On the Rainbow Turan number of paths
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Abstract

Let F' be a fixed graph. The rainbow Turdn number of F is defined as the
maximum number of edges in a graph on n vertices that has a proper edge-coloring
with no rainbow copy of F' (i.e., a copy of F' all of whose edges have different
colours). The systematic study of such problems was initiated by Keevash, Mubayi,
Sudakov and Verstraéte.

In this paper, we show that the rainbow Turan number of a path with k + 1
edges is less than (9k/7 + 2) n, improving an earlier estimate of Johnston, Palmer
and Sarkar.

Mathematics Subject Classifications: 05C35, 05C69

1 Introduction

Given a graph F', the maximum number of edges in a graph on n vertices that contains
no copy of F'is known as the Turdn number of F'; and is denoted by ex(n, F'). An edge-
colored graph is called rainbow if all its edges have different colors. Given a graph F, the
rainbow Turdn number of F is defined as the maximum number of edges in a graph on n
vertices that has a proper edge-coloring with no rainbow copy of F', and it is denoted by
ex*(n, F).

The systematic study of rainbow Turdn numbers was initiated in [6] by Keevash,
Mubayi, Sudakov and Verstraéte. Clearly, ex*(n,F) > ex(n,F'). They determined
ex*(n, F) asymptotically for any non-bipartite graph F', by showing that ex*(n, ) =
(1 + o(1))ex(n, F'). For bipartite F' with a maximum degree of s in one of the parts,

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(1) (2019), #P1.17 1



they proved ex*(n, F) = O(n?>7/*). This matches the upper bound for the (usual) Turan
numbers of such graphs.

Keevash, Mubayi, Sudakov and Verstraéte also studied the rainbow Turan problem
for even cycles. More precisely, they showed that ex*(n,Co) = Q(n'*¥/*) using the
construction of large Bj-sets of Bose and Chowla [2]- it is conjectured that the same
lower bound holds for ex*(n, Cy;) and is a well-known difficult open problem in extremal
graph theory. They also proved a matching upper bound in the case of the six-cycle Cg, so
it known that ex*(n, Cs) = O(n*/3) = ex(n, Cs). However, interestingly, they showed that
ex*(n, Cg) is asymptotically larger than ex(n, Cs) by a multiplicative constant. Recently,
Das, Lee and Sudakov [3] showed that ex*(n,Cyy) = O(n”w
k — oo.

For an integer k, let P, denote a path of length k, where the length of a path is
defined as the number of edges in it. Erdés and Gallai [4] proved that ex(n, Pyi1) < n;
moreover, they showed that if k + 1 divides n, then the unique extremal graph is the
vertex-disjoint union of ;15 copies of Kj 1.

On the other hand, Keevash, Mubayi, Sudakov and Verstraéte [6] showed that in some
cases, the rainbow Turan number of P, can be strictly larger than the usual Turan number
of Py: Maamoun and Meyniel 7] gave an example of a proper coloring of K. containing
no rainbow path with 2¥ — 1 edges. By taking a vertex-disjoint union of such Ko’s,
Keevash et. al. showed that ex*(n, Py_;) > (2;) LQ%J =1+ 0(1))§::§ex(n,P2k,1)—
so ex*(n, Pyx_1) is not asymptotically equal to ex(n, Pyx_;). They also mentioned that
determining the asymptotic behavior of ex*(n, Py11) is an interesting open problem, and
stated the natural conjecture that the optimal construction is a disjoint union of cliques
of size c(k), where ¢(k) is chosen as large as possible so that the cliques can be properly
colored with no rainbow Pj.,. For Py, this conjecture was disproved by Johnston, Palmer
and Sarkar [5]: Since any properly edge-colored K5 contains a rainbow Py, and K, does
not contain a Py, the conjecture for P, would be that ex*(n, Py) ~ 37” But they show that
in fact, ex*(n, Py) ~ 2n by showing a proper edge-coloring of K, 4 without no rainbow P,
and then taking ¢ vertex-disjoint copies of Ky 4. For general k, they proved the following:

), where ¢, — 0 as

Theorem 1 (Johnston, Palmer and Sarkar [5]). For any positive integer k, we have

k k+1
§n < ex’(n, Peyp) < F) + W n.

We improve the above bound by showing the following:

Theorem 2. For any positive integer k, we have

9k
ex"(n, Py1) < (7 + 2) n.

