On the Turan density of {1,3}-Hypergraphs

Shuliang Bai Linyuan Lu*
Center of Mathematical Sciences and Applications Department of Mathematics
Harvard University University of South Carolina
Cambridge, U.S.A South Carolina, U.S.A
sbaib25@cmsa.fas.harvard.edu luGmath.sc.edu

Submitted: Aug 8, 2018; Accepted: Feb 4, 2019; Published: Mar 8, 2019
(© The authors.

Abstract

In this paper, we consider the Turdn problems on {1, 3}-hypergraphs. We prove
that a {1,3}-hypergraph is degenerate if and only if it’s Hél’g}—colorable, where
Hél’?’} is a hypergraph with vertex set V' = [5] and edge set £ = {{2}, {3}, {1, 2,4},
{1,3,5},{1,4,5}}. Using this result, we further prove that for any finite set R of
distinct positive integers, except the case R = {1, 2}, there always exist non-trivial
degenerate R-graphs. We also compute the Turdn densities of some small {1,3}-
hypergraphs.

Mathematics Subject Classifications: 5D05, 05C65, 05D40

1 Background

Turan theory is an important and active area in the extremal combinatorics. In 1941,
Turan [10] determined the graph with maximum number of edges among all simple graphs
on n vertices that doesn’t contain the complete graph K, as a sub-graph. The Turan
density 7w(H) of a graph H is the least number « so that any large graph with edge density
(a+¢) will always contain a sub-graph isomorphic to H, for any € > 0. Erdés-Simonovits-
Stone theorem [1, 2] determined the Turdn densities of all non-bipartite graphs. (The
Turdn density of any bipartite graph is always 0. Those are called the degenerate graphs.)

Turan problems on uniform hypergraphs have been actively studied for many decades.
However, on non-uniform hypergraphs, these problems are rarely considered. Johnston
and Lu [4] established the framework of the Turdn theory for non-uniform hypergraphs.
A hypergraph H = (V, E) consists of a vertex set V and an edge set E C 2V. Here the
edges of E could have different cardinalities. The set of all the cardinalities of edges in
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H is denoted by R(H), the set of edge types. In this paper, we will fix a finite set R of
positive integers and consider all simple hypergraphs H with R(H) C R, which are called
R-hypergraphs (or R-graphs, for short). We say a hypergraph is simple if there is at most
one edge connecting any collection of vertices. A general hypergraph allows every edge
to be a multi-set of vertices.

For example, {2}-graphs are just graphs and {r}-graphs are just r-uniform hyper-
graphs. An R-graph H on n vertices is denoted as HZ. We denote H" as the rth level
hypergraph of H which consists of all edges of cardinality r of H. We denote K as the
complete hypergraph on n vertices with edge set U, R([?]). We say H' is a sub-graph of
H, denoted by H' C H, if there exists a 1-1 map f : V(H') — V(H) so that f(e) € E(H)
for any e € E(H'). A necessary condition for H' C H is R(H') C R(H). A chain C® is a
special R-graph containing exactly one edge of each size such that any pair of these edges
are comparable under inclusion relation.

To measure the edge density of a non-uniform hypergraph, we use the Lubell function,
which is the expected number of edges in the hypergraph hit by a random full chain [4].
For a non-uniform hypergraph GG on n vertices, the Lubell function of GG is defined by

h(@) = Y (%): |E((7f§)|.
ecE(G) \lel reR(G) T

Given a family of hypergraphs H with common set of edge types R, we say G is H-free
if G doesn’t contain any member of H as a sub-graph. Let 7, () be the maximum edge
density of any H-free R-graph on n vertices. The Turan density of H is defined to be:

n(H) = lim 7, (H)

n—oo
= lim max {h,(G) : [v(G)| = n,G C K and G is H-free} .
n—oo
A hypergraph G := G is extremal with respect to the family H if G is H-free and
h,(G) is maximized.
Lu and Johnston [4] proved that this limit always exists by a simple average argument

of Katona-Nemetz-Simonovits theorem [6]. They completely classified the Turan densities
of {1,2}-graphs.

Theorem 1 (Lu and Johnston [4]). For any hypergraph H with R(H) = {1,2}, we have

2 - X(le)_l if H? is not bipartite; B

w(H) = % if H? is bipartite and min{k : Py, C H} = 1;
% if H? is bipartite and min{k : Py, C H} > 2;
1 if H? is bipartite and Py, € H for any k > 1.

where H? € H is the graph with all edges of cardinality 2. Py, is a closed path of length
2k, and X (H?) is the chromatic number of H?.
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It is trivial that 7(H) < |R(H)| and it is easy to see that n(H) > |R(H)| — 1, since
we can take an (|R(H)| — 1)-complete hypergraph K without the appearance of

H. We are interested in these R-graphs with the smallest Turan density.

Definition 1 (Degenerate hypergraphs). A hypergraph H is called degenerate if w(H) =
|[R(H)| - 1.

