Density of monochromatic infinite paths
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Abstract

For any subset A C N, we define its upper density to be limsup,,_,., |A N
{1,...,n}|/n. We prove that every 2-edge-colouring of the complete graph on N
contains a monochromatic infinite path, whose vertex set has upper density at least
(9 4+ V17)/16 ~ 0.82019. This improves on results of Erdds and Galvin, and of
DeBiasio and McKenney.

Mathematics Subject Classifications: 05C15, 05C63, 05C35

1 Introduction

A 2-edge-colouring of a graph G is an assignment of 2 colours, red and blue, to each
edge of G. We say that G is monochromatic if all the edges of G are coloured with the
same colour. Given an arbitrary 2-edge-colouring of K,,, what is the size of the largest
monochromatic path contained as a subgraph? This was answered by Gerencsér and
Gyarfas [7], who proved that every 2-edge-coloured K, contains a monochromatic path
of length at least 2n/3. This result is sharp.

Now consider the infinite complete graph Ky on the vertex set N. For any subset
A C N, the upper density d(A) of A is defined as

d(A) := lim sup AOLL - ,n}|

n—00 n

Given a subgraph H of Ky, we define the upper density d(H) of H to be that of V(H).
Trying to generalise the results known in the finite case, it is natural to ask what are the
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densest paths which can be found in any 2-edge-coloured Ky. This problem was considered
first by Erdés and Galvin [6]. Other variants of this problem have been studied as well.
For example, it is possible to consider other monochromatic subgraphs rather than paths,
edge-colourings with more than two colours, use different notions of density or consider
monochromatic sub-digraphs of infinite edge-coloured digraphs, etc. Results along these
lines have been obtained by Erdés and Galvin [5, 6], DeBiasio and McKenney [3] and
Biirger, DeBiasio, Guggiari and Pitz [1].

We focus on the case of monochromatic paths in 2-edge-coloured complete graphs. By
a classical result of Ramsey Theory, any 2-edge-colouring of Ky contains a monochromatic
infinite complete graph, and therefore, also a monochromatic infinite path P. However,
this argument alone cannot guarantee a monochromatic path with positive upper density,
as it was shown by Erdés [4] that there exist 2-edge-colourings of the infinite complete
graph where every infinite monochromatic complete subgraph has upper density zero.
Rado [8] showed that in every r-edge-coloured Ky there are r monochromatic paths, of
distinct colours, which partition the vertex set. This immediately implies that every
2-edge-coloured Ky contains an infinite monochromatic path P with d(P) > 1/2.

Erd6s and Galvin [6] proved that for every 2-edge-colouring of Ky there exists a
monochromatic path P with d(P) > 2/3 and showed an example of a 2-edge-colouring of
Ky such that every monochromatic path satisfies d(P) < 8/9. DeBiasio and McKenney [3]
improved the lower bound and showed that for every 2-edge-colouring of Ky, there exists
a monochromatic path P with d(P) > 3/4. In this paper, we improve the lower bound
on d(P).

Theorem 1. Every 2-edge-colouring of Ky contains a monochromatic path P with d(P) >
(94 V17)/16 ~ 0.82019.

In Section 2 we state our main lemma (Lemma 2) and use it to deduce Theorem 1.
In Section 3 we collect some useful tools that will be used during the proof of Lemma 2,
which is done in Section 4.

1.1 Notation

Given a graph G, we write V(G) and E(G) for its vertex and edge set, respectively; and
e(G) .= |E(G)]. Given S C V(G), we write G[S] for the subgraph of G induced by S. If
S, T C V(@) are disjoint, we write G[S,T] for the bipartite graph with classes S and T’
consisting precisely of those edges in G with one endpoint in S and the other in T

Let G be a 2-edge-coloured graph. Throughout the paper, we assume its colours to
be red and blue. For a vertex z € V(G) and a subset S C V(G), we write the red
neighbourhood of x in S for the set Nf(z,S) := {y € S : zy is coloured red}, that is,
the set of vertices in S connected to x with red edges. We define NZ(z,S) analogously
for blue. For all * € {R, B}, we also define df,(z, S) := |N&(x, S)| whenever N}(z,S) is
finite, df.(x, S) := oo otherwise.

For every i > 0, let [i] := {1,...,i} and [i]p := [;] U {0}. For every set S C N and
t € N we write SUt for S U {t}.
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We write © < y to mean that for all y € (0, 1] there exists zy € (0, 1) such that for
all z < x( the following statements hold. Hierarchies with more constants are defined in
a similar way and are to be read from right to left.

2 Monochromatic path-forests

Our proof follows the strategies of Erdés and Galvin [6] and of DeBiasio and McKenney [3],
where they reduce the problem of finding monochromatic paths to the problem of finding
collections of monochromatic disjoint paths satisfying certain conditions, which are then
joined together to form an infinite path.

Consider a 2-edge-coloured K. We say a vertex © € N is red (or blue) if = has
infinitely many red (or blue, respectively) neighbours in Ky. Note that it is possible for
a vertex to be both red and blue. A 2-edge-colouring of Ky is restricted if there is no
vertex that is both red and blue. We write R and B for the set of red and blue vertices
of Ky, respectively.