Let us remark that using the ideas introduced in this paper, it is conceivable that the
upper bound can be further improved (at the cost of making the proof very involved).
However, it would be very interesting (and seems to be difficult) to prove an upper bound
less than kn or construct an example with kn edges.

We give a construction which shows that ex*(n, Por) > ex(n, Py ) for any k > 2.
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Construction. Let us first show a proper edge-coloring of Ky ox (a complete
bipartite graph with parts A and B, each of size 2¥) with no rainbow Py. The vertices
of A and B are both identified with the vectors F5. Each edge uv with u € A and v € B
is assigned the color c¢(uv) := u — v. Clearly this gives a proper edge-coloring of Ky or.
Moreover, if it contains a rainbow path vgv; ... vy then such a path must use all of the
colors from F&. Therefore Z?ial c(vviy1) = 0. On the other hand, Z?ial c(vivip1) =
Z?ial(vi — Vip1) = Vo — Vgr. Thus, vg — ver = 0. But notice that since the length
of the path wvgvy...vqr is even, its terminal vertices vy and wvqr are either both in A
or they are both in B. So they could not have been identified with the same vector
in F5 a contradiction. Taking a vertex-disjoint union of such Kok 9x’s we obtain that

ex*(n, Py) > (26)2 [n/2841| = (1 + o(1)) 525 ex(n, Pa).

Remark. This construction provides a counterexample to the above mentioned con-
jecture of Keevash, Mubayi, Sudakov and Verstraéte [6] whenever the largest clique that
can be properly colored without a rainbow P has size 2¥. This is the case for k = 2, as
noted before. The question of determining whether this is the case for any £ > 3 remains
an interesting open question (see [1] for results in this direction).

Overview of the proof and organization. Let G be a graph which has a proper
edge-coloring with no rainbow Pj.;. By induction on the length of the path, we assume
there is a rainbow path vgv;...v, in G. Roughly speaking, we will show that the sum
of degrees of the terminal vertices of the path, vy and v, is small. Our strategy is to
find a set of distinct vertices M := {aq, by, az,bs,...,am,bpn} C {vo,v1,..., 0t} (Whose
size is as large as possible) such that for each 1 < i < m, there is a rainbow path P of
length k with a; and b; as terminal vertices and V(P) = {wo, v1,...,v;}; then we show
that there are not many edges of GG incident to the vertices of M, which will allow us
to delete the vertices of M from G and apply induction. To this end, we define the set
T C {vg,v1,...,v} as the set of all vertices v € {vg,v1,..., v} where v is a terminal
vertex of some rainbow path P with V(P) = {vg, v1,...,v;}; we call T the set of terminal
vertices. We will then find M as a subset of T'; moreover, it will turn out that if the size
of T' is large, then the size of M is also large — therefore, the heart of the proof lies in
showing that 7' is large.

In Section 2.1, we introduce the notation and prove some basic claims. Using these
claims, in Section 2.2, we will show that 7" is large (i.e., that there are many terminal
vertices). Then in Section 2.3 we will find the desired subset M of T' (which has few
edges incident to it).

2 Proof of Theorem 2

Let G be a graph on n vertices, and suppose it has a proper edge-coloring ¢ : F(G) — N
without a rainbow path of length k£ + 1. Consider a longest rainbow path P* in G. We
may suppose it is of length k, otherwise we are done by induction on k. For the base case
k = 1, notice that any path of length 2, has to be a rainbow path. Thus G can contain
at most % < (2 + 2)n edges, so we are done.
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2.1 Basic claims and Notation
In the rest of the paper, the degree of a vertex v € V(G) be denoted by d(v).

Definition 3. Let P* = vyv; ... vx. Suppose the color of the edge v;_1v; is c(v;_1v;) = ¢
for each 1 <7 < k. Let L and R denote the sets of colors of edges incident to vy and vy
respectively. (Notice that since the edges of G are colored properly, we have |L| = d(vp)
and |R| = d(v).)

We define the following subsets of L, R and {¢j, ¢a, ..., ¢} corresponding to P*.

o Let Loy (respectively Roy) be the set of colors of the edges incident to vy (respec-
tively vy) and to a vertex outside P*.

