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Abstract

We prove that a minimal ¢-fold blocking set in a finite projective plane of order
n has cardinality at most

%n\/éltn —(Bt+D)(t—1)+ %(t —Dn+t.

This is the first general upper bound on the size of minimal ¢-fold blocking sets
in finite projective planes and it generalizes the classical result of Bruen and Thas
on minimal blocking sets. From the proof it directly follows that if equality occurs
in this bound then every line intersects the blocking set S in either ¢ points or
5(\/Atn — (3t +1)(t —1) +t — 1) + 1 points. We use this to show that for n a
prime power, equality can occur in our bound in exactly one of the following three
cases: (a) t = 1, n is a square and S is a unital; (b) ¢ = n — \/n, n is a square
and S is the complement of a Baer subplane; (c) ¢ = n and S is equal to the set
of all points except one. For a square prime power ¢ and ¢t < /g + 1, we give a
construction of a minimal ¢-fold blocking set S in PG(2,¢q) with |S| = ¢\/g + 1 +
(t—1)(¢ — /g +1). Furthermore, we obtain an upper bound on the size of minimal
blocking sets in symmetric 2-designs and use it to give new proofs of other known
results regarding tangency sets in higher dimensional finite projective spaces. We
also discuss further generalizations of our bound. In our proofs we use an incidence
bound on combinatorial designs which follows from applying the expander mixing
lemma to the incidence graph of these designs.

Mathematics Subject Classifications: 51E21, 05B05, 05B25, 05C50
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1 Introduction

Blocking sets are sets of points in a finite projective or affine plane that intersect every
line in at least one point. These objects have been extensively studied over the years.
While typically the focus is on the minimum size of a blocking set, upper bounds on
minimal blocking sets have also been studied; a blocking set S is called minimal if none
of its proper subsets forms a blocking set or equivalently if every point of S is contained
in a line intersecting S in exactly one point.

A well known result of Bruen and Thas [11, Corollary 6] states that in a finite projective
plane of order n the size of a minimal blocking set is bounded above by ny/n + 1. This
bound is sharp when the plane is Desarguesian and n is a square (so, an even power of a
prime), as shown by the points of a non-degenerate Hermitian variety, i.e. a set of points
in PG(2,¢*) which is projectively equivalent to the set of points (z,y,z) € PG(2,¢%)
satisfying x4+ + 991 + 2971 = 0. In fact, if a minimal blocking set has size ny/n+ 1, then
every line intersects the blocking set in either 1 point or y/n + 1 points, and thus it forms
a unital (see [5] for the definition of unitals and their basic properties). For projective
planes of non-square order n, n # 5, this bound has been improved to ny/n+1— }15(1 —s)n
where s is the fractional part of \/n [29, Theorem 5.1]. The reader is referred to [6] and [§]
for surveys on blocking sets in finite projective spaces, and to [4] and [17] for the relevant
background in finite geometry.

The main objective of this paper is to generalize the Bruen-Thas upper bound for
blocking sets to the case of multiple blocking sets.

A t-fold blocking set in a projective plane 7w of order n is a set of points S such that
each line of 7 intersects S in at least ¢ points and some line of 7 intersects S in exactly
t points. It is called minimal if every point of S is contained in a line intersecting S in
exactly ¢t points. For ¢ = 2,3, these sets are known as double and triple blocking sets,
respectively. Multiple blocking sets were introduced by Bruen in [13] and general lower
bounds on these sets were provided by Ball [2]. As far as we know, there are no non-trivial
general upper bounds on minimal multiple blocking sets. The following is our main result.

Theorem 1.1. A minimal ¢-fold blocking set S in a finite projective plane m of order n has
size at most

%n\/élm —@Bt+H(t—1)+ %(t —)n+t.

