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Abstract

Motivated by the A-Euler’s difference table of Eriksen et al. and colored Eu-
ler’s difference table of Faliharimalala and Zeng, we study the A-analogue of colored
Euler’s difference table and generalize their results. We generalize the number of
permutations with k-excedances studied by Liese and Remmel in colored permuta-
tions. We also extend Wang et al.’s recent results about r-derangements by relating
with the sequences arising from the difference table.

Mathematics Subject Classifications: 05A18, 05A15

1 Introduction

Euler [4] studied the difference table (¢")o<m<n, Where the coefficients are defined by
gy =n! and

g =g =gy, (1)
for 0 < m < n—1. Dumont and Randrianarivony [4] studied the combinatorial interpreta-
tion of g/ in the symmetric group .S,,, which consists of permutations of [n] = {1,...,n}.

In particular, they showed that the sequence {g°},¢ is the number of derangements, i.e.,
the fixed point free permutations in S,,. Then Rakotondrajao [11] developed further com-
binatorial interpretations. The reader is referred to [4, 11, 12, 7, 3, 5, 10, 2|, where several
generalizations of Euler’s difference table with combinatorial meanings were studied.

Definition 1. For fixed integer £ > 1, we define A-Euler’s difference table (g7, (\))o<m<n
for Cy 1 .S, where the coefficients are defined by

{ gzn(/\) = ({"n! (m =n); 2)
90N = g7, ) + (A= 1)gih 1 (A) (0<m<n—1).
*The author was supported by the China Scholarship Council.
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From the above definition, it is easy to see the coefficients gj; (\) are polynomials in
A. Faliharimalala and Zeng [7] studied the combinatorial interpretation of g, (0) in terms
of k-circular successions in Cy? S,,. Eriksen et al. [5] gave a combinatorial interpretation
for the coefficients g, (A) by assuming that X is a non-negative integer. They showed
that gi",(A) count the number of permutations of [n] such that fixed points on the last
n — k positions may be colored in any one of A colors. Liese and Remmel [10] interpreted
the coefficients of polynomial gi",(A) by counting certain rook placements in the [n] x [n]
board.

It is not hard to see that the coefficient gj}, (A) is divisible by ¢™m!. This prompted us to
introduce d7, (\) = g7%,(A)/¢™m!. Then we derive the following allied array (dj, (\))o<msn
from (1.2).

Definition 2. For a fixed integer ¢ > 1, the coefficients of the A-difference table

(dTn(A))Oémén
are defined by
dy,(A) =1 (m = n); )
djt,(N) = Lm +1)dp (0 + (A= 1)dg, (V) (0<m<n—1).

The first terms of these coefficients for £ = 1,2 are given in Tables 1 and 2.

n\m 0 1 2 3 4
0 1

1 A 1

2 A4 1 A+1 1

3 A+ 3N+ 2 A2 42\ +3 A+ 2 1

4 | M H6NZH8A+9 N H3N2H9N+11 N2 +40+7 A+3 1

Table 1: Values of d}?}n()\) for0O<m<n<4and /=1.

n\m 0 1 2 3 4
0 1

1 A+1 1

2 A2 42\ +5 A+3 1

3 A3+ 322 4 15X\ + 29 A2 46\ + 17 A+5 1

4 M 4N 3002+ 116N +233 N3 +9X2 451N+ 131 A2 +10MN+37 A+7 1

Table 2: Values of d’g}n()\) for0<m<n<4and?=2.

Two combinatorial interpretations of dy; (0) were given in [7]. When A is a non-
negative integer, Eriksen et al. [5] gave a combinatorial interpretation for the coefficients
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di",(A) in the symmetric group. Wang et al.[14] introduced the r-derangement number,
which counts the derangements of [n] with the first r elements appear in distinct cycles.
Motivated by [7, 5, 10, 14], we study the combinatorial interpretation of g, (\) and
Tn()\) in the colored symmetric group Gy, i.e., the wreath product of a cyclic group and
a symmetric group. The paper is organized as follows. In Sections 3 and 4, we interpret
the polynomial g7’ (A\) and the coefficients in g} (A), respectively. In Sections 5 and 6,
we prove the linear combinatorial interpretation and cyclic combinatorial interpretation
of dj’,()), respectively. In Section 7, we obtain the generating functions and recurrence
relations of dj,(A). In Section 8, we generalize r-derangement number by relating with
7n(A). In Section 9, we give a combinatorial proof of recurrence relation of dy’, (A).

2 Definitions and main results

For positive integers ¢,n > 1, the group of colored permutations of n elements with ¢
colors is the wreath product Gy, = Cp 1S, = C} xS, where C; is the {-cyclic group
generated by ¢ = ¢*™/*(;2 = —1). From definition, it is obvious to see the elements in
Gl are pairs (e,0) € CJ X S,.

And Gy, can also be seen as a permutation group on the colored set:

Yom =Cyx [n] ={¢i|ic[n],0<j<l—1}.

Clearly there are ¢"n! signed permutations in the group Gy,,. For more details, see [6].
A signed permutation m € Gy, can be written in two-line form. For example, if
™= (67 U) € G4,11> where € = (17 C3> 17 Ca 17 17 C27 C; 17 Ca 1) and

c=7 953 1 2 6 8 9 4 10 11,

we write

/1 234 5 6 7 8 9 10 11
T=U 7 5 31 ¢%2 6 ¢8 9 ¢4 ¢l10 11 )

To be convenient, we write j bars over ¢ instead of (/i. Thus, we rewrite the above
permutation in linear formast=7 53 1 2 6 8 9 4 10 11, or in disjoint cyclic form
as

T=(1,7,8,9, 4) (2, 5)(3) (6) (10) (11).

That is, when using disjoint cyclic notation to determine the image of a number, we ignore
the sign on that number and only consider the sign on the number to which it is mapped.
Thus, in the above example, we ignore the sign ¢? on the 7 and 7 maps to (8 since the
sign on 8 is (. Moreover, let [m + 1, n| denote the interval {m-+1, ..., n}, and we give the
following conventions:

(€,0) € Gy, we define |7| = o and sign (i) = ¢; for i € [n]. For example, if
32 then € = (1,¢?,1,¢) and sign,_(4) = .
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ii) For ¢ € [n] and j € {0,1,...,0—1}, we define (/i +k = /(i + k) for 0 < k < n—1,
and (i — k= (9(i — k) for 0 < k < 4. For example, 2+ 1 =3 in Gy1;.

iii) We define the total ordering on ¥, as follows. Fori,j € {0,...,0—1} and a,b € [n],

Ca<{bei>j or i=janda<b.

