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Abstract

We prove that a family of average weights for oscillating tableaux are polynomials
in two variables, namely, the length of the oscillating tableau and the size of the
ending partition, which generalizes a result of Hopkins and Zhang. Several explicit
and asymptotic formulas for the average weights are also derived. The main idea in
this paper is to translate the study of certain average weights for oscillating tableaux
to the study of an operator ¥ from the set of real coefficient polynomials with two
parameters to itself.

Mathematics Subject Classifications: 05A15, 05A17, 05A19, 11P81

1 Introduction

Background on partitions and Young’s lattice can be found in [19, 27]. A partition is a
finite weakly decreasing sequence of positive integers A = (ay, as,...,ar), where a; (1 <
i < L) are called the parts of A\. The integer [A| = >, _;_; a; is called the size of \. Let
P be the set of all partitions. The partition A is identified with its Young diagram, which
is a collection of boxes arranged in left-justified rows with a; boxes in the i-th row. A
standard Young tableau of shape X is a filling in the boxes of the Young diagram of A
with distinct numbers from 1 to |A| such that the numbers in each row and each column
are increasing (see Figure 1). Equivalently, a standard Young tableau of shape A\ can
be seen as a sequence of partitions 7' = (A%, AL, ..., \!) such that \° = @, A = \; and
A1 is obtained by adding a box to A? for 0 < ¢ < [ — 1. Denote by fy the number of
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standard Young tableaux of shape \. In 1954, Frame, Robinson and Thrall [8] proved
the following celebrated hook length formula, which shows that the number of standard
Young tableaux of shape A is determined by hook lengths of A:

_ A

f)\_ H)\’ (1)

where H) is the product of all hook lengths of boxes in the Young diagram of A. Various
proofs of the above hook length formula were given in [1, 10, 16, 20].
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Figure 1: The Young diagram of the partition (4,2,2,1) and a standard Young tableau
of shape (4,2,2,1).

Oscillating tableaux are generalizations of standard Young tableaux. An oscillating
tableau of shape N and length [ is a sequence of partitions 7' = (A% Al ... A!) such that
A= 0, A = X; and [A/AXTH =1 or [NTT/XN| =1 for each 0 < 7 < [ — 1, i.e, AT
is obtained by adding a box to or removing a box from A\’ (see [14, 21]). Therefore the
oscillating tableau can be seen as a walk from () to A in Young’s lattice (see [28] and
Figure 2).

(4)

/
(3) — (3.1)

e e
0 (1) — L) - (2,1) < (2,2)
B (1,1,1) — (2,1,1)
~
(1,1,1,1)

Figure 2: The Young’s lattice of partitions with sizes at most 4.

Let OT (A, 1) be the set of oscillating tableaux of shape A and length [. The cardinality
of OT (A1) is well-known to be the following.

Theorem 1 ([24, 26, 28, 29]). Let A € P and k = |\|. Then for all n € N, we have

HOT (M k + 2n) = (’“ 22”) (2n — DI fy.

On the other hand, #OT (A1) =0 if | # k + 2n for any n € N.
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Bijective proofs of Theorem 1 were given in [24, 29]. Another proof was obtained by
Stanley [26, 28] in the study of differential posets. The enumerations of various oscillating
tableaux with restrictive conditions can be found in [3, 4, 6, 17, 18, 23]. In 2015, Hopkins
and Zhang [14] proved the following result on the average of a certain weight function of
oscillating tableaux. Their proof is motivated by Stanley’s theory of differential posets
26, 28].

Theorem 2 ([14]). Let A € P and k = |\|. Then for alln € N,

1 3k + 2n
> wit(T)=(k+2n+1)- ,
#OT(/\’ k+ Qn) TeOT (A k+2n) 6

where wt(T) := ZE:O IXe| for each oscillating tableau T = (X°, ... Al).