A path-forest is a collection of vertex-disjoint paths. Let Ky be a 2-edge-coloured
graph. A path-forest F' of Ky is said to be red if every edge of I is red and all endpoints of
every path in F' are red. We further assume that, for every path P in F', its vertices V(P)
alternate between red and blue. Note that a red path-forest may contain isolated red
vertices. A blue path-forest is defined similarly.

Our main lemma states that given a restricted 2-edge-coloured Ky, there exists a
monochromatic path-forest F' and an arbitrary long interval [t] such that V(F) N [¢] has
size which is linear in ¢.

Lemma 2. Let € € (0,1/2) and ko € N. For every restricted 2-edge-coloured Ky, there
exists an integer t = ko and red and blue path-forests F'® and FP, respectively, such that

max{[V(F®) N []],]V(F?) 0[]} > ((9+ VIT)/16 — e)t.

We defer the proof of Lemma 2 to Section 4. Note that we can always add any vertex
which is both red and blue to a monochromatic path-forest, as an isolated vertex. Thus
Lemma 2 implies the following corollary, which is valid for arbitrary 2-edge-colourings.

Corollary 3. Let e € (0,1/2) and ky € N. For every 2-edge-coloured Ky, there exists an
integer t = ko and red and blue path-forests F® and FP, respectively, such that

max{|V(F®) A [A]], [V(EP) N {81} = (9 + V1T7)/16 - e)t.

We use it now to deduce Theorem 1. The proof is based on the proofs of [6, Theorem
3.5] and [3, Theorem 1.6].

Proof of Theorem 1. Consider an arbitrary 2-edge-colouring of Ky. Suppose that there
exist two red vertices 21,79 € N and a finite subset S of N such that Ky \ S does not

contain a red path between z; and x. For i € [2], let X be the set of vertices reachable
from x; using red paths in N\ S. Let X3 = N\ (X; U X5 US). Then X; and X, are
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infinite; X7, X, and X3 are pairwise disjoint and there are no red edges between any
X;, X; for distinct ¢,5 € [3]. Thus there is an infinite blue path P on the vertex set
X, UX,UX3 =N\ S. Since S is finite, d(P) = 1, so we are done. An analogous argument
is true if red is swapped with blue. Hence, we might assume that

for any two red (or blue) vertices z1, xo and any finite set S C N\ {z, 25}, (1)
there is a red (or blue, respectively) path joining z; and xg in Ky \ S.
For all i € N, let g; := 1/(2i). If the vertex 1 is red, set P! = ({1},9) to be the
red path with the vertex 1 and PP to be empty. Otherwise, set P[ to be empty and
= ({1},9). Set n; = 1. Suppose that, for some i € N, we have already found an
mteger n; and red and blue paths P/ and PZB , respectively, such that the endpoints of

P! are red, the endpoints of PP are blue; and
max{|V (P) 0 [ni]l, [V(PP) 0 [ni][} = (9 + V17)/16 — 2&;)n. (2)

We construct n;1, Pf, and P%, as follows. Let r; := max{V(Pf),V(PFP),n;} and
ki = r;/eix1 = 2(i + 1)r;. Considering the induced subgraph of Ky on N\ [ry], by
Corollary 3, there exists a monochromatic path-forest F and t; > k; such that |V (F;11)N

{ri+ 1, i+t = (94 VIT)/16 — gi41)ts. Let njyy = g +t By the choice of k;,

note that
|V (Fip1) N il = (94 V17)/16 = gi00)ti > (9 + V17) /16 — 2g541)nisa.

Suppose Fj,; is red (if not, interchange the colours in what follows). Let P2 i1 = PB.
Apply (1) repeatedly to join the endpoints of the paths in P/*U F; and obtain a red path
PR, containing P and F; with red vertices as endpoints.

By construction, we have n;1; > n; and (2) holds for all ¢« > 1. Without loss of
generality, we may assume that [V (PF) N [n]] > ((9 + v/17)/16 — 2¢;)n; for infinitely
many values of i. Let P :=J,., P*. Therefore, P is a monochromatic path and d(P) >

(9 +17)/16. u

3 Preliminaries

In this section, we consider two ways of extending a path forest.

Proposition 4. Let G be a graph. Let F' C G be a path-forest and let J C V(F) be the set
of vertices with degree at most one in F. Let v € V(G)\ V(F) be such that dg(z, J) > 3.
Then there ezist ji,j2 € V(F') such that F U {xjy,xjs} is a path-forest.

Proof. Since dg(z,J) > 3, there exist at least two neighbours of z in J, which are not
endpoints of the same path in F. O

Proposition 5. Let G be a graph and F C G a path-forest. Let Y C V(G) \ V(F) and
X CV(F). Suppose that

THE ELECTRONIC JOURNAL OF COMBINATORICS 25(4) (2018), #P4.29 4



(1) 2pex (2 = dp(z)) = 2|Y], and
(i) for every z € X, dg(z,Y) > |Y] —2.

Then there exists a path-forest F' C G[X,Y]; every path in F' has both endpoints in X;
FUF' is a path-forest and |V(F')NY| > |Y|— 4.