What do the degenerate R-graphs look like? For the special case R = {r}, Erdéds [3]
showed that an r-uniform hypergraph H is degenerate if and only if it is r-partite, that
is, a sub-graph of a blow-up of a single edge of cardinality r. As a natural extension of a
single edge, the chain C'# for any set R is degenerate. Thus every sub-graph of a blow-up
of a chain is also degenerate. We say a degenerate R-graph is trivial if it is a sub-graph
of a blow-up of the chain C¥. For R = {1,2}, by Theorem 1 all degenerate {1,2}-graphs
are trivial. However, a nontrivial degenerate {2, 3}-graph is found in [4]. It indicates that
this question is more intrigue for other R-graphs.

In this paper, we will give a necessary and sufficient condition for the degenerate
{1,3}-graphs. Given two graphs G' and H, we say G is H-colorable if and only if there
exists a hypergraph homomorphism f from G to H. (see Definition 3). And we have

Theorem 2. A {1,3}-hypergraph is degenerate if and only if it’s Hél’g}-colomble, where
H5{1’3} is a hypergraph with vertex set V = [5] and edge set

E = {{2},{3)},{1,2,4),{1,3,5}, {1,4,5}}.

Using this non-trivial degenerate {1, 3}-graph, we prove the following result.

Theorem 3. Let R be a set of distinct positive integers with |R| > 2 and R # {1,2}.
Then a non-trivial degenerate R-graph always exists.

We then continue to study the non-degenerate {1, 3}-graphs. Let K3® be a {1, 3}-graph
with edges {{1}, {2}, {1,2,3}}, we have

Theorem 4. For any K3*-colorable {1,3}-graph H, we have
1. if K$* ¢ H, H must be Hél’s}-colomble, then m(H) = 1;
2. if K3* C H, then n(H) = m(K$*) =1+ Y2,
A result following Theorem 4 indicates a break for the Turdn density of {1, 3}-graphs:

Corollary 5. Let a be a real value in [1, 5 + \/Tg) For any {1, 3}-graph H with 7(H) < «,
it must be the case that m(H) = 1.

We also obtain the Turan densities of some 3-partite {1,3}-graphs, the results are
shown in Section 4.

The paper is organized as follows. In section 2 we introduce some notations and
lemmas for non-uniform hypergraphs. In section 3 we will prove the Theorem 2, Theorem
4 and Corollary 5. In section 4, we determine Turdn densities of some 3-partite {1, 3}-
graphs. In section 5, we prove Theorem 3.
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2 Notation and lemmas

In this section, we introduce some notations and lemmas for R-graphs and then for the
{1,3}-graphs. We call an edge of cardinality ¢ as an i-edge, for each i € R. For conve-
nience, we call a vertex that forms a 1-edge as “black vertex”, otherwise, “white vertex”.
We use notations of form H to represent a hypergraph on n vertices that contains only
one “black vertex”, similarly, H® represents a hypergraph on n vertices that contains two
“black vertices”, and so on. To simplify our notations for {1,3}-graphs, we use form of
abe to denote the edge {a, b, c}.

For a fixed set R = {ky,ko,... k. }, with (k; < ky < ... < k), R-flag is an R-graph
containing exactly one edge of each size. The chain CF is the special R-flag with the edge
set E(CT) = {[ki], [ka],. .., [k:]}, where [k;] is the set of all positive integers from 1 to k;
for each i € [r]. For example, the chain C{1% = {1,123}. For any R-flag L, we have
7(L) = |R| — 1 (see [4]). Thus the chain C{}%} is a degenerate {1, 3}-graph.

The following definitions and lemmas on non-uniform hypergraphs are generalized
from uniform hypergraphs.

Definition 2 (Blow-up hypergraphs). [4] For any hypergraph H on n vertices and pos-
itive integers sp, So, ..., Sy, the blow-up of H is a new hypergraph (V) E), denoted by
H,(s1,$2,...,5y,), satisfying

o V:=|]|" Vi where |Vi| = s,

o F:= UFEE(H) [Ticr Vi

When sy = s9 = ... = s, = s, we simply write it as H(s).
The blow-up operation does not change the Turan density.

Theorem 6 (Blow-up Families). [4] Let H be a finite family of hypergraphs and let s > 2.
Then (H(s)) = m(H).

A direct corollary of Theorem 6 is the following result.

Theorem 7 (Squeeze Theorem). [4] Let H be any hypergraph. If there exists a hypergraph
H' and an integer s > 2 such that H' C H C H'(s), then n(H) = w(H'").

It is easy to generalize the concepts of homomorphisms and H-coloring to general
R-graphs.