As noted by Hopkins and Zhang [14], it is surprising that the above average in Theorem
2 is a polynomial of n and |A|. In this paper, we generalize Theorem 2 and show that
this polynomiality holds for a family of weight functions for oscillating tableaux. The
following is our main result.

Theorem 3. Let P(z,y) be a given polynomial of two variables x and y. For each
oscillating tableau T = (X°,... ), let wtp(T) := S.._, P(IN'|,i). Then there exists a
polynomial Q(x,y) with the same degree and constant term as P(x,y) such that

1
T)=(|\+2 1 AL I+ 2 9
#OT (X [\ + 2n) TGOT%M%)W( )= (A +20+ QAL A +20) ()

for anyn € N and X € P.

Theorem 3 tells us that the average of the weight function wtp(7") is a polynomial of
n and |A| with degree deg(P) + 1. In fact, the polynomial Q(z,y) in Theorem 3 equals
U~ (P(z,x + 2y)), where U is an operator given in Definition 10. Usually, it is not easy
to compute the explicit formula for Q(z,y) when P(z,y) is given except for some special
cases that we will describe below. For example, letting A = () and P(z,y) = (f) where
r € N, we can derive the following explicit formulas.

Corollary 4. For any n,r € N, we have

2n

B Do B OGSO

(AL, A2 eOT (0,2n) =0

Also, by letting P(x,y) = x in Theorem 3, we derive Theorem 2. For each oscillating
tableau T = (X°,... A1), let

l
Wtop(T) =3 [N[* -
=0

where a,b € N. Then, we obtain the following corollaries for the weight functions
P(z,y) = z* and xy respectively.
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Corollary 5. Let A € P and k = |\|. Then for any n € N, we have

10k% + 4n? + 10kn + 5k + 6n
30 '

1
> wihao(T) = (k+2n+1)
#OT (A k + 2n) TEOT (A k+2n)

Corollary 6. Let A € P and k = |\|. Then for any n € N,

2k% +2n? + 5kn + k

1
Z wti1(T) = (k+2n+1)- G

#OT()" k+ Qn) TeOT (M k+2n)

For the general weight function wt; ;(7"), we can derive the following asymptotic for-
mulas of their averages.

Theorem 7. Leti,j € N. For a fized partition A\, we have

1 il(i + 7)1 (2n) It "
> wiy(l) = S +om™) ()
#OT()\, |/\| + 2”) TEOT()‘7|/\|+2n) (2Z + ] + 1)'

when n — 0.
For a fized nonnegative integer n, we have
|)\’i+j+1

1 L
Y. wy(T) = = +O(A) (5)
#OT (A, |\ +2n) TEOT (A,|A[+2n) i+l

when |\ — oo.

The main idea in the proof of Theorem 3 is to translate the study of certain average
weights for oscillating tableaux to the study of the operator ¥ given in Definition 10,
which is shown to be a bijection from the set of real coefficient polynomials with two
parameters to itself (see Theorem 11).

2 Proofs of main results

In this section, we prove Theorem 3 and the three corollaries stated in the introduction.
Let A be a partition. Denote by Q7 () (resp. 27 (X)) the set of partitions AT (resp. A7)
obtained by adding (resp. removing) a box to (resp. from) A:

Q) = {2\ AT /N =1}

and
Q"N ={\ | A/AT| =1}

Example 8. For the partition A = (5,2,2, 1), we have
Qt()) = {(6,2,2,1),(5,3,2,1),(5,2,2,2), (5,2,2,1,1)}

and

Q") = {(4,2,2,1),(5,2,1,1), (5,2, 2)}.
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We need the following lemma.
Lemma 9. Let A € P and k = |\|. For any n € N with k + 2n > 0 we have

D oare o+ () #FOT (A", k+2n—1) ~2n
#OT (N k +2n) k+2n

and

ShcamHOTOA k+2m—1)
#OT (N, k +2n) Ck+2n

Proof. For AT € QF(\) and A~ € Q7 (A), by Theorem 1, we obtain
#OT (AT k+2n—1) 2n o+