If the size of S is equal to this upper bound, then every line of 7 intersects S in exactly
tor 3(\/4tn — (3t +1)(t — 1) +t — 1) + 1 points. Moreover, if n is a prime power, then
equality can only occur in one of the following cases:

e t =1, n asquare, and S is a unital in 7.
e t =n—/n, n asquare, and S is the complement of a Baer subplane in .

e t =n for any n, and S is the plane © with one point removed.

Note that by taking ¢ = 1 in Theorem 1.1 we recover the result of Bruen and Thas.
A line which intersects a set S of points in a plane in k points will be called a k-secant of
S, and for k =1 it will be called a tangent of S.
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The technique used to prove Theorem 1.1 involves an incidence bound on combinato-
rial designs which is a direct consequence of the bipartite version of the expander mixing
lemma. We believe that this proof technique is of independent interest and it can po-
tentially be used to prove more results in finite geometry. We will discuss this incidence
bound in Section 2. The proof of our main result is contained in Sections 3 and 4. In Sec-
tion 5, we give an alternative proof which is in similar spirit to some of the known proofs
of the Bruen-Thas upper bound and does not involve spectral techniques. In Section 6 we
provide a construction of a minimal ¢-fold blocking set of size ¢\/g+1+(t—1)(q—+/q+1)
in the Desarguesian projective plane PG(2,q), for ¢ square and ¢t < /g + 1, by adding
(t —1)(¢ — /g + 1) carefully chosen points to a non-degenerate Hermitian variety. The
construction of a “large” t-fold minimal blocking set when ¢ is not a square appears to be
hard. In Section 7, we prove general upper bounds on minimal blocking sets in symmetric
designs using the main incidence bound. As a corollary we obtain another result of Bruen
and Thas [12, 31]. We also discuss multiple blocking sets with respect to hyperplanes
in PG(n,q). In Section 8, we discuss another generalization of the Bruen-Thas upper
bound that can be obtained using our techniques. Finally in Section 9 we mention some
interesting open problems related to our work.

2 The incidence bound

A 2-(v, k, \) design is a collection B of k-subsets of a v element set X such that every two
distinct elements of X are contained together in exactly A elements of B. The elements
of X are called points and the elements of B are called blocks. From double counting it
follows that the number of blocks through any given point in a 2-(v, k, A) design is equal
tor = ’\(5:__11), and that the total number of blocks is equal to b := Ak”((k”__ll)). The parameter
r of the design is also known as the replication number. A design is called symmetric if
b = v, or equivalently r = k.

The incidence graph of a 2-(v,k, \) design is the bipartite graph G = (L, R, E) ob-
tained by taking L as the set of points, R as the sets of blocks and taking an edge between
a point and a block if the point is contained in the block. This graph is biregular with
dr, = r and dg = k. It is well known that the non-zero eigenvalues of this graph are
VT, 1 — X, =1 — X\, =\/rk. By applying the expander mixing lemma [20, Section 2.4]
to this graph we get the following incidence bound, which was first proved by Haemers
using interlacing techniques [18, Section 5] and recently rediscovered by Lund and Saraf
[22, Theorem 1]*.

Lemma 2.1 (Incidence Bound). Let (X, B) be a 2-(v, k, A) design with total number of
blocks b and replication number r. Let S be a subset of X and let £ be a subset of B.
Let i(S, £) denote the cardinality of the set {(z, L) € S x B | x € L}, i.e. the number of

Lund and Saraf have given a weaker bound in [22, Theorem 1], but this stronger version also follows
from the expander mixing lemma.
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incidences between the set S and the set £. Then we have

its.0) - "EIA < ¢—\/|s||c| (-2 (-3

If equality occurs, then for each S" € {S, X \ S} and each L € {L£,B\ L}, every point
of S’ is contained in a constant number of blocks of £" and every block of £’ contains a
constant number of points of S’

Remark 2.2. See [18, Theorem 5.1] or [9, Theorem 4.9.1] where equality in the bound of
Lemma 2.1 is considered. A proof of this bound that does not use any spectral techniques
is given in [24, Section 9.

