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Abstract

Athanasiadis conjectured that, for every positive integer r, the local h-polynomial
of the rth edgewise subdivision of any simplex has only real zeros. In this paper,
based on the theory of interlacing polynomials, we prove that a family of poly-
nomials related to the desired local h-polynomial is interlacing and hence confirm
Athanasiadis’ conjecture.

Mathematics Subject Classifications: 26C10, 05E45, 05A15

1 Introduction

The objective of this paper is to prove a real-rootedness conjecture of Athanasiadis [3]
about the local h-polynomials of edgewise subdivisions of simplices.

Let us first review some background. Let A be a (d—1)-dimensional simplicial complex
with f; faces of dimension 7 with f_; = 1 by convention. The h-polynomial of A is defined
as h(A,z) = Z?:o fio12'(1 — z)47%. The notion of local h-polynomials was introduced by
Stanley [16] in the study of the face enumeration of subdivisions of simplicial complexes.
Given an n-element set V', let 2" be the abstract simplex consisting of all subsets of the

set V and let I' be a simplicial subdivision of the simplex 2. The local h-polynomial of
I' is defined as

by (T,2) =Y (=) h(Tp, ),
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where ' is the restriction of I" to the face ' € 2V. In a recent survey, Athanasiadis [3,
Section 4] studied several interesting examples of local h-polynomials and asked whether
these polynomials have only real zeros.

This paper is concerned with the local h-polynomials of the rth edgewise subdivision
(2V)) of the simplex 2". Edgewise subdivision has appeared in several mathematical
contexts, see [5, 7, 8, 9, 11, 12]. One of its properties is that its faces F' are divided into
rdm(F) of the same dimension. Athanasiadis [1, 2] showed that

by (V) 2) = B, ((w+a>+ - +2"H)"), (1)
where E, is a linear operator defined on polynomials by setting E,(z") = ™7, if r
divides n, and E,(z") = 0 otherwise. The local h-polynomial ¢y ((2‘/)(”, x) can also be
interpreted combinatorially as the ascent generating function of certain Smirnov words
[14], see [3, Theorem 4.6] for more details. We would like to point out that the real-
rootedness of E, ((1+z+ 2%+ -+ 2" 1)"), which is slightly different from the right
hand side of (1), has been studied in [11, 19] and references therein.

The main result of this paper is as follows.

Theorem 1.1. For any positive integer r, the local h-polynomial ¢y, ((2V)<”>, SL’) has only
real zeros.

The above theorem provides an affirmative answer to Athanasiadis’ conjecture. Note
that this conjecture was also proved independently by Leander [13].

2 Proof of Theorem 1.1

In this section, we shall prove Theorem 1.1. We first review the theory of interlacing
polynomials, especially some useful criteria. We proceed to introduce a sequence of poly-
nomials and prove that these polynomials are interlacing. Finally, we show that one of
these polynomials is just the polynomial E, (x + 2 + - - - +z"~1)". Our proof of Theorem
1.1 is based on the theory of interlacing polynomials, which has been widely used to prove
the real-rootedness of several polynomials arising in combinatorics ([11, 15, 17, 18]).

Given two real-rooted polynomials f(x) and g(x) with positive leading coefficients,
let {u;} and {v;} be the set of zeros of f(z) and g(z), respectively. We say that g(z)
interlaces f(x), denoted g(z) < f(x), if either deg f(z) = deg g(x) = d and

Vg S UGS Vg1 <+ S V2 S U S U < Uy,
or deg f(x) = degg(r) + 1 =d and
Ug < Vg—1 < -+ S V2 S Uy <01 < Uy

For convention, we let 0 < f and f < 0 for any real-rooted polynomial f. A sequence of
real polynomials (fi(x),..., f(x)) with positive leading coefficients is said to be inter-
lacing if f;(z) < fij(x) for all 1 <i<j < m.
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Following Brandén [6], let F,, be the set of all interlacing sequences (f;)?; of poly-
nomials, and F," be the subset of (f;)7.; € F, such that the coefficients of f; are all
nonnegative for all 1 < 7 < n. A central problem in this area is to characterize m x n
matrices G = (G;;(z)) of polynomials which maps F,I to F,; via a matrix multiplication
as follows:

G'(fh...,fn)T:(gh...,gm)T.

Bréandén [6, Theorem 8.5] gave a characterization of the case when the polynomials con-
sidered have all nonnegative coefficients.

