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Abstract

It was conjectured by Ohba and confirmed by Noel, Reed and Wu that, for any
graph G, if |[V(G)| < 2x(G) + 1 then G is chromatic-choosable; i.e., it satisfies
X1(G) = x(G). This indicates that the graphs with high chromatic number are
chromatic-choosable. We observe that this is also the case for uniform hypergraphs
and further propose a generalized version of Ohba’s conjecture: for any r-uniform
hypergraph H with r» > 2, if |V(H)| < rx(H) +r — 1 then x;(H) = x(H). We
show that the condition of the proposed conjecture is sharp by giving two classes
of r-uniform hypergraphs H with |V(H)| = rx(H) + r and x;(H) > x(H). To
support the conjecture, we prove that x;(H) = x(H) for two classes of r-uniform
hypergraphs H with |[V(H)|=rx(H)+r — 1.

Mathematics Subject Classifications: 05C15

1 Introduction

For a graph or a hypergraph G, a vertex coloring of G is proper if every edge contains a
pair of vertices with different colors. For a positive integer k, a k-list assignment of G is
a mapping L which assigns to each vertex v a set L(v) of k permissible colors. Given a
k-list assignment L, an L-coloring of G is a proper vertex coloring in which the color of
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every vertex v is chosen from its list L(v). We say that G is L-colorable if G has an L-
coloring. A graph G is called k-choosable if for any k-list assignment L, GG is L-colorable.
The list chromatic number (or choice number) x;(G) is the minimum k for which G is
k-choosable. It is obvious that x;(G) > x(G), where x(G) is the chromatic number of
G. A graph G is chromatic-choosable if x;(G) = x(G). The notion of list coloring was
introduced independently by Vizing [25] and by Erdds, Rubin and Taylor [8] initially for
ordinary graphs and then was extended to hypergraphs [2, 3, 13, 20, 22, 23|.

List coloring for graphs has been extensively studied, much of the earlier fundamental
work on which was surveyed in Alon [1], Tuza [24] and Kratochvil-Tuza-Voigt [14]. One
direction of interests on list coloring focused on the estimation or asymptotic behaviour
of the list chromatic number y;(G) compared to the degrees of its vertices. In [8], Erdés,
Rubin and Taylor proved that the list chromatic number of the complete bipartite graph
K44 grows roughly like the binary logarithm of d (the degree of K,;4). More generally,
Alon [1] showed that the list chromatic number of any graph grows with the average
degree. However, this is not the case for hypergraphs. It was shown that, when r > 3, it
is not true in general that the list chromatic number of r-uniform hypergraphs grows with
its average degree [2]. Even so, it was also shown that similar property holds for many
classes of hypergraphs [2, 12, 23|, including all the simple uniform hypergraphs (here, a
hypergraph is simple if different edges have at most one vertex in common) [22].

Another direction of interests on list coloring focused on the difference between the
chromatic number x(G) and list chromatic number x;(G). It was shown that x;(G) can
be much larger than x(G) for both the ordinary graphs [8] and hypergraphs [12]. This
yields a natural question: which graphs are chromatic-choosable? A well known example
concerning this question is the List Coloring Conjecture (attributed in particular to Vizing,
see [11]), which says that every line-graph is chromatic-choosable. This conjecture was
later extended to claw-free graphs [9].

In addition to particular classes of the graphs that might be chromatic-choosable,
the graphs with ‘high chromatic number’ (compared to the number of the vertices in
the graph) also received much attention. A trivial fact is that every complete graph is
chromatic-choosable. In [18], Ohba showed that, for any graph G, if |V(G)| < x(G) +
V2X(G) then x;(G) = x(G). Further, in the same paper, Ohba conjectured that if
[V(G)| < 2x(G) + 1 then x;(G) = x(G). This conjecture was confirmed by Noel, Reed
and Wu [17].

In this paper we focus on the chromatic-choosability of the uniform hypergraphs with
high chromatic number, where a hypergraph H is r-uniform if every edge of H has cardi-
nality r. In particular, we propose the following generalized version of Ohba’s conjecture,
which is inspired by a recent Ohba-like conjecture for d-improper colorings given by Yan
et al. [27] (See Conjecture 2 below).

Conjecture 1. Let r > 2 and H be an r-uniform hypergraph. If
VH)| <rx(H)+r—1

then x;(H) = x(H).
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The rest of the paper is organized as follows. In Section 2, we revisit both the con-
jecture of Yan et al. [27] and some recent supporting results [26] on this conjecture from
the point view of hypergraph coloring. We show that Conjecture 1 implies the conjecture
of Yan et al. Moreover, we observe that arguments from a proof of Wang et al. [26] on
d-improper colorings can be modified only slightly to obtain a weak form of Conjecture 1:
if [V(H)| < (r—3)x(H)+ % —1 then x;(H) = x(H). Therefore, r-uniform hypergraphs
with high chromatic number are chromatic-choosable. We also give a simplified but equiv-
alent form of Conjecture 1 using the notion of r-complete multipartite hypergraph defined
in [6]. In Section 3, we show that the condition of Conjecture 1 is sharp by giving two
classes of r-uniform hypergraphs H with |V (H)| = rx(H)+r and x;(H) > x(H). Finally,
to support our conjecture, in Section 4 we prove that x;(H) = x(H) for two classes of
r-uniform hypergraphs H with |V(H)|=rx(H) +r — 1.

