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Abstract

A perfect matching cover of a graph G is a set of perfect matchings of G such
that each edge of GG is contained in at least one member of it. Berge conjectured
that every bridgeless cubic graph has a perfect matching cover of order at most 5.
The Berge Conjecture is largely open and it is even unknown whether a constant
integer ¢ does exist such that every bridgeless cubic graph has a perfect matching
cover of order at most c¢. In this paper, we show that a bridgeless cubic graph G
has a perfect matching cover of order at most 11 if G has a 2-factor in which the
number of odd circuits is 2.

Mathematics Subject Classifications: 05C70

1 Introduction

Only finite and simple graphs are considered in this paper. A k-factor of a graph G is a
spanning k-regular subgraph of G. The set of edges in a 1-factor of a graph G is called a
perfect matching of G. A matching of a graph G is a set of edges in a 1-regular subgraph
of G. A near-perfect matching of a graph G is a matching of G which misses exactly one
vertex of G. A perfect matching cover of a graph G is a set of perfect matchings of G
such that each edge of GG is contained in at least one member of it. The order of a perfect
matching cover is the number of perfect matchings in it.

One of the first theorems in graph theory, Petersen’s Theorem from 1891 [17], states
that every bridgeless cubic graph has a perfect matching. By Tutte’s 1-factor theorem
from 1947 [20], we can obtain that every edge in a bridgeless cubic graph G is contained
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in a perfect matching of G. This implies that every bridgeless cubic graph has a perfect
matching cover. What is the minimum number £ such that every bridgeless cubic graph
has a perfect matching cover of order k7 Berge conjectured this number is 5 (unpublished,
see e.g. [6, 7]).

Conjecture 1 (Berge Conjecture). Every bridgeless cubic graph has a perfect matching
cover of order at most 5.

The following stronger conjecture is attributed to Berge in [18], and was first published
in a paper by Fulkerson [3].

Conjecture 2 (Fulkerson Conjecture). Every bridgeless cubic graph has six perfect
matchings such that each edge belongs to exactly two of them.

Conjectures 1 and 2, which are proved to be equivalent by Mazzuoccolo [7], are largely
open in graph theory. The equivalence of these two conjectures does not imply that
Conjecture 2 holds for a given bridgeless cubic graph satisfying Conjecture 1. It is still
an open question whether this holds.

Clearly, Conjectures 1 and 2 hold true for 3-edge-colorable cubic graphs. Conjecture
2 has also been verified for some non-3-edge-colorable cubic graphs, such as flower snarks,
Goldberg snarks and Loupekine snarks [5, 12, 14]. Besides the above snarks, Conjecture
1 has been verified for some special classes of cubic graphs. Steffen [16] showed that
Conjecture 1 holds for bridgeless cubic graphs which have no nontrivial 3-edge-cuts and
have 3 perfect matchings which miss at most 4 edges. It is proved by Hou et al. [10]
that every almost Kotzig graph (defined in [10]) has a perfect matching cover of order at
most 5. In [19], one author of this paper showed that a cubic graph G with n vertices
has a perfect matching cover of order at most 5 if G has a circuit of length n — 1 or has
a 2-factor with exactly two circuits.

Esperet and Mazzuoccolo [2] and Abreu et al. [1] showed respectively that there
are infinite cubic graphs of which every perfect matching cover has order at least 5.
Mazzuoccolo [8] showed that every bridgeless cubic graph G with m edges has 5 perfect
matchings which cover at least [222m] edges of G. Esperet and Mazzuoccolo [2] also
proved that the problem that deciding whether a bridgeless cubic graph has a perfect
matching cover of order at most 4 is NP-complete.

As Conjecture 1 is a problem with large challenges, the following weaker problem
(suggested by Berge) maybe should be considered firstly.

Problem 3. Is there a constant integer ¢ such that every bridgeless cubic graph has a
perfect matching cover of order at most ¢?

Unluckily, this weaker problem is still open. If we don’t restrict such integer ¢ in
Problem 3 to be constant, the best upper bound of ¢, which was given by Mazzuoccolo
8], is logarithmic in the number of vertices.

In this paper, we consider the perfect matching covers of bridgeless cubic graphs of
oddness 2. Recall that the oddness of a bridgeless cubic graph G is the minimum number
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of odd circuits in a 2-factor of G. Since oddness is always an even integer and oddness zero
means that the graph is 3-edge-colorable, cubic graphs of oddness 2 constitute a natural
class of graphs with structure close to that of 3-edge-colorable graphs. The famous Cycle
Double Cover Conjecture have been verified for bridgeless cubic graphs of oddness at most
49, 11]. Recently, Macajové and Skoviera [15] proved that Fan and Raspaud Conjecture
[4], which states that every bridgeless cubic graph has three perfect matchings with empty
intersection, holds for bridgeless cubic graphs of oddness 2.

In this paper, we show that such constant integer ¢ in Problem 3 exists under the
assumption that the oddness of a bridgeless cubic graph is 2. Our result is as follows.

Theorem 4. If G is a connected bridgeless cubic graph of oddness 2, then G has a perfect
matching cover of order at most 11.

2 Notations and two technical lemmas

Some notations and notions will be used in this paper. Let G be a graph with vertex-set
V(@) and edge-set E(G). The order of G is the size of V(G). The degree of a vertex u
of G is the number of edges incident to w in G. For X C V(G), we denote by G — X the
subgraph of GG which is obtained from G by deleting all vertices in X and all edges incident
to a vertex in X. If X = {u}, then G — X is usually written to G — w in short. For two
graphs H; and H,, we denote by H; U Hy the graph with vertex-set V(H;) UV (Hy) and
edge-set E(H,) U E(H,). For a positive integer n, we denote by [n] the set {1,2,...,n}.
For two set Y] and Y3, we denote by Y7 A Y5 the set (Y1\Ys) U (Y2\Y)).