#OT (N k+2n) k+2n(k+1)f

and

HOT(A" k+2n—1) ko fe

H#OT (N k+2n)  k—+2n fy

But it is well known that » .. o+ e = (k+1)fy and >, -y - = (for
example, see [11, Lemmas 2.2 and 2.3]). Then the proof is complete. ]

Let R[z,y| be the set of polynomials of x and y with real coefficients. For each
nonnegative integer r, let R.[z,y] be the set of polynomials in R[z,y| with degrees at
most r.

Definition 10. The operator ¥ : R[x,y] — R[z,y| is defined by
U (A(z,y)) = (x+ 2y + DA(z, 2+ 2y) —2A(x — 1,z + 2y — 1) = 2yA(x + 1,z + 2y — 1)
for each polynomial A(x,y) € R[z,y].

Theorem 11. Let r € N. The operator VU provides a bijection between R, [x,y] and itself.
Furthermore, A(x,y) and V (A(z,y)) have the same degree and constant term for each
polynomial A(x,y) € Rlz,y].

Proof. Tt is obvious that the operator ¥ is an R-linear map over Rz, y]. For 0 < i < r
we have

U(z'y ") =(z4+2y+ )2’ (z+2y)" " —zx(z— 1) (z+2y — 1)
—2y(z + 1) (x4 2y — 1)
=(r+i+D)a'(z+2y) " —ia Nz +2y)" 7 + Kz, y) (6)

for some polynomial K, ;(z,y) with degree at most r — 1. Let a;;(x,y) := 2'y/~* and
Bii(x,y) = a'(x+2y) " for 0 < i < j. Then {a;; : 0< i <j<r}and {8, :0<i<
J < r} form two bases for the R-linear space R, [z,y]|. From (6) we have

‘I’(C)ér,r, Qpr—1y+ 3 Qp, Qp_1p—1,Up—17—2,---,0_10,.-.,011,0]10, Oéo,o) (7)
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- (BT,T? 57",7‘—17 s 7/87"70a 67’—1,7’—17 57‘—1,7"—27 cee sy Mr—=1,0y - - - 761,17 61,07 B0,0) X Mr

where ) )
2r+1
—r  2r
r+1
2r—1
MT — —(T — 1) 27’ — 2
X
r
0 0 --- 0 0 0 e 0 e 1
is an invertible lower triangular matrix with diagonal entries {2r + 1,2r,...,7r + 1;2r —

L2r—2,...,7r...;9,8,7,6,5;7,6,5,4;5,4,3;3,2; 1}. For example, we have

5 0 0 0 0 0
2 4 0 0 00
0 -1 3 0 00
My = 0 -2 0 3 00
-1 1 -1 -1 20
0 0 0 0 0 1]

Then ¥ must be an isomorphism from the R-linear space R,[z,y] to itself. Tt is obvious
that A(z,y) and ¥ (A(z,y)) have the same degree and constant term. O

Now we are ready to give the proof of Theorem 3.

Proof of Theorem 3. Let k = |\ and Q(z,y) = ¥~} (P(z,x+2y)). Actually we will prove
the following identity

> wtp(T) = #OT (A k+2n) x (k+2n + 1)Q(k, k + 2n) (8)
TeOT (A k+2n)

for any n € Z and \ € P with £ + 2n > 0 by induction on k£ + 2n. For each oscillating
tableaux

T =\ ... X2 c OT (N k + 2n),
we have \¥+2n=1 ¢ O+ (X\) U Q= ()). Therefore
Yoo owtp(M) = > > (wtp(T*) + P(k, k + 2n))

TeOT (A k+2n) Ate QF(\) T+eOT (At k+2n—1)

+ ¥ 3 (wtp(T7) + P(k, k + 2n))