2 Preliminaries

2.1 Improper colorings and hypergraphs

For a graph G and a set C of colors, a coloring f: V(G) — C is a d-improper coloring
if each color class induces a subgraph with maximum degree at most d. Let x%(G) and
x4(G) denote the d-improper chromatic number and d-improper list chromatic number of
G, respectively. Yan et al. [27] proposed an Ohba-like conjecture for d-improper colorings.

Conjecture 2. 27| For any graph G, if
V(G < ([d+2x"(G) + (d+1)
then {(G) = *(G).

For a graph G and an integer r > 2, we construct an r-uniform hypergraph G as
follows:
1). V(GM) = V(G), and
2). E(GM) ={S CV(Q): |S| =rand A(G[S]) = r—1}, where A(G[S]) is the maximum
degree of G[9], i.e., the subgraph of G induced by S.

Proposition 3. For any graph G and nonnegative integer d, we have x(G@+?)) = x4(G)
and x,(G“)) = x}(G).

Proof. 1t is easy to see that a coloring f of GG is d-improper if and only if f is proper when
regarded as a coloring of G(¢*?). Thus, the assertion holds. O

Theorem 4. Conjecture 1 implies Conjecture 2.

Proof. Let G be a graph with at most (d + 2) 4G) + (d+ 1) vertices. Let r = d + 2
and H = G™. By Proposition 3, X( ) = x4(G). Note that H and G have the same
vertex set. Thus, |V (H)| < (d+ 2)x%(G) + ( +1) =rx(H) +r — 1. If Conjecture 1 is
true, then x;(H) = x(H). This implies x(G) = xYG ) by Proposition 3. The proof is
completed. O
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To support Conjecture 2, Yan et al. [27] also proved the following result.

Theorem 5. (Theorem 1, [27]) For any graph G and integer d > 0, if

V(G) < (d+1)x(G) + V(d+ 1)x!(G) — d
then 3{(G) = X(G).
Wang et al. [26] further improved Theorem 5 as follows.
Theorem 6. (Theorem 2, [26]) Let d > 1. For any graph G, if

V@< (a+3) e+ 5
then X{(@) = (@)

Forn > 1, write [n] = {1,2,...,n}. Let H! denote the set of all r-uniform hypergraphs
on [n] and let H = U {G™} where the union is taken over all graphs G on [n]. We

notice that ’Hy(f) is usually a proper subset of H/. Using Proposition 3, we may restate
Theorem 6 as follows:

Theorem 7. Let r > 3. For any H € ’Hff), if

then xi(H) = x(H).

Furthermore, we may rewrite the original proof of Theorem 6 in the setting of hy-
pergraph coloring. Then in terms of hypergraph coloring, the key point of the proof is
to find a coloring f of G") such that each color class of f has size at most r — 1 or is
contained in some color class V;,i € {1,2,...,x}, where xy = x(G™) and Vi, Va,...,V,
are the color classes of G") induced by an arbitrary proper y-coloring of G, This means
that, though H is in general a proper subset of H, , the existence of such f does not rely
on any structural property specified by the hypergraphs in the class HT) and hence, the
proof for the hypergraphs in H') can be extended for that in ‘H; . Therefore, Theorem 7
holds even if we replace H € (e by H € H;. We write this observation as the following
theorem but omit its proof. Interested readers may get a full proof through consulting
26].

Theorem 8. For any r-uniform hypergraph H, if

V()| < (—%) )+ -1

then xi(H) = x(H).

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(1) (2019), #P1.5 4



2.2 Reduction to multipartite hypergraphs

For k positive integers pq, po, ..., pr, let Vi, Vo, ..., Vi be k disjoint sets of size p1,pa,. . ..pk,
respectively. Following [6], we define the r-complete k-partite hypergraph K .~ with
partite sets V7,V5,...,V} as follows:

1). V(K] op) =V1UVRU--- UV, and

P1,P2,---,
2). E(K] .. ..)=1{5¢C Ule Vit |S|=r,S €V, foranyic{1,2,...,k}}.
We note that the notion of k-partite hypergraph here means that each edge may

contain two or more vertices from a partite set, which is different from others that used

in some literatures. Nevertheless, when r =2, K  agrees with the usual complete
k-partite graph K, ,, . .. Further, if there are two p;’s, say pi: and p, which are less
than r — 1, then K is isomorphic to K .y, 4 ., (or K;1_+1,p3,...,pk if pp = 1).
Therefore, in the following we always assume that p; > r— 1 for all i € {1,2,...,k} with
at most one exception. For simplicity, if p; = -+ = ps = p for some s with 1 < s < k, we
write K;17p27~--,pk as K;*S,Ps+17~--7pk'