Note that Loy C {c1,¢2,...,cc} and Ry € {c1,¢o,..., ¢}, otherwise we can
extend P* to a rainbow path longer than % in G.

o Let Liy = L\ Loy, and Ry, = R\ Rou-

o Let Logg = LN{ci,c0,...,cp) and Lypew = L\ {c1,¢2,...,c}. Similarly, let Ryq =
Rﬂ {Cl,CQ, Ce ,Ck}, Rnew = R\ {61702, Ce ,Ck}.

o Let Sp = {c(vj_1vj) = ¢; | vov; € E(G) and ¢(vgvj) € Lpew and 2 < j < k} and
Sk ={c(v;vj41) = ¢jp1 | vev; € E(G) and c(vgv;) € Rpew and 0 < j < k — 2}.

Notice that |Sp| = |Lnew| and |Sg| = |Ruew|-

o Let Lyice = LN Sk and let Ryiee = RN Sp. (Note that since Lyice € {c1,¢2, ..., ¢k},
we have Lyjce N Lpew = 0. Similarly Ryice N Ryew = 0.)

o Let Lres = Lin \ (Lnew U Lnice) = Lold \ (Lnice U Lout)7 and Rres = Rin \ (Rnew U Rnice) =
Rold \ (Rnice U Rout)'

Notation. For convenience, we let |L| = [ and |R| = r. Moreover, let | Lowt| = lout, | Lola| =
loids | Lmice| = Inicer [ Lmew| = lnew and |Rous| = Tous, [Rold| = Told, [Ruice] = Tnices [ Fnew| =
Tnew-

Note that

d(vo) = lin + lout = lnew + lola =1
and
d(Vr) = Tin + Tout = Tnew + Told = 7

Now we prove some inequalities connecting the quantities defined in Definition 3 for

the path P*.

Claim 4. Lout N SR = (Z) = Rout N SL- This Zmph@s that Lout N mee = @ = Rout N Rnice
(since Lpjce C Sr and Ryice C Sp).

Proof of Claim. Suppose for a contradiction that Lo, NSk # 0. So there exists a vertex
w & {vg,v1,...,vx} such that c(vgvj) € Ryew and c(wvy) = ¢(vjv;41) for some 0 < j <
k — 2. Consider the path vj; 1049 ...v4vv;—1 ... vow. The set of colors of the edges in
this path is {c1, ¢2, ..., i} \ {c(vjv41) } U{c(wuwy), c(vkv;)} = {c1, ca, .o e} U {e(vpv)) },
so it is a rainbow path of length k£ + 1 in G, a contradiction.

Similarly, by a symmetric argument, we have Roy NSy, = 0. O
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Claim 5. [, <k — Tpew and Tour < k — Lyew-

Proof of Claim. By Claim 4, Lo, N Sg = (. Since both Ly, and S are subsets of
{c1,¢a,..., ¢k}, this implies, |Lout| = lowt < k — |Sk| = k — Tnew, as desired. Similarly,
Tout S k - lnew' D

We will prove Theorem 2 by induction on the number of vertices n. For the base
cases, note that for all n < k, the number of edges is trivially at most

n\ o kn - <9k n 2)
— — n
2) 7 2 7 ’
so the statement of the theorem holds. If d(v) < % + 2 for some vertex v of GG, then we
delete v from G to obtain a graph G’ on n — 1 vertices. By induction hypothesis, the
number of edges in G’ is less than (2 + 2)(n — 1). So the total number of edges in G is

less than (% + 2)n, as desired.
Therefore, from now on, we assume that for all v € V(G),

d(v) > 97k + 2.

Since d(vg) =1 = loiq + lnew and log < k, we have that

2k

lnew Z T~ 2 1
-+ (1)
Similarly,

2k
Tnew Z e + 2 (2)
7
Claim 6. We have
4k
lnice + Tnice Z 7 + 4.