A€ Q= (\) T-€OT (A~ k+2n-1)
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= ) > wtp(TF)
Ate Q+())

T+eOT (A k+2n—1)
fY Y
A€ Q= (\) T-€OT (A~ k+2n-1)
+ P(k,k+2n) x #OT (\, k + 2n). (9)
Let
Alz,y) = (z+2y + 1)Q(z, z + 2y).
When £k + 2n = 0, it is obvious that

> wip(T) = #OT(X,0) x Ak, n) (10)

TEOT()\,0)

for any A € P by Theorem 11.
When k + 2n > 1, by the induction hypothesis, identity (9) becomes

Y wtp(M) = > Alk+1,n—DHOT(A" k+2n — 1)
TeOT (M k+2n) Ate Q)
+ > A(k—1,n)#OT (A k+2n—1)
A—€ Q=(N)
+ P(k,k +2n)#OT (M k + 2n).

When n < 0, the above summation equals 0 and thus (8) is true. When n > 0, by
Lemma 9, the above summation is equal to

2n
M A1 —1
rron Akt L= D4

#OT(A,k+2n)< Ak —1,n) +P(k,k+2n)>. (11)

By the definition of ¥, we have

Pz, +2y) = V(Q(z,y))
=(x+2y+1)Q(x,x+2y) —2Q(x — L,z +2y —1) —2yQ(z + 1,z + 2y — 1)

:A(l‘,y)— A(x_]‘7y)_

A Ly—1).

T+ 2y
Hence, (11) equals #OT (A, k + 2n) x A(k,n), which completes the proof. ]

By Theorem 3, to evaluate the average of the weight function P(x,y) for oscillating
tableaux, we only need to calculate U1 (P(z, z + 2y)). However it seems that the inverse
of ¥ has no explicit formula for general polynomial P(z,y), except for some special cases.

Example 12. Let P(z,y) = (Y) where r € N. By Definition 10 we obtain

() -eran () () ()
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Hence,

Qlary) = U (Ple,x +2y)) = T ((x to)) - (i{)

Therefore by (2), for any n,r € N we have

[A[42n
1

FOTO N T2 2 Z() (A +2n 1) > %(wj%)'

TeOT(MA+2n) =0

The above identity can also be derived by direct calculation with the help of

S ()= (1) -2 (),

Next we give the proofs for Corollaries 4, 5 and 6.

Proof of Corollary 4. Let A = () and P(x,y) = (jf) in Theorem 3. By Lemma 11 and
OT(D,2n) = (2n — 1)!! we obtain that

2" 2n I\
CST R VR (4
(A0 AL, A2 eOT(0,2n) i=0

is a polynomial B(n) of n with degree at most r. It is obvious that B(n) = 0 for

0<n<r—1and ,
7| O el

By = 2T _

27“—1—1"/\| r (2r+ 1)

The last equality is due to the well-known formula (see [19, 27]) >, _ ~f3 =rl. Since

deg(B(n)) < r, we obtain that B(n) = é:ff) (™). The proof is complete. O

Proofs of Corollaries 5 and 6. First we have

U(x) =2z — 2y,

U(y) =2z + 4y,
U (zy) = 32° + day — 4y° — x + 2y,
U(2?) = 322 — day — x — 2y,
U(y?) = 3% + 122y + 129> — x — 2y.

Then by linearity,

<6x2 + 3zy + o +2x+3y) )
)\ 30 = x”.
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In Theorem 3, let P(x,y) = z%. Then

622+ 3 249 3
Qa,y) = U P,z +2y)) = U~ (2?) = STV TXTY

30
Therefore Corollary 5 holds by (2). Also we have
3 242
12
In Theorem 3, let P(z,y) = xy. Then
3xy +y* 42
Qa.y) = ¥ (Pla,a +2y) = U (wla +2y)) = ————.

By (2) we obtain Corollary 6. ]

3 Proofs of the asymptotic formulas

In this section, we will prove Theorem 7.

