableau Rect(7) so-obtained is
semistandard, hence belongs to STabg(A(u)) (see [4]). Given a semistandard tableau

T € STabg(A(u)), we define
RTab(T) = {7 € RTaby(A(u)) : Rect(r) = T'}.

(c¢) In [4], P. Drube introduces a notion of inversion number ny,,(7) which measures
how far a row-increasing tableau 7 € RTaby(A(u)) is from being semistandard. We
summarize this definition here: an inversion pair of 7 consists of two entries a <
b in the same column of 7 such that one of the following conditions holds — by
(ay,as,...,ap), resp., (by,be,...,by), we denote the (possibly empty) list of entries
directly to the right of a, resp. b, in 7, read from left to right:

e a is below b (in particular ¢ < m) and a; = b, for all j =1,...,¢; or
e there is jo < min{¢,m} such that a; = b, for 1 < j < jo and a;, > bj,.

Then ny,,(7) denotes the total number of inversion pairs of 7. We have ny,,(7) = 0 if
and only if 7 is semistandard ([4]).

Example 24. Let £ = (0,2,3,5,7,8,10) and A(u) = (4,4,2). For 7 = ;gig €
13

4
5

€ STaby(A(u)). The inversion pairs of 7 are the

[=x) (=)

RTabg(A(u)), we get Rect(r) = i
2

=W

couples (11,2)%, (19,2)!, (32,4)%, (4,5)3, thus ni, (1) = 4. In that list of inversion pairs
(following the convention used in [4, 5]), the superscript indicates the column which the
pair belongs to, while the notation a; means the i-th entry of value a in the corresponding
column.
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Recall that we have fixed a Jordan basis (/) of u parametrized by the couples (¢, j)
with 1 < ¢ < rand 1 < j < Ay (those couples correspond to the various positions of the
boxes of the Young diagram A(u)). The basis is such that

u(ep;) =€pj—1 ifj>2 and wu(e) =0.

Definition 25. For a row-increasing tableau 7 € RTabg(A(u)), we define a partial flag
FT = (F(), Fl: ey Fp) by lettlng

F, = (e : the (¢, j) entry of 7 is < i)¢ for all ¢,

where by (¢, j) entry we mean the entry situated in the ¢-th row, j-th column. Clearly,
F, =F.iff =1

Lemma 26.
(a) The partial flag F. belongs to the variety Yr for T = Rect(7).

(b) Let g : C* — C™ be a linear isomorphism which is diagonal in the basis (g4;), with
n pairwise distinct eigenvalues, and such that gug™' € C*u. Such a g exists. Then
g acts on Yr in a natural way and

(Yr)! :={F e€Yr:g(F)=F}={F,:7¢€RTab(T)}.

Proof. (a) By construction, dim F; is equal to the number of entries < i in 7. Since 7
belongs to the set RTaby(A(w)), this number is equal to k;. Hence F' € F1(C"). By
construction, each subspace F; is spanned by vectors which belong to U?Zl K, hence the
flag F' is homogeneous. Moreover for all 7, j we have

F, N K; = (g4 : the {-th box of the j-th column of 7 is < i)¢. (25)
On the one hand this implies that
dim F; N K; = (number of entries < ¢ in the j-th column of 7) = ¢;(T'|«;)

since the j-th columns of 7 and T = Rect(7) have the same content. On the other hand,
for 7 > 2, using that the rows of 7 are increasing, we get

w(F;NK;) = (gpj-1 : the {-th box of the j-th column of 7 is < i)¢
C  (eg,j—1 : the ¢-th box of the (j — 1)-th column of 7is <@ — 1)¢
= KNk,

while for j = 1 the inclusion u(F; N K;) C u(K;) =0 = F,_; N K; holds. By Lemma 19,
these observations imply that F, belongs to Y7.
(b) The linear map

go:C" = C", g — QK_jrsm for 1 <i<r, 1 <7< N
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is an example of map g which fulfills the conditions; it satisfies gougy ' = 2"u. The fact that
g normalizes u and preserves each subspace K; guarantees that its natural action on partial
flags stabilizes the variety Yr (see Lemma 19). The inclusion {F; : 7 € RTab(T)} C (Yr)¢
is clear. Conversely, if F' = (Fy, ..., F,) € Yr is g-fixed, then each subspace F; is spanned
by a family of eigenvectors (e, : (¢, j) € I;) for some subset [; of cardinality k;. Let o
be the tableau of shape A\(u) obtained by putting the number ¢ in the (¢, j) box of A(u)
whenever (¢, j) € I;\I;—1. Since u(F;) C F;_1, the implication (¢,j) € I; = ({,j—1) € I,
holds whenever ¢ > 1, 7 > 2. This guarantees that the rows of o are increasing, therefore
the tableau o belongs to RTabg(A(u)), and F' = F, is the partial flag corresponding to
this tableau in the sense of Definition 25. Finally, part (a) guarantees that Rect(c) = T,
i.e., 0 € RTab(T'). The proof is complete. ]

The main result of this section states as follows.