Proof of Claim. First notice that L, N Sg = (. Indeed, by definition, L, N Sgp =
(Lioes NL)YN SR = Lyes N (LN SR) = Lies N Lyice = 0. Moreover, by Claim 4, Loy NSk = 0.
Therefore, we have (Lo U Lows) NSk = 0. Moreover, (Lyes U Low) U Sg C {c1,¢a, ..., i}
Therefore, lyes + louy < k — |Sr| = k — Tnew. On the other hand, by definition, lyes + louy >
(lin - lnew - lnice) + lout = l - lnew - lnice- SO we have,

l - lnew - lnice S k — Tnew-
By a symmetric argument, we get
T — Tnew — Tnice S k— lnew-

Adding the above two inequalities and rearranging, we get | + 7 — lyice — Tnice < 2k, SO

4k
lnice + Tnice > L+ 17 — 2k = d(vo) + d(vg) — 2k > 2 +4,

as required. N
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2.2 Finding many terminal vertices

Definition 7 (Set of terminal vertices). Let T' be the set of all vertices

vV E {'Uo,’Ul,UQ,...,Uk}

such that v is a terminal vertex of some rainbow path P with V(P) = {vo, v1,v2,..., vk}
For convenience, we will denote the size of T" by t¢.

The next lemma yields a lower bound on the number of terminal vertices and is crucial
to the proof of Theorem 2.

Lemma 8. We have

k
|T\:t237+2.

The rest of this subsection is devoted to the proof of Lemma 8.

Proof of Lemma 8
Recall that P* = vgv; ... v, and c¢(vjv;41) = ¢;. First we prove a simple claim.

Claim 9. We may assume c(vgv1) & Lpice and c(vivg_1) € Ruice. Moreover, if vovy, is an
edge of G, we can assume c(vovg) € Lpew U Ryew.

Proof of Claim. First consider the case when vguy is an edge of G. If ¢(vovg) € Lyew U Rnew,
then every vertex v; € T'. Indeed, the path v;v;_1v; o ... VoUEVE_1 ... V;11 IS a rainbow path
with v; as a terminal vertex. Thus |T| = k+ 1 > 2 + 2, and we are done. So we can
assume ¢(VoVx) € Lnew U Rpew. This implies that c¢(vov1) € Lnice and c(vgvg—1) € Rhuice,
because c(vovy) € Sg and c(vkvg_1) € Si-

Now if vgvy, is not an edge of G, then again c(vgvy) € Sg and c(vgvg_1) & Si, so the
claim follows. O

Claim 10. If vgv; is an edge such that c(vgv;) € Lyey then vy € T.

Proof of Claim. Consider the path v;_jv;_o...vov;v;11 ... vg. Clearly it is a rainbow path
of length k in which v;_; is a terminal vertex. O

Suppose vgv; is an edge such that c(vgv;) € Lpjce. Since c(vovr) € Rpew, by the
definition of Ly, there exists an integer j (with 1 < j < k—2) such that c(vgv;) € Ryew
and c(vov;) = c(vjvj11) = ¢j.

Claim 11. If c(vov;) € Lyjce then v;y € T or vy € T

Moreover, let j be an integer (with 1 < j < k — 2) such that c¢(vgv;) € Rpew and
c(vovs) = cvvi) = ¢;.

If j >4, thenv,_1 €T, and if j <1 then v,y €T.

Proof of Claim. Observe that since c(vgv;) € Lyice C Sg, we have that c(vyv;) € Rpew
(by definition of Sg).

First let j > 4. In this case consider the path v;_1v;—2 ... VV;Vit1 ... VjURVE—1 ... Vji1.
It is easy to see that the set of colors of the edges in this path is {c1,ca, ..., cx} \ {c;} U
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{c(vjur)}. As c(vjvg) € Rpew, the path is rainbow with v;_; as a terminal vertex. So
v €T.

If j < 4, then consider the path vj11v;42 ... VUEVT ... VjURUE_1 ... Vig1. It is easy to see
that the set of colors of the edges in this path is {c1,c2,...,cx} \ {ciy1} U {c(vjue)}, so
the path is rainbow again, with v;,; as a terminal vertex. So v;,1 € T. O

By symmetry, one can see that the same arguments used in the proofs of Claim 10
and Claim 11, imply the following two statements.

Observation 12. If viv; is an edge such that c(viv;) € Ryew then vigy € T
If c(vgv;) € Rpjce then vy € T or vy € T.

Definition 13. Let & > b be the largest two integers such that c(vov,) € Lyew and
c(voUy) € Lyeyw. Similarly, let a’ < a be the smallest two integers such that c(vpve) € Ruew
and ¢(vkv,) € Ruew-

Notation. For any integers, 0 < x <y < k, let
T ={v, €T |z <1<y},

and |T%Y| = t™Y.

Notice that t = t%* = 2 + t"*~1 as vy and v, are both terminal vertices.