Proposition 9. If p; > r — 1 for alli € {1,2,...,k} with at most one exception, then
X (K£17p27---7pk) =k.
Proof. Since X(K . » k) < k always holds, it suffices to show the reversed inequality. By

P1,P2,---5
the assumption of the proposition, K(r_l)*(k_l)ﬂ is a subgraph of K . and therefore,
X<K;17p2:-~~7pk) > X(K(Tr—l)*(k—l),l)' Further, notice that each r-subset of V(K(r—l)*(k—l),l)

is an edge. We have

. (r—1k-1)+1
X (K(r—l)*(k—l),l) > [ r—1 =k
Therefore, X(thm,...,pk) > k and the proposition follows. ]

It is easy to see that Conjecture 1 is true if and only if it is true for all r-complete
multipartite hypergraphs. Thus, in view of Proposition 9 we can restate Conjecture 1 as
follows.

Conjecture 10. Let r > 2 and let py,ps,...,pr be k positive integers such that p; >
k
r—1forallie {1,2,...,k} with at most one exception. If > p; < rk + r — 1, then

=1
Xi (K;17p27~~7pk) = k.

3 Sharpness of Conjecture 1

It is well known that the condition of Ohba’s Conjecture is sharp. Indeed, in [7] it was
proved that the complete k-partite graph G on 2k + 2 vertices is not chromatic-choosable
if k is even and either every part of GG has size 2 or 4, or every part of GG has size 1 or 3.
In the following, we give an analogue of the former for r-uniform hypergraphs with r» > 3
and a partial generalization of the latter when G = K33 to r-uniform hypergraphs with
r > 2, indicating that the upper bound rx(H) 4+ r — 1 in Conjecture 1 is also sharp.
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Theorem 11. For any integer v > 3, if k is divisible by r — 1 then

Xt (B i) > X (Kgpao)) = k.

Proof. Let Vi, V,,...,V, be the k partite sets of K7, (k—1) , where
Vi= {Ul, U1, U2, V2, . - . 7uravr} and V; = {wi,lvwi,% cee awi,r}

for i € {2,3,...,k}. Let Cy,C,,...,C, be r disjoint color sets of size 5. Let L be the
k-list as&gnment of KJ (k1) deﬁned by

L(wij) = Lw;) = L(v)) = |J G i=23,...k j=12..r

We show that K] r(k—1) 1S Ot L-colorable. Suppose to the contrary that f: V — (J._, C;
is an L-coloring of K r(k—1) , where V =V, UV, U---UV,. Define

:{ceoq;f_l(c)gvl} andT:{CGUC ! Cvl}

Clearly, SUT is a partitioning of |J]_,
Claim: |f |<r—1f0reachc€S

Suppose to the contrary that |f~!(c)| > r — 1. Since f~!(c) € Vi, there exists an
r-subset W of f~!(c) such that W & V4. For any i € {2,3,...,k}, by the definition of L
we have L(w;1) N L(w;2) N--- N L(w;,) = (. This means that V; has at least one vertex
which is not assigned the color ¢ by f. Therefore, W # V;, or equivalently, W Z V; as
|W| = |Vi|. Combining with W ¢ V;, we have W ¢ V; for all i € {1,2,...,k}. Thus,
W is an edge of K;T’r*(k_l). Further, since f is a proper coloring, the edge W is not
monochromatic under f, which contradicts the fact that W C f~!(c). This proves the
claim.

Let £ = [U.epr f71(e)|. Then |U.cq fHe)| = |V| =€ =rk+r— L. Tt follows from the
above claim that |S] > [E=£7 . Since M=y L(u;) = 0 and ﬂ;:1 L(vj) =0, any 2r — 1
vertices in V; share no common color in their lists. Thus, |f~'(c)] < 2r — 2 for each
c € T since f~'(c) C V. Therefore, |T| > [5-]. Since |U] Gl = and SUT is a
partitioning of (J;_, Cj, we have

rk+r—1{ l rk
_— — | < T| <
[ r—1 —‘+[2r—2—‘ ST+ 171 r—

2r—2

T

As k is a multiple of » — 1, the above inequality can be reduced to

r—{ n 14 <0
r—1 2r—2| = 7
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On the other hand, notice that ¢ < |V;| = 2r. If £ < 2r — 1 then
r—/{ n 14 >r—€+ 14 _27’—£>0
r—1 =2 " r—1 2r—2 2r—27 7
a contradiction. If ¢ = 2r then

r—2V Y4 —r 2r
= >—1+2 ,
[r—l-‘+[2r—2-‘ L—l-‘—i_[%—;‘ +2>0

where ‘>’ holds as r > 3. This is again a contradiction and hence completes the proof of
the theorem. O

Remark 12. Although Theorem 11 is somewhat of an analogue of the K, 55 2 example,
the “divisibility” condition is different. For graphs, one required k to be divisible by r,
which is 2, but for hypergraphs it is r — 1.