In Gy, Faliharimalala and Zeng [7] introduced the k-successions as follows.

Definition 3. Given a permutation 7 € Gy, and an integer 0 < k < n — 1, 7(i) is a
k-succession at position i € [n — k] if 7(i) = i + k. In particular, the O-succession is also
called fixed point.

Note that the above k-succession 7 (i) needs to be uncolored, that is, sign_(m (7)) = 1.
To obtain the combinatorial interpretation of g}, (A), we introduce the following defi-
nition.

Definition 4. For any integer 0 < k < n—1, let SUC,(7) denote the set of k-successions
in e Gy, e,
SUCK(m) ={n(i)|mr(i) =i+ k,i € [n—k],m € Gu,}.

For an integer 0 < m < n, we define the statistic SU_C(>kT),L(7T) as the number of k-

successions included in [m + 1, n] for m € Gy, i.e.,
suc) (1) = #{n(i) € [m + 1,n]|x(i) € SUCk(r)}.

In particular, for m € Gy, by taking k = 0 and k = m, sucg% is the number of fixed points
and m-successions concerning m € Gy, respectively, which are included in [m + 1, n].

For example, when m € G411, if

68941011

[\l
=l

T=531

and _ ~
7 =3126894101175,

we have SUC,(m) = SUCy (') = {3,6,11} and sucgi(ﬂ) = suc(fi(w’) = 2.

Theorem 5. For fized integers £, k, m and n, let £ > 1 and 0 < k < m < n, we have

m suc) (r
gL (A) = Y A, (4)

el n

Remark 6. We recover Faliharimalala and Zeng’s result [7, Theorem 3] about the combi-
natorial interpretation of g;; (0) in G¢,,. And we prove Theorem 5 in Section 3.
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We give an example to illustrate the above theorem. For ¢ =2, n =2 and m = 1, the
permutations in Gg o are

12,12,12,12,21,21,21,2 1.

For k=0, 3,0, A1 = 204 6. For k=1, Y, 6, A1 = 2) 4 6.

For n,m,s > 0, Rakotondrajao [12] also studied the number of permutations in S,
having exactly s m-successions. Similarly, we define that ¢}, ; is the number of permuta-
tions m € Gy, having s m-successions. In other words,

Cims = {7 € Gewl |SUC,(7)| = s}, for n,s,m > 0.
With Theorem 5 and above definition, we state an expression of g}, (\) as follows.

Corollary 7. For £ >1,0<m <n and 0 < s <n—m, we have

g =D, N (5)

s=>0

Remark 8. With the equations (2) and (5), we obtain that

m+1l _ m m m
CZ,n,s = Con,s + Con—-1,s — Con—1,5-1>

which is the result of [7, Theorem 4].

To show the combinatorial interpretations and recursions of ¢7}, ,, we review the gen-
eralized rook theory model in [1].

Let B’ be the n x {n array of squares, we label the n columns from left to right by
1,2,...,n and the ¢n rows from bottom to top by

1,¢1,...,¢M,2,¢2,...,¢12, .. nCn, ..., in,

respectively. For instance, the board B2 is pictured in Figure 1. The square in the column
labeled with ¢ and the row labeled with ¢"j is denoted by (i,("j). Each such square is
called a cell and the rows labeled by 7,(j, ..., ("' are called level j.

Given a board B C Bf, we let Rén(B) denote the set of k element subsets P of B
such that no two elements lie in the same level or column for non-negative integers k.
We call the subset P a placement of non-attacking ¢-rooks in B. Since the cells in the
placement are considered to contain ¢-rooks, we define the kth ¢-rook number of B by
e o(B) = |RL,(B)].

Given a permutation m € Gy,, we can identify 7 with a placement P, of n f-rooks
in BY. In other word, P, = {(i,("j) : m(i) = ("j forl < i < n}, then we define the kth
(-hit number of B denoted by hi ,(B), which is the number of 7 € Gy, such that the
placement P, intersects the board B in exactly k cells, i.e.,

hi,n(B) = {P,|7 € Gy, and|P, N B| = k}|.

Briggs and Remmel [1, Theorem 1] found the following relationship between the ¢-hit
numbers and the ¢-rook numbers.
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¢n Level n

¢?2
¢2 | Level 2

1
q! | Level 1

Figure 1: A board B3.

Theorem 9 (Briggs-Remmel). Let B be a board contained in BY,. Then

n

D b (B =D rp (B R (n = )z — 1),

k=0
By interpreting ¢}, , in terms of (-hit numbers for a certain board, we obtain the

following formula.

Theorem 10. For{,n>1,0<m < n and s > 0, we have

e = %(—1)'5—%”—%71 — ) @ (“ . m). (6)

t=s
Remark 11. When ¢ = 1, (6) reduce to the result of [10, Theorem 2.2]. And we prove
Theorem 10 in Section 4.

To make our arguments of interpreting the coefficients dz’fn()\) clear, we only consider

the case k = 0 in statistics suc™) (). We define FIX(m) := SUCy(7), which denote the
set of fixed points in m € Gy, i.e., FIX(7m) = {n(i)|n(i) = i,i € [n],m7 € G¢,}. Define
fixs,,(7) = SUC(>0,)n(7T), ie.,

fixs () := #{m(2) € [m + 1, 7]

n(i) € FIX(m)}.
For example, when 7 € Gy, if 1 =753 1 2689410 11, we have FIX(r) =

{3,6,11} and fix=4(7) = 2.
To give the linear interpretation of dj} (), we give the following definition.
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Definition 12. For 0 < m < n, a permutation 7 = (¢,0) € Gy, is called an m-decreasing
permutation if satisfies the following conditions:

i) sign (7 (7)) = 1(i € [m]);
i) m(1) > w(2) > -+ > m(m).

Let Ly}, be the set of m-decreasing permutations in Gy,. For example, when ¢ =
2,n=3and m = 2,

L;g = {213,213,312,312, 321,321}, and Z AMix>2(m) — 3 4 5

TI'EL%’3

Theorem 13. For 0 < m < n, we have

)= 30 A

7r€LZ‘n

Remark 14. When A = 0, Theorem 13 reduce to the result of [7, Theorem 10], we prove
above theorem in Section 5.

