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Abstract

Schur—Weyl duality is a fundamental framework in combinatorial representation
theory. It intimately relates the irreducible representations of a group to the ir-
reducible representations of its centralizer algebra. We investigate the analog of
Schur-Weyl duality for the group of unipotent upper triangular matrices over a
finite field. In this case, the character theory of these upper triangular matrices is
“wild” or unattainable. Thus we employ a generalization, known as supercharacter
theory, that creates a striking variation on the character theory of the symmetric
group with combinatorics built from set partitions. In this paper, we present a
combinatorial formula for calculating a restriction and induction of supercharacters
based on statistics of set partitions and seashell inspired diagrams. We use these
formulas to create a graph that encodes the decomposition of a tensor space, and
develop an analog of Young tableaux, known as shell tableaux, to index paths in
this graph.

Mathematics Subject Classifications: 05E10

1 Introduction

Schur—Weyl duality forms an archetypal situation in combinatorial representation theory
involving two actions that complement each other. In the basic setup, a G-module M of
a finite group G is tensored together k times to form the tensor space

M®k:M®...®M.
—_—

k factors

The commuting actions of G and its centralizer algebra 7, = Endg(M®*) on M®* produce
a decomposition
MEk = @ G*® Zp as a (G, Z;)-bimodule
A
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where the G* are irreducible G-modules and the Z} are irreducible Zj-modules. This
bimodule decomposition intimately relates the irreducible representations of GG with the
irreducible representations of Z.

In the classical situation, the general linear group GL,(C) of n x n matrices over the
field C of complex numbers acts on the tensor space V¥ of an n dimensional vector space
V', and its centralizer algebra is the symmetric group Sy on the k tensor factors. More
recently, the study of new versions of Schur-Weyl duality has led to many remarkable
discoveries about algebras of operators on tensor space that are full centralizers of each
other. For example,

1. the Brauer algebra is the centralizer of the symplectic and orthogonal groups acting
on the tensor space (C")®* [9];

2. the Temperley-Lieb algebra is the centralizer of the special linear Lie group of degree
two acting on the tensor space (C?)®* [14];

3. the partition algebra is the centralizer of the symmetric group acting on the tensor
space V& of its permutation representation V' [13].

This paper focuses on a unipotent analog of Schur-Weyl duality.
For a positive integer n and a power of a prime ¢ = p", consider the finite group of
unipotent n X n upper-triangular matrices

1 = *
U, — 0 1
0 0 1

with ones on the diagonal and entries * in the finite field F, with ¢ elements. Since U, is a
Sylow p-subgroup of GL,(F,), then every p-group of GL,(F,) is conjugate to a subgroup
of U,. Embedding every finite p-group in S, € GL,(F,) as permutation matrices, it
follows that every p-group is isomorphic to a subgroup of U,. This is akin to how every
finite group is isomorphic to a subgroup of S,,, so it is not unreasonable to hope that the
representation theories of U, and S,, have comparable structures.

Unlike the combinatorially rich representation theory of S, [16], the representation
theory of U, is well-known to be intractable or “wild” [12]. Nevertheless, André [2, 3, 4, 5]
and Yan [19] constructed a workable approximation that has been useful in studying
Fourier analysis [11], random walks [7], and Hopf algebras [1]. In [11] Diaconis and Isaacs
generalize this idea to arbitrary finite groups to develop the notion of supercharacter
theory. Supercharacter theory approximates the character theory of a finite group by
replacing conjugacy classes with certain unions of conjugacy classes called “superclasses”
and irreducible characters with certain linear combinations of irreducible characters called
“supercharacters”.
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We study a coarsening of André and Yan’s traditional super-representation theory on
U, [8] where there is a one-to-one correspondence between

supercharacters Set partitions of
of U, {1,2,...,n} '

It is becoming ever more apparent that the set partition combinatorics of this super-
representation theory is analogous to the classical partition combinatorics of the repre-
sentation theory of the symmetric group, but with some important differences.

We first study the decomposition of V& where V = CU,,®cy,,_, 1 as a U,-supermodule.
Much like the partition algebra, we have