Theorem 13. For any integer r > 2,

Xi (K(TTH)*T) > X (K{rﬂ)*r) =T

Proof. Let H = K(TTH)*T with r partite sets Vi, V5, ..., V.., where

V;‘ = {'U,L'yl,vijg, Ce ;Ui,r+1} fOI' 7 € {1,27 e ,’I“}.

Let L be the r-list assignment of H defined by L(v;;) = {1,2,...,r + 1} \ {j} for i €
{1,2,...,r}and j € {1,2,...,r+ 1}. We show that H is not L-colorable.
Suppose to the contrary that f: V(H) — {1,2,...,r+1} is an L-coloring of H. Then
we have
O+ @+ + T+ ) = [VH)| = (r + D (1)
On the other hand, for any i € {1,2,...,r}, the lists of all 41 vertices in V; have an empty
intersection. Thus, |f~'(k)| < rfor k € {1,2,...,r+1}. This, combining with (1), implies
that | f~' (k)| = r for k € {1,2,...,r+1}. Therefore, for each k € {1,2,...,r+1}, f~'(k)
must be contained in V; for some ¢ € {1,2,...,7} since otherwise f~!(k) is an edge in H.
By the pigeonhole principle, there exist two color classes, say f~'(1) and f~1(2), contained
in the same partite set, say V;. Consequently, |f~2(1)| + |f722)] =2r > r+1 = |V|.
This is a contradiction and hence completes the proof. O

4 Support for Conjecture 1

We begin with some lemmas that are necessary for our forthcoming argument.

For an r-hypergraph H and a subset X C V(H), we denote by H[X] the subgraph of
H induced by X, ie., HX]| = (X,{e: e€ E(H),e C X}). For a list assignment L of H,
let L(X) = J,ex L(v) and let Ly denote L restricted to X. We may omit the subscript
of Lx when there is no ambiguity. For example, when H[X] is Lx-colorable we simply
say that H[X] is L-colorable. For a color set C, let L\ C be the list assignment of H
defined by (L \ C)(v) = L(v) \ C for each vertex v € V(H).
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Lemma 14. Let X UY = V(H) be a partitioning of the vertex set of an r-uniform
hypergraph H and f be an L-coloring of H[X]. If there is a color set C such that C' 2 f(X)
and H[Y] is L\ C-colorable, then H is L-colorable.

Proof. Let g be an L\ C-coloring of H[Y]. Define a coloring h of H by h(v) = f(v) if
v e X, and h(v) = g(v) if v € Y. Thus, for any edge e of H, if e C X or e C X then e
has two vertices colored differently by A since f and g are proper. Further, if e contains
vertices of both X and Y, say z € X and y € Y, then x and y are colored differently by
h since C' and L\ C are disjoint. Therefore, h is an L-coloring of H. n

Lemma 15. Let L be a list assignment of an r-uniform hypergraph H. If (r—1)|L(X)| >
| X| for every nonempty subset X C V(H), then H is L-colorable.

Proof. Consider the bipartite graph B with vertex partition V(B) = (V(H), C), where
C' consists of (r — 1) copies of L(V(H)) and each v € V(H) is adjacent to the (r — 1)
copies of L(v). Clearly, for each X C V(H), we have Ng(X) = (r — 1)L(X) and hence
|INp(X)| > | X| by the condition of the lemma. Thus, by Hall’s Matching Theorem, there
exists a matching M that saturates V(H). We associate M with an L-coloring fy; of H
where fy/(v) is defined to be the color matched to v by M. We can see that each vertex
v is colored by a color from its own list L(v), and each color class of H induced by fu,
contains at most r — 1 vertices. This means that each edge of H contains at least two
vertices with different colors since H is r-uniform. Thus, fj; is proper and therefore, H
is L-colorable. O

Lemma 16. For a list assignment L of an r-uniform hypergraph H, if H[X| is L-colorable
for each nonempty subset X C V(H) with (r — 1)|L(X)| < | X]|, then H is L-colorable.

Proof. 1t (r — 1)|L(X)| > |X]| for each nonempty subset X C V(H), then we are done
by Lemma 15. We now assume that X is a maximal nonempty subset of V(H) such
that (r — 1)|L(X)| < |X]|. Let C = L(X), let Y = V(H) \ X and let S be an arbitrary
nonempty subset of Y. Then by the maximality of X, (r — 1)|L(X U S)| > | X US|. On
the other hand, notice that |[L(X US)| = |L(X)|+|[(L\C)(S)| and | X US| = | X|+|5] as
XNS =10. Sowehave (r—1)[(L\C)(S)| = |S|. Consequently, H[Y]is L\ C-colorable by
Lemma 15. Let f be any L-coloring of H[X]. Clearly, L(X) 2 f(X), that is, C' O f(X).
Therefore, H is L-colorable by Lemma 14. [

The following lemma is an extension of a widely used lemma in list colorings of graphs
[15, 21], namely the “Small Pot Lemma” [4, 5, 16, 19].