For a path P in GG, we denote by Vy(P) the set consisting of the two ends of P and
denote by Fy(P) the set of the edges in P which have an end in V(P). For X, Xy C V(G)
with X; N Xy = (), we say that a path P in G is from X; to Xy if Vo(P) N X; # 0 for
i=1,2and (V(P)\Vo(P))N(X1UXy) = 0. For Fy, F; C E(G), a path or a circuit in G is
called Fi-F5 alternating if its edges are alternating in F; and in F5. An Fj-F5 alternating
path (or circuit) P is called F-alternating if Fy = F(G)\Fi. An F;-F» alternating path
P is called F|-F,-Fy alternating if Eo(P) C Fy. An Fj-Fy-F; alternating path P is called
an Fi-Fy-Fy ear of a subgraph H of G if V(P)NV(H) = Vu(P) and E(P)NE(H) = 0.

Now we present two technical lemmas.

Lemma 5. Let G be a graph of odd order which has a hamiltonian circuit C' and let X
be the set of vertices of degree 2 in G. Suppose | X| = 3 and that every vertex in G has
degree at most 3. For a vertex uw in X, let My be the perfect matching of C' — u. Then
G has three near-perfect matchings My, M3 and My such that E(C)\M; C U?:g M;, M,
misses u and each of My and My misses a vertez in X\{u}.

Proof. Set Ey:=FE(C)\M; and Ey:=F(G)\E(C). Let H be the subgraph of G with vertex-
set V(@) and edge-set Ey U Ey. Let D be the component of H which contains u. Noting
that the degree of each vertex in GG is 2 or 3, we know that D is a path or a circuit.
Assume that D is a path. We know V4(D) C X\{u}. Let P, and P, be the two
edge-disjoint paths from u to Vo(D) in D. We know that both P, and P, are F1-Fy-E;
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alternating. Fori = 1,2, set M; 1:=FE(P;) A E;. We know that each of M, and M3 misses
an end of D and we have E(C)\M; C My U Ms. So My, My and Mj are 3 near-perfect
matchings of G which meet the requirements.

Assume that D is a circuit. Set My:=F(D) A E;. We know Ej\M,; = E1 N E(D) and
that M, is a near-perfect matching of G which misses u. As | X| > 3, G has an F1-Fy-FE;
alternating path P; with two ends in X\{u}. Let P, and P5 be the two edge-disjoint
paths from w to V(Ps) in C. For i = 4,5, let P! be the path from Vy(P;)\{u} to Vo(Ps)
in Py such that P, U P/ is Ej-alternating. For ¢ = 4,5, set M, 1:=E(P,U P/) A E,. We
know that each of M5 and Mg misses an end of P;. Noting Ej\M,; = E; N E(D) and
E(P4) N E(P5) = @, we have E(C)\Ml - M4 U M5 U Mﬁ. So M4, M5 and Mﬁ are 3
near-perfect matchings of G which meet the requirements. O

Lemma 6. Let M be a matching of a cubic graph G and let C' be an M -alternating
circuit of G. Suppose that Py and Py are two vertex-disjoint M -alternating paths of G
such that ) # E(P;) N E(C) C M fori= 1,2, Eg(P1) C E(C) and Vo(P) NV (C) = 0.
Then G has two M -alternating paths Py and Py from Vo(Py) to Vo(Py) in C U P U Py
such that Vo(P3) U Vo(Py) = Vo(P1) U Vo(P), Eo(Ps) U Eg(Py) = Eo(P1) U Eo(P) and
E(Ps)NE(P) CE(P)UE(P,).

Proof. Noting E(P) N E(C) C M and Ey(P;) C E(C), we have Ey(P) € M. Add two
new vertices u; 1 and u; o such that u; is incident with an end of P, and u, 5 is incident
with the other end of P,. Extend P, to a new path Pj such that Vo(P) = {uy1,u12} and
V(P")\Vo(P]) = V(P). It suffice to show that there are two M-alternating paths P; and
Py from Vo(P]) to Vo(FP2) in C'U P/ U P, such that Vo(P3) U Vo(Py) = Vo(P)) U Vo (Fe),
EQ(Pg) UEQ(P4) = EO(P{) U Eo(PQ) and E(Pg) N E(P4> g E(Pll) UE(PQ) This is because
Py — Vo(P]) and Py — Vo(P]) are two paths that we need find if such P; and P, exist.

Let Jy, Ja, ..., J, be the (inclusionwise) maximal M-(E(C)\M)-M alternating paths
in C' which have both ends in V(P]) and contain no edges in E(P,) N E(C). Let J{, J3,
..., J] be the (inclusionwise) maximal paths in C' which have both ends in V(FP,) and
contain no edges in E(P]) N E(C). We know that the paths in {J;, Js,...,J.} and the
paths in {J], J}, ..., J/} appear alternately in C. (See Fig. 1(a) for an example of .J;, Ja,
ooy Jpand Ji, J, L )

For each i € [r], we construct two paths J;; and J;5 as follows. For each i € [r],
we know Ey(J;) € E(P{)N E(C) C M and let P/ be the path between the two ends of
J; in P[. If the length of P/ is odd, then for j = 1,2, we denote by J; ; the path from
uy; to Vo(J;) in Py such that Eo(J;;) N Eo(J;) # 0. Next we assume that the length of
P! is even. We know that P| has an end u;, such that the path from u;, to Vu(.J;)
in P/ contains no edges in Ep(J;). Let P/} be the path from u;, to V(J;) in P; and
P/, be the M-(E(C)\M)-M alternating path from V4(F)) NV (J;) to Vo(J;) in J;. Set
Jia: =Py U P/5. Let § be the number in {1,2}\{a}. Let J; 5 be the path from wu; 5 to
Vol I\ Vo) in P

We can see that for each ¢ € [r], J;1 and J; 5 are two M-alternating path from V5(P)) to
%(JZ) in Pll U Jz such that Ui, j S ‘/O(Jz,j> for ¢ = 1, 2, (‘/O(Jz,l) U %(JZ72)>\‘/E)(P1/) = ‘/()(Jz),
E(](J@l) U EO(Ji,2> = E()(Pl,) U Eo(JZ) and E(Jz’l) N E(Jlg) g E(P{)
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Figure 1: An example for the proof of Lemma 6. In this example, the edges in M are
drawn as thick lines. In (b), Ps = J1; U P/" U J;, and Py = Jp U Py U J} 5.