Proof. Without loss of generality, we may assume that dp(z) < 2 for all x € X. We
proceed by induction on |Y|. It is trivial if |Y| < 4 (by setting F’ to be empty). So we
may assume that |Y| > 5. Note that |X| > 5 by (i). Pick 21,29 € X be such that z; and
x9 are not connected in F. By (ii) and |Y| > 5, there exists y € Y N Ng(z1) N Ng(z2).
Set F} := FU{z1y,zy} and Y := Y \ {y}. It is easy to check that F}, X,Y” also satisfy
the corresponding (i) and (ii). Therefore, by our induction hypothesis, the proposition
holds. O

The next lemma is a useful statement about difference inequalities. We include its
proof for completeness.

Lemma 6. Let 7,75 > 0, ¢ = 0 be given and let sy, s1,... be a strictly increasing
sequence of non-negative integers. Suppose there exists ng such that for every n = nyg,

Sn+1 < T1Sn — T2Sp—1 + Co-
Then 18 > 471y,

Proof. Suppose 77 < 475. Choose § € (0,1) sufficiently small such that 7 < 47(1 — 4)
and let p; := 7 /(1 —0) and py = 7/(1 — ). Since {s}nen is a strictly increasing
sequence of non-negative integers, there exists n; > ng such that

08, = ¢y for every n > ny.
Then, for n > nq, Sp11 < TSy — T2Sp_1 + 0Sp11, which implies, for every n > nq,
Spt1 < P15y — P2Sn—1- (3)

Consider the function f : (—o0, p1) — R given by f(z) = po/(p1 — x). It is immediate
that f is continuous. Since p? < 4ps, it follows that z < f(x) for all z < p;.
For every n > ny, let 3, := s,41/8,. From (3), for every n > ny,

1<Bn<p1-

Using (3) it also follows that p1s, — pas,—1 = Bnsn, which can be rearranged to get

- Sn P2 o
frr = > 2o = (B) > B

Since 3, is monotone decreasing and bounded, it converges to a limit 5 € [1,p;). More-
over, the sequence f(f3,) converges to the same limit. The continuity of f implies that
B = f(B) > [, a contradiction. O
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4 Proof of Lemma 2

4.1 The path-forests algorithm

To satisfy the conditions stated in Lemma 2, we consider an algorithm that will build
path-forests considering one extra vertex at a time, in increasing order.

Our algorithm is based on the following simple idea. Suppose that ¢ € N is a red
vertex and we have constructed red and blue path-forests F'¥* and F?, respectively. We
can add t to F® without any difficulty, forming a new red path-forest. We would like to
add t to the blue path-forest F'Z as well. However, we will add ¢ to the blue path-forest FZ
using only forward edges or only backward edges. Namely, when we say “add t to F'®
using forward edges” (or backward edges), we mean to add the blue edges tj;,tj, to F'P
for some blue vertices ji,j2 >t (or ji,J2 < t, respectively). We remark that the red (or
blue) path-forest will contain all the red (or blue) vertices that have been considered so
far, but it might be possible that some vertices are never included in the path-forest of
the opposite colour.

Here we give an outline of Algorithm 7. There is a positive even integer ¢ which will
be chosen before running the algorithm. The algorithm will consider each t € N in order
to decide whether to add it to the path-forest of the opposite colour by using forward or
backward edges, with a preference toward forward edges. In fact, the algorithm will add
a vertex using forward edges straight away, if possible, but will only add vertices using
backward edges in batches. Roughly speaking, A® will be an (ordered) set of red vertices
v € [t] such that v is joined to almost all blue vertices w > v with red edges. Once A is
large enough, we will set aside a subset Qf of AR “of size £”, which will be the ‘smaller’
endpoints of the backward edges. We continue the algorithm and collect a set I'® of blue
vertices, which could not be included in the red path-forest by using red forward edges.
Once I'® has ¢ vertices, we then add most of the vertices of I'® into the red path-forest
using red backward edges between Qf and I'?.

During the course of the algorithm, we will also construct a function ¢ : N — N, which
will help us to define the sets AZ, AP at any given step. The role of ¢ is the following:
a red vertex t will be part of A% only when ¢’ > (t), similarly with the blue vertices.
Imprecisely speaking, for a red vertex we would like ¢(t) to be “the last” of the blue
vertices connected to t via forward blue edges (this makes sense since the colouring is
restricted); if no such blue vertices exist we just define ¢(t) = ¢. If ' = (t) is chosen
like this, then when the algorithm reaches step ', the red vertex ¢ will now be connected
to “most” of the upcoming blue vertices using only red edges, which makes ¢ suitable to
belong in A%

Before presenting the algorithm, we will need the following notation. Suppose that
after round number ¢, we have constructed red and blue path-forests Fif¥ and FP, respec-
tively. Given an ordered vertex set V = {v;: i € [n]} and x € {R, B}, define

pi(V) =) (2 di: ().

veV

We view p; (V) to be the number of additional degree that we can (theoretically) add to
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V' while keeping F}* being a path-forest. Suppose an even ¢ € N is given and V' = {v; :
i€ [n]}. If p;(V) > £, then we define o} (V) in the following way: let s € [n] be minimal
such that p;({v;: i € [s]}) = ¢ and then select V' C {v;: ¢ € [s]} €V to be minimal with
respect to inclusion such that pj (V') > ¢; and let o/ (V) := V’. Note that, by choice,
dpr(v) < 1 for all v € V'. Note as well that p;(o/(V)) € {¢,£ + 1}. (Referring to the
outline above, we will set QF = o7 (ALF).)