Several applications of this bound have been found [16, 23, 24, 32], but to our knowl-
edge our result is the first one on blocking sets.

3 Proof of the upper bound

The points and lines of a finite projective plane 7 of order n give rise to a 2-(n? +n +
1,n + 1,1) design with r = k =n+1and b = v =n?>+n+ 1. Let S be a minimal
t-fold blocking set in 7. For each point of S choose a single t-secant of S through that
point (this can be done because S is minimal), and let £ be the collection of these t-
secants. We must have t|£| > |S| since these t-secants cover all the points of S. So we
will assume that |£| = [|S|/t] by throwing away extra lines, if necessary. The number
of incidences between S and L is t|£]| = ¢[|S|/t]. Hence by Lemma 2.1, we obtain the
following inequality for = := | S|

(5]~ < oo 5] ( - ) (- )

Dividing both sides by [7] yields

‘“%' g\/m”(l‘ <n2+fz+1>) ((%w - <n2+1n+1>)‘

Since [£] > £ we can also write
t t

\“%F\/ﬂ(l‘ﬁ) (o)

Squaring both sides and then simplifying the above inequality, we get

—((t=1)n+20)z—t(n—t)(n* +n+1) <O0. (1)
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This implies that z must lie within the range defined by the roots of the quadratic equation
22— ((t — D)n+2t)z —t(n —t)(n* + n+ 1) = 0. The roots are

1
a=3 <(t—1)n—|—2t—n\/4tn—3t2+2t+1>
and .
B=5 ((t— 1)n—|—2t—|—n\/4tn—3t2+2t+1>.
The inequality x < 8 proves the result. [ |

Remark 3.1. Note that the only property of the set S we have used is that through each
point of S there exists a t-secant to S. For ¢t = 1, such sets are known as tangency sets
[10] or strong representative systems [27], and in fact all the proofs of the Bruen-Thas
upper bound only use the property that through every point there exists a tangent. In
particular, we have given a new proof of the fact that a polarity? of a finite projective
plane of order n can have at most ny/n + 1 absolute points, proved by Baer [1] when n
is not a square and by Seib [26] when n is a square. When there is exactly one tangent
through each point of the set then it is called a semioval, for which we get the same upper
bound of ny/n + 1, originally proved by Thas [31].

Tangency sets in AG(n, ¢) and PG(n, ¢) with respect to lines are related to finite field
Nikodym sets, which are sets S of points for which through each point = of the underlying
space there exists a line L, with the property that L, \ {z} C S. Clearly the complement
of a Nikodym set is a tangency set and hence upper bounds on tangency sets imply lower
bounds on Nikodym sets. We refer to [23] for further discussion on the Nikodym sets.

4 The case of equality in the bound

Let 7 be a projective plane of order n. Lemma 2.1 also implies that if S is a ¢t-fold blocking
set of size bn+ ¢ in 7, with b = (\/4tn — (3t + 1)(¢t — 1) + ¢ — 1), then the following must
hold (along with the natural condition that b is an integer):

e for every point of S there exists a unique element of £ which contains S,

e every line of 7 which is not in the set £ defined in Section 3 intersects S in a constant
number of points.

Fix a point = of S and let L be the unique t-secant of S contained in £ and through
x. Then the remaining bn points of S are covered by the remaining n lines through
x in m, all of which intersect S in a constant number of points. This constant must
then be equal to b. Therefore, in case of equality every line intersects S in ¢ points or
b+1=3(/4n— (3t +1)(t — 1)+t — 1)+ 1 points.

A set of type (ky, ko) in a finite projective plane of order n is a set S of points with
the property that each line intersects S in exactly k; or ks points. These sets have been

2a bijective incidence preserving map between points and lines which equals its inverse
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studied by several authors [15, 25, 30| and they are related to various objects in finite
geometry. We have just shown that the t-fold blocking sets which meet the bound in
Theorem 1.1 are sets of type (¢,b+ 1) where b = $(\/4tn — (3t +1)(t —1) +t — 1).
Therefore, such t-sets must satisfy the necessary conditions given in [25, Section 2]. In
particular, b + 1 — ¢ must divide n.