Let ug; and ugo be the two ends of P». Similarly as the above statement, we can
know that for each i € [r], G has two M-alternating paths J;, and J;, from V4(P) to
Vo(J;) in P, U J; such that ug ; € Vo(J; ;) for j = 1,2, (Vo(J] ) UVo(J]9))\Vo(P2) = Vo(J)),
Eo(J13) U Ey(J5) = Eo(Py) U Eo(J]) and E(JL,) 0 E(J13) C E(P,)

For each i € [r] and each j € {1,2}, let w;; be the end of J;; in C' and wj; ; be the end
of Ji; in C. We know Vo(J;) = {w;1, w2} and Vo(Jj) = {wj,, w;,} for each i € [r].

let P/” be the path from w;; to V(P,) in C such that E(P)") N E(P]) = (). We know
Vo(PY" )\{w1,1} € Vo(J,,) for some p; € [r]. Let w;, . be the end of Pi" in Vo(J),) and let
¢2 be the number in {1,2}\{¢:1}. Noting that the paths in {Ji, Jo,...,J,} and the paths
in {J],J5,...,J/} appear alternately in C, we have that G' has a path P)” in C' which

contains no edges in E(P]) U E(P,) and has an end in {w; 2, w29, ...,w, 2} and the other
end in {w) ,,wh ..., w,} (See Fig. 1(b) for an example of P;".) Let wy,» and w;,_

be the ends of Py

Set Py:=J1 UP"UJ), . and Py=Jy,,, UP)"UJ, . (See Fig. 1(b) for an example of
P; and P,.) We know that P and P, are two M-alternating paths from Vy(P]) to Vo (F2)
in C'UP]U P, such that Vo(P3)UVh(Py) = Vo(P])UVy(FP2) and Eo(Ps)UEy(Py) = Eo(P))U
Eg(PQ). If P2 7& ]_, we know E(lel) N E(Jpz’g) Q E(Pll), HOtng that E<J1,j> Q E(Pll U Jj)
for j = 1,py and E(J;) N E(J,,) = 0. Noting also E(Jy1) N E(Jy2) € E(P]), we have
E(J11)NE(Jp,2) € E(P;). Similarly, we can obtain E(J, , )NE(J,, ,,) € E(/%). Noting

also E(P") N E(P)") = 0, we have E(P3) N E(FP,) C E(P])U E(FP;). So P3 and P, are
two paths meeting the requirements. O]
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Figure 2: Examples of Hy and Y Y5---Y,. In these examples in Fig. 2 and Fig. 3, the
edges in My, M; and M, are drawn as dotted lines, thick lines and thin lines, respectively.
In (a) and (b), the value of r is 0 when H; is constructed by Algorithm 1. In (c¢), the
value of r is 1 when Hj is constructed by Algorithm 1. In (d), G2 has no directed edge
Y;—Y; in VY5 - - Y, such that both Y; and Y are M;-M, alternating circuits. In (e) and
(f), G2 has an directed edge Y;—Y; in Y Y5 ---Y,, such that both Y; and Y; are M;-M,

alternating circuits.

3 Proof of Theorem 4

In this section, we present the proof of Theorem 4.

Suppose that G is a connected bridgeless cubic graph of oddness 2. We know that G
has a 2-factor K such that there are exactly two odd circuits in K. Let C; and C5 be
the two circuits in K. We know that F(K)\(E(Cy) U E(Cy)) can be decomposed into
two matchings M; and M, of G. Set My:=FE(G)\K. Next we will show that the edges in
E(C1) U M; can be covered by at most 5 perfect matchings of G.

Let &, be the set of My-M;-M, ears of C; U Cy. Set H;:=C, UCy U (UPE% P). Set
P={P € P : Vy(P) CV(Cy)}. For every P € #], let fp be an edge which has the
same ends as P and does not belong to E(G). Set F:={fp: P € Z{}.

Assume that H; is bridgeless. Let G be a new graph with vertex-set V(C7) and edge-
set E(C1)UF. Let X be the set of vertices of degree 2 in GG;. Noting that H; is bridgeless
and C is an odd circuit, we have | X| > 3. Choose a vertex v in X. Let Ny be the perfect
matching of C| —v. By Lemma 5, (G; has three near-perfect matchings No, N3 and Ny
such that F(C;)\N; C U?ﬂ N;, N, misses v and each of N3 and N, misses a vertex in
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X\{v}. For each i € [4], let P; be the path in &7, which is from the vertex missed by N;
in V(C1) to V(Cy) and let N/ be the perfect matching of Cy — (Vo(P;) NV (Cy)). For each
i€ [4], set Li={P e P : fpe FNN,}. Foreach i € [4], set

My == (N; N E(Cy))U(E((| ] P)UP) A M)UN],.
Pe2;

Noting E(C})\N, € U, N; and E(P,)N E(Ps) = (), we can obtain that Ms, My, Ms and
Mg are 4 perfect matchings of G which cover all the edges in E(C}) U M;.