We make the following crucial definition. For all * € {R, B} and ¢t € N, we define

ci o= [V(E) N[t

We are now ready to describe the algorithm. We will verify that this algorithm is
well-defined in Lemma 8.

Algorithm 7. Fix an even ¢ € N. Given any restricted 2-edge-colouring of Ky, we now
construct monochromatic path-forests as follows. Initially, let F5, AS, 25, 'y, o be empty
for all ¥ € {R, B}. Now suppose that we are at round number ¢t > 1, and we have
already constructed monochromatic path-forests F* ;, an ordered vertex subset A; ,,
vertex subsets Q7 ;, I | for x € {R, B} and a function ¢; 1 : [t — 1] — N.

We now construct F, Af, Q7 I'f, ¢, as follows by considering the vertex t € N. Sup-
poset € R (and if t € B, interchange the roles of R and B in what follows). Our algorithm
works in four steps.

Step 1: Adding t to the red path-forest.
Set Ft .= F', ut.

Step 2: Updating available and waiting blue vertices.

Let AP be obtained from AP | by adding the vertices v € [t—1] with ¢, 1(v) = ¢ at the end
of the ordering and I'Z := T2 . If pB (AB) > ¢ and QF | = &, then set QF := o8 | (AP);
otherwise set QF := QB

Step 3: Classifying t.
We now classify ¢ into one of four types, which will use to determine whether (and how)
t can be added to the blue path-forest FZ,. Let J := {v € NZ (t, B\ [t]): dpz (v) <2}
That is, J is the blue neighbourhood of ¢, that theoretically we can use to attach t to
FB | using blue forward edges without creating a vertex of degree 3. If QF # &, then we
set to to be the smallest ¢ such that QFf = QF. We say that ¢ is
e of type W if |J| > 3;
o of type X if |J| <2 and QF = g;
o of type Y if |J| <2, Q8 # @ and dpr (1) < 2;
tQ
o of type Z if |J| < 2, QP # @ and dgr (t) = 2.
tQ

Step 4: Trying to add t to the blue path-forest.
Depending on the type of ¢, we have three different cases.
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Step 4a: t is of type W.

We add t to FP using forward edges. By Proposition 4 (with F/2, J,t playing the roles
of F,J,x) there exist ji,j, € J such that F”, U {tj;,tj>} is a blue path-forest. Further
choose j; and j3 such that min{j;, jo} is maximised (which is well-defined as ¢ € R and
the colouring is restricted, so J C Nf (t) is finite). Define ¢;(t) = min{ji, j»} and
01(i) = py_1 (i) for all i € [t —1]. Set FP := FB U{tj, tja}, Al := AR, QF := QF | and
re.=1k .

Step 4b: t is of type X or Z.

In this case, we will not add ¢ to F2, at all. Define ¢;(t) =t and (i) = ;_1(i) for all
i €[t—1]. Set FP := FP,. Let AR be obtained from A, by adding ¢ to the end of the
ordering. If pft(AF) > ¢ and QF | := @, set QF := oF(AL); otherwise set QF := Qff |
Finally, set Tf :=T% ,.

Step 4c: t is of type Y.

In this case, we will try to add t to F? using backwards edges if I'f has reached the
correct size. Define ¢y, AR and QF as in Step 4b.

If TF,Ut| < £/2, then set FP := FP, and TF := T'F, Ut and finish this step.
Otherwise, we have [T’ | Ut| = ¢/2. By Proposition 5 (with FZ, QF TE Ut playing
the roles of F, X,Y’), we obtain a blue path-forest F” such that FZ, U F’ is a blue path-
forest which covers all but at most 4 vertices of I'?; Ut. Let FP := FP, U F'. Adding
the new blue edges to form FP means we need to redefine QF accordingly, as follows:
if pB(AP) > ¢, then redefine QP := 0B(AP); otherwise redefine QF := @. Finally, define
k.= g.

4.2 Correctness and analysis of the algorithm

First we show that Algorithm 7 is well-defined. For ¢t € N, define W/ (and W}P) to be
the set of vertices v € [t] N R (and v € [t] N B, respectively) of type W, as in Step 3 of
Algorithm 7. Similarly, define X, Y}, Z; for x € {R, B}.

Lemma 8. Let £ € N be even. Then Algorithm 7 is well defined.