Now we will show that if @ > b, then Lemma 8 holds. Suppose a > b. Then by the
definition of a and b, we have

|{Z | 2 S l S b and C(UOUL’) € Lnew}| - |Lnew| —1= lnew - 1.

By Claim 10, we know that whenever c(vgv;) € Lyew, we have v;_; € T. This shows
that t1°=1 > [, — 1. Similarly, by a symmetric argument (using Observation 12), we get
totbh=1 >y« — 1. Therefore,

t=24 " =2t P TR S 9 4 (Lew — 1)+ (Trew — 1) = Lnew =+ Tnew-

Now using (1) and (2), we have

2k 2k 4k
t:lnew new = o 2 - +2=— 47
+r -2k 2=

proving Lemma 8. Therefore, from now on, we always assume a < b.

Claim 14. If c(vov;) € Lpew or c(vgv;) € Rpew, and a < i < b, then v;_ 1 € T and
vip1 €T

Proof of Claim. First suppose ¢(vgv;) € Lyew. Then by Claim 10, v;_1 € T. We want to
show that v;41 € T.

Observe that if ©+ = a, then by Claim 10 again, we have v;11 € T because vxv; € Ryew-
So let us assume a < i and show that v;4; € T'. Notice that there exists a* € {a,da’} (see
Definition 13 for the definition of @ and a’) such that c(vov;) # c(ve+vx). Now consider
the path vg« 1Ug 10 ... V;UgU] ... Vg URUL_1 . .. V;41. The set of colors of the edges in this
path are {c1, co, ..., ¢k} \ {Cars1, Civ1} U{c(vovi), c(ve=vi) }, and it is easy to check that all
the colors are different, so the path is rainbow with v;;; as a terminal vertex.

Now suppose ¢(vgv;) € Rpew. Then a similar argument (using Observation 12) shows
that v;_; € T and v;;1 € T again, completing the proof of the claim. m
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Now we introduce some helpful notation.

Notation. For any integers, 0 <z <y < k, let

LY = {c(vov;) € Luiee | ¥ <1 <y},

nice

nice

(vov:)

RV = {c(vpv;) € Ryiee | © <0 <y},
(
(vkvi)

Ry = {c(vgv;) € Rpew | © <1 <y},
Moreover, let |L5Y | = 159 |RuY | = ri |LEY | = 159 |R%Y | = &Y

nice nice’ nice nice’ new new’ new new"

Note that by definition of @ and b, lneyw = 19471 +1%2 +1 and rpey = 1+ 7% + r0LLE
Using Claim 9, for any integer z, we have the following:
Lyjee = Lujee and Rije, = Rige.”. (3)

Moreover, by definition of Ly, and Ryey, we have

LYZ, = L%, and REL = REL2. (4)

new new new new

Informally speaking, Claim 11 and Claim 14 assert that each edge e = wyv; such
that c(vgv;) € Lpew U Lnjce “creates” a terminal vertex x = v, € T or & = v;41 € T
(or sometimes both). Similarly, (using Observation 12) each edge e = wv,v; such that
c(VgV;) € RyewU Ryice “creates” a terminal vertex = v;_1 € T or & = vy € T (or both).
In the next two claims, by double counting the total number of such pairs (e, z), we prove
lower bounds on the number of terminal vertices in different ranges (i.e., %=1 #**1* and
t4%), in terms of lnew, new, lnice aNd Tpice-

Claim 15. We have,

tO,a—l Z

TO,a
0,a 0,a nice
(lm'ce + lnew + 9 ) )

N | —

and

1 s
k> g (i )

Proof of Claim. By Claim 11, and by the fact that there is only one j such that c(vyv;) €
R%-1 it is easy to see that for all but at most one i, we have the following: if c(vov;) €

new

LY = L% (equality here follows from (3)), then v;,_; € T%%"!. So there are at least
124 — 1 pairs (vov;, ) such that ¢(vgv;) € L% and & = v;_q € T 1,
If c(vov;) € L% = L%% (equality here follows from (4)), then by Claim 10, v;_; €

Th2=1. So there are [22 pairs (vgv;, x) such that c(vov;) € L%% and x = v;_y € T L,