Algorithm 1 Constructing a connected bridgeless subgraph H, of G.
1o set s:=1, t:=2, =0, H;:=H, — V(P) and Uy:=V (H});
2: while H; has a bridge do
3:  if r =0 then

4: if H! has an M;-M;-M; ear with both ends in U, then

5: let &1 be the set of M-M;-M; ears of H. which have both ends in Us;
6: set H, s+1° =H, U (UPe@SH P) and US—I—l::V(UPeWSH PNV (F);

7 else

8: set r:=1 and t:=2;

9: end if

10:  end if

11:  if r=1 then

12: let &1 be the set of M;-M;-M,; ears of Hg;

13:  end if

14:  set Hy 1:=H,U (UPGU}" P) and s:=s + 1;

15:  let ¢’ be the number in i() 21\{t} and set t:=t’;
16: end while

17: return s, 7 and Hg;

Next we assume that H; has a bridge. We know that G has a unique My-M;-My
alternating path Py from V(C}) to V(Cs). Let u; and wus be the ends of Py such that
up € V(Ch) and uy € V(Cy). We need construct a bridgeless subgraph H of G such that
H; C Hy and H, has 5 Mj-alternating paths from V(C}) to V(Cy) with no common edges,
which can be used to constructed 5 perfect matchings of G which cover E(Cy) U M;. We
construct the subgraph Hy of G by Algorithm 1.

From Algorithm 1, we know that the subgraph H, of GG is constructed by adding the
paths in &y, L5, ---, P, to Hy. If r = 0 when Algorithm 1 ends, we know that for all
€ [s]\{1}, & is the set of My-M;-My or My-M;-M, ears of H | with both ends in U;_;.
If r = 1 when Algorithm 1 ends, we know that there is some integer k such that &7; is the
set of Mo-M;-My or Mo-My-Msy ears of H]_; with both ends in U;_; for all ¢ € [k]\{1}
and &; is the set of My-M;-My or My-My-Ms ears of H;_; for all i € [s]\[k]. If r =1, we
also know that . is the set of My-M;-M, ears of Hy with both ends in V(F). (See

Fig. 2(a, b, ¢) for some examples of H.)
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For each 7 € [s]\{1}, we know that the edge-induced subgraph G[E(Upc . P)U M ;]
of G consists of vertex-disjoint circuits of G such that either all of them are My-M;
alternating or all of them are M;-M; alternating, where M ; is the set of edges in E(H;_1)N
M; which are incident with an end of a path in &;. Let %€ be the set of circuits of H,
which are My-M; alternating or M;-M, alternating.

For i = 1,2 and a path or circuit Z in (Z,\{R})U¥E, if E(Z)NE(P) # 0, let P}, be
the path from u; to a vertex of Z in P, such that E(Z) N E(Py) C E(P}); otherwise, let
P% be the graph with no vertices and edges. For two vertices u and v in Py, we denote
by P,, the path from u to v in F, if u # v and denote by P,, the graph with vertex-set
{u} and edge-set 0 if u = v.

Let Gy be a new directed graph with vertex-set (Z;\{Fy}) U % such that for two
distinct vertices S and T in G5, G5 has a directed edge from S to T, denoted by S—T,
if and only if V(S)NV(T) # 0 or V(P3) NV (PZ) # 0.

Noting that H; is bridgeless. It follows that G2 has a directed path from | to
PN\(P]U{Py}). Let Y1Y;...Y, be a shortest directed path from &] to 2;\(Z; U{FR})
in Gy. By the minimality of Y1Y5...Y,,, we know that G has no directed edge Y;—Y] if
j—1 > 2. That is, E(Y;) N E( ) =0 and E(Py,) N E(P%) = () for any 4,j € [n] with
Jj—12>=2. Let Yy, Yy, ... m) be the M;-M, alternating circuits in {Y7,Ya,..., Y, },
where y(1) <y(2) <--- < y(m) We know y(1) =2 and y(m) =n — 1.

For any two distinct My-M; alternating circuits S and 7" in €, we know V (S)NV(T) =
0 and V(P4) = 0. Tt implies that G has no directed edge Y;—Y;,; such that both ¥; and
Yii1 are My-M; alternating circuits. Hence y(i+1) = y(i)+2 or y(i+1) = y(i)+1 for each
i€ [m—1]. fy(i+1) = y(i)+2, we know that Y41 is an My-M; alternating circuit and
we have V(Yyiy41) NV (Yyi) # 0 and V(Y 41) NV (Yyurr)) # 0. I y(i + 1) = y(2) + 1,
we have V(P )N V(Pf/ +1)) #0

For each i € [m], if G5 has a directed edge Yj_1)—Y}(j) for some j larger than i, we
denote by w; the vertex in V()(P%w))\{ug}, where k; is the minimum integer larger than
i such that G9 has a directed edg:e Y, (ki—1)—Yyk,); otherwise, let w; be the vertex wus,.
Clearly, we know w,, = uy. (See Fig. 2(d, e, f) for examples of Y, Y, ..., Y, and wy, wy,

; W)

Claim 1. It holds that V(Py,w,) €V (Puw,) if i < j.

Choose 4,5 € [m] with ¢ < j. Clearly, Claim 1 holds if w; = uy or w; = wj. So

we assume w; 7é uy and w; # wj. As i < j, we know k; < kj, w; € Vy( Y(k>)\{u2}

and w; € Vo(P? Ve, ))\{uQ} Noting that G, has a directed edge Yy k,—1)—Yy k), we have
V (P} ) 1 V(Pﬁ ) 7 (), which implies w; € V(P: L) We also know V (P} o) 0

V(Pﬁy(k.)) = ) by the minimality of ¥1Y5...Y,. So V(P w,) € V(P,w,) and Claim 1
holds.

Claim 2. F(PL) C E(P,,,) for each i € [m] and each j € [y(i) — 1].

Choose i € [m] and j € [y ( ) — 1]. Clearly, Claim 2 holds if w; = us. So we assume
w; # up. We know w; € V(P2 Y(k ))\{ug} As y(k;) > y(i) > j, we have y(k;) — 7 > 2.
Hence we know V(P;) V(P2 Z_)) = () by the minimality of Y1Y5...Y,. So E(P;J) -

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(1) (2019), #P1.42 8



E(P,,w,) and Claim 2 holds.