Definition 3. Given two R-graphs GG and H, a hypergraph homomorphism is a vertex map
f:V(G) = V(H) such that, if {vq,...,v,} € E(G) then {f(v1),..., f(v,)} € E(H), for
all r € R.

Definition 4. A hypergraph G is called H -colorable if and only if there exists a homomor-
phism from G to H.

Note that, if there exists a homomorphism from G to H, then G is isomorphic to a
sub-graph of a blow-up of H. Thus we have:

Lemma 8. If G is H-colorable, then 7(G) < w(H).
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2.1 R-graphs with loops, blow-up, and Lagrangian

A loop edge is a multiset of vertices. Sometimes we need to enlarge the concept of R-
graphs to R-graphs with loops. For example, consider a {1, 3}-graph H; with the edge set
{z,zyy,yyy}. Here xyy is a loop edge with vertex x occurring once and vertex y twice.
In general, a loop edge e = x7" ---z;" consists of m; copies of vertex xy, mo copies of
vertex xs, and so on. For a loop edge e = 21" - - - x)", the cardinality of e is |e| = >, m;.
We also define a multinomial coefficient ¢, to be

L e el
T \my,ma, . my mylms! - my!’
Definition 5. The polynomial form of an R-graph H with loops on n vertices, denoted by
NH, 7) with @ = (z1,2s,...,1,) is defined as

ANH, T) = Z CerEz‘-

e€E(H) ice

The Lagrangian of H, denoted by A(H), is the maximum value of the polynomial \(H, )
over the simplex S, = {(z1,22,...,2,) € [0,1]" : >0 | x; = 1}.

For any R-graph H (with possible loops), one can construct the family of H-colorable
R-graph by blowing up H in a certain way. The Lagrangian of H is the maximum edge
density of the H-colorable R-graphs that one can get in this way. This definition of
Lagrangian is the same as the one in [5]; but differs from the classical Lagrangian for
r-uniform hypergraphs such as in [8] by a constant multiplicative factor. This is not
essential. This is a special case of more general Lagrangian of non-uniform hypergraphs
introduced by Peng-Wu-Yao [9].

Construction A: Consider a {1,3}-graph (with loops) H4 on two vertices {z,y}
with edges {x, zyy, yyy}. The polynomial form of H, is

NHa, T) = 21 + 32175 + 25.

It can be shown that A\(H,Z) reaches the maximum 1 + \1/—85 over the simplex S, =
{(z1,22) € [0,1, 21 + 20 =1} at & = 5 — \/?5. Thus, we have
3
MNHA) =1+ \1/—8_ ~ 1.096225.

A {1,3}-graph G4 on n vertices is generated by blowing-up H 4 as follows: set a vertex

partition V(G4) = X UY with | X| ~ (5 — ‘/Tg)n such that all 1-edges are in X (drawn by

a black point), and all 3-edges are either formed by three vertices in Y or by one vertex
in X plus two vertices in Y. In another words,

soa= () ()+)
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We have

IYl 1Y
= A(Ha, ) + 0a(1).
= A(Ha) + 0n(1).

- /

X Y
Ga: max h,(Ga) =1+ ‘[ ¢ T on(1), reached at |X| = (% — ‘/?g)n

Construction B: Let Hp be a general {1,3}-graph on three vertices {a,b, c} with
the edge set {a,b, abc}. We have

)\(HB, E‘)) =21+ X9+ 6$11’2I3.

It is easy to check

4 3
AHz) = 5+ g ~ 1.021794714,

which is reached at x; = x5 = 1+6‘/§, and x3 = %3 A {1,3}-graph Gp on n vertices
is generated by blowing-up Hp as follows: set a vertex partition V(Gp) = AU BUC.
All 1-edges are in A and B(drawn by black points), all 3-edges are formed by exactly one
vertex in each partition. We have

w0 = (1) (7) 0 (1) (7)< (0)

Note that G is Hg-colorable. Thus h,(Gg) = A(Hp) + 0,(1).

»o

Gp: max h,(Gp) = § + 3 + 0,(1), reached at |A| = |B| = Hﬁ) n.
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2.2 Product of two R-graphs

Let’s define the product of R-graphs (with loops):

Definition 6. For any two general R-graphs H; and Hy with vertices set V; and V5 re-
spectively, we define the product of H; and Hs, which is denoted by Hy x Hy = (V, E),
where

V=V, x Vs, E=UcrE(H)x E(H}),

the F(H]) denotes the set of all edges of cardinality r in H; for i = 1,2. Here E(H]) x
E(HY) consists of all products of e X, f, where o = (c(1),...,0(r)) takes over all permu-
tations of [r]. For example, given e = {vy,...,v,} € E(Hy), f ={u1,...,u,} € E(Hy),
then e X, f = {(v1,us1)), (V2, Us(2)), - - -5 (Ur, Uo(r)) } 18 an edge in E(H]) x E(H3).