Lemma 17. For an r-uniform hypergraph H, if H is L-colorable for every k-list assign-
ment L such that (r — 1)|L(V(H))| < |V(H)| then H is k-choosable.

Proof. Suppose to the contrary that H is not k-choosable and let L’ be a k-list assignment
such that H is not L'-colorable. We show that there is a k-list assignment L with (r —
DIL(V(H))| < |V(H)| such that H is not L-colorable.

By Lemma 16, there is a nonempty subset X C V(H) such that (r — 1)|L/(X)| < | X|
and H[X] is not L’-colorable. Choose x € X and define the list assignment L of H by
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L(v) = L'(v) if v € X and L(v) = L'(z) otherwise. Clearly, H is not L-colorable since
H[X] is not L'-colorable and therefore, not L-colorable. Moreover, L(V(H)) = L'(X) and
hence (r—1)|L(V(H))| < |X| < |V(H)|. This contradicts the condition of the lemma. [

In [10] (before Ohba’s Conjecture was formulated), Gravier and Maffray showed that
K3 9,(k—1) is chromatic-choosable. The following two theorems are the generalizations of
this result to uniform hypergraphs and therefore, give support to Conjecture 1.

For a color ¢ of L and a vertex subset X of H, the multiplicity of ¢ in X is defined by
{v:v e X,ce L(v)}|, that is, the total times of ¢ that appears in the lists of the vertices
in X. For a list assignment L, the multiplicity of ¢ in X is denoted by 1 x(c), or simply
nx(c) when the list assignment is clear.

Theorem 18. Xl(Kgr—l,r*(k 3 ) =k forr>2andk > 1.

Proof. We prove it by contradiction. Suppose k is the minimal positive integer such that
K3, 1 a1y is ot k-choosable. Note that if & =1 then Kj_, ;) contains no edges
and therefore is trivially 1-choosable. Thus k£ > 2. Write H = K;"T_Lr*(k_l). Since H
is not k-choosable, Lemma 17 implies that there exists a k-list assignment L such that
(r—1|L(V(H))| < |V(H)| and H is not L-colorable. Let Vi, Vs, ..., V, be all partite
sets of H, where |Vi| =2r — 1 and |V;| = r fori € {2,3,...,k}. As (r —1)|L(V(H))| <
\V(H)|=rk+r—1and L(V;) C L(V(H)), we have (r — 1)|L(V;)| < rk+r — 2 and hence

rk+r—2
r—1

|L(Vi)\<{ J,i:1,2,.‘.,k. (2)
Claim 1: (. L(v) = 0 for each i € {2,3,...,k}.

Suppose to the contrary that there exists a color ¢* € (1, L(v) for some i €
{2,3,...,k}. We use ¢* to color all vertices in V; and let Y = V(H) \ V;. Note that
HY| = Kgr Lrx(k_)- By the minimality of k, H[Y] is (k — 1)-choosable. Therefore, H[Y']
is L \ {c*}-colorable since (L \ {c*})(v) contains at least k — 1 colors for each v € Y. So

by Lemma 14, H is L-colorable. This is a contradiction and hence Claim 1 follows.
Let
(2r — 1)k
£ = {W : (3)
r—1

Claim 2: L has a color ¢ such that ny, (
Clearl}/? ZCGL(Vl) U\% (C) = ZUEVl ’L(U

is maximum. By (2) we have

c) = ¢
)| = (27‘ —1)k. Let ¢ be the color such that ny, (¢)
Dvev, L) (2r = 1k
— > v 1 >
A% (C> = |L<Vv1)‘ = er+?"*2 !

r—1

which implies nvl(é) > ¢. Thus, Claim 2 follows.
Claim 3: |L(V;)| = 22| for each i € {2,3, ..., k}.
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Suppose to the contrary that |L(V;)| # |“t2=2] for some ¢ € {2,3,...,k}. Then, by

(2), [L(V;)| < V’”’" 2] — 1 and hence |L(V;)| < %=L Let ¢; be the color in L(V;) such

that 7y, (¢;) is maximum. By an argument similar to the proof of Claim 2, we have

(ci) ZceL(%)nVi(C)_ rk S rk
WA Z Tl T Ry T e

This means that all vertices in V; have a common color in their lists. This contradicts
Claim 1 and therefore, Claim 3 follows.