Set 7. ={P € & : V(P)NV(Yz) = 0}. Let G35 be a new graph with vertex-set
V(Cy) and edge-set E(C)U {fp: P € 2/}. Let X' be the set of vertices of degree 2 in
G'5. We know u; € X'. Noting also Y; € 2]\ &/, we have | X'| > 3. Let Nj be the perfect
matching of C; — u;. By Lemma 5, G3 has three near-perfect matchings Ng, N7 and Ng
such that E(Cy)\N; C U§:6 N;, Ng misses u; and each of N; and Ng misses a vertex in
X"\{u1}. Let ug and uy be respectively the vertex missed by N; and Ng in V(Cy). We
know that for i = 3,4, there is a path P,;5 in &2\ &) which has u; as an end. (It is
possible that Ps and Ps are the same path.) Let us be the vertex in Vo(Ps)\{u4}-

Now we will construct five M;-alternating paths from V(C;) to V(Cy) such that they
have no edges in common. We construct these five paths, step by step, along the path
Y1Y5---Y, of G5 and the path P, of G. The construction of these five paths is as follows.

Let Jy 1 be the path from uy to V(Yy)) in Ps and J; 2 be the path from us to V/(Yyq))
in Ps. Let Jy 3 be the path from uz to V(Yy)) in Ps. Set Jy j:=P,., for j =4,5. Next
we will extend Jy 1, Ji2, Ji3, J1a and Jy5 to five M;-alternating paths from V(Cl) to
V(C5) such that they have no edges in common.

Let J; 6 be the path from V' (J; 1) to V(J12) in Ps. For an integer p with 2 < p < m+1,
we suppose that J,_11, Jp—1,2, Jp-1,3, Jp—1,4, Jp—1,5 and J,_1 ¢ have been constructed. The
construction of J, 1, Jpo, Jp3, Jpa, Jp5 and Ji g will be discussed in the following three
cases.

Case 1. p<m and y(p) =y(p—1) + 2.

We know that Yy,)—1 is an My-M; alternating circuit and we have V(Yy-1) N
V(Yyp-1) # 0 and V(Yyp)—1) NV (Yyp) # 0. Let P/ be a path from Vy(J,—13)\V(C4)
to V(Yyp) in Yyp-1) U Yyp)—1 such that J,_;3 U P is M;-alternating. Let J,s be
the (inclusionwise) maximal M;-My-M; alternating path in Y, ,)—1 such that Vo(FP)) N
V{¥y) € Volno): Eolys) © E(Vy-1) 1 E(Yyi) and E(Jys) N E(Yypor)) = 0. Let
Jp—1,7 be the (inclusionwise) maximal Mo-M;-M, alternating path in Yj)—1 such that
Vo(Jp6)\Vo(P]) C Vo(Jp-17) and E(Jp—17) N E(Yyp) = 0. (See Fig. 3(a) for an example
of Jp6 and J,_17.) By the maximality of J,¢ and J,_1 7, we know Vy(Jp-17) € V(Yy0)
and E(J,_17) N E(Y,—1) # 0.

By Lemma 6, G has two M;-alternating paths Pj and Pj from Vi(J,—16) to Vo(Jp—17) in
Yy(p-1)UJp-1,6UJp-1,7 such that Vo(P)UVo(Ps) = Vo(Jp-1,6)UVo(Jp-1,7), Eo(P3)UEN(Ps) =
E()(Jp_lﬁ) U EO(Jp—L?) and E(Pé) N E(Pé) g E(Jp—l,G) U E(Jp—1,7)- Without loss of
generality, we assume that Pj has an end in Vy(J,—17) N Vo(J,6) and P; has an end in
Vo(Jp—17)\Vo(Jp6). Let a; be the number in {1,2} such that Vo(J14,) N Vo(Py) # 0. Let
as be the number in {1,2}\{o }.

Set prlizz]p_l,gUPl/, ‘]P,ZZZ‘]Z)—LOQ UP2/, Jp,gisz_l’o[2 UPé and Jp,jI: p—1,j fOI‘j = 4, 5.
(See Fig. 3(a) for an example of J,1, J,2 and J,3.)

Case 2. p< M and y(p) =y(p—1) + 1.

We know V(Pyy( )n V(Py ) # 0 and w,y € Vo(Py( O\{uz2}. Let P’ be the
path from Vo(Jp-13) ﬁ V(Y (1 ) to V(PY< )) in Yy ,—1) such that J, 13U P/ is an M-
alternating path. Let v; be the end of P/ in V(PQy(P)) We will construct J,1, Jpo, ...,
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(b) (d)

Figure 3: Examples for the proof of Theorem 4. These are examples for showing how to
extend the paths J,_11, Jp—12, ..., Jp—15 to the paths J, 1, Jpa, ..., Jps.

Jp6 in the following two subcases.
Subcase 2.1. P/ U P, _,,, is an M;-alternating path.

Let Py be the path from vy to V(Yyp) in Py, _10,. Let v be the vertex in Vo(Py)\{v1}.
Let J,_1,7 be the path from w, to V(Yy)) N V(P ) in Py, u,. By Claim 2, we have
E(Py ) € E(Pyuw,). Noting also V(Py =~ )NV(P} ) # 0, we know E(J,-17) N

E(Yyp-1)) # 0. (See Fig. 3(b) for an example of J,_1 7, v1 and v,.)