Proof of Theorem 7. Let I = {(r,i) € Nx N: i< r}. For two elements in I, we say that
(r',i") 2 (ryi) if (1) 7" <ror (2) " =rand i <i. It is easy to check that '<’ is a partial
order relation on the set /. Let M,, «;; and (3;; be the same as in the proof of Theorem
11. For 0 < i < r, by (7) we obtain

(/Br,ra ﬂr,r—la v 7ﬁr,07 ﬁr—l,r—la ﬁr—l,r—% L 167‘—1,07 e 751,17 61,07 B0,0) (12)
= \Ij(ar,ra QApp—1y o5 Qr 0y, Ap—1p—1, Xpr—17r-25- -+, Xr_10,---,X11, 10, 04070) X qul
where M, ! is a lower triangular matrix with diagonal entries {(2r+1)7% (2r)7%, ..., (r+

D @r=1)7 2r=2)7 et 7 e 5T a5t 47t 3737 271 17 Then
there exist some constants m:}fi, € R such that

Bra=W| > miama ], (13)
(r',i") = (rs3)
and
1
r,0
- i 14
m'I’,O r _|_ 1 ( )

When i > 0, the identity (6) implies

v (ar,i) - (T + i + 1) 51“,1' + iﬁr,ifl € erl[xa y] (15)
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By (13) and (15) we obtain

Ulag—(+i+l) > mioawet+i > miyaws | €Role,yl, (16)
(r' i) =2(ri—1) (r'i")=(ri—1)

and therefore

Qg — (T +i+ 1) Z mr’ i Q! ! +1 Z m:lz’lar i € RT 1[‘T y] <17)

(r'3")=2(ri—1) (r'i")=(ri—1)

Then the coefficient of a,.¢ in (17) must be zero, i.e.,

ra—1

(7"+’L+1) TO_imTO
Finally by (14) and induction we obtain

rlil
(r+i+1)!

7‘7i E—
r,0

(18)
for any 0 < ¢ < r. This means that, for a given k,

U (2 (x + 2y)) " (Bija)

=k, y=2n z=k,y=2n

= i (k200 + O
(i 4 g)Y(2n)

(2i+j+1)!

+O(n't)

when n — oco. Then (4) holds by Theorem 3.

On the other hand, when ¢ > 0, by comparing the coeflicients of o, (0 <4’ < i) in
(17), we have

L= (r+i+1)) m; ,—HZm”l— : (19)
/=0

or equivalently,

A A 1 +Z ] m’/’z, 1
Zm77:7;, Z =0 """rzg ‘ (20)
’ r+i+1

/=0

Therefore by (14) and induction we obtain

i
mot = !

E L

=0 ortl

(21)
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for any 0 < ¢ < r. This means that, for a given n,

o1 (4 oy ) “1(B.. .
(2" (= + 2y)’) ey Bivial | L o
_ Zmziiz X k—|—2n)z+] i +O(k’b+] 1)
_ kH_] + O(k,i-i-j—l)
i+ +1)
when k — oo. Then (5) holds by Theorem 3. O

4 Remarks and discussions

(1) The operator ¥ defined in Section 2 and its inverse ¥ ! can be realized via a computer
algorithm, as shown by the next program written for the computer algebra system Sage
[25].

var(’y’)
def Psi(P):
Z=X+2%y
def A(a,b): return P.subs(x=a).subs(y=b)
return expand((z+1)*A(x,z)-x*A(x-1,z-1)-2xy*A(x+1,z-1))
def InvPsi(P):
def Cf(P,ij): return P.coefficient(x,ij[0]).coefficient(y,ij[1])
d=PolynomialRing(RR, ’x,y’) (P).total_degree()+1
V=[(i,j) for i in range(d) for j in range(d) if i+j<d]
M=[[Cf(Psi(x"a*y~c), b) for b in V] for (a,c) in V]
R=1/matrix(M)*matrix([[x"a*y~c] for (a,c) in VI])
return sum([Cf(P,V[j]1)*R[j1[0] for j in range(len(V))])