To give the cyclic interpretation of dy’,()), we give the following definition.

Definition 15. For 0 < m < n, a permutation 7 = (¢,0) € Gy, is called m-separated
permutation if satisfies the following conditions:

i) sign, (i) = 1(i € [m]);
ii) the first m elements belong into distinct cycles.

Let C7, be the set of m-separated permutations in Gy ,,. For example, when £ = 2,n =
3 and m = 2,

G35 = {(13)(2), (13)(2), (1)(23), (1)(23). (1)(2)(3), (D))}, and Y | AP = A45.

71'6022’3

Theorem 16. For 0 < m < n, we have

dp,(A) = > Abem),

ﬂECZ‘Ln

Remark 17. When A\ = 0, Theorem 16 reduce to the result of [7, Theorem 12|, we prove
above theorem in Section 6.

To generalize the definition of r-derangement number, we give the following definition.

Definition 18. For 0 < m < n, a permutation m € Gy, is called m-fixed point-free
colored permutation if satisfies the following conditions:
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i) For i € [m], let 7(i) € [m + 1,n] and sign, (i) = sign, (7(:)) = 1;
ii) no two elements of [m] are in the same cycle.

Let F}7 ., be the set of m-fixed point-free colored permutations in Gy, y2,,, we define

FramN = D A M

WGFZTM_m

For example, when { =2, n =1 and m = 1,
Fyy = {(12)(3), (12)(3), (13)(2), (13)(2), (123), (123), (132), (132)}

and f1,(\) = 2\ + 6.
Remark 19. When (¢, \) = (1,0), the equation (7) reduce to the sum over

{m e Byl fixom(m) = 03,

then the polynomial f77 . (\) reduces to the r-derangement number, see [14, Definition 1].
By the above definition, we generalize the generating functions and recurrence relations
of Wang et al. [14].

By observing the above definitions, we prove the following combinatorial relation be-
tween the fj7 . (A) and d, . (A) in Section 8.

Theorem 20. For ¢ >1 and m,n > 0, we have

From) = P ), 5)

3 Proof of Theorem 5

In the section, to prove Theorem 5, we prove the following equations,

% Asueta(m) = g g (m =mn);
Telyn
[ suc®) (m) suc®) (m) suc®) (m)
dooxealm = (3 ASmam L (A= 1) Y ASGm O<m<n—1).
TFEGgm TI'EGgm TI'EG[m_l

Lemma 21. For any integer k such that 0 < k < m and 0 < m < n, there holds

Z /\suc(>kr)n(7r) -\ Z )\sucg%(w)_ (10)

WEGZ”’I 71-EC:l,nfl
m+4+1eSUC ()
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Proof. Let us define the bijection v: Gy, — Gy -1, For m € Gy, we delete the m +1 at
position m + 1 — k and define the ¢(7) = T172 . .. Tk Tm—k42 - - - Tn—1 € G 1 Where

~ Ty Zf ‘W’Z <m+ 17
-1, if |l >m+ 1

Conversely, starting from (7) = T2 ... T—kTm—k+2 - - - Tn € Gopn_1, we define 7 =
miTy ... T, € Gy, Where

- i if |7l <m+ 1

T A, if [Rli=ml
Then we put m+1 at the position m+1 —k, from the map, we can easily see suc(f?)n(ﬂ) =
sucg%(zﬂ(ﬂ)) + 1. O
For example { = 4,n=9,m=4,k=1,1=734521896,%(r)=63421785,

and Sucgi(ﬂ) = suc(;)l(w(ﬂ)) + 1.

Lemma 22. For 0 < m < n, there holds

3 \suel(m) 3 AR () (11)

7T'ECT‘Z,’nfl WEG‘Z/”
m+41€SUC ()

Proof. 1t follows similar arguments as in the proof of Lemma 21. m

Proof of Theorem 5. First we check the initial condition in (9), when m = n, suc(f%(w) =
®)
0, S Al — g

WEGZ,H
We start to prove the recurrence in (9). Then, by considering the following equation,

3 AU () 3 Asten (@) | 3 Asuen (). (12)

WGG&n WEGe’n WEGzyn
m4+1¢SUC () m+1€SUC ()

Because for m € Gy, with m +1 ¢ SUCy(w), we have sucg%(ﬂ) = sucgfr)nﬂ(ﬂ), then

(12) is equivalent to

Z /\suc(fgn(ﬁ) _ Z /\suc(;),ﬁl(w)_’_ Z )\sucg?n(ﬁ). (13)

7€Con TEGy TEGy
m+1¢SUC), () m+1€SUC), (r)

By equations (10) and (13), we obtain that

Z )\suc(>k,)n(7r) _ Z )\SUC(>I€7),L+1(7T) + A Z )\SUC(fy)n(Tr)_ (14)

WGGZ,TL WEGZ,” 7"'GCTVZ,nfl
m+41¢SUCy, ()

THE ELECTRONIC JOURNAL OF COMBINATORICS 25(4) (2018), #P4.25 9



=N DN QO WO s Wl

1234

Figure 2: The board Bil corresponds to the shaded cells.

By combining the equations (11) and (14), we obtain

Z )\suc(f,)n(w) _ (/\ . 1) Z )\suc(f,)n(ﬂ) + Z /\suc(>k7>n+1(7r) + Z /\sucg?wrl(w)'

WEG@,n WeGl,n—l WeG@,n Wecé,n
m+1¢SUC () m+1€SUC ()
With (12), it is easy to see that the above equation is equivalent to the recurrence
relation in (9), this completes the proof of Theorem 5. ]

Remark 23. Since why g;, (\) is independent from k (0 < k < m) in the above proof is
not mentioned, we state an argument as follows. By considering the bijection d which
transforms m = mmemy -+ m, into d(7w) = 7’ = memy---m,m. It is easy to see that the
k-successions of 7 are in [m + 1,n] if and only if the (k + 1)-successions of 7" are in
[m + 1,n]. Hence, let the composition of j times of d is denoted by d’, the application
of d*=%1 permits to transfer the kj-successions to ky-successions if k; < ko. In particular
if we apply d™ to a permutation whose fixed points are in [m + 1, n], then we obtain a
permutation whose m-succession are in [m + 1, n] and vice versa.