Theorem 27. We consider a semistandard tableau T € STabg(A(u)) and the corre-
sponding variety Yr. There is a cell decomposition Ypr = | |Y () parametrized by the
row-increasing tableauz 7 € RTab(T) (of rectification T ), which satisfies the following
conditions:

(a) Fr € Y(7);
(b) dim Y (1) = njny (7).

This result is a consequence of Theorems 9, 20 above and Proposition 28 below. Before
stating the proposition, we review some notation. We fix a semistandard tableau T" €
STaby(A(u)). We consider the p x ¢ matrix dr = (d;;) and the chain of subspaces
A= (A, ..., A) = (u"(keru?) C ... C u(keru?) C keru) introduced in Theorem 20.
The vectors g, := €41 (1 < a < r) form a basis of A, = ker u. Moreover

Aj=(e,:1<a<dyj)c forall j=1,...,q,

since A; = w7 (K, 1) and the vectors e, 441-; (@ = 1,...,d, ;) generate K, ;. Fi-
nally, recall the set W(d%) considered in Section 3. Every w € W(dh) isa (p+q—1) X ¢
matrix of sets and gives rise to an element V,, € X (dﬂT, A) (see Definition 8). Recall the
inversion number n;,, (w) defined in Definition 6.

Proposition 28. For a row-increasing tableau T € RTab(T), let w(T) = (w; ;) be the px g
matriz of sets given by

w;j = {l : the (-th entry of the (¢ + 1 — j)-th column of T is < i}.

Then the map
Zr : RTab(T) — W(d%), 7+ w(r)?

1s a well-defined bijection. Moreover, this bijection satisfies
Or(Fr) = Ve and  ning(T) = Niny(Ep(7))  for all 7 € RTab(T),

where O : Y — X (d%, A) is the isomorphism of Theorem 20.
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Proof. Let w(tT) = (w;;) be as in the statement. Thus |w; ;| is equal to the number of
entries < ¢ in the (¢ + 1 — j)-th column of 7, so |w; ;| = d; ;. The inclusion w; ; C wit1,;
is immediate for all 4, j, moreover w;; C wy,; = {1,...,d,;}. Finally, since the tableau
7 is row increasing, we also have the inclusion w;; C w;_ 41 for all ¢ = 2,...,p, all
j=1,...,q— 1. Altogether these observations show that the shifted matrix of sets w(7)*
belongs to the set W(d%). Hence the map Zp is well defined.

Let us check the equality ®¢(F;) = Vz, (). Clearly Vz, () = V¥ where V = (V) is
the p x ¢ matrix of spaces given by V;; = (e, : a € w; j)c (with w(7) = (w; ;) as above).
On the other hand, by (25), the flag F,. = (Fy, ..., F,) satisfies

w (N Kgi—j) = 077 ((Eaygi1—j - @ € wij)e) = (a1 0 a € wij)c,

so ui™(F;N Ky 1-;) = Vi for all i, j. Whence the equality.

Let us show that the map Zr is bijective. If Z¢(7) = Z¢(7’) then F, = F,, (by the
equality just shown) and so 7 = 7’; hence the map is injective. Let g : C" — C" be
as in Lemma 26 (b) and let § := g|keru : keru — keru, thus § € S4 where S4 is as in
Theorem 9. Clearly the isomorphism &1 : Yy — X (dnT, A) is g-equivariant in the sense
that &r(gF) = gOr(F) for all F € Yp. This fact, combined with Theorem 9 (a) and
Lemma 26 (b), yields

[RTab(T)| = |(Yr)?| = [(X (d}., A)°] > [(X(dF, A)*1] = [W(dF)].

Therefore, Zg : RTab(T) — W(d%) is bijective.

It remains to show that nin (7) = nin(Er(7)). Let j € {1,...,q}. Recall that d, ;
coincides with the number of boxes in the (¢+1—j)-th column of 7. Fora € {1,...,d,,},
let i, denote the (a,q + 1 — j) entry of 7. The j-th column of the matrix Z¢(7) = w(7)?
consists of the chain of subsets

ij:...:ijCCUQJ'C...pr_Ljprd':...prd':{l,...,dpd'}

and we have i, = min{i = 1,...,p: a € w;;}. Fora,b € {1,...,d,,}, we deduce the
equivalences a <; b & i, <4, and a ~; b & i, = 9. Let 1 <a < b < dp,; and let us show
the equivalence:

(a,b) € Inv;(w(T)?) < (ia,ip) O (ip,i,) is an inversion pair for 7 (26)

(depending on whether i, < i, or i, < i,); the desired formula Ny (7) = Niny (E7(7)) is
clearly guaranteed once we show (26). Let ((iq)1,- .., (4a)e) (resp. ((ip)1, ..., (ip)m) be the
list of entries directly to the right of i, (resp. i) in 7. Since i, is below i, in 7, we have
m < £. As above,

(ig)s =min{i:a € w;;—s}, (p)s =min{i: b€ w;;_s} foralls=1,...,m
and m is the minimal number such that b > d, ;_(m+1) (using the convention d,o = 0), so

b > max{dp;_(ms1),a}, whence a <;_(mi1)b. (27)
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Case 1: Assume that i, <14, i.e., a <; b.