Here are two examples to verify the functions Psi and InvPsi:

sage: Psi(x"2)
3*¥x72 - 4xxky - X — 2%y
sage: InvPsi(x™2+2*x*y)
1/4*x*xy + 1/12%y~2 + 1/6%x

(2) As noted in Example 12, when P(z,y) = (¥), we have U~! (P(z,z + 2y)) = TJ%I(?;’)

So what is U= (P(x, 2 4 2y)) when P(z,y) = (¥)? We cannot find a nice explicit formula

for it. Instead we obtain
1297
== (" (22)
e=0gy=2n  (2r +1)I\r

()
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by comparing the identities (2) and (3). Is it possible to find a direct proof for (22) by
the definition of ¥ without Theorem 37

(3) The technique developed in the present paper can be used for studying other
problems on the averages of weight functions for oscillating tableaux. For each box [J
in the Young diagram of the partition A\, let hg and cg be its hook length and content
respectively (see [19, 27]). In a paper under preparation, by applying results from the
study of difference operators on functions of partitions [7, 11, 12, 13], we will establish
the following two explicit formulas with very complicated proofs for the average weights
related to hook lengths and contents:

2"n! 5 . (2r)!2r n
S ZZ 11 @3 (2r+3)(r+1)!<r+1)

(A0, A)EOT(0,2n) i=0 et 1<j<r

and

2n

2"n! N rl 2" n
(2n+1)! 2 22 1l (CD_j)_(2r+1)(2r+3)(r+1>'

T (A9,..,ANEOT(9,2n) =0 OeXi 0<j<r—1

The above two identities can be seen as analogues of the Okada-Panova hook length

formula [22
22] Zfznfﬂ . _( )(27’+1)<n)
n! A r+ 112 \r+1

A=  Oex1<j<r

and the Fujii-Kanno-Moriyama-Okada content formula [9]

1 9 s gy (27)! n
meAZ 11 (CD—J)—m(T+1)‘

"A=n  Oexogj<r—1

The above results suggest that there are several kinds of weight functions of oscillating
tableaux whose averages have nice expressions such as polynomials. We want to summa-
rize known results and find a theory for the averages of more general weight functions of
oscillating tableaux in a paper under preparation.

(4) A skew oscillating tableau is a sequence of partitions T = (A%, AL, ..., A!) such that
IN/ATHL =1 or |AT1/N| =1 for each 0 < ¢ < [ — 1 without the condltlon that \° = 0.
The enumeration of skew oscillating tableaux was obtained by Roby [24]. So it is natural
to ask the following question: Is there a generalization of Theorem 3 for skew oscillating
tableaux? As pointed out in [14], the computation suggests that there are no simple
formulas for skew oscillating tableaux.

(5) A strict partition is a partition whose parts are distinct to each other. We can
define strict oscillating tableaux in a similar way. It will be interesting to find similar
results for the enumerations and average weights for strict oscillating tableaux.
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(6) As explained in [14], oscillating tableaux are closely related to perfect matchings.
The results on this topic can be found in [2, 5, 6, 15]. It will be interesting to apply our
results to perfect matchings in the future.

(7) The formula for the number of oscillating tableaux can be generalized to yield the
number of walks of given length starting at the minimal element of a differential poset
and ending at some fixed element (see [26]). Moreover, Hopkins and Zhang [14] use the
theory of differential posets to obtain their result on oscillating tableaux. So it is natural
to ask the following question: Do our results for Young’s Lattice carry over to arbitrary
differential posets? Although we don’t use differential posets in this paper, we believe that
our techniques should still work for general differential posets because they are inductive
in nature. It would be interesting to extend the techniques in this paper to study general
differential posets such as the Young-Fibonacci lattice (see [26]) in the future.
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