4 Proof of Theorem 10

In this section, first we prove the following expressions of ¢,  in Theorem 10,

= S (1 — ) @ (” ] m). (15)

t=s

Then we derive several recurrence relations of ¢’ ..

Proof of Theorem 10. First, we give the combinatorial interpretation of ¢}, ; as follows.
Let B, be the board contained in B’ consisting of the cells (1,1 + m), (2,2 + m),

(3,34 m), ..., (n—=m,n). For example, the board Bil is pictured in Figure 2. Then the
number of 7 € Gy, With s m-successions is the s-th (-hit number of BY . i.e.,
CZTn,s = h?n(Brl;,m) (16)
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With the definitions of BY, ,,, we have 7%, (B, ) = (",™). By Theorem 9,

n,m?

TN =D N = b (BN
s=0 5=0

=) rla(Bra ) (=)A= 1)° (17)
s=0
- (” - m) = (n — s)I(\ — 1)
s=0 §
Equating the coefficients of \* yields (15) immediately. O

Remark 24. We also obtain the above expression (17) of g;},(\) by generating function,
see Proposition 41.

Let s =n —m in (15), we obtain the following corollary.

Corollary 25. For all /> 1 andn >m >0,
Clopnm = "m!
Next we show the recurrence relations of ¢, , in colored symmetric group.

Proposition 26. Foralll{>1,n>2,0<m<n, and s > 1,
CZLn,s - (g(n — 5= 1) + (E - 1))CZLnfl,s + f(s + ]')C?,Lnfl,erl + CZLnfl,sfl' (18)

Proof. Let us consider the map from 7 =m...m,—; € Gy 1 to ™ € Gy, such that 7 has
s m-successions, we consider the following three cases.

o If m € Gy,—1 has s m-successions.

1. Let # = miTp_m1(¢N)Tp_mat - - Tpn1Tn—m and 1 < j < £ — 1, the number of
m-successions of 7 and 7 are the same, so there are (¢ — 1)(:21”_175 permutations
in this case.

2. Let 7 = mym;_1(¢In)mipq . .. 17, where i # n—m and 4 is a position without
m-successions, the number of m-successions of 7 and 7 are the same. Since we
have n—s—1 choices for position i and 0 < j < ¢—1, there are {(n—s—1)c}}, ;|
permutations in this case.

o If 7 € Gy, has s + 1 m-successions. Let 7 = mym_1(¢/n)myy ... Tpo17;, where
1 is a position with m-succession, the number of m-successions of 7 is the number
of m-successions of 7 minus one. Since we have s 4+ 1 choices for position 7 and
0 <j<{—1, there are £(s + 1)cj}, ., permutations in this case.
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Figure 3: From Board B? to Board B3.

o If 1 € Gy, 1 has s — 1 m-successions. Let T = T m—1(CN)Tp_mit -+ Tn1Tnom
and j = 0, the number of m-successions of 7 is the number of m-successions of =
plus one, so there are ¢}’,_; ,_; permutations in this case. O

Proposition 27. Forall{,n>1,0<m<n, and s > 0,

m n—mjy\ .,
Cé,n,s = ( )c&n—s,O‘ (19)

S

Proof. Note that in (16), ¢}, ; is the number of placements of n non-attacking f-rooks in
Bt that intersect Bfl’m in exactly s squares. By removing the level < +m and column ¢ of
these (-rooks which lie in the cell (¢, + m)(1 < i < n —m), we obtain these placements
of n — s non-attacking (-rooks in Bf_, that intersect BS_, . in exactly 0 squares, which
is counted by ¢}, . The process is pictured in Figure 3. O]

Remark 28. Faliharimalala and Zeng [7, Lemma 14] proved the above (19) directly by
interpreting ¢, ; as the number of permutation in Gy, with s m-successions. However,
we give a trivial proof by interpreting ¢y, . as the number of placements of n non-attacking
(-rooks in B’ that intersect BfL’m in exactly s squares.

Proposition 29. Foralll{>1,n>2 and 0 < m < n,
Czln,o = (fn — 1)6277171,0 +4(n—m — 1)02%72,0- (20)

Proof. Let us consider the map from 7 =m ... 7, € Gy, to @ € Gy -1, starting from 7
without m-successions, we define

—_

— 1 forl1<i<m
7]':

, T TG AT T4 -+ - Tin—1, 1f7r1=<]n(0< ]
T e T, if m, = !n(0 <
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1. 7" € Gy -1 has no m-successions.

Either m, = ¢'n(0 < j < {l—1) orm =Cn(l1 <i<n0<j<l—1)and
T, 7# %+ m, 7 has no m-successions. Conversely, for 7’ € Gy,_1 without m-
successions, by inserting ¢(/n(0 < j < £ —1) into 7’ in every position except putting
n in to position n — m, we obtain the permutation in Gy, without m-successions.
Since ¢n(0 < j < £ — 1) can be in any position except m,_, = n, there are
(fn —1)cp ;o permutations.

o
2. 1 € Gyp-1 has 1 m-succession.

When m; = ¢'n(1 <i<n—-1-m0<j< /-1 and m, =i+ m, 7 has 1
m-succession, then the 1 m-succession of 7’ corresponds to the ¢-rook (i,7 + m) of
the rook placement in the board BY_,. For the rook placement corresponds to 7’ in
Bt _,, removing the column ¢ and level i + m from the board B’ _,, we obtain the
rook placement in B’ , without intersecting Bﬁ_lm, which corresponding to the
permutation denoted by 7 € Gy,,—2, and 7 has no m-successions.

Conversely, let 7 be a permutation in Gy,_o without m-successions, we obtain
m € Gy, in two steps.

Step 1. For 1 < i < n—1—m, by adding the column ¢ and level i +m to the boards
B’ _,, we choose (i,i +m) as the new f-rook and take the same rook placement
corresponds to 7, then we obtain the rook placement in BY | corresponding to
7' € Gy o1 with 1 m-succession.