By Lemma 6, G has two M;-alternating paths P and Py from V5(Jp—16) to Vo(Jp—17)
in Yyp—1) U Jp_1,6 U Jp_1,7 such that Vo(Py) UV(PY) = Vo(Jp-1,6) U Vo(Jp-17), Eo(P5) U
Eo(P)) = Eo(Jp-16) U Eo(Jp—17) and E(Py) N E(PY) C E(Jy-16) U E(Jp—17). Without
loss of generality, we assume that Pj has one end in V(Y},) and P} has w, as an end. Let
f1 be the number in {1,2} such that Vy(J,—15) N Vo(P§) # 0. Let Sz be the number in
{1,206}

Set Jp712:Jp_1,3UP{/UP2N, Jp723:¢]p_174, Jp,gisz_lyﬁlupél, Jp,4Z:Jp_1752UPZ, Jp,5Z:Jp_175
U Py, _yw, and Jyg:=P,, _.,. (See Fig. 3(b) for an example of J,1, Jy2, ..., Jpe.)
Subcase 2.2. P'U P, ,, is an M;-alternating path.

Let J,6 be the (inclusionwise) maximal M;-Mq-M; alternating path in P, 1w, such
that wy_1 € Vo(Jps) C V(Yyp) and E(J,6) N E(Yyp-1)) = 0. Let vs be the vertex in
Vo(Jpe)\{wp—1}. Let J,_17 be the path from vg to V(Yyqy) U {w,} in Pvgwp such that
E(Jy-17) N E(Jp6) = 0. By the maximality of J,¢, we know E(Jp_17) N E(Yyp-1)) # 0.
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((See Fig. 3(c,d) for two examples of J,¢ and J,_;7.)

By Lemma 6, G has two M;-alternating paths P/ and P{ from Vy(Jp—16) to Vo(Jp—17)
in Yyp—1) U Jp_1,6 U Jp_1,7 such that Vo(PY) UV(FPY) = Vo(Jp-1,6) U Vo(Jp-17), Eo(Pi) U
Eo(PY) = Eo(Jp-1,6)UEo(Jp—17) and E(P/YNE(P}) C E(Jp-16)UE(Jp-17). Without loss
of generality, we assume that P/ has vs as one end and P has an end in Vy(J,—17)\{vs}.
Let 1 be the number in {1,2} such that Vo(Jp—1~,) N Vo(PY) # (0. Let 2 be the number
in {121\ {n}

Set Jp1:=Jp—14, Jp2:=Jp_1,, U P and J,5:=Jp, 13U P/ U P, ,,. If the end of J,_ 7
which is different from vg is in V (Yy(), we set Jp 3:=Jp_1,, UPE and J, s:=Jp_15UP,

(See Fig 3(c) for an example of Jy,1, Jpo, ..., Jp5 in this case.) If w, € Vo(Jp—1,7), we set
Jpszi=dp_15 and Jp 4:=J,_1 ., U P. (See Fig. 3(d) for an example of J, 1, Jpa, ..., Jp5 in

the case that w, € Vy(J,—17).)

Case 3. p=m+ 1.

Set Jp—1,7:=Y,. Let P{"” be a path from Vy(Jp—13) NV (Yym)) to Vo(Yn) in Yyumy UY,
such that J,_; sUP/" is M;-alternating. By Lemma 6, G has two M;-alternating paths Py’
and P3" from Vi (Jp—16) to Vo(Jp—1,7) in Yyum)UJp—1,6UJp—1,7 such that Vo (P )UV,(P5") =
Vo(Jp-1,6) UVo(Jp-1,7), Eo(Py")U Eo(Fy") = Eo(Jp-1,6)U Eo(Jp-1,7) and E(P")NE(P5") ©
E(Jy-16) U E(Jp—17). Without loss of generality, we assume that P’ has an end in
Vo(Jp—11) and P;” has an end in Vy(Jp—12).

Set Jp,11=Jp—1,1 U PQHI, JP,Q::JP—LZ U Pé”, Jp,S::Jp—l,Zﬂ U le and set Jp,j:Jp—l,j for
7 =4,5.

By the above construction, we can construct five M;-alternating paths J, 111, Jmt1,2,
Im+1,3; Ima1,4 and Jp, 41 5 from V(Ch) to V(Cy). Next we will show ﬂ?;l E(Jmi14) = 0.

For each i € [m], let m; be a one-to-one correspondence from [5] to [5] such that J; ; is
a subgraph of Jii1 ) for each j € [5]. We know that for each i € [m] and each j € [5],
J;j is extended to Ji1q x(j).

Claim 3. For each i € [m], J;1, Ji2 and J; 5 are three M, -alternating paths from V(Cy)
to V(Yyu)) in G and J;a, Ji5 are two M,-alternating paths from V(Cy) to w; in G, such
that \JS_, E(Ji;) € E(PsUPs) UE(Y,UY3 U+ UYy5-1) U E(Pyy,).

We prove Claim 3 by induction on 2. Clearly, Claim 3 holds for ¢ = 1. Choose a
number p € {2,3,...,m}. We suppose that Claim 3 holds for i = p — 1. At first, we can
easily see, from the construction in the above three cases, that J, 1, J,2 and J, 3 are three
M;-alternating paths from V(C4) to V(Yyy) in G and Jp4, J,5 are two M;-alternating
paths from V' (C}) to w, in G.

Now we consider the set U?:l E(J,;). From the construction of J, 1, Jp2, Jp3, Jpa and
Jp.s We know E(Jpr, () \E(Jp-1,5) € E(Jp-1,6)U E(Yyp)—2) UE(Yy(p)-1) for each j € [3]
if y(p) = y(p — 1) + 2 and we know E(Jpx, ,()) \E(Jp-1,5) S E(Jp-16) U E(Yyp)-1) U
E(P%y(p),l) U E(Py,w,) for each j € [5] if y(p) = y(p — 1) + 1. From the construction of
Jp—1,6, we know E(J,_16) C E(Fs) if p = 2, we know E(Jp_14) € E(Yyp-1)-1) if p > 3
and y(p—1) = y(p—2)+2, and we know E(J,_16) C E(Pu, yw, ) if p=3and y(p—1) =
y(p —2) + 1. Noting also E(P,,w, ,) € E(Pyw,) by Claim 1 and E(P%y(m,l) C E(Pyw,)
by Claim 2, we have E(J,;) C E(P;UF;) UE(Y2UY3U---UYy_1) UE(Pyw,) for each
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j € [5] and hence Claim 3 holds for i = p. Claim 3 is proved.