Claim 4: { > r+ (r — 1) (=2 — B2 ) and in particular, £ >

r—1 r—1
Write k —1=(r-— 1)p+q, where p = L%J and 0 < g <r— 2 Then Tk:i’"l 2 —
kE+1 + = =rp+q+2+ . Thus, the first inequality in the claim is reduced to
2r—1)((r—1)p+qg+1
[( (EIVEVAS)) R "
p+q+2
that is,

Cr—1((r—Dp+q+1)>(p+q+2)(r+q—1). (5
Let A=2r—1)((r—1p+q+1)—(rp+q+2)r+q—1)=—-¢+(r—2— pr);]
) is

I+ £

(1 +p—2pr+ pr?). In order to show A > 0 we consider the quadratic function f(
—22+(r—=2—pr)x+(1+p—2pr+pr?). Note that 0 < ¢ < r—2and A = f(q). As f(x
strictly concave on the interval [0, — 2], the minimum value of f(x) must be attained at
x = 0 or r — 2. Direct calculation leads to f(0) = 1+p—2pr+pr? =rp(r—2)+p+1>0
and f(r—2) =p+1> 0. Therefore, f(x) > 0 on [0, — 2] and hence A > 0. This proves
Claim 4.

Let X ={veVi:ceLw} Lt Y =V(H)\ X, V] =V;\ X and L' = Ly \ {¢}.
Then by Claims 2 and 4, we have |X| > £ > r and therefore,

Vi =i\ X <2 —1—€<r—1. ©

Clearly, |L'(v)| = |L(v)| = k for each v € V{, and |L'(v)| > |L(v)| — 1 = k — 1 for each
veV,ie{23,...,k}.
Claim 5: H[Y] is L'-colorable.

Let S be an arbitrary nonempty subset of Y. By Lemma 15, it suffices to show that
(r—1)|L'(S)| = |S|. To this end, we consider two cases.
Case 1: V; € S for any i € {2,3,...,k}.

In this case, we have

SOWVE)\NV)< (Vo] =) + -+ (Vi = 1) = (r = )(k = 1). (7)

Notice that [L'(S)| = |L'(v)| = k — 1 for any vertex v in S. So by (7), if SNV{ = ) then
(r=DIL(S)| = (r=1)(k=1)| = |SN(V(H)\ Vi)| = |5], as desired. Now we assume
that SNV} # . Then by (6) and (7) we have |S| = [(SNV])U (SN (V(H)\ W))| <
(r—1)+(r—1)(k—1) = (r—1)k. Let v € SNV/. Then |L'(v)| = k and hence |L'(S)| > k.
Again we have (r — 1)|L'(S)| = |S|.
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Case 2: V; C S for some i € {2,3,...,k}.
By Claim 3, L'(V;) > |™=2| — 1. On the other hand, by the first inequality in (6),
|S| < |V{| + |Va| + -+ |Vi| <2r —1—E&+r(k —1). Therefore, by Claim 4,

=Dl -18 > - ([T 21) - @ro 1o g- 1)

-2
= f—l—(r—l){—rk—i_r J—Tk—QT—I-Q
r—1
rk+1r—2 rk+r—2
2 —1 -
e )< r—1 { r—1 J)
k -2
+(T—1){%J—rk—2r+2

= 0.

Thus, (r — 1)|L'(S)| = | S|, as desired.

From the above two cases, Claim 5 follows.

Finally, by Claim 5 and Lemma 14, H is L-colorable. This is a contradiction and
hence completes the proof of this theorem. O

In the previous section we have known that x; (K gm*(k_l)) > k+ 1 if k is divisible by
r — 1. By Theorem 18, we have k < Xl<K§r,r*(k71)) < Xl<K§r71,r*(k71)) +1=k-+1. This
gives that
Xt (K3 pueony) =k +1

if k is divisible by » — 1. We propose the following problem.

Problem 19. If k is not divisible by » — 1, determine when does Y; (K;’m}k(k_l)) equal k
and when does it equal k£ + 17

The following result gives the second generalization of Kj,x—1) for supporting our
conjecture.

Theorem 20. y; (KT

(r+1)*(r71),r*(k77"+1)) =k fOT’ "z 2 and k 2 r—1

r

Before proving it, we need first to show that x; (K(r—l-l)*(r—l)

the following more general result.

) = r—1. In fact, we prove

Proposition 21. y; (K"

(r+1)*k> =k forr>2andk <r—1.

Proof. If r = 2 then k = 1 and the assertion trivially holds. We may assume that r» > 3.
We prove the proposition by induction on k. Since y; (K(Hl)*k) > X(K(r+1)*k) =k, it
suffices to show that K7 . is k-choosable. If k = 1 then K7 . ,,,, contains no edges and

(r41)= (r+1)
hence is 1-choosable. Let 1 < £ < r — 1 and assume that K(T 1)t is t-choosable for any
t < k. For simplicity, let H = K(””T,H)*k and let V1, V5, ..., Vi be the k partite sets of H.

We need to show that H is k-choosable.
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Let L be any k-list assignment of H such that
(r=DILV(H))| < [V(H)| = (r+ 1)k. (8)

By Lemma 17, to show that H is k-choosable, it suffices to show that H is L-colorable.
If there is some V; such that all vertices in V; have a common color ¢* in their lists, then
we can color each vertex in V; by ¢* and remove ¢* from the lists of all other vertices in
H. Using induction on k£ and Lemma 14, one can easily verify that H is L-colorable.