Step 2. Adding the column n and level n in the board BY_,, by taking away the /-

n—1
rook (i,7+m) and putting f-rooks at (i,(’n)(0 < j < £—1) and (n,i+m), we obtain
the rook placement without intersecting B!, . which corresponds to the permutation

n,m’
m € Gy, without m-successions. Since 1 <i<n—1—-mand 0 < j < /¢ —1, there
are £(n — 1 —m)c}’,_,, permutations. O
Remark 30. When m = 0, we define that

Dfl = C?,n,(]? (21)

which counts the number of derangements in Gy,,. It is easy to see (20) reduce to

D! = (tn—1)D' |, +¢(n—1)D’_,.

n

Proposition 31. Foralll{>1,n>2, and 1 < m < n,
CZLmo = gmczln:ll,o +£(n — m)CZLn—LO' (22)

Proof. We prove the above equation by considering level 1 in the rook placement corre-
sponding to the permutation = € Gy, without m-successions.
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Figure 4: Reducing rook placements from Biz by the rook position in level 1.

1. When the f-rook of level 1 is in column i (1 < ¢ < n — m), if the f-rook of level
i + m lies at the position (k,¢7(i +m))(k # iand0 < j < ¢ — 1), by adding a
(-rook at the position (k,¢?1) in the level 1, we obtain a placement of n + 1 ¢-rooks
without intersecting Bfl’m. Then removing column 7 and level 7 +m will result in
a placement of n — 1 non-attacking f-rooks without intersecting BfL_Lm. Since the
rook placement corresponding to 7 has ¢ different positions in level 1 and column
1 < i < n—m, thus there are £(n —m)cy,_; o placements. The process is illustrated

in top of the Figure 4.

2. When the ¢-rook of level 1 is in column i(n —m < i < n), by removing column 4 and
level 1, we obtain a placement of n — 1 non-attacking ¢-rooks without intersecting

Bf;—l,m—l‘ Thus there are ¢mc;" ", , placements. The process is illustrated in the
bottom of Figure 4. O

Proposition 32. Foralll{,n>1 and 0 < m <n,

m m i m n—my\ ,._.
CZ,n,O = m! Z (7,,) (m . ?,,) Cﬁ,nfm,O' (23)
r=0

Proof. To obtain a placement of n non-attacking ¢-rooks without intersecting Bfl’m, start-

ing from the lightly shaded cells in the lower right corner of the board in Figure 5, we
see that 0 to m f-rooks can be placed in this area. Suppose that we choose r levels in
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Figure 5: Board B}, with some lightly shaded cells.

this area, there are (T) ways. Since there should be m f-rooks in the last m columns, we
choose m — r f-rooks above the lower right corner of the board. Thus we choose m — r
levels from the n — m levels, there are (7”—_7:) ways.

After picking the m levels that contain the ¢-rooks in the last m columns, there are
{™m! ways to place the f-rooks in the last m columns.

Let P denote the non-attacking rook placement in the last m columns with r ¢-rooks
falling in the lightly shaded area, we extend P to a non-attacking rook placement () with
n {-rooks, where there is no intersection with B, . By removing the levels and columns
of rook placement P, we obtain the non-attacking rook placement without intersecting

thmmf,,, which is counted by ¢} ", ;. Summing over all possible values of r yields the
desired result. O

Proposition 33. Foralll{>1,n>2 and 0 < m <n,
Cimo = EcZ‘Jll + (Im + L —=1)c 1 - (24)

Proof. Let us consider the rook position of level n in the rook placement which corre-
sponding to the permutation © € Gy, without m-successions.

1. When the f-rook of level n is in column i(1 < i < n —m — 1). If the f-rook of
column ¢ is in row n, we keep it unchanged. If the f-rook of column 7 is in row
¢'n(1 < j <€ —1), we exchange the row (‘n with row n. Then we move the level
n to the bottom level of the board, which is denoted by level 1, other levels are
increased by one such as level 2/ ... level n’. By exchanging the level 1’ and level
(i +m + 1), we obtain a non-attacking rook placement that intersect B, ., one
rook (i,7+m+ 1). Since the ¢-rook can be in the row (/n(0 < j < £ —1), there are
écgfl permutations in this case. This process is shown in top of Figure 6.

2. When the ¢-rook of level n is in column i(n —m < i < n), the f-rook can be in the
position (,¢'n)(n —m < i < n,0 < j < £—1), since ™ has no m-successions, the
(-rook can not be in the square (n —m,n), so there are m+ ¢ — 1 choices in level n.
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Figure 6: Reducing rook placements from Bil by the rook position in top level.

Removing the level n and column ¢ will result in a non-attacking rook placement
without intersecting Bj,_,,,. Then there are (¢m + ¢ — 1)B._, ,, permutations in

this kind. This process is shown in bottom of Figure 6. [

Proposition 34. For{ > 1,n>2 and 1 <m <n,
-1 -1
CZLn,o = cZn,Q + Czlnfl,O' (25)

Proof. Let us consider the non-attacking rook placement corresponding to the permuta-
tion m € Gy, without m-successions. We move the bottom level to the top level and all
other levels reduced by one, which is shown in Figure 7.

1. When the bottom ¢-rook is not in the position (n —m + 1,1), the process is shown
in the top of Figure 7. After the movement of ¢-rooks in the board, we obtain the

non-attacking rook placement without intersecting Bﬁjmfl. Thus there are ¢}
permutations in this case.

2. When the bottom ¢-rook is in the position (n — m + 1,1), the process is shown
in the bottom of Figure 7. The resulting rook placement intersect Bf;mfl in the
position (n —m + 1,n). By removing the column n —m + 1 and level n, we get the
non-attacking rook placement without intersecting Bf;—l,m—l‘ Thus there are CZ;:LO

permutations in this case. 0
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Figure 7: Moving the bottom level to top level in BiQ.

Proposition 35. For{,n>1 and 0 < m < n,

m - m
CZ,TL,O = Z <?,, ) Dfl—m—H"' (26)

r=0
Proof. We prove this theorem by inductions on m. If m = 0, we have ¢}, , = D} by

equation (21). Suppose that ¢}, , = S, () Dt

n—i+r

m—1 m—1
_ i m—1 m—1
Cﬁ,n,é + Cé,n—ll,O = Z < r )‘DfLm+1+T + Z < r )DfLerr‘ (27)

r=0 r=0

is satisfied for i < m — 1, then

By separating out the m — 1 term of the first sum and the 0 term of the second sum in
(27), which is equivalent to

m—1 2 im—1 m—1 T im—1
)DE> ()P, Dt - )\t .
(m . 1) n + — ( r > n—m+1+r + ( 0 ) n—m + ( r > n—m-+r

By transforming r to » — 1 in the first sum and using (T__ll) + (m_l) = (T), we have

m
m
m—1 m—1 _ 4
CZ,n,O + Cf,n—l,O - E : (T‘ ) anerr‘
r=0
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With the recurrence (25),

m _m-—1 m—1
CZ,n,O - C@,n,(] + Cf,nfl,O’

" m
m _ V4
cZ,n,O - E (’f’ ) Dn—m—l—r'

r=0

we obtain

The proof is thus completed. O
With equations (19) and (26), we give the relation between ¢}’ ; and Df, directly.