Claim 4. ﬂ 5 E(Jp;) =0 and (ﬂ =1 B(Jp)) N E(Yyp)) = 0 for each p € [m].

Noting that E(Jis) C E(P), E(J1 1) C E(R) and E(Ps) N E(Fy) = 0, we have
ﬂ] s E(J1;) = 0 and E(Ji4) N E(J15) N E(J16) N E(Yym)) = 0. So Claim 4 holds for
p = 1. Now we consider the case that 2 < p < m.

Assume y(p) = y(p — 1) + 2. We know from the construction of .J,4 and J,¢ in
Case 1 that J,4 = Jp_14 and E(Jp6) € E(Yyp)-1). By Claim 3, we know E(J,-14) C
E(PsUP)UE(Y,UYsU---UYyq_1-1) U E(Pyw, ). Noting that Y,)_; is an My-M,;
alternating circuit in ¥ and Fy, Ps and FPg are My-M;-M, alternating paths in &2, we
have E(Yyp)—1) N E(Ps U PsU Py, ;) = 0. By the minimality of Y1Y5---Y,,, we know
V(Y)F‘IV(Y (p—1) = 0 for every integer j with 2 < j < y(p—1)—1. So E(J,6)NE(Jp4) =
(. Hence ﬂ]:3 E(Jp;) =0 and E(Jp4) N E(Jp5) N E(Jpe) N E(Yypy) = 0.

Assume y(p) = y(p — 1) + 1 and that J,3, Jp4, Jp5 and J,¢ are constructed in
Subcase 2.1. We know Jp,3:=J, 13 U Py, Jpa:=Jp 13, UP, E(J,6) € E(Py,,_,u,) and
E(Py) N E(Jp—17) = 0. We firstly show ﬂ?zg E(J,;) = 0. From the construction of
Jp—1,6, we know that either E(J,_165) € E(Puw,,) or Jp_16 is a subgraph of P or
a subgraph of an My-M; alternating circuit in €. So E(J,6) N E(J,-16) = 0. By
Claims 1, 2 and 3, we can obtain E(J,g) N (E(Jy—11) U E(Jy—12)) = 0. Noting also
E(Pé/) N E(Pil) Q E(Jp_176> U E(Jp—lj) and E(vafg) N E( p—1 7) @, we have

() E(J5) € E(Jp) N E(Jp3) N E(Jy4)
= E(Jps) N E(P}) N E(F})
- E(Jp 6) (E( p—1 6) U E(Jp—1,7))
(E(Jp 6) E(Jp 1 6)) U (E<Jp,6) n E(Jp—1,7>>
=0

Now we show E(J,4) N E(J,5) N E(Jy6) N E(Yyp) = 0. From the construction of
Ipa, we know E(Jp4) C E(Jp-1,8,) UE(Jp—16) UE(Yyp-1)) UE(Jp_1,7). We already know
E(Jp6) N (E(Jp-11) UE(Jp-12)) = 0, E(Jpe) N E(Jp-16) =0 and E(Pp,ﬁ) NE(Jp-17) = 0.
So E(Jpes) N E(Jpa) € E(Yyp—1y). Noting that both Yy,_1) and Y}, are distinct M-
M, alternating circuits in €, we have E(Yy,-1)) N E(Yyp)) = 0. So E(J 6) N E(J,4) N
E(Y,) = 0. Hence E(J,4) N E(Jy5) N E(Jpe) N E(Yy( )) = 0.

Assume y(p) = y(p—1)+1 and that J,3, Jp4, Jp5 and J, ¢ are constructed in Subcase
2.2. We know from the construction that E(.J,6) C E(Pu,_ w,)s Jps=Jp-13U Py U Py u,
and E(J,6)NE(P/UP,,,,) = 0. By Claims 1, 2 and 3, we can obtain E(J,¢)NE(Jp_13) =
@. So E(Jpﬁ) N E(Jp75) = @ Thus ﬂ?:?’ E(prj) = @ and E(‘]PA) N E(Jpg)) N E(Jpﬁ) N

E(Yyp) = 0.
Claim 4 is proved.
Claim 5. E(J,_16) N (ﬂ] s E(Jpr,_1())) = 0 for each p € {2,3,...,m + 1}.
Choose a number p € {2,3,...,m + 1}. From the constructlon of Jpr,_,(3), we know

E(mepﬂ(i’))) - E(prl,B) U E(Yy(p—1)> U E(E/(p)—l) U E(Pwpqu) if p < m and we know
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E(Jpr,_13) € E(Jp-13)UE(Yyp—1)) UE(Y,) if p = m+1. From the construction of .J,_y g,
we know E(J,_16) € E(Fs), E(Jp-16) € E(Pyw, ), or that J, 16 is a subgraph of the
My-M, alternating circuit Yy,—1y-1 when y(p — 1) = y(p — 2) + 2 holds. Hence we have
E(Jp-16)NE(Py,_1w,) =0 and E(J,_16)NE(Y,) =0. If p <mand y(p) = y(p—1)+2, we
know that Y} ,)_1 is an My-M; alternating circuit and we have E(J,_1,6) N E(Yyq)-1) = 0.
S0 E(Jy-16) N E(Jpr,13) = (E(Jp-16) N E(Jp-13)) U (E(Jp-16) N E(Yyp-1))).