Ezample 1. The product of two {1, 3}-graphs H4 and Hp is given below. Let ax stand for
(a, x), similar for other labels, then the vertex set is V(H4 x Hg) = {ax, ay, bz, by, cx, cy}
and the edge set is

E(Ha x Hp) = {{az}, {br}, {cy, bx,ay}, {cy, ay, by}, {cy, by, ax}, {cz, ay, by}}.

bx ay by ax
HA XHB

Lemma 9. For any two R-graphs Hy, and Hs, if hypergraph H is Hy and Hs-colorable,
then it’s (Hy x Hy)-colorable.

Proof. By definition, there exist two graph homomorphisms f; : V(H) — V(H;) and
fo : V(H) — V(Hy). Note that H could be an R-graph. Then for any r € R, if edge
e={vy,...,v.} € E(H), we have

file) = {h(w),. filor)} € E(H)

and
fale) ={fa(v1), .., fa(vr)} € E(Ha).
Define a map f := fi x fa from V(H) to V(H;) x V(H,), such that f(v) = (fi(v), fa(v)).

Then we have

fle) ={(fi(v1), fa(v1)), -, (fi(vr), fa2(vr))} € fi(e) X fale) S E(Hy x Hs).

Thus the map f takes edges in H to edges in Hy x H,, it is a graph homomorphism.
Therefore, H is (H; x Hj)-colorable. O
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3 Proof of Theorem 2 and Theorem 4

3.1 Proof of Theorem 2

For {1,3}-graph H, we have 1 < m(H) < 2. Observe that the product of two general
R-graphs could be an R-graph. This is very useful in determining the Turan density.
A degenerate R-graph H must be G-colorable for any R-graph G with A\(G) > 1. By
Lemma 9, it must be colorable by the product of these R-graphs. In this section, we will
characterize the degenerate {1,3}-graph. Let’s consider H;l’?’ , the 4-vertex {1, 3}-graph
with edge set {2,3,124,135,145}.

1
° o‘ O °
2 4 5{173}5 3

We first prove the following lemma.
Lemma 10. Any degenerate {1,3}-graph is H;l’g}—colorable.

Proof. Observe that a degenerate {1,3}-graph H must be contained in G4 and Gp.
Equivalently, H is both H4 and Hpg-colorable, then it must be colorable by the prod-
uct Hy x Hp. We define a map f : V(Ha x Hp) — [5] such that: f(cz) = f(ey) = 1,
f(bx) =2, f(ax) =3, f(ay) =4, f(by) = 5. Obviously, f is a graph homomorphism from
Hy x Hg to H;l’g}. The result follows. O]

Let K$°* be a {1, 3}-graph on 3 vertices with edges {1, 2,123}, and G} be a {1, 3}-graph
on 4 vertices with edges {1,123,134,234}.

Remark 11. K3°* is not contained in G4 whose edge density reaches 1 + Y3 and Gy is

18
not contained in Gp whose edge density reaches g + ‘/?g Thus both K3* and G are

non-degenerate {1,3}-graphs.
Lemma 12. 7({K3°*,G3}) = 1.

Proof. For any positive integer n, let G be a {K3*, G$}-free {1,3}-graph on n vertices.
Denote S as the set of all 1-edges of G, i.e. S = {v € V(G) : {v} € E(G)}, and let
|S| = an for some z € (0,1). Let S be the complement of S, i.e. S = V(G)\ S, then
S| = (1 — x)n.

Denote E(G?) as the set of all 3-edges of G. To forbidden K73°, there is at most one
black vertex in any 3-edges of GG, thus we have

s () (0)4(0)
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We consider the 3-edges of G in edge set (f) X (g) Define y as the average edge
density of such 3-edges in G. Thus

[B@E) (S x G

51 (13)

Note that there exists one vertex sy € S such that |C(sg)| = y x ('g'), where C(sp) is

the set of 3-edges that contain the black vertex sy. For any vertex u € S, define

W, = {v € S|spuv € E(G)}.

We then have B B
D Wl < [8] % (S| = 1)
uesS

and

1
SO)‘ = 52 ’WU|>

ues

D Wl =2y % (G').

ues

To forbidden G, if souv, souk € E(G), then uvk ¢ E(G). Since for each u € S, there
are (‘W"|) pair of vertices each can form a 3-edge with u, we need to remove these edges in

which implies

(g) Let N be the number of 3-edges in ( 5) but not in G, by Cauchy-Schwarz inequality,

we have
1 (Wl
N > -
(")

GS
1
gf O [Wa])? ——Z|W|
ues uesS
1 3 —
>3 *[S] ——|S’ (IS1=1). (1)

Thus we have

ho(G) <z 4+yx3zx (1—2)*+ (1 —2)° —*(1 —2)% + 0,(1).

le

When = < £, the above expression reaches the maximum value when y = 5% < 1.