In the following, we assume that ﬂvev L(v) =0 for any i € {1,2,...,k}. As|Vj| =
r + 1 we have ny;(c) < r for each ¢ € L(V). For each i € {1,2,...,k}, let C; = {c €
L(V;): nv.(c) = r}. Thus, for each color ¢ € L(V;)\ C;, we have nv( ) r — 1 and hence,

G + (= DLV = G > S IL()] = (r + 1)k )
veV;
for each i € {1,2,...,k}. Equivalently, |C;| > (r + 1)k — (r — 1)|L(V})]. Since |L(V;)| <
|L(V(H))|, we have |C;| > 0 by (8).

Let I be a maximal subset of {1,2,... k} such that {C;: i € I} has a system of
distinct representatives and let s = |I|. Since C; is nonempty, s > 1. With no loss
of generality, we may assume that I = {1,2,...,s}. Let (¢1,¢,...,¢5) be a system of
distinct representatives of (Cy,Cy,...,Cs). Notice that ny(¢;) = r and |V;| = r + L.
For each i € {1,2,...,s}, let v; be the only vertex in V; such that ¢; ¢ L(v;). Let

= H[{vy,...,us} U Vs U---U V] and define a list assignment L’ on the hypergraph
H' by L'(v) = L(v) \ {c1,...,cs} for any v € V(H'). For each i € {1,2,...,s}, we use
¢; to color all vertices in V; except v;. By Lemma 14, to show that H is L-colorable, it
suffices to show that H' is L'-colorable.

For each i € {1,2,...,s}, as s < k and ¢; € L(v;), we have |L'(v;)| = L(v;)) — (s —1) =
k—(s—1) > 1. If s = k then |V(H')] = k < r and hence H’ contains no edges.
In this case, H' is trivially L’-colorable. Thus, we assume that s < k — 1. For each
pe{s+1,s+2,... k}, by the maximality of I, we have C,, C {¢y,¢a,...,¢s} and hence
|Cp| < s

Let S be an arbitrary subset of V/(H'). We consider three cases:

Case 1: v; ¢ S for any i € {1,2,...,s}.

In this case, H'[S] is an mduced subgraph of K ()5 (k—s) Further, by the induction
hypothesis, K, ). s i8 (k — s)-choosable. Therefore, H'[S] is (k — s)-choosable. As
|L'(v)| = |L(v)| — s = k — s for each v € S, H'[S] is L'-colorable.

Case 2: v; € S for some i € {1,2,...,s}and V, Z Sforany pe {s+1,s+2,...,k}.

In this case, |S| <r(k—s)+s. As |L'(v;)] 2 k—s+1and k <r — 1, we have

(r=DIL'(S) =S| z2(r—1)(k—s+1)—(r(k—s)+s)=r—1—Fk >0,

that is, (r — 1)|L'(S)] = |S|.

Case 3: v; € S for some i € {1,2,...,s} and V, C S forsomep € {s+1, s+2,...,k}.
By (9), we have (r—1)|L(V,)| > (r+1)k—|C,| and hence (r—1)|L(V,)| = (r+1)k—

as |Cp| < s. Therefore,

(r=DIL' )] = (r = DIL' (V)| = (r = (L) = 5) = (r + Dk —7s.
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On the other hand, |S| < |V(H')| = (r + 1)k — rs. Thus, (r — 1)|L'(S)| > |S].

By the above three cases, for any S C V(H'), either (r — 1)|L'(S)| = |S| or H'[S] is
L'-colorable. It follows from Lemma 16 that H’ is L’-colorable. Thus, H is L-colorable
and hence k-choosable. This proves the proposition by induction. O

Proof of Theorem 20. We prove the theorem by induction on k. If £ = r — 1 then the

assertion holds by Proposition 21. Now let k& > r and assume that K 6” F1)(r—1)rx (k) is

(k — 1)-choosable. We are going to show that K7, ). 1) .(k_rs1) 18 k-choosable. Write
H = K{  1)utr_1)re(hrsr) a0d let Vi, Vo, ...V} be the partite sets of H with Vil =r+1
fori e {1,2,...,r—1} and |V}| =r fori e {r,r+1,... k}.

Let L be any k-list assignment of H such that

(r—1D|L(V(H))| < |V(H)|=rk+r—1. (10)
By Lemma 17, it suffices to show that H is L-colorable.
For some ¢ € {1,2,...,k}, if all vertices in V; have a common color, say ¢*, in their

lists, then we can color each vertex in V; by ¢*. Let H' be the subgraph of H induced by

V(H)\Vi. Thatis, H' = K{r+1)*(r;2),r*(kfr+l) i <r—Tor Ky 1) papn if1>r—1

both of which are subgraphs of K (b 1) (r— 1) s (k) Further, by the induction hypothesis,
K 1)etr—1) pu(hry 18 (K — 1)-choosable and so is H'. Let L’ be the list assignment of H’
defined by L'(v) = L(v) \ {¢*} for each v € V(H’). Then |L'(v)| > k — 1 and hence H' is
L’-colorable. Thus, H is L-colorable by Lemma 14.