From the construction of J, . ) and Jy,~, (5, we know J, . ) = Jp-14 and ei-
ther J,r 15y = Jp—15 OF Jpr_1(5) = Jp-15 U Py We already know E(J,—14) N
E(Py,_,w,) = 0. Now we have

p—1Wp*

E(Jp-16) N E(Jpr,13) N E(Jpr, @) NV E(Jpr,_1(5))
= ((BE(Jp-16) N E(Jp-13)) U(E(Jp-16) N E(Yyp-1)))) N E(Jp-1.4) N E(Jp-15)

= (N BUp1) U ﬂ Jp-14)) N E(Yyp-1))-

By Claim 4, we know ())_y E(J,_1;) = 0 and ((;_y E(Jy—1,;)) N E(Yyp-1)) = 0. So
E(Jp,lﬁ) N E(Jp,wp,l(B.)) N E(Jp77rp71(4)) N E(Jp,np,l(@) = () and Claim 5 holds.

Claim 6. E(J,—17) N E(Jpr,_ 1)) =0 for each p € {2,3,...,m+ 1}.

Choose a number p € {2,3,...,m + 1}. We know J, . 4 = Jp—1,4 from the con-
struction of J, (). From the construction of J,_17, we know E(J,_17) C E(Y,) if
p=m+1, we know E(J,_17) C E(Yyp-1) if p < m and y(p) = y(p — 1) + 2, and we
know E(Jp—17) € E(Pu,_,w,) if p <m and y(p) = y(p— 1) + 1. By Claims 1, 2 and 3, we
can obtain E(J,—14) NE(Py, ,w,) = 0. By Claim 3 and the minimality of Y1Y5---Y},, we
know E(J,-14) N E(Y,) =0 if p=m+ 1 and we also know E(J,_14) N E(Yyp)-1) = 0 if
p<mand y(p) =ylp—1)+2. So E(Jp—17) N E(Jpr, ) = E(Jp—17) N E(Jp14) =0
and Claim 6 holds.

Claim 7. ﬂ?:1 E(J,;) =0 for each p € [m + 1].

We proceed by induction on p. Clearly, Claim 7 holds for ¢ = 1. For an integer p with
2<p<m+1, Wesupposeﬂ LVE(Jp1) = 0.

Noting that J, i, and Jp_1 2 are two paths from V(C4) to V(Yy(-1)) in G by Claim
3, we have E(Jp,l’j) N E(Yy(p_l)) = for j = 1,2. Set Ey:=E(Jpx,_,1)\E(Jp-1,1) and
E22:E(Jp7ﬂ—p_1(2))\E(Jp_l’g). From above, we know Ej Q E(Y;J(p_l))UE(Jp_Lﬁ)UE(Jp_lj)
for j =1,2 and Ey N Ey C E(Jy_16) U E(Jp—17). Now we have

—1(
(E(

= (E(Jp-11) NE(Jp-12)) U (E(Jp-11) N E2) U (E1 N E(Jp-12)) U (E1 N Ey)
(E(

From the construction of J,x @), Jpr, 1) and Jyr  (5), we know E(Jp . ;) C
E(Jp-15) U EYyp-1)) U E(Yyp)-1) U E(Py,_w,) for j = 3,4,5 if p < m and we know
E(Jpr, 1)) € E(Jp-15) U E(Yyp-1)) U E(Y,) for j = 3,4,5 if p=m + 1. By Claims 1-3
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and the minimality of Y1Y5 - - - Y}, we can know E(J,_11) N (E(Py,_,w,) UE(Y;,)) = 0. We
also can know E(J,—11) N E(Yyp-1) =0 if p < m and y(p) = y(p — 1) + 2. Noting also
E(prl,l) N E(Yvy(pfl)) = @, we have E(Jp 171) N E(Jp77l'p71(])) = E<Jp71,1) N E(Jp,17j> for
7 =3,4,5. Hence we have

E(Jy-11) VE(Jpe12) N () Epmyes () = () E(Jp-15) = 0.

j=3 j=1

By Claim 5, we know E(J,_16) N (ﬂ?zg E(Jyr, 1)) = 0. By Claim 6, we know
E(Jy—17) N E(Jpx, 1)) = 0. Now we have

5 5
m E(Jp,j) = (E(Jpﬂrpfl(lﬂ NE(J zﬂrp 1( ﬂ zﬂrp 1 J)

C ((E(Jp-11) N E(Jp-12)) U E(Jp-16) U E(Jp-17)) N (n E(Jpm, 1))
- (E(Jp—Ll) N E(‘]p—l,?) N (ﬂ E<Jp,7rp_1(j))))

=3

E(Jpm, 1)) U (E(Jp17) N E(Jp, 1))

5
U (E(Jp-16) N
j:

=0.

Claim 7 is proved.

By Claim 7, we know ﬂ?:1 E(Jms1j) = (. At last, we will use these five paths J,, 111,
Im+41,2s Im+1,3, Jmt1,4 and Jpq15 to constructed five perfect matchings of G which cover
E(Cy) U M.

Let Ny be the perfect matching of €y — us. For each j€{5,6,7,8,9}, let N} be the
perfect matching of Co — V(Jpm41,j—4) NV (Cs). Let 6 be a one-to-one correspondence from
{5,6,7,8,9} to {5,6,7,8,9} such that for each j€{5,6,7,8,9}, the vertex in Vo(Jpm11,j—4)N
V(C1) is missed by Nj;). For each j€{5,6,7,8,9}, set 2i:={P € &/ : fp € F'N Ny}
Now for each j€{5,6,7,8,9}, we set

Mj+2 = (N(;(]) N E(Ol>> U (E(( U P) U Jm+1,j—4) A Ml) U NJ,
Pe2;

We know that M7, Mg, Mg, My and M;; are 5 perfect matchings of G. Noting that
E(C1)\Ns € U_g Nj and (Y_, E(Jms1;) = 0, we have E(Cy) UM, C L, M;.

By a similar argument as above we know that the edges in E(Cy) U Mz can also be
covered by at most 5 perfect matchings of G. These at most 10 perfect matchings of G
together with M, cover all edges of G.

The proof is complete.
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