Lemma 2.1 ([6, Theorem 8.5]). Let G = (G;j(x)) be an m X n matriz of polynomials.
Then G : F,f — F.} if and only if

1. G;j(x) has nonnegative coefficients for all1 < i< m and 1 < j < n, and

2. forall \,u>0,1<i<j<nandl <k<l<m,

Az 4+ p1)Grj(x) + Goj(x) < (Az + p)Gri(x) + Gei(z). (2)

Given a polynomial f(z), there exist uniquely determined polynomials £ (z), 9 (z),
, frm=1(z) such that

f@) = @)+ af @) 4 )

In order to prove Theorem 1.1, we next give the following result which plays a key role in
our proof.

Theorem 2.2. Let r and ¢ be two positive integers with ¢ < r —1. Suppose that f(x) and
g(x) are two polynomial with nonnegative coefficients satisfying

(L+z+-+af) f(z) = g(2). (3)

If the sequence (f" =Y (x),..., [ (z), fO(x)) is interlacing, then so is (¢ Y (z),
g0 (), g0 ().

Proof. For any 1 < i < r, taking all the terms of form 2™ =% where m is a non-negative
integer from both sides of (3), we get that

i+l—r i+4

xr—zﬁ(r,r—i) (ZET) _ Z Ir—i-j—i . xr—jf(r,r—ﬂ (ZET) + Z xj—z' . Jir_jf<T’T_j> (Z'T)
=1 =i

i+l—r i+4

— g2 Z f(r,rfj> (QZT) + 2" Zf{r,rfﬁ (LUT),
p= =i
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where r 4+ 7 — 1 < £ for 1 < j < i+ ¢ — r in the first summation and j — i < ¢ for
1 < J <1+ /in the second summation, and hence

i+L—r i+L

@) = 3 S ) + Y @)
j=1 J=t

Thus we obtain an alternative expression of (3) in a matrix form

T T

G- (f7 @), fO0 @), [ (@) = (g (@) g (), 6 (@)
where G = (G} j(x)) is a square matrix of order r with
L i<j<i+d,
Gi,j(:c): Z, j<i+€—7“,

0, otherwise.

One example of G for r =9 and ¢ = 5 is as follows:

1 11111000
011 111100
001111110
0O 00111111
z 00 0 1 1111
z x 0 0 0 1 1 11
z x x 0 0 0 1 11
z x x x 0 0 0 1 1
zr x x x x 0 0 0 1

All the possible two-by-two submatrices of G are

(o) (ad)(oo)lan)(it)
(o) (10) (o) (oo)(ii)
(o) (oo) (o) (ea)(on)
1) (o) ()2 o)(20)
() Ga) o)) (r)
(b)) ) ()
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One can check all these submatrices satisfy the condition (2) of Lemma 2.1. We take the
first matrix as an example, and all the other matrices can be treated similarly. We need
to check for all A\, u > 0 the following interlacing relation is satisfied,

A+ p+ 1<K A+ p.
Equivalently, it suffices to prove for all A\, i > 0
okt p

DY
which is obviously true. Hence it follows that the matrix G preserves interlacing poly-
nomials. Since (Y (z),..., f"V(z), O (z)) is interlacing, so is (¢ "V (z),...,
gV (x), g% (z)). This completes the proof. O

By iteratively using the above theorem, we obtain the following result.
Corollary 2.3. Let r and ¢ be two positive integers with { < r — 1. Suppose that
(L4+z+2"+ -+ 2" = huo(a") + zhpa(27) + -+ 2" h o (27). (4)
Then the polynomial sequence (hy,—1(), ..., hn1(x), hno(x)) is interlacing.

Proof. We shall use induction on the integer n. For the base n = 1, the polynomial
sequence (0,...,0,1,...,1) is interlacing by the convention that 0 < f for any real-
rooted polynomial f. Assume that the statement is true for n = k, that is to say that, the
polynomial sequence (hy,—1(z),...,he1(z), hxo(x)) is interlacing. We proceed to show
that (Ags1r-1(2), ..., hegr11(2), hr10(x)) is also interlacing. By (4), we have

(Tt +a®+--+a") (hro(a”) + xhga(a”) + -+ 2"y, (27))
= hk+1’0($r) + xthrl,l (37T) + -+ .Trilthrl’r,l(lL’T).