Proof. Suppose that Ky has a restricted 2-edge-colouring. We prove by induction on ¢
that Fy, Q, Iy, Ay, o, Wi X, Y7, ZF given by Algorithm 7 satisfy the following
properties (and similar statements hold if we interchange R and B):

(1) @i(i) > for all i € [t] and ¢i(i) = -1 (7) for all i € [t — 1];
(i) if i € RN [t] and ¢ (2) > i, then ¢ (i) € B;
(iii) AR QETE C RNt], QF C AR and A, C AF;
(iv) {@i(v): v € AF} C [t];
(v) if QF £ &, then pf(QF) € {¢,0+1};
(i) T < €2
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(vii) if y > ¢t and y € R, then y ¢ V(FP);

(viii) if QF TP # &, then max QO < max{y;(v): v € Q'} < minT'? and for all v € QF,
di (v,Tf) < 2.

Note that these properties imply the lemma. By our construction, (i)—(vii) hold.

To see (viii), let tg to be the smallest to such that Qff = Qff. Consider any v € Q.
Clearly v < ¢4(v) < to < minI'Z by (i) and (iv). So the first assertion of (viii) holds. Let
J:={j' € Ng (v,B\[v]): dpe (j') <2}, which is J defined at round number v. For all

u € 'B CYP we have dpe (u) < dgs (u) < 2. Hence I'B C J. If v is not of type X,
v— tQ

then d (v, Tf) < df, (v,J) < 2. If vis of type X, then df, (v,I') > 3 would contradict

the maximality of ¢;(v) in Step 4a. Hence we have d (v,I'7) < 2 for all v € Qff. O

Recall that for every « € {R, B} and t € N, ¢; = |V(F})N[t]|. In the next two lemmas,
we collect some useful information from the algorithm.

Lemma 9. Let { € N be even. Suppose that Ky has a restricted 2-edge-colouring. Let
Fr, Qp, Ty, Af, o, W, X[, Y, ZF be as defined by Algorithm 7. Then the following
holds for all t € N (and similar statements hold if we interchange R and B):

(i
(ii

(RO = W] + X+ Y]+ [ 25

i) FREWE XE YR ZE are nested;
(iii) if there exists t' >t such that Q5 # @ for allt <" < t', then X' = X[};

(iv) if v € V(F[) with v >t, then v € R and Ngr(v) C W5B;

(vi

if P (Af) = (, then Qff # &;

(vil) eff > (1 =8/0)(t — |2 - |XP]) — ¢/2;

)
)
)
)
(v) if v € B with dpr(v) > 0, then v € WP UY/F;
)
)
(viid) 2[Y, 7\ Y7 = p"(AF) = pii(AF) for t' > t;
)

(ix) if plf_ (AR) > ¢ for some t' > t, then |ZB| < |WE|.

Proof. Note that (i)—(vi) hold by our construction.

Now we prove (vii). By our construction, we have W2, RN[t] C V(FE). Partition Y,”
into I, I, ..., I, I, | (with I, | possibly empty) such that, for all i € [s], |I'}| = £/2,
max [, < minI_ ; and [T, | < ¢/2. In other words, I}, I, ..., I',,I", | is a partition of
Y,? into sets of ‘consecutive’ £/2 vertices. Consider any i € [s]. Let ¢; := maxT";. Since
t; € Y;P, Step 4c implies that we have [IP_| = ¢/2—1, T Ut; =T} and I'} = @.
Moreover, all but at most 4 vertices of I'; are added to F{¥¥ (at round number ¢;). Therefore,

i = |VER N = RO+ WP+ ) (T —4)

1€][s]
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= [RO[]+ WP+ ) (1 -8/0|r]]
1€|s]
(RO [+ WP+ (1= 8/0(Y;"| - ¢/2)

>
> (1=8/0(t - X7 = 1Z7]) — ¢/2.

Hence (vii) holds.

To see (viii), note that pff(AF) is a decreasing sequence in ¢ and it decreases if and
only if we join some vertices of AF to some vertices in Y,? \ Y,” with red edges to form
the red path-forest. Each such vertex of y € Y,;Z \ Y,? reduces pf*(Af) by at most 2.

To see (ix), since pff | (AR) > ¢ for some ¢’ > t, we have QF C AR for all t <" < ¥
Note that

max {iov (v)} < ma{ion (v)} < 1

veQf, vEA]

Consider any 2z € ZF. By Step 3 of Algorithm 7, this means that dpp(z) = 2. Hence
dpp(z) = 2 for all z € ZF. By (iv), Ngs(z) € W[ for all z € Z7. By counting the
number of edges in FPZ[ZF W], we have

212/ = e(FP[2y), W) < 2[W |
implying (ix). O

Lemma 10. Let ¢ € N be even. Suppose that Ky has a restricted 2-edge-colouring. For all
teN, let Fr,Q Iy Ay o, WP XF Y, ZF be as defined by Algorithm 7. Then there exist
Y C Dy CWrUY) forallt € N and *x € {R, B} such that (where similar statements
hold if we interchange R and B):

(i) pRH(ARY — pR(AR) < 2|DEN\ DE| + 2| XF\ XE|, for every t' > t;
(i) 2IDF| > 21D UXF U ZF| — pl(A);

i
(iv) et + P + LoF(AR) + 1P(AP) > 2(1 - 8/0)t — (.