Lemma 4.1. In case n is a prime power ¢ the only possible values of ¢ for which equality
can be reached are

e { =1 when ¢ is a square, in this case S is a unital in 7.

e t = q— ,/q when ¢ is a square, in this case S is the complement of a subplane of
order \/q in 7.

e t = ¢ for any ¢, in this case S is the plane 7 with one point removed.

Proof. From the expression for b we obtain
b+ b(1—t) —t+t*=tn. (1)

Also
b—t+ 1 divides n, (%)

see e.g. Section 2 of [25]. Assume now that n = ¢ = p*, then by (x) we have b—t+1 = p".
Write ¢ = ap!, with (o, p) = 1. Hence (1) becomes

prp" +ap’ — 1) — ap! + P = aplg (2)

By (1) t is a divisor of b(b+ 1) = (p" — 1+ t)(p" + t), hence t = ap' is a divisor of
p(p" — 1), so I < h and « divides p" — 1 (x). We will distinguish four cases.

Case Il > 0,h > 0,1 < h: dividing (2) by p' implies that p divides «, a contradiction.

Case I1 [ > 0,h > 0,1 = h: Then after division of (2) by p" we obtain

(" +ap" —1) —a+a’p" =aq (3)

So a = Bp" — 1 and by (*) a = p" — 1, and (3) yields after simplification that p** = g,
hence ¢ is a square, t = ¢—,/q and b = ¢—1, and S is the complement of a Baer subplane.

Case III | = 0,h > 0: Then from (2) we get p"(p" + a — 1) — a + a® = aq which
implies that o? — « is a multiple of p". Since (a,p) = 1 we must have a = 8p" + 1. By
(*) 8 =0, so a =1 implying p*" = ¢ and hence ¢ is a square, t = 1 and b = ,/g, and S is
a unital.

Case IV [ = h = 0: Then we have b =t = ¢, and S is the projective plane with one
point removed. [ ]

This completes the proof of Theorem 1.1.
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5 An alternative proof of the upper bound

In this section we give an alternate proof of the bound in Theorem 1.1, using the so-called
variance trick.

Again let S be a minimal ¢-fold blocking set in a finite projective plane of order n.
Let |S| = bn + t, where b := (|S| — t)/n is not necessarily an integer. For each i, let I;
denote the number of lines which intersect S in exactly ¢ points. Then by standard double
counting arguments we have

n24+n+1

Z Li=n>4+n+1, (4)

=1

n24+n+1

> il =S|(n+1), (5)

=1

n24n+1
> (i = 1)l = |S|(|S] - 1). (6)
i=2
Let
n24n+1

s= Y (i—=b—1) L (7)

i=1
Then we can compute s as a function of b, n and t using these equations. Moreover, since
Iy = |S|/t (via the same argument as in Section 3), we have the inequality

s> (t—b—1)3S|/t=({t—-b—1)*(bn+1)/t. (8)
Combining these equations, and simplifying, we get the following inequality

nb+1)(=b*+ (t — Db+ t(n + 1) — t?)
t

> 0, (9)

which implies that b* — (t — 1)b + t* — t(n + 1) < 0. Therefore,

b < %(t — 1+ /4tn — (3t +1)(t — 1)),

and consequently |S| = bn +t < gny/4tn — (3t + 1)(¢ — 1) + 2(t — 1)n + t. Moreover, if
equality occurs then b = $(t — 14 /4tn — (3t + 1)(¢ — 1)) is an integer and from (7) it
follows that [; = 0 for all ¢ € {¢,b+ 1}. |

6 Construction of a minimal ¢-fold blocking set

In this section we construct a minimal ¢-fold blocking set of size ¢ /q+1+(t—1)(¢—+/q+1)
in PG(2, q) for every square ¢ and ¢ < /g + 1. While this is a factor of V/t away from the
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bounds that we have proved, to our knowledge this is the best (general) construction for
these parameters.