In this case, the couple (i4,7,) is an inversion of 7 if and only if there is 5o € {1,...,m}
such that (i,)s = (i)s whenever 1 < s < 59 and (i4)s, > (ip)s,- Equivalently (taking also
(27) into account), there is so € {1,...,7} such that a ~;_, b whenever 1 < s < sy and
a >; g, b, which means that (a,b) € Inv;(w(7)?).

Case 2: Assume that i, > i, i.e., a >; b.

Here, the couple (i, i,) is an inversion of 7 if and only if one of the following conditions

holds

e (iq)s = (ip)s whenever 1 < s < m; or

e there is so € {1,...,m} such that (i,)s = (i)s whenever 1 < s < sg and (i,)s, <

(ib)SO'
In view of (27), this is equivalent to the single condition:
e there is 5o € {1,...,} such that a ~,;_; b whenever 1 < s < sp and a <j_4, b,

which means that (a,b) € Inv;(w(T)).
In both cases we have shown (26). The proof is complete. O

Theorem 27 (combined with (5)) and Corollary 21 yield the following corollary, which
is in fact a reformulation of [5, Theorem 2.4]:

Corollary 29. Z g (T) = H [di’j’l d;?,j] , where dr = (d; ;) is the pxq matriz

T€RTab(T) 2<isp
NN

of Theorem 20 (with d;o :=0).

Remark 30. (a) In view of Theorem 27 (and (5)), the generating function for inversion
number on row-increasing tableaux x?(z) := ZTeRTab(T) 2™ (T ig therefore realized as
the Poincaré polynomial of the smooth, irreducible, projective variety Yr. The fact that
xT () is unimodal and palindromic (pointed out in [5, Corollaries 2.8-2.9]) can then be
viewed as a consequence of the Lefschetz theorem.

(b) By Theorem 27, the maximal inversion number of an element 7 € RTab(7) is
dim Y7, and it is attained for a unique tableau 7y (see also [5, Corollary 2.7]). The
equality

dim H*™(Yy, Q) = dim H*4mYr=m)(y,, Q) for all m =0, ..., dim Yy

(which is due to the Lefschetz theorem, or to the fact that x%(x) is palindromic) implies
that there is an involution RTab(7") — RTab(T'), 7 + 7 such that

Niny (7)) = dim Y7 — iy (7) for all 7 € RTab(T).

In particular this involution must verify (79)* = T'. For arbitrary 7, we have no explicit
formula for 7*.
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(c) Part (b) of the remark yields a “dual” cell decomposition

Yy = |_| Y'(7) such that dimY'(7) = dim Yy — njn (7).
T€RTab(T)

In view of Remark 18, this yields a cell decomposition of each subvariety Flj ., » C Flj ,,
and finally of the whole Spaltenstein variety Fly ,:

Flowr= || Y(), Fhu= || Y.

TE€RTab(T) TE€RTaby (A(u))
with dim Y’(7) = dim Fl; ,, — 70y (7),

such that Y'(7) := (o) (Y'(7)) whenever 7 € RTab(T"), where @7 : Flyr — Yy is the
affine bundle of Proposition 17. We deduce the following equality of Poincaré polynomials

mo
Zdim H2(m07m)(F1k,u,Q)xm = Z () = Z P(Yr)(x),

m=0 TERTaby (A(u)) TeSTaby (A(u))

where m := dimFl;,,. Since the Spaltenstein variety Fl;, is connected, we know that
dim H°(Fl;,,Q) = 1, hence mq is the maximal inversion number for the elements of
RTabg(A(u)) and it is attained for a unique tableau Ty.x. This tableau and its rectifi-
cation Tiax := Rect(Tmax) are explicitly described in [4, §2.1]. For this tableau we have
dim Y7, .. = Niny(Tmax) = dimFl,,, = dim Fl; , 1,..., which means that the affine bundle
O Fliw T = Y7o, must be an isomorphism. This implies that Fly,, 7., is a pro-
jective (hence closed) subvariety of Fl, . Hence it is actually an irreducible component of
Fl; ., which is smooth and isomorphic to the variety X (dﬁme, A) of Theorem 20.

In particular, every Spaltenstein variety contains at least one smooth irreducible com-
ponent, which is isomorphic to a variety of the form X (d, A).
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