Corollary 36. For{,n>1,0<m <n and s > 0,

m
o (mmm m\ e
ln,s n—s—m-+r-
S o r
r=

By observing the coefficients of polynomial g7 (A), we find ¢}, | decreases as s in-
creases.

Proposition 37. For{,n>1,1<m<n and s > 1,
CZLn,s—l > Czln,s' (28)

Proof. With recursion (19) and (22), we have

m m
Com,s—1 — Con,s

n—m m n—m m
= Con—s+1,0 — Com—s,0
8_]_ ) ) S ) )

n—m n—m\. n—m\ ,._
_(e(n_m_s_{—l)(s_l) - ( s ))CZ,ns,O+‘€m(S_1)C€,n—15,O‘

E(n—m—s—l—l)(z:T) - ("‘m) - <”_m)!. (ts—1),

S

Since

we obtain (28) immediately. O

Remark 38. In particular, when m = 0, we have the similar result for f, .. By using
D}, = (nD;,_, + (=1)" [7, equation (2.8)] and similar arguments above, we have ¢j,, . ; >
02%5 for2<s<n-—2andn > 3.

Remark 39. When ¢ = 1, the above expressions and relations of ¢}, ; in this section reduce
to Liese and Remmel’s results [10, Sections 2 and 3].
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5 Proof of Theorem 13
In this section, to prove Theorem 13, we prove the following equations,

Z Afix>m (™) — Z ABem(® [t for 0 < m < n. (29)

mely, T€Gyn

Proof of Theorem 13. For 1 <k < n,if r =7(1)7n(2)...7n(k — D7n(k)n(k+1)...7(n) €
Gin, let T(m) be the vector that record the numbers of the last n — k positions in
m, ie, T(n) = (n(k + 1),7(k 4+ 2),...,m(n)). For example, if n = 12, k = 4, 7 =
9541382671012 11 € G419, then T(7) = (3,8,...,11). We define the relation ~ on
Gf,n by
Tm~7 & T(r)=T(),
it is easy to see this is an equivalence relation. Let us consider the map 0 : (n,7) — d(n, 7)
from Gy, X Gy, to Gy, where Gy, can be seen as a permutation group of colored set
Cy x {|x|(1),|7|(2),...,|7|(m)}. Define the permutation d(n, ) such that §(n,7)(i) =
n(i)(i < m), and §(n, 7)(i) = 7 (i)(i > m). For example, if T =954138267101211
G4712, and n= 5419 ¢ G4y4/, then
S(n,7)=541938267 1012 11.

So the equivalence class of m € Gy, is {0(n, 7)|n € Gim}, it’s easy to see the cardinality
of each equivalence class is ¢™m!, choosing the representative of the equivalence class
d(, ) such that

sign([e|(7)) =1 and (1) > ¢(2)--- > (m).

Since the fix points of 7 and 6(¢,7) on [m + 1, n] keep unaltered. By Theorem 5, we
obtain that the number of equivalence class is g7}, (A)/¢™m!, which yields the equation
(29). O

Remark 40. As in the proof of Theorem 5, we can also prove the recurrence relations of

(3) by constructing bijections directly, the proof is left to the interested reader.

6 Proof of Theorem 16

In this section, we give two proofs of Theorem 16. In the first proof, we give a bijection
from C7;, to Ly, that is,

$° A = 7 aEen® for 0 <m < n, (30)

TE LE’}TL e CZLn

In the second proof, we prove this cyclic result by constructing a equivalence relation
on Gy, that is,

Z Afem(m) Z AfBem(®) fpm) - for 0 < m < n. (31)

reCy, m€Gin
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6.1 First Proof

we will give a bijection p : m — 7’ from C7}, to Ly, such that fix.,,(7) = fixe,, (7). First
we give the map |r| = |7'| and then construct the sign transformation.

o Let |7'| = |7'|(1),...,|7"|(m),...,|7'(n)], where |7'|(1),...,|7’|(m) in decreasing
rearrangement of |7|(1),...,|7|(m) and |7’[(m + i) = |7|(m +i)(1 < i < n—m).
Conversely, we give the reverse map by 7' — 7 from L}, to C},. For 7' € L}, we
define P := {|7'|(7),i € [m]}. let

(17172, - 172 (), |7 7 (4), 0)

be the cycle of |7| containing i(i € [m]), where s is the least non-negative number
such that |7'|~*(¢) € P and if |7'|(j) = i(j € [n]), then |7'|7*(i) := j. And setting
|7'1°(4) = i, that is, if ¢ € P N [m], then s = 0, and i is a fixed point of |7|. The
other cycles keep in accordance with |7'|.

e We define the sign transformation as follows. Since each element i € [m] in 7 and
7(i)(i € [m]) in 7’ are uncolored, we exchange the sign of |r|(i) € [m] in 7 and
i € [m] in 7’. In other words,

sign_(7) = sign_(|7|(7)) =1 and sign_(|x|(i)) = sign. (i), i€ [m].

The signs of other elements remain unchanged, i.e.,

sign (i) = sign, (i), i ¢ [m] U {|x[(i)|e € [m]}.

For example: For { =4,n=12m =4, 7= (19) (27) (35) (4) (6 8) (10) (11
lel,l%

[—Y
sl
m

sign (1) = sign, (|7|(1)) = ¢?,sign,,(2) = sign,(|7](2)) = ¢,
we have

7 =975438261101211€ L}, and fixoy(n) = fixoy(n') = L.

6.2 Second Proof

We decompose a permutation 7 € Gy, as a product of disjoint cycles. For each i € [m], we
define w, (1) = m(i)7%(i) ... 7 (i) where s > 1 is the least integer such that |7|*(i) € [m].
Obviously w,(i) = @ if s = 1. Let Q(m) be the product of cycles of m which have no
common elements with {¢?i|i € [m],0 < j < ¢ — 1}, let 7, € Gy, be the permutation
obtained from 7 by deleting elements in w, (i) and the cycles in Q(7) for i € [m).