Consider a non-degenerate Hermitian variety H in PG(2, ¢) and let P be a point of H.
Through P there is a unique tangent L to H and each of the remaining ¢ lines through P
intersect H in ,/q+1 points. Pick ¢—1 of these lines Ly, ..., L;_1, where t < ,/q+1. With
respect to the unitary polarity L that defines H, we have Li,..., Lf, € Pt = L. Let
B=HULU---UL_1U{L{,...,Li,}. Then B has size ¢\/g+ 1+ (t —1)(¢ — /g +1).
We will show that B is a minimal ¢-fold blocking set.

Every secant of H intersects B in at least V4 + 12>t points. Let M be a tangent to
‘H at the point Q. If Q = P, then M = L and hence M contains exactly ¢ points of B.
If @ is not contained in any L;, then M intersects each L; in a unique point, and thus
|M N B| =t. If Q is contained in L; for some i, then M contains L;-, and moreover it
intersects each L; for j # ¢, thus proving that |M N B| = t. Therefore, B is a minimal
t-fold blocking set of size |B| = ¢\/q+ 1+ (t = 1)(¢ — /g + 1).

Remark 6.1. For 2-fold blocking sets one can do slightly better, as pointed out to us
by Francesco Pavese. Namely, consider a point P of H and the tangent L through P.
Remove P and add all the other points of L, i.e. consider the set S = HU L\ {P}. Then
S is a minimal 2-fold blocking set of size ¢,/q + ¢. Indeed, as any line not containing P
containing a point of L as well as a point of H, lines through P different from L intersect
S in /g points. It is minimal as any tangent line T" to a point ) # P of H intersects S
in exactly two points, namely ) and T' N L.

7 Minimal blocking sets in designs and higher dimensional spaces

Minimal blocking sets in a block design can be defined as sets of points which meet every
block non-trivially and have the property that through each point there is a unique block
which intersects the blocking set in exactly one point. Using the main incidence bound
we can obtain an upper bound for the size of these objects as well.

Theorem 7.1. Let S be a minimal blocking set in a symmetric 2-(v, k, A) design. Then

1+ vVk—A
S| < | ———= ) v.
k++vVEk—A
Proof. For each point of S pick a block which intersects S in exactly one point. In this

way we have x := | S| points, x blocks and exactly z incidences between them. Applying
Lemma 2.1, we get

|z — ra? /b <V — A/22(1 — z/v)(1 — 2/b).
Since b = v and r = k in a symmetric design, we can simplify this to

(1+\/k—)\)
T | ———m— ) v,
kE+vVk— X
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assuming that z > v/k. The assumption is true as it can be shown by counting incidences
between points of S and all blocks of the design. We have xr > b since there are exactly
r = k blocks through each point of S and each of the b = v blocks must contain at least
one point of S. [ |

From this general result on block designs, we obtain the following result of Bruen and
Thas on tangency sets with respect to hyperplanes in PG(n, q).

Corollary 7.2 ([12, 31]). Let S be a set of points in PG(n, ¢) such that through each point
of S there exists a tangent hyperplane to S. Then |S| < 1+ ¢*+1/2,

Proof. The points and hyperplanes of PG(n, ¢) form a symmetric 2-(v, k, \) design with
v= (""" -1)/(qg—1),k=(¢"—1)/(g—1) and A = (¢" ' —1)/(¢g—1). After substituting
these values and simplifying, we get the bound. [ |

For n = 2,3 the bound in Corollary 7.2 is sharp, while for n > 3 it never is. This
follows from the work of Thas [31], as an easy counting argument shows that in case
of equality, every tangent line to the set lies in a tangent hyperplane. The matching
constructions for n = 2 and n = 3 are those of a unital in PG(2,¢) and an ovoid in
PG(3, q) respectively.