Adding the previous two bounds, the total number of pairs (vgv;, ) such that c¢(vov;) €
L% yLbe — 20 (y[2e and x =v,_q € T2 L is at least 2% — 1 + (%2 . This implies

nice new nice new nice new "

tha=1l > [2e _ 1 4 j2a  Therefore, using that vy is also a terminal vertex, we have

nice new"*

0T > e 4 12 (5)

nice

If c(vgw;) € Rﬂ;‘ge‘l, then by Observation 12, there is a vertex = € {v;_1,v;11} such
0,a—1

that x € T. So the number of pairs (vgv;, ) such that c¢(vxv;) € Rjee , € {vi_1,0i11}
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and x € T, is at least rﬁﬁ; ', By the pigeonhole principle, either the number of pairs
(vpvs, vi1) with c(vgv;) € RY', v,y € T, or the number of pairs (vyv;,v;4q) with
clopvy) € R% vy € T, is at least 0% ' /2. In the first case, we get %02 > ¢%071 /9

nice nice

and in the second case, we get t1¢ > %071 /2 Ag 001 > ¢0.0-2 apd ¢9¢=1 > ¢1e i hoth
cases we have,

T,Ozafl
tO,a—l Z n;e ) (6)
Therefore, adding up (5) and (6), we get
7,,(Jzafl 7,0311
227 2 e+ L+ o = e + S +
Note that the equality follows from (3), (4) and the fact that 7% " = 7%% because
c(VkV,) € Rpew. By a symmetric argument, we have
b+1k bk
2T > e e e = e e + 5
This finishes the proof of the claim. O

Now we prove a lower bound on .

Claim 16.

a+1,b—1 a+1,b—1

ta7b 2 <lm'ce + 7nm'ce + 2“?1—;1%71) + T?L’ebujl)> :

e~ =

Proof of Claim. Let us construct a set S of pairs (e, ) such that e € Li, UR;, and z € T
with certain properties.
For every edge e such that c(e) € L4 U RS Claim 11 (and Observation 12)

ensures that there is a vertex x € {v;_1,v;41} such that x € T (in particular, x € T%?).
Add all such pairs (e, z) to S. Therefore, the number of pairs (e, x) added to S so far, is

la+1,b71 + a+1,b—1
nice nice
For every edge e such that c(e) € LafbU R%-1 we have both v;_1,v;41 € T by Claim

14; we add both the pairs (e, v;—1) and (e, v;41) to S. Therefore the number of pairs (e, z)
added to S in this step is 2(1¢F 10 4 ra0-1) Thus,

new new

S| = late "+t P 218 4 8.

nice nice new new
Note that all the pairs (e, z) in S are such that z € T®. Moreover, for each x € T%°,

there are at most four pairs (e, z) in S. Therefore, we have

ab a+1,b—1 a+1,b—1 a+1,b a,b—1
4t 2 |S| 2 lnice + Thice + 2(lnew + Thew )7

finishing the proof of the claim. O
By Claim 15 and Claim 16, we have

0,a bk
J 1>
2<2t0,a71 + 2tb+1,k> + 4ta,b > 9 (l[),a + lo’a + Tnice + rb,k + 7ab,k + nlce>

nice new 2 nice new 2

a+1,b—1 a+1,b—1 a+1,b a,b—1
_'_lnice + Thice + 2(lnew + 7anew )
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This implies,
4t > lniCe + Thice + 2lovb + 2ra,k’ + lO,a bk

new new nice + Thice-

By the definition of @ and b, %% = l e — 1 and 7%% = r ., — 1. So, we get

4t Z lnice + T'nice + 2lnew + 2Tnew + lgi(cle + Trbl’ilze —4

2 lnice + T'nice + 2(lnew + 7ﬁnew) —4.
Now by Claim 6 and inequalities (1) and (2), we get that

Ak 2k 2k 12k
4>~ +4+2( T2+ T 42) —4="" 18
_7++<7++7+> —+8

Therefore,

3k
t>—+2
= + 2,
completing the proof of Lemma 8.

2.3 Finding a large subset of vertices with few incident edges

Now we define an auxiliary graph H with the vertex set V(H) = T and edge set F(H)
such that ab € E(H) if and only if there is a rainbow path P in G with a and b as its
terminal vertices and V(P) = V(P*) = {vg, v1, ..., v}

Claim 17. The degree of every vertex w in H is at least 2k /7 + 2.