For example, if ¢ =4,n =12,m =4 and 7 = (197253 4) (6 8) (10) (11 ﬁ), then
7y = (1234) and

we(1) =97, wr(2)=5, w:(3)=9, w:(4) =92, and Qn)=(68) (10) (11 12).
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Setting E(7) = (wa(1),wx(2), - ,wx(k), Q(m)), we define the relation ~ on Gy, by
T ~ Ty < E(7T1> = E(’ﬂ'g),

it is easy to see that this is an equivalence relation. Then we define the mapping 6 :
(1,m) = 0(7, ) from Gy, X Gy to Gy,,. We obtain the permutation 6(7, 7) by inserting
the elements w;(7) after the elements ¢7i(i € [m],0 < j < £ — 1) of 7 and adding the
cycles of Q(m).

For example, if 7 = (1972534) (68) (10) (11 12) and 7 = (1 2) (3) (4) then

o(r,m) = (19725) (3) (4) (68) (10) (11 12).

Obviously {0(r,7)|7 € Gy} is the equivalence class of 7 € Gy,,. From the con-
struction of 6(r,7), for 7 € Gy, and 7 € G}, we have 0(7,7m) ~ 7. Conversely,
if 7 ~ m, then #’ = 0O(n,,,7), and if O(r,7) = O(7',7) = 7’ for 7,7 € Gy, then
7 =171" =7 . Hence the cardinality of each equivalence class is £™m!. Let n be the iden-
tity permutation of Gy, then we choose 6(n, 7) as the representative of each equivalence
class {0(r,m)|T7 € Gy}, that is, 6(n, m) represents the the permutation = € Gy, where
sign, (i) = 1(i € [m]) with the first m elements belong into distinct cycles. It is obvious
to see fixs,,(m) = fixs,(0(n,7)). By Theorem 5, the number of equivalence classes is
9 (A)/€mml, as desired.

7 Generating functions and further recurrence relations

In this section, by using the recurrence relation (2), we obtain the generating functions
and further recurrence relations of g, (\) and dj}, ().

Proposition 41. For m > 0 we have the following identities:

e = S0 = 1 (7 )i (52
Z ggfner()\)Z—T _ Emszlleipél(L;\m:ll)U) : (33)

n=0

Z gZLn-y-mO‘)

m,n=>0

™ u"  exp((A = Du)
m'n! 11—l —lu

Proof. For any function f(k)(k > 0): Z[A] — C[)\], we define the operator Af(n)(\) =
f(n)(A) + (A —=1)f(n—1)(A\). By inductions on N > 0, we have

A ) = Y= 0] ) st = 0 = = 17 (V) sl = v . 39)

1=
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If f(n)(A) = g;/,,(A), thus gymi(\) = Alf(n +m)()\) for i > 0. From (35), we obtain

{n+m

n

Gimim(N) = A" f(n+m)(X) = Z()\ — 1) (TZ) ™ (m 4-4)). (36)

1=0

For the above identity, multiplying both sides by u"/n! and summing over n > 0, we
obtain

mA4i\  Cut
S o (N = 3 (0 ( . )_ |
n=0 n,120 g (n o 2)'
By shifting n to n + ¢, we have
moy u" m—+ 1
Z gé n+m - £ m: Z()‘ - 1) n| Z Z (€u> .
n>0 : n>0 i=0

Clearly the above equation implies (33) immediately. Finally multiplying both sides of
(33) by z™/m! and summing over m > 0 yields (34). O

Remark 42. Setting m = 0 in (32), we obtain

n

2,00 = gl ) = mt 3 AW s (37)

1=0

which implies immediately the following recurrence relation,

dp,(N) = tndg, ;(\) +(A=1)"  (n>1). (38)

Proposition 43. For ¢ > 1 and 0 < m < n — 2 we have
9in(A) = (n+ A =1)g7, 1 (A) =l —m—=1)(A=1)g%, »(A)  (n=2);  (39)
9im(A) = Ln —m)gi, 1 (A) + tmgy, 1(A) (m =1, n>1); (40)
9in(N) = g1 (N) +m(A = gy 2y(V)  (m =1, n>2), (41)

where g)o(A\) =1, g¢1(A\) = A+ L —1 and g;, () = €.

Proof. Let F(u) denote the left-hand side of (33). By using the differentiation of F'(u)
and (33), we obtain

(1—Ctu)F'(u) =[0(m+ 1)+ (\—1)(1 — tu)]|F(u). (42)
By equating the coefficients of u"/n! in (42), we have

shifting n + m + 1 to n yields (39) immediately.
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Then multiplying both sides of (33) by 1 — fu, we have

" u™ ™ mlexp((A — u™
(1 - fu) Z gﬁ,n—&-m()‘)H = (1 _ €u> ={m Z gé n+m 1 : (43)

n=0 n>0

By equating the coefficients of u™/n!, we have

gzanrm()\) - gngZLn+mfl(/\) gmgﬁ n+m— 1()\) (44>

shifting n + m to n yields (40).
Finally, from (40) and (2), we have

Iin(N) = gy, 1 (A) = tm(g7, 1 (N) — 975,25 (M)
= Ingjp 1 (N) +m(A — 1)gy 7 (N),
which yields (41), the proof is completed. ]
With the above Proposition 43, we derive the following propositions immediately.
Proposition 44. For ¢ > 1 and 0 < m < n — 2 we have
a0 = (n+ A= A7, () — i —m = A= DR o) (n>2);  (45)

pn(A) = Ln—m)dy, (N +dp, 5 () (m>1n>1); (46)
dt(N) — (A= Ddy (N = bndy, 1, (\) (m>1,n>2), (47)

>
>

where djy(X) =1, d) |(A) = A+ =1 and dj,(\) = 1.
Proof. With Proposition 43, we can get these equations (45), (46) and (47) directly. O

Remark 45. Setting ¢ = 1, (3), (45), and (47) reduce to the result of Eriksen et al. [5,
Propositions 8.1, 8.3 and 8.2]. In this case, (33) and (34) recover the result of Rakoton-
drajao [11, Theorem 6.7 and Theorem 6.8]. Setting A = 0, Propositions 41, 43 and 44
reduce to the result of Faliharimalala and Zeng [7, Propositions 17, 18, and 19].