When z > 5, the above expression reaches the maximum value when y = 1. Thus we
obtain

7

(S]] Cﬂll\D

<
2

h(G) < t4+(1—z)+ 3221 —2z) forx
" r + 3z(1 — x)? for
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When z < 2, by solving f(z) = 2+ (1 —2)® + 22%(1 — z) < 1, we get @ < 3. This
always holds since x < % < %. When = > %, g(r) = 2+ 3z(1 — x)* < 1 is equivalent
to 3z(1 — ) < 1 which is always true. Thus in both cases, we have h,(G) < 1+ 0,(1),

implies that 7({K3°*, G3}) = lim,, o0 hn(G) = 1. The proof is complete. O
Proof of Theorem 2. Note that H5{1’3} is K3* and Gj-colorable respectively, we have
1,3 oo °
m(Hy ) < 7({K57. G,
By Lemma 10 and Lemma 12, the result follows. O

3.2 Proof of Theorem 4

In this subsection, we will consider the non-degenerate {1,3}-graphs. In particularly, we
consider the non-degenerate 3-partite {1,3}-graphs. A hypergraph is called 3-partite if
its vertex set V' can be partitioned into 3 different classes Vi, V5, V3 such that every edge
intersects each class in exactly one vertex. A 3-partite {1,3}-graph is K3**-colorable,
where K3*® is a {1, 3}-graph on 3 vertices with edge set {1,2,3,123}.

So far we know that the chain C{'3} = {1,123} is 3-partite and it is degenerate,
while a slightly larger 3-partite {1, 3}-graph K3$* = {1, 2,123} is not degenerate. We have
T(K$*) > 1+ \I/—S since it’s not contained in the G 4. Now we are ready to prove Theorem
4 and Corollary 5.

Proof of Theorem 4. For Item 1: For graph H in the assumption, there exists a vertex
partition V(H) = V; UV, U Vs so that H is 3-partite and the level-graph H' only appears
in at most two vertex partitions (say V5 and V3). Since H does not contain K3°* as sub-
graph, then each edge of the level-graph H? can only intersect one vertex in V;, plus one
white (black) vertex in V5 and one black (white) vertex in V3, or intersect one vertex in
V1 plus two white vertices in V5 and V3. Let f be a map such that f(v) = 1if v € Vj,
f(v) = 2 if v is a black vertex in V5, f(v) = 5 if v is a white vertex in V5, and f(v) = 3
if v is a black vertex in V5, f(v) = 4 if v is a white vertex in V3. One can check that f

}—colorable, we have

is a hypergraph homomorphism from H to H5{1’3}. Thus H is Hél’g
m(H) =1

For Item 2: Since K3* C H C K3*(s) for s > 2, by Theorem 7, we have n(H) =
m(K3®*). For any K3*-free {1,3}-graph G on n vertices, let X be the set of all 1-edges
in G, and Y C V(G) be the complement of X. On one hand, since G is K3*-free,

there is no 3-edge of form ()3{) or form ()2() X (31/) Thus G is H 4-colorable. Therefore

limy, o0 hn(G) < AM(Ha) =1+ ‘1/—3. On the other hand, the construction G4 is K3$*-free.
We have m(K3*) > A(Ha) = 1+ ¥2. Thus, n(H) = 7(K3*) = 1+ ¥2. O

Proof of Corollary 5: Let H be any {1, 3}-graph with 7(H) < A(Hp) = % + ?3 Then H
must be Hpg-colorable, hence K3*-colorable. By Item 2 of Theorem 4, 7(H) is either 1 or

1+ \1/—85, thus we must have 7w(H) = 1. O
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4  The 3-partite {1, 3}-graphs

In previous section, all {1, 3}-graphs we studied are 3-partite. In this section, we continue
to study the Turdn densities of 3-partite {1, 3}-graphs.

Lemma 13. Let H be a 3-partite {1,3}-graph such that K3$** C H, where K3** =
{1,2,3,123}. Then n(H) =1+ 253,

Proof. Since any 3-partite {1, 3}-graph is K3**-colorable, then m(H) = 7(K3**). We will
prove m(K3*®) =1+ %5.