We now assume that (., L(v) = @ for each i € {1,2,...,k}. The following discussion
is much similar to the proof of Proposition 21. For each i € {1,2,...,r — 1} let C; =
{c € L(V;): nv.(c) = r}. Then (9) holds for each i € {1,2,...,7 — 1} and, therefore,
|ICi| = (r+ 1)k — (r — 1)|L(V;)|. Since |L(V;)| < |L(V(H))| and k > r, it follows by (10)

Let I be a maximal subset of {1,2,...,r — 1} such that {C;: ¢ € I} has a system
of distinct representatives, and let s = |I|. Tt is clear that 1 < s < r — 1 as C; # () for
each i € {1,2,...,7 — 1}. With no loss of generality, we assume that I = {1,2,...,s}
and (c¢q, ¢, ..., ¢s) is a system of distinct representatives of (Cy, Cy, ..., Cy). For each i €
{1,2,...,s}, let v; be the only vertex of V; such that ¢; € L(v;). Let H' = H[{v1,...,vs}U
Vir1 U+ -UVg] and define L'(v) = L(v) \ {c1, ¢ ..., cs} for every v € V(H'). It suffices to
show that H’ is L’-colorable by Lemma 14.

For each i € {1,2,..., s}, since ¢; & L(v;), we have

IL/(0)] > L) — (s = 1) =k — s + L. (11)

For each p € {r,r +1,... k}, since [
r — 1 times in V. Therefore,

vev, L(v) = 0, each color of L(V}) appears at most

Dovey, L)k

L) > 2t T (12)
As [L'(Vy)| = (IL(V,)| = s), (12) implies
(r=D|L'(Vp)| = rk — (r—1)s. (13)
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If s <r—1, thenforeach ¢ € {s+1,s+2,--- ,r—1}, we have C, C {c1,¢a,...,¢s} by the
maximality of /. Thus |C,| < s. It follows from (9) (regard ¢ as q) that (r — 1)|L(V,)| >
(r+1)k—|Cy| = (r+ 1)k — s. Thus,

(r=DIL Vo)l = (r = DLV = 8) = (r+ Dk —rs. (14)

Let S be an arbitrary subset of V' (H’). We will show that either H’'[S] is L'-colorable
or (r = DIL(S)] = |5].

First assume that s < —1 and V, C S for some ¢ € {s+1,5s+2,...,7 —1}. Note
that |S| < |[V(H')|=rk+ (r—1) —rs, [L'(S)] > |L'(V,)| and k > r. It follows from (14)
that

(r=DIL'(S) = (r+D)k—rs=rk+r—rs>|9|, (15)
as desired. In the following, we always assume that V, € S for any ¢ € {s+ 1,5 +
2,...,r — 1}, unless s = r — 1. Under this assumption, we have |S N V;| < r for all

i€{s+1,s+2,...,k}. We consider three cases:
Case 1: v; ¢ S for any i € {1,2,...,s}.

In this case, H'[S] is an induced subgraph of K7, . and hence of K;rfl’r*(kfsfl).
Thus, H'[S] is (k — s)-choosable by Theorem 18. Since |L'(v)| > |L(v)| — s = k — s for
each v € S, H'[S] is L'-colorable, as desired.

Case 2: v; € S for some i € {1,2,...,s}and V, Z Sforany p € {r, r+1,... k}.

Combining with our assumption that V, € S for ¢ € {s+1,s+2,...,r — 1}, we have
V; g Sforany je{s+1,s+2,...,k}. Thus,

SKIVH)—(k=s)=@k+(r—-1)—rs)—(k—s)=(r—-1k+1—2s).

As v; € S, we have |L'(S)| > |L/'(v;)|, implying that |L'(S)| > k+ 1 — s by (11). Thus,
(r=DIL'(S)| = |S].
Case 3: v; € S for some i € {1,2,...,s} and V, C S for some p € {r, r+1,... k}.
In this case, again by our assumption that V,, € S for any p € {s+1, s+2,...,r—1},
we have |S| < |V(H)| —(r—1—=8)=(rk+ (r—=1)—rs)—(r—1—3s)=rk—(r —1)s.
Since V,, € S, so by (13) we have (r — 1)|L'(S)| = (r — 1)|L'(V,)| = rk — (r — 1)s > |5)|.
By the above three cases, for any S C V(H'), either (r — 1)|L/(S)| > |S| or H'[S]
is L’-colorable. Therefore, H' is L’-colorable by Lemma 16. This completes the proof of
Theorem 20.

Corollary 22. Xl<K(Tr+1)*r) =r+1 forr>2.

Proof. By Theorem 13, XI(K(TTH)*T) > r + 1. On the other hand, using Theorem 20
for k = r, we have XI(K(TTH)*(TA),T) = r. Thus XZ(K’”

(7“+1)*r) < r + 1. This proves the
corollary. -
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