Remark 7.3. Another bound on these tangency sets can be obtained by looking at the
linear code spanned by the characteristic vectors of the hyperplanes with respect to the
points, over the characteristic field. It is well known that if ¢ = p”, then the dimension
of this F,-linear code is equal to ((**""))" + 1 (see for example [7, Theorem 1.1]). This
is an upper bound on the size of a tangency sets since the tangent hyperplanes that we
construct give rise to linearly independent vectors. This bound is asymptotically better

when p is fixed and h, n vary.

It is natural to consider minimal multiple blocking sets in the point-hyperplane designs
of PG(n, q) for n > 2 as well. Let S be a t-fold blocking set with respect to hyperplanes
in PG(n,q), and let 0,(¢) = (¢ —1)/(q — 1), so that 6,,1(q) is the number of points (or
hyperplanes) in PG(n, q).

For each point of S choose a single t-hyperplane of S through that point, and let H be
the collection of these t-hyperplanes. We must have ¢|H| > |S| since these ¢-hyperplanes
cover all the points of S. So we will assume that |H| = [|S|/t] by throwing away extra
hyperplanes if necessary. The number of incidences between S and H is t|H| = t[|S|/t].

Then for z = |S| Lemma 2.1 gives

2] - 228 < =y (2] (1- ) (- 7))

With the same argument as in Section 3 this simplifies to

(07(@) = a" )2 +(=20(0)0nr1(@)t+4" " (Onr1(0) +10n41(0)))z+ 1205 11 (a) — 4" 10741 (q) < 0.
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Note that for n = 2 we retrieve our equation (1) for ¢-fold blocking sets in the projective
plane. We do not solve this inequality to get the precise upper bound for general n but
we can easily deduce from equation (10) that the bound is O(t'/2¢"*V/2 1 gt), where
the second term plays a role only when ¢ is large (note that ¢ can be as large as 6,(q) =
4 g+ ).

For n = 3 and t < ¢, a minimal ¢-fold blocking set with respect to the planes of size
q> + (t — 1)q can be obtained by taking an ovoid in PG(3, q), t — 1 tangent lines through a
fixed point P of the ovoid, and taking all the points on these lines along with the points
of the ovoid, except the point P. When ¢ is a square, the Hermitian variety gives rise to
a minimal (¢./q + 1)-fold blocking set of size ¢+ ¢*? 4+ q+1in PG(3,q). We do not
explore the n = 3 case further and leave it as an open problem to study large minimal
t-fold blocking sets with respect to hyperplanes in PG(n, q) for n > 2.

The Gaussian coefficient

{n + 1} _ (@ = 1) (¢ = " F)

k+1 (¢"t = 1) (¢"*! —¢)

counts the total number of k£ dimensional subspaces of PG(n, g). Points and k-dimensional

subspaces of PG(n, ¢q) form a 2-( [”Tl} o [kirl}q, [Z:ﬂq) design, with r = mq and b = [Zj:ﬂ .
We have already studied the symmetric design which one gets by taking k = n — 1. This
design is non-symmetric for all £ < n — 1, and the problem of large minimal blocking
sets becomes much harder in that case. The following bound can be obtained for minimal

blocking sets in non-symmetric designs.

Theorem 7.4. Let S be a minimal blocking set in a 2-(v, k, ) design. Then

|S] < (@) v.