On one hand, consider an extremal K3**-free {1,3}-graph G,,. Let X be the set of
vertices of 1-edges in GG,,. Projecting all the vertices in X into a single vertex x and all the
vertices not in X into a single vertex y, we get an {1,3}-graph (with loops) H¢: where
E(H¢) = {z,zxy, vyy,yyy}. This projection is a hypergraph homomorphism from G,, to
H¢ since G, is K3$**-free. Thus G,, is Ho-colorable. In particular, we have

T(K3™ = lim ho(G,) < MHe) =1+ ﬂ

n—o0 9

On the other hand, any blow-up of H¢ does not contain the sub-graph K3*¢. The

following blow-up graph G¢ has the maximal edge density 1 + ‘[
2
°
LA e
K3 Go: ha(Ge) =1+ 28 +0,(1), at |X]| =
o oee) o M
Hence, n(H) = m(K3 ~ = MH¢) = 1+ =¢>. O

Let us restrict H to be 3-partite but containing no K3°*® as sub-graph. One can check
such A must be Hél’g}—colorable, where

HIY = {1,2,3,124, 145, 135,236, 246, 356, 456}

Hél’?’} is not contained in Gp with maximal edge density %.

1
[ ]
d O |
P N
) @SR L
3
H Gp: ha(Gp) = 5 +0n(1), at | X]| = 2n.
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So far we couldn’t determine the upper bound of W(Hél’?’}). We leave this open. Let’s
turn our attention to the sub-graphs of Hg {13} and we aim to determine their Turdn den-
sities. We first consider two sub-graphs of H{l’?’} H ={1,2,3,124,145,135} and H{ =
{1,2,3,124,135,236}. For both of them, the Turdn density is greater than 1 + ‘[ , since
they are not contained in Gg and G respectively(lim,,_,o h,(GEg) = lim, . Ay (G F))

a >4

oS °
2 4mgs5 3 Gp: ha(Gp) = 2258 1 0,(1), at |X| = (38)n.
1 @
[ ]
¥\
O O
y O
27 6 °
3
H; Gp: ha(Gp) = 9+f+on ), at | X| = (3=

To calculate the upper bounds of 7(H?), we need the following lemma.
Lemma 14. Let H}* = {1,2,123,124, 134}, then n({K3**, H*}) = 1 + ‘/75.

Proof. To see the lower bound, observe that both H3* and K3$*® are not contained in Gg.
To see the upper bound, let G represent a {K3**, H}®}-free graph on n vertices, let
X C V(G) be the set of all 1-edges of G, |X| = xn for some real z € (0,1), and let

Y =V(G)\ X, then |Y| = (1 — z)n. To forbidden K3$**, there is no 3-edge of form ()3()

Let y be the density of 3-edges in G among all edges of form ()2() X (11/) For any pair of
vertices (4,7) in X, denote d;; as the number of vertices k € Y so that {ijk} € E(G).

Then
y = _Z(”) e(x) %
(5 < (T
To forbidden Hj}*, for each pair of vertices (i,j) € ()2(), if 75k and ijl are in F(G),
neither kli nor klj can be contained in E(G). Thus for every pair of {7, j}, the number of

3-edges not shown in G is at least Q(d;f). Let M be the total number of 3-edges of form
(X ) X (Y) not shown in G, then by Cauchy-Schwarz inequality, we have

Zi,je();) Q(déj)
| X|

M >
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2
(Zi,jEX d2]> Zi,jEX dij

> (12") (xn) xn

1
y?x(l —x)*n® — §y$(1 — z)n’

l\DI»—t

Thus
ho(G) < o+ (1 —2)* 4+ 32°(1 — 2)y + 32(1 — 2)? — 32(1 — 2)%y* + 0,(1).

A simple calculation can show that h,(G) achieves maximum value at y = 1, which implies
that for any positive integer n, any extremal { K3*®, H3* }-free {1, 3}-graph is Hg-colorable
where E(Hg) = {z,zxy,yyy}. Therefore, m({K3**, H3*}) = lim,, o0 hn(Gr) < M(Hp) =
1+ ‘/T‘E’. The result follows. O

Lemma 15. n(H}) =1+ \/T‘S’.

Proof. On one hand, H? is not contained in Gg, then w(HZ) > 1+ ‘[. On the other

hand, H} is K3*® and Hj*-colorable, thus m(H}) < w({K3$**, H3*}) < 1+ i The result
follows. O

Corollary 16. The proper sub-graphs of HZ can be classified to two different sets: either

\/’
187

-colorable, in this case the Turdn

the sub-graph contains K5* and is K3®-colorable, in this case the Turdn density is 1+

or the sub-graph does not contain K3°, then it is H; 5

density is 1.
To calculate the upper bounds of w(H{), we need the following lemma.
Lemma 17. Let H3** = {1,2,3,124,134,234}, then m({K3**, H}**}) =1+ ‘/75.