Proof. Let UF = {w € WE: py(w) < t}. Let D .= UFUY/". Note that AF =
DEU XU ZE (here we view AF as an unordered set). Hence

)
)

(i) if py_1 (A7) = € for some ' > t, then 2| DP| = 2|Df| + |X[TU ZJf| — pyf (A7)
)

P (A) = o (DY) + p (X)) + 01 (Z)) = pf (D) + o' (X)) (4)
as dpr(z) =2 forall z € ZE. Note that UF C Ul for t < ¢'. Hence

P (AY) = p (D) + pir (Xi) = pil (D \ D) + pif (X \ X7) + pii (A7)
< 2IDJN\ D + 21X\ X3 + oy (A7)

implying (i).
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Let GE := F[{1,...,t}]. Since F¥ is a red path-forest, GI* is a bipartite graph with
vertex classes R C RN [t] and B' € BN [t]. If v € B with dgr(v) > 0, then v € WP UY,”
by Lemma 9(v). If v € W/ with dpr(v) > 0, then we must have ¢ (v) <t andsov € UB.
Hence if v € B with dgr(v) > 0, then v € DF. Therefore,

e(GY) < 2D, (5)
On the other hand, since V(F)NR=RN[t]=V(GE)NR,

(G = Y doplw) = 3 dpalw)

ueRN[t] ueRN[L]
> deplo) = 2ADFUXFUZE| - pf(AD),
ueDFUXFUZE

Together with (5), we obtain (ii).

To see (iii) proceed similarly but considering the graph FE[{1,...,t} U X}t U ZF].
Lemma 9(vi) and (iii) imply that X"\ X/ = &; together with Lemma 9(iv) it implies that
for every u € Z[f, Npr(u) € WP and dgpr(u) = 2. Counting the edges of FF[{1,...,t} U
X[FU ZF] in two different ways, as before, gives the desired inequality.

By adding (ii) and its analogus version, we get

1 1
SORAR) + LoP(AP) > IXFUZRUXP U 2P| )

Lemma 9(vii) implies that
el >20-8/0t— | XFuzFuxPuzPl| -1,
which together with (6) implies (iv). O

4.3 Evolutions of pF(Af) and pP(AP)

To prove Lemma 2, we will consider the path-forests F¥, FZ for every t > 1, as constructed
by Algorithm 7. If, given ¢ and ko, for some ¢t > ko we have max{c?, ¢} > ((9++/17)/16—
e)t, then we are done. Therefore, assuming this is not the case, we will deduce information
about the evolution of the parameters pf*(AZ) and pP(AP) whenever ¢ increases, which we
will use to finish the proof. (It also suffices to use Lemmas 9 and 10 instead of appealing
to Algorithm 7.)

First, we show that if p?(AP) > ¢ then there exists ¢ > ¢ such that pZ(AP) < ¢ (or
we are already done). That is, almost all vertices AZ have degree 2 in the red path-forest
at round number #'.

Lemma 11. Let ¢ € N be even. Suppose that Ky has a restricted 2-edge-colouring. Let
Fr Qi Ty A o, Wi X YX ZF be as defined by Algorithm 7. Suppose pP(AB) > (.
Then there exists t' >t such that p5(AP) < € or cf > (1 —-9/0)t.
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Proof. Suppose that pZ(AP) > ¢ for all #' > t (or else we are done). By Lemma 9(vi),
OF # @ for all ' > t. Hence X! = X[ for all # > ¢ by Lemma 9(iii). Moreover,
Lemma 9(ix) implies that |ZZ| < |[W/E| for all #' > t. Let ¢’ = ((t + ¢/2). Lemma 9(vii)
implies that

(1 =8/0t = |Z{F| = |X[H = /2> (1 = 8/O)t — [WF| = |X{| - £/2
(1= 8/ — (t+£/2) > (1—9/0)t. O

B
Cy 2
>

Lemma 12. Let { € N be even and 1/ty < 1/ < ¢ < 1/2. Suppose that Ky has a
restricted 2-edge-colouring. Let Fy, QF, Iy, Ay, o, Wi, X[, Y,", Z] be as defined by
Algorithm 7. Suppose that py) (A) > L. Then there exists t' > to such that pff(A}) < {
or max{ch, ci} > (2v2 -2 — o)t

Proof. Let a := 3 — 2v/2. Suppose the contrary, that is, for all ¢ > ¢, we have
pP(AB)Y = and ¢ff, P < (1 —a—e)t. (7)
Note that Lemma 9(iii) and (vi) imply that
Xt =X, (8)

for all t > t,.

Given t;, define ¢f | to be the minimum ¢ > #; such that pf‘(Aﬁ) < £, which exists by
Lemma 11 and 1/¢ < £ < 1/2. Analogously, define ¢2,. Define ¢, := max{tZ,,¢2,}
and t},, := min{t%,,¢2,}. This defines sequences ¢;,t; such that, for all 7 > 1,

tiog < t; <ty
min{pif (A7), o7 (A7) Vol (AR ), po (A7) < L.