8 Proof of Theorem 20

In this section, to prove Theorem 20, we prove the following equation,

|
Z )\ﬁx>m(ﬂ') — (Tl—i_—'m) Z )\ﬁ)(>m(ﬂ') fOI' m’ n 2 0 (48)
n€F L T el

And with the generating functions of dj},(\), we obtain the generating functions and
recurrence relations of f; (A).
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Proof of Theorem 20. For { = 1, we construct such a permutation 7 € Fy, . in following
way, see Definition 18.

Starting from the set [n+2m], we take m elements from the set [m+1, 2m| as the image
of [1,m], which is labeled as 7 (i)(i € [m]). Clearly there are ("7™)m! ways to choose. Let
i'(i € [m]) represent the two element set {4, 7(7)}, and let i'(i € [m+1,n+m]) denote the
remaining element [n + 2m] \ {i,7(¢)}. Let ©’ denote the permutation on the colored set
Cox {1,238, .-+, (m+n)'} such that sign_, (i') = 1(¢' € [m]) and (i’ € [m]) belong into
distinct cycles, by transforming the ' into {7, 7(i)}, we obtain the desired permutation

in F ., and vice versa. From this construction, we have fixs,,(m) = fixsp,(7'). This
completes the proof. n
Theorem 46. For ¢ > 1 and 0 < m < n, we have
u”  u™exp(A —1)u
(A — = : 49
2 fﬁ,n( )n| (1 . Eu)mﬂ ( )
n=0

Proof. According to the generating function (33) of g7, (A), it is clear to see that

g u _exp(A—1u
Z £n+m _| - (1 — Eu)m"‘l :

n=>0

For the above identity, multiplying both sides by «", we obtain
Z(n+m)! n ) ut™ ™ exp (A —1)u

—~ Ertmi 4 m)! (1 — fu)mH!
With Theorem 20,
Zf u"m wmexp (A —1u
= rtmin +m)l (1 — fu)m+L
which is (49) by shifting n +m to n. O

With (3), (45), (46), (47) and Theorem 20, we obtain the following corollary.
Corollary 47. For (> 1,1 < m < n — 2, we have

(n—m+1)f77 () = tm i, (A) + (A = Dnfy 5 (V) (50)
(n— )fen(A) =n(ln =1+ N[ 1 (A) = A =Dn(n = 1) f75 5(A);  (51)
Fin) = 7 () + nf 1 (V) (52)

(n—m) f{(A) = (A = Dn(n — 1) f575(0) + 0 £, (V); (53)

where fo(A) =1, fi1(A
With (51) and (52),
Corollary 48. For ¢ > 1 and 1 < m < n — 2, we have
F ) = m ) = 6 = 1) — D) 5N + (Gm+ =1+ N fE (V. (54)

Remark 49. When (¢, \) = (1,0), (49) and (54) reduce to the results of [14, Theorem 3
and Theorem 2].

)=A+L0—1and f};(N\) =1

we have the following corollary.
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9 Combinatorial proof of recurrence relation (46)

In this section, we give the combinatorial proof of recurrence (46), that is,

0 Abenm —pn—m) Y ABen 4 R N

meCy, TeCy

(55)

m—1
TrEC’/_,,n_1

other recurrences (45) and (47) can be proved in similar ways.

Lemma 50. For 0 < m < n,

Z )\ﬁx>m(7T) — Z )\ﬁX>m—1(7T)'

(56)
O ”602”;11
mEFIX () ’

Proof. Tt follows similar arguments as in the proof of Lemma 21. m

Lemma 51. For 0 <m < n,
> ARenm = pn—m) Y Ao, (57)

WECZLn 71'602%71
mgFIX(m)

Proof. Let us consider the map x : 7 — (¢, 8, 7') from CF), N {m € Gy,lm ¢ FIX(m)} to
Cp x [n—m] x CF;,_; such that fix.,,(7) = fixe, (7).

For m € CF,, N {m € Gyn|lm ¢ FIX(m)}, we decompose 7 as the product of disjoint
cycles. Let m(m) = 3, it is easy to see || € [m + 1,n] and sign_(8) = e.

For the element i € 7, we delete the element § and define the element i’ € [n — 1] in

7’ by
i if 1 < 18

Conversely, starting from (e, 8, 7') € Cy x [n — k] x CF;,_;, for the element i’ € 7', we
define the element ¢ € [n] in 7 by

- if i < 18);
1 =
i+ 1, if i) =18,
and let 7(m)

Qolll

For example, let { =4,n=9k=4,if 7 = (1 ?) (25) (3

) (49) (6) € Ciy,

(@]}

e=(B=9 7 =(17)(25) (38) (4) (6) € Cty and fixes(m) = fixoy().

for m = (17) (2) (38) (45) (6) (9) € C4,,

) (2) (37) (4) (5) (8) € Cis and  fixoa(m) = fixsa ().

o
:]\
—~
—_
Ol
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Proof of equation (55). By considering the following equation,

Z Afixsm (™) Z Mixsm(m) | Z AfBesm () (58)

WECZ’; WECZnn WECznn
’ mgFIX () mEFIX ()

by Lemma 50, the (58) is equivalent to

Z )\ﬁx>m(ﬂ-) _ Z )\ﬁX>m(7T)+ Z )\ﬁX>m—1(ﬂ')_ (59)

meCy, TeCy, WGCZ”T;II
mgFIX(r) !
By Lemma 51, we obtain (55) immediately. This completes the proof. O

10 Final remarks

Faliharimalala and Zeng [8, eq. (1.2)] studied the wreath product analogue of Euler’s
g-difference table {g7",(¢) }o<m<n as follows.

Definition 52 (Faliharimalala-Zeng). For fixed integer ¢ > 1, the coefficients of Euler’s
g-difference table (g77,(¢))o<m<n for Cp 2.5, are defined by

{ 9in(@) = 120y - - - [nf],, (m = n); (60)
g0 (q) = go (q) — " Vg 1 (q) (0<m<n—1).

Faliharimalala and Zeng found a combinatorial interpretation of (g;,(q))o<ms<n by in-
troducing a new Mahonian statistic fmaf on the wreath products. So the natural question
is to find a g-A-Euler’s difference table for A\-Euler’s difference table in Definition 1, it
seems the statistic fmaf cannot help directly.
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