Proof. To see the lower bound, observe that both K3** and Hj;*® are not contained in
Gp. To see the upper bound, let G represent a {K3**, H$**}-free graph on n vertices,
let X C V(G) be the set of all 1-edges of G, |X| = xn for some real x € (0,1), let
Y =V(G)\ X, then |Y| = (1 — z)n. To forbidden K3*°, there is no 3-edge of form ()3()

Let y be the density of 3-edges in G among all edges of form ()2() X (}1/) For each

i€Y,let D;={{j,k} € (3)| ijk € E(G)}, denote d; = |D;|. Then
y = ZieY d;
() = (%)
Suppose y > =, then there exists ¢ 6 Y, such that d; > = (|X|) By the fact that the Turan

density of a trlangle free graph is 5, there must exist a triple {j, k,l} € ()3() such that
{ijk,ijl,ikl} € E(G), which is a copy of H3**, a contradiction. Thus we have y < 3

Note that the existence of 3-edge of form ( 3) or (X ) X (g) does not result in an occurrence
of H3** or K3** in G. Thus we can take all such edges. then

ho(G) <2+ (1 —2)% + g:ﬂ(l — )+ 32(1 — )% + 0,(1),
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which achieves the maximum 1 + \/?g atx=1-— \/?g

Hence, we have m({K3**, H3**}) = lim,, 00 hn(Gr) < 1+ ‘/73. The result follows. [
Lemma 18. n(H{) =1+ \/Tg.

Proof. On one hand, H{ is not contained in Gp, then w(Hg) > 1+ ‘[ On the other

hand, H{ is K3** and Hj**-colorable, thus m(H§) < m({K3**, H3**}) < 1 i The result
follows. —~

Since we are considering all sub-graphs of Hé[l’S}, we start this by looking at the
larger sub-graphs then the smaller sub-graphs. Using above two lemmas, we are able
to determine the Turan density for a list of sub-graphs of Hé{l’g}. Now we let H be a

sub-graph of Hél’?’}, we have:
1. If H is K3*-colorable, thus 7(H) =1or n(H) =1+ ‘1/—5.

2. If H is not above case, then H must contain all 1-edges: 1,2, 3, and none of them
is isolated. Then we have several different cases:

(a) Suppose H is obtained from Hél’s} by removing one 3-edge consisting of two
black vertices and one white vertex (say 236 or equivalence), then one can check

H is HZ-colorable. Note that H} C H, by Lemmas 15, we have 7(H) = 1+ \/Tg.
Similarly, for any sub-graph H' of H, if H' contains H; or a HZ-colorable graph

as sub-graph, then 7(H') = 1+ \/Tg. If H' is not above case, by trial and error,
there is only one situation: H'’ contains the following sub-graph H* (or its

equivalence) which is not contained in Gg. Thus 7(H') =1+ ‘/73:

1
1%5
Oen O
Of

2@ 6 ()
o 3

b) Let H be sub-graph of gt by removing edges 145, 246, 456 and 356, the
6
resulting graph is H§. By Lemma 18, n(H) = n(H{) =1+ ‘/75.

3. The following graphs Hél’?’}, HE HE,  HS, HY and H§ are unsolved. We conjecture
that the extremal conﬁguration of Hﬁ{l’?’} and H? is Construction Gp: thus we
conjecture w(H"™) = r(HY) =

1 1 1
125 125 125
'e—® g o dJ. O
py e, Of e
2075 e 2077 o 2077 o
ek B i
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5 Non-trivial degenerate R-graphs

Recall that a degenerate R-graph H is trivial if it is contained in a blow-up of the chain
OF, otherwise, we say H is non-trivial. In this section, we will show that except the case
R = {1,2}, there always exist non-trivial degenerate R-graphs for any finite set R of at
least two distinct positive integers. We will use the suspension operations on hypergraphs.

Definition 7. [4] The suspension of a hypergraph H, denoted by S(H), is the hypergraph
with V' = V(H) U {v} where {v} is a new vertex not in V(H), and the edge set £ =
{eU{v}:e € E(H)}. We write S*(H) to denote the hypergraph obtained by iterating
the suspension operation t-times, i.e. S?(H) = S(S(H)) and S*(H) = S(S(S(H))), etc.

The relationship between 7(H) and 7(S(H)) was investigated in [4].
Proposition 1. [4] For any family of hypergraphs H we have that 7(S(H)) < 7(H).

Given a general set R and positive integer ¢, we denote (R + t) as the set obtained
from R by adding ¢ to each element of R. Note that if the R-graph H is not contained
in a blow-up of chain C¥, then S*(H) is not contained in a blow-up of the chain C#+9,
Thus we have the following fact:

Corollary 19. Let H be a non-trivial degenerate R-graph, let t be any positive integer.
Then the t-times suspension S*(H) is a non-trivial degenerate (R + t)-graph.

Lemma 20. Given a positive integer t > 2, and a {1,t}-graph H, let T(H) be the
{1,t + 1}-graph obtained from H by adding a new vertex v ¢ V(H) such that V =
V(H) U {v}, T(H)" = H' and T(H)'** = {e U {v} : ¢ € E(H")}. Then we have
w(T(H)) < 7(H).