For convenience, let t_; := 0 and for every i > 0, let [; := {t;_1 + 1,...,t;}. For every
i >0 and * € {R, B}, let

vy = ;N X[ | and 2} == [[; N Z} |.
Lemma 9(vii) and (7) imply that
ey = (1= 8/0)t; — 27| = |1Xi7| = £/2
(L=8/0t; = > (af +27) = /2,

J€lilo

(1—a—e)t; >
D

and a similar inequality also holds for
{R, B},

je[i]o(a:f + zf'). In summary, we have for * €

(@ +2) = (ate/2t (9)

J€lilo
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Consider any ¢ > 1. Write T; := 3, ¢;. Lemma 9(viii) implies that

—_

1

and a similar inequality holds for |V, \ V;® |. Hence by combining both inequalities and
using Lemma 10(iv), we have

1
VPNV T+ VA Y = S0, (AR + e (AR)) — ¢

>2(1-8/0)t;iy — 20— 65_1 - 05—1

7
> 2(0[ + €)ti_1 — 20 — 16t1_1/£
> 2

(+e/2)t;q,

Vv

—~
N

where the last inequality follows from 1/t;_; < 1/t < 1/¢ < €. Hence, for all i > 0,
Vi? UY,T| > 2(a+e/2)T. (10)
Claim 13. For alli € N, [WEUWP UXPUZE| = (a+¢/2)(ti + i) — to.

Proof of the claim. We divide the proof into two cases. First suppose that tZ L=t

Since p_; (A} ) = ¢, Lemma 9(ix) implies that |[W,”| > |Z[ | = 37,1y, 27 Hence

WEOWPUXPUZE = WE + XUzl Y A+ ) (@F 4P

Jj€li+1]o J€lilo
(8)
= Z (zF + 27 —xf + Z(:cf—l—zf)
j€li+1]o Jj€lilo

9
> (o +¢/2)(ti + tiy1) — to,

—~
=

so the claim holds in this case.
Now, suppose that ¢2, < t2 . By the choice of tf o Lemma 9(ix) implies that
WE > |ZF | = Z]E[z+1]o P. By a similar argument, [W/| > 3 Lemma 9(iii)

jelilo © J
and (vi) imply that X = X and so xf}, = 0. Hence

WEOWPUXPUZl = W+ |WB| + | X7

DI LD DED BT LD DR A R I e R
J€li+1]o J€lio J€lilo J€li+1]o J€lilo

9

2 (Oé + 5/2)(1&1 + ti-l—l) — to.

—~
=

This finishes the proof of the claim. O
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Together with Lemma 9(i) and (10), we have
ti— 120 = |1XF =P oY+ wiowPuxlPuzp
> (a+¢/2)(Ti-1 + Tiq) — to.
Hence, (7) and Lemma 9(vii) imply that
(1—a)(T;,—Tim)=(1—a)t; 2 ¢
> (1=8/0(t: — |Zf| = |XE) — /2
> (a+¢e/)(Ticn + Tipa) —to — £/2,
02 (a+e/)Ti1 — (1 —a)T; + Ty —tg— /2.
Therefore, Lemma 6 (and our choice of a) implies
0<(1—-a)? —4(a+e/d) <1—6a+a’=0,

a contradiction. O

Now we are ready to prove Lemma 2.

Proof of Lemma 2. Let o := (7 —+/17)/16. Choose ¢, k{, € N such that ¢ is even, k{ > ko
and

0<1/ky <1/l <e, . (11)
Let Fy, Qp, Ty, Ay, o, Wi XS Y, ZF be as defined by Algorithm 7. Lemma 9(i) implies
that for all t € N,
t= ) WS+ X7+ 1Y+ 127, (12)
x€{R,B}

Lemma 9(vii) together with (12) imply that for all ¢ € N (and a similar bound is true
replacing R by B):

e = (L=8/O(WfUYS |+ W UYP| + XU Zf) - /2. (13)
We might suppose that for all t > ky we have
P <(1—a—et, (14)
or else we are done. Together with Lemma 10(iv) and (11),
pr(Af) = Lot p (A7) 2 €Vt = ko (15)

Without loss of generality, we may assume that pkB(,) (AkBg) ) = £. Define t; to be the
minimum ¢ > k& such that p?(AP) < ¢, which exists by Lemma 12 and (14). Note that
pit(Af) = € by (15). Similarly, define ¢; to be the minimum ¢ > ¢, such that pf*(Aff) < ¢.
Now define t, to be the minimum ¢ > ¢; such that p? (A7) < ¢. Note that ¢, exists by
Lemma 11 and (14), and that tg < t; < to.