Then, by the induction hypothesis and Theorem 2.2, we obtain the interlacing property
of the sequence (hgt1,-1(), ..., hit11(2), hgs1,0(x)). This completes the proof. O

Now we are in the position to prove Theorem 1.1.
Proof of Theorem 1.1. Taking ¢ = r — 2 in (4), it follows that
(I + 1'2 + -+ 377”_2 + xr—l)" = xnhn,O(xr) + xn—i_lhn,l(xr) +-+ xn+r_1hn,r—1(xr)‘

Note that there exists one and only one integer in {0,1,...,7 — 1}, say 7, such that r
divides n + j. Thus for this j,

E ((z+2®+ - +2"")") = g tIrp, L (2)

by the definition of the linear operator E,. By Corollary 2.3, the polynomial h,, ;(x) has
only real zeros, so does fy ((QV)W, az) This completes the proof. O

Acknowledgments. We would like to thank the referee for the valuable comments.

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(1) (2019), #P1.52 5



References

1]
2]
3]

C. A. Athanasiadis, Edgewise subdivisions, local h-polynomials, and excedances in
the wreath product Z, ! &,,, SITAM J. Discrete Math., 28 (2014), 1479-1492.

C. A. Athanasiadis, The local h-polynomial of the edgewise subdivision of the sim-
plex, Bull. Hellenic Math. Soc., 60 (2016), 11-19.

C. A. Athanasiadis, A survey of subdivisions and local h-vectors, in The Mathemat-
ical Legacy of Richard P. Stanley, American Mathematical Society, Providence, RI,
2017, 39-51.

C. A. Athanasiadis and C. Savvidou, A symmetric unimodal decomposition of the
derangement polynomial of type B, arXiv:1303.2302.

M. Beck and A. Stapledon, On the log-concavity of Hilbert series of Veronese subrings
and Ehrhart series, Math. Z., 264 (2010), 195-207.

P. Brandén, Unimodality, log-concavity, real-rootedness and beyond, in Handbook
of Enumerative Combinatorics, Edited by Miklés Béna, CRC Press, Boca Raton,
FLress, 2015, 437-484.

F. Brenti and V. Welker, The Veronese construction for formal power series and
graded algebras, Adv. Appl. Math., 42 (2009), 545-556.

M. Brun and T. Rémer, Subdivisions of toric complexes, J. Algebraic Combin., 21
(2005), 423-448.

D. Eisenbud, A. Reeves, and B. Totaro, Initial ideals, Veronese subrings, and rates
of algebras, Adv. Math., 109 (1994), 168-187.

S. Fisk. Polynomials, roots, and interlacing. arXiv:0612833.

K. Jochemko, On the real-rootedness of the Veronese construction for rational formal
power series, Int. Math. Res. Not. IMRN, 15 (2018), 4780-4798.

M. Kubitzke and V. Welker, Enumerative g-theorems for the Veronese construction
for formal power series and graded algebras, Adv. Appl. Math., 49 (2012), 307-325.
M. Leander, Compatible polynomials and edgewise subdivisions, arXiv:1605.05287.
S. Linusson, J. Shareshian, and M. .. Wachs, Rees products and lexicographic shella-
bility, J. Comb., 3 (2012), 243-276.

C. D. Savage and M. Visontai, The s-Eulerian polynomials have only real roots,
Trans. Amer. Math. Soc., 367 (2015), 1441-1466.

R. P. Stanley, Subdivisions and local h-vectors, J. Amer. Math. Soc., 5 (1992), 805—
851.

A. L. Yang and P. B. Zhang, Mutual interlacing and Eulerian-like polynomials for
Weyl groups, arXiv:1401.6273.

P. B. Zhang, On the real-rootedness of the descent polynomials of (n — 2)-stack
sortable permutations, Electron. J. Combin., 22(4) (2015), #P4.12.

P. B. Zhang, Interlacing polynomials and the Veronese construction for rational for-
mal power series, Proc. Roy. Soc. Edinburgh Sect. A, to appear. arXiv:1806.08165.

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(1) (2019), #P1.52 6


http://arxiv.org/abs/1303.2302
http://arxiv.org/abs/0612833
http://arxiv.org/abs/1605.05287
http://arxiv.org/abs/1401.6273
http://arxiv.org/abs/1806.08165

	Introduction
	Proof of Theorem 1.1