Proof. Let n be a positive integer and G = (V, E) be an extremal T'(H)-free {1,¢ + 1}-
graph on n vertices. We have m,(T(H)) = h,(G). Denote E; as the set of i-edges of G,
for i = 1,t + 1. For any vertex v € V(G), denote G, as the hypergraph obtained from
G with the vertex set V(G,) = V \ {v} and the edge sets E(G,) = E,1 U E,;, where
E,1 ={ueV(G,) :ue E}and E,; = {{ur,...,w} : {v,u1,...,us} € Ery1}. Observe
that G, is an H-free {1,¢}-graph on n — 1 vertices. Thus h,,—1(G,) < m,—1(H).

Since

1 1
|Bil = — Y Bl and B = ] > 1B,
" veV(G) ( T ) veV(GQ)
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then

|E1| | Bl
hy(G) = — =
¢ ()
‘Ev1| ’Evt|

— P DR L2 -
vg(:g) (n— 1)(1) Ue%(:g) (t+ 1)(1+t)
1 | B |Evt|>

o R
PN
1

- E Z hn—l(Gv)

veV(G)
< Wn—l(H)-
Thus 7(T(H)) = limy, 0o m (T (H)) = limy, 00 by (G) < 7(H). O

Lemma 21. Let R be a set of two distinct positive integers, R # {1,2}. Then there exist
non-trivial degenerate R-graphs.

Proof. By Corollary 19, for every positive integer k, one can take the suspension of H, 5{1’3}
k-times, the resulting graph Sk(Hél’?’}) is a non-trivial degenerate {1 + k,3 + k}-graph.
Thus there are non-trivial degenerate hypergraphs of edge types: {1,3}, {2,4}, {3,5},
oo {kk+2) .

In [4], the authors found a non-trivial degenerate {2, 3}-graph: Hf’g} = {12,13,234}.
Similarly, by Corollary 19, there are non-trivial degenerate hypergraphs of edge types:
{2,3},{3,4},{4,5}, ..., {k,k+1},....

Using Lemma 20 on H, 5{1’3}, there are non-trivial degenerate hypergraphs of edge types:
{1,4},{1,5},...,{1,t},..., for integer t > 4. For each of these non-trivial degenerate
{1, t}-graphs, applying Corollary 19, there are non-trivial degenerate hypergraphs of edge
types: {2,1+1¢},{3,2+t},... . {k;k—1+1t},....

To summarize, for each integer k£ > 2 and each integer ¢ > 3, we have non-trivial
degenerate hypergraphs of edge types {1,t},{k, k+ 1}, {k, k + 2}, {k, k +t}, which cover
all sets of two distinct positive integers, except {1,2}. ]

Lemma 22. Let R be a set of distinct positive integers with |R| > 2 and 1 ¢ R. If there
exist non-trivial degenerate R-graphs, then there exist non-trivial degenerate {1} U R-
graphs.

Proof. For each R stated in the lemma, let H be the non-trivial degenerate R-graph. Let
H' be the disjoint union of H with a single 1-edge v & H. Clearly, H' is not contained in
a blow-up of chain C{HYE We will prove that H’ is also degenerate.

Let n be a positive integer and G = (V, E) be an extremal H'-free {1} U R-graph
on n vertices. We have m,(H') = h,(G). Denote E; as the set of i-edges of G, for each
i € {1} UR. For any l-edge v € Ej, consider the sub-graph G, of G by removing all
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1-edges (keep the vertices of these 1-edges in G,). Then the vertex set V(G,) =V, set of
i-edges F;(G,) = E;(G) for each i € R. Then we have

i Ei(Gy)|, Vi € R.
E@ = 15 2 B
v 1

Observe that G, is an H-free R-graph on n vertices, so m,(H) > h,(G,). Then we
have

i€{1}UR (z)

|il) ZZ |E

i€ER veE

1+®Zh

veEFE;

<1+ m(H).

Thus 7(H') = lim, oo mo(H') = limy, 00 by (G) < 1+ w(H) = |R|, then w(H') = |R].
Therefore, H' is a non-trivial degenerate {1} U R-graph. O

Proof of Theorem 3. Using the non-trivial degenerate R-graph for R stated in Lemma 21,
then apply Lemma 22, we obtain non-trivial degenerate R-graphs for |R| =3 and 1 € R.
Apply Corollary 19, we then obtain all other non-trivial degenerate R-graphs for |R| = 3.
Repeatedly apply Lemma 22 and Corollary 19, we can obtain all R-graphs for |R| > 4
the result follows. O

We conjecture that for any set R, there exists an R-graph H® such that if G is R-
degenerate if and only if G is H®-colorable. This conjecture is true for the case R = {r}
with 7 > 2 and R = {1, 2} and is confirmed for R = {1,3} in this paper.
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