Lemma 9(vii) and (14) imply that for all x € {R, B} and i € [2],

X UZE| > (a+e/2)t (16)
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Claim 14. There exist

HY Y uw/l and H? CYPuw) (17)
such that

|H = | X uZ]| -,

HP| =X uZP|+|Xx[FuZzl| -

Proof of the claim. For every x € {R, B}, consider D} C Y;*UW} as given by Lemma 10.
Note that pf (Af) < ¢. Then Lemma 10(i) implies

P (AR) = L p(AY) = pig(Ay) < 21D\ Dyg| + 21X,7\ X,/
<2DF| + 2|X2\ X7,

By the choice of ty and ¢y, pf(AF) > ¢ for all ty < ' < t;. Therefore, Lemma 9(iii) and
(vi) imply that X\ X” = @. Hence,

pB(AD) < 2Df| +1. (18)
Lemma 10(ii) and (18) together imply that
2|Df| = 2|D]| + 21X U ZP| — pP (A7) = 21XP U ZP| —¢. (19)
Recall that pf(Aff) < ¢ and pf (A7) > ¢. By Lemma 10(iii),
2|D7| = 2|Df| + 21X U ZE| — pl(Af) = 2|Df| + 21 xfFuzZf| —¢
(§)2|X5 uZPl+ 21X uzf -2t

Thus |[DP| > |XP U ZP| + |XEU Zf| — ¢ and |Df| > |XP U ZP| — ¢, which implies the
existence of a set H* C Dj C Y UW; of the desired size for every x € {R, B}. This
proves the claim. O]

Since k) < ty < t; < tg, we have 1/ty,1/t; < 1/{ < a,e. Let H® and H® be given
by Claim 14. Let

a:=|X7uzp, b= XU Zl,
c=|(X5uzh)\(xfuzl), d:=[(XFuzh\(x[uzl)

Thus, |[HE| = a— /¢ and |H®| =a+b+d— (. Let§:=¢/2 and p := a+§. Since
a = (7 —+/17)/16 is the least real root of the polynomial 822 — 7x + 1 and 0 < & < 1/2,
it follows that 1 < 7p — 8p?.
Now we use the previous bounds to get
) cff 1 1-8/O(WHUYE+WPUYP|+ |XFUZf) —0/2

l—a—e>2 — 2>
1 t
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w2 WU+ W UYP + | X[TuZf - ()2 8
T WEUYE +|WBUYE| + |XEUZE| + |[XBUZB| ¢
) [H +|HP |+ XUz -2 8

|HE| + [HB| + [ X{FUZ{ |+ [ X uZf] L

_ 2a+2b+d—50/2 204+2b+d ¢
T 3a+2b+d—20 3a+2b+d 2

8
s

where the last line follows from (11), (16) and 1/t; < 1/ < a,e. Rearranging, we get
p < a/(3a+ 2b+ d), and recalling that 1 < 7p — 8p* we have

3a+2b+d < (7 —8p)a. (20)
A similar argument (by estimating ¢/ /t;) shows that
3a+2b+d < (7—8p)b. (21)

Next, we would like to estimate ¢ /t> and ¢/f /to. By the choice of ¢;, Lemma 10(iv)
and (14),

pr(AD) =41 =8/0)t — 20 —2(cft + ¢) — pf(AfD)
>4(1—-8/0)t; — 20 —4(1 —a —e)t; — € = 4(a + 2¢/3)ty,

where the last inequality follows from (11). Together with Lemma 9(viii) and the choice
of t, we get

27\ Y7 = pi(Af) — piy (A7) = 4la+2¢/3)t — 0 > 4p(3a+ 2b+d).  (22)
Using Claim 14, we get

(149) ¢ (13) (1 =8/0)(IWEUY R+ WEUYS|+ |XEuZB|)—¢)2
1—0{—6 > t_ > 2 2 t2 2 2 2
2 2

1) WEUY S+ WS UYP |+ XguZzg|—¢/2 8
T WEOYE + WEUYP+IXEUZE + IXEuZE ¢
Y [HE [+ [HP| + Y7\ Y7+ X5 U ZE| - )2 8
[HR| 4+ [HP| + Y\ Y7+ [XZ 0 ZE| + [XFu Zg] L
(2) 20 +b+d+2p(Ba+2b+d)+a+c—3(/2
~ 2a+b+d+2p(3a+2b+d)+Fatctb+d—20
3a+b+c+d+2p(3a+2b+d) £

T 3a+2b+c+2d+2p3a+20+d) 2

8
0

where the last inequality follows from (11), (16) and 1/t < 1/{ < «,e. Rearranging, we
get p < (b+d)/[(1+2p)(3a+ 2b+d) + ¢+ d]. Recalling that 1 < 7p — 8p?, we get

(14+2p)(3a+2b+d)+c+d<(7T—8p)(b+d). (23)
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A similar argument (by estimating ¢’ /t2) shows that
(1+2p)Ba+2b+d)+c+d<(7T—8p)(a+c). (24)
By (20), (21), (23) and (24), we deduce that Az < 0, where z = (a, b, ¢, d)" and

8p —4 2 0 1
3 8p—5 0 1
Tp—2 1+42p 4p—3 1+4p
34+6p 12p—5 1 10p—5

A:

Now consider the column vector y = (7 — 12a,2 — 4, 1,3 — 4a)". Then y > 0 and
y'A = ((81 — 120c0)d, (54 — 80c)d, 44, (31 — 40x)d) > (6,9,6,0) > 0. Since Az < 0 and
z,y = 0, we get

0= (y'A)x > (6,6,8,0)x =d6(a+b+c+d) >0,

a contradiction. ]

Remark

After the submission of this paper, we learned that Corsten, DeBiasio, Lamaison and
Lang [2] have obtained an improved version of Theorem 1.
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