Proof of Claim. As w € V(H) = T, u is a terminal vertex. So there is a rainbow path
P = wpuy ... u in G such that wy = w and {ug,uy,...,ur} = {vo,v1,...,v6}. We
define the sets L, R, Lyew, Rnew corresponding to P in the same way as we did for P* (in
Definition 3). Moreover, since P* was defined as an arbitrary rainbow path of length
k, (2) holds for P as well — i.e., |Rpew| = Tnew > 2k/7 + 2. We claim that if ugu; is
an edge in G such that c(ugu;j) € Ryew, then uu;r; € E(H). Indeed, consider the path
UUg . .. UjURUK—1 - .. Uj+1. This is clearly a rainbow path with terminal vertices u = w
and u;41. So u and u;4, are adjacent in H, as required. This shows that degree of u in
H is at least ryey > 2k/7 + 2, as desired. O

Size of a matching is defined as the number of edges in it. The following proposition
is folklore.

Proposition 18. Any graph G with minimum degree §(G) has a matching of size
min {5(G), V/(?G)J} :

We know that §(H) > 2 + 2 by Claim 17. Moreover |V (H)| = |T| =t. So applying
Proposition 18 to the graph H and using Lemma 8, we obtain that the graph H contains
a matching M of size

. 2k t 3k
m := min {7+2, bJ} > e (7)

Let the edges of M be ayby, asbs, ..., an,b,. Moreover, let
n; = {zy | xy € E(G),x € {a;,b;} and y € {vg, v1,v9, ..., 06} \ {a;, b} } .
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Claim 19. The number of edges in the subgraph of G induced by M 1is

|E(G[M))| > <2m> - < i +m> —om?—2m -
2 =2 =2
Proof of Claim. Note that the sum Y~; n; counts each pair zy ¢ E(G) with z,y € V(M)
exactly twice unless zy = a;b; for some i. Therefore, the number of pairs zy ¢ E(G) in
the subgraph of G induced by M is at most }7; % + m. Thus the number of edges of G
in the subgraph induced by M is at least (272" ) — (32; % +m), which implies the desired
claim. O

Claim 20. The sum of degrees of a; and b; in G is at most 3k — 5.

Proof of Claim. Since a;b; is an edge in the auxiliary graph H, there is a rainbow path
P = wguy . . . uy in G such that ug = a;, uy, = b; and {wg, uq, ..., ux} = {vo,v1,..., 0} We
define the sets L, R, Ly, Rin, Lout, Routs Lnew, Bnew and the numbers 1,7, Ly, rin, louts Tout
Inew, Tnew corresponding to P in the same way as we did for P* (in Definition 3). Therefore,
degree of a; is | < I + k. Similarly, degree of b; is at most ryew + k. So the sum of
degrees of a; and b; in GG is at most

2k + lnew + Tnew- (8)

On the other hand, the sum of degrees of a; and b; in G is [ +7r = li, + lous + Tin + Tout-
By Claim 5, this is at most (liy, + 7in) + & — new + & — lnew = (lin + Tin) + 2k — lnew — Tnew-
Moreover, it is easy to see that [, + ry, < 2k — n; by the definition of n;. Therefore, the
sum of degrees of a; and b; in G is at most

2k — n; + 2k — lhew — Tnew- 9)

Adding up (8) and (9) and dividing by 2, we get that the sum of degrees of a; and b; in

(G is at most
(2k + 2k —n; +2k)  (6k —ny) g M
2 N 2 N 2’

as desired. O

The sum Y7, (d(a;) + d(b;)) counts each edge in the subgraph of G induced by M
exactly twice (note that here d(v) denotes the degree of the vertex v in G). Therefore,
the number of edges of G incident to the vertices of M is at most 37, (d(a;) + d(b;)) —
|E(G[M])]. Now using Claim 19 and Claim 20, the number of edges of G incident to the
vertices of M is at most

Z(Sk—%) — <2m2—2m—zrg> = 3km — 2m?* 4+ 2m = (3k + 2 — 2m)m.
i=1 =1
Now by (7), this is at most

k k k
(B3k+2—2m)m < (3/{:—1—2—2(?4>>m: (97+1>2m< (97+2>2m.

We may delete the vertices of M from G to obtain a graph G’ on n — 2m vertices. By
induction hypothesis, G’ contains less than (2 +2)(n —2m) edges. Therefore, G contains

less than ok ok ok
(7—1—2) 2m + (7—1—2) (n—2m) = (7+2>n

edges, as desired. This completes the proof of Theorem 2.
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