Proof. For each point of S pick a block which intersects S in exactly one point. Then for
x :=|S| the incidence bound gives us:

|z —ra? /b <V — Ma2(1 —z/v)(1 —2/b) < zvV/r — ),

where the second inequality follows from the fact that (1 — x/v)(1 — 2/b) < 1. This
simplifies to x < (1 4+ +/r — A)r/b and since r/b = v/k, we get our result. [

This bound is non-trivial only if 1 + +/r — XA < k. Thus, in particular, it can be
shown that we do not obtain any non-trivial upper bound on the cardinality of minimal
blocking sets with respect to k-spaces in PG(n,q) for any £k < n — 1. For k = 1 and
n = 3, Lund, Saraf and Wolf have proved a non-trivial upper bound using Lemma 2.1 in
a slightly different way [23]. It should also be noted that the lower bounds on Nikodym
sets obtained using the polynomial method (see [23] and the references therein) give us
non-trivial upper bounds on minimal blocking sets in PG(n, ¢) with respect to lines.
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8 Further generalization

Instead of looking at sets of points in which through each point there is at least one
t-secant, we can look at the more general scenario where through each point there are at
least s lines which are t-secants, for some integer s > 1. We can apply the main incidence
bound for this problem as well and get the following result.

Theorem 8.1. Let S be a set of points in a finite projective plane of order n with the
property that through each point of S there exist at least s lines intersecting S in exactly
t points. Then |S| is at most the larger root of the quadratic equation

st? — (2st(n +1) — (s +t)n)z —t(n —st)(n* +n+1) = 0.

Proof. Let x = |S|. For each point of S pick s t-secants to obtain a set of s[|S|/t]
lines with the total number of incidences between S and these lines equal to st[|S]/t].
Substituting these values in Lemma 2.1 and simplifying as before, we obtain the quadratic
inequality

sr? — (2st(n +1) — (s +t)n)x — t(n — st)(n* +n+1) 0.

Therefore, x lies in the range defined by the two roots of the equation, and in particular
x is less than or equal to the larger root. [

The solutions of the quadratic equation in Theorem 8.1 look a bit messy and not
particularly insightful. But for the case of t = 1, we directly get the following result
related to the semiarcs.

Corollary 8.2 ([14, Theorem 2.4]). Let S be a set of points in a finite projective plane
of order n with the property that through each point of S, there exist at least s lines
intersecting S in exactly 1 point. Then

n

S| <1
S| <1+ 5

((s—l)+\/4sn—352+25+1).

Remark 8.3. Similar results can be obtained for symmetric block designs using Lemma 2.1.

9 Open Problems

The main open problem is the discrepancy between the size of known examples and the
size of the upper bound in the case where ¢ is not a square. We can split this into two
subproblems.

(1) Improve on our upper bound in case q is not a square.

In the case t = 1 an improvement on the upper bound is obtained when ¢ is not a
square in [29]. We were unable to generalize their method as it already broke down
in the first step and believe that new ideas are needed in order to obtain such an
improvement.
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(2) Find constructions of large minimal t-fold blocking sets when q is not a square.

It seems very challenging to find constructions of large minimal ¢-fold blocking sets.
In particular when ¢ is not a square, or if we require that the set does not contain any
full lines, good examples remain to be found. In particular even for the particular
case t = ¢— 1, finding a large minimal (¢ — 1)-fold blocking set is equivalent to finding
to finding a small complete arc in PG(2, ¢) by taking complements. This problem is
known to be hard and the best result is due to Kim and Vu who used the probabilistic
method [21]. Also note that the known lower bounds on complete arcs in PG(2, q)
(see [3]) give us upper bounds on minimal (¢ — 1)-fold blocking sets which are better
than the bound that we obtain by taking ¢ = ¢ — 1 in Theorem 1.1.

Even when ¢ is a square, the largest construction that we have for ¢ € {1,q — \/q,q}
is far away from the upper bound. This leads to the third open problem.

(3) Find minimal t-fold blocking sets in PG(2,q) for q square and t & {1,q—/q,q} which
are larger than the one constructed in Section 6.

Finally as mentioned in Section 7 it would be interesting to

(4) Study large minimal t-fold blocking sets with respect to hyperplanes in PG(n,q) for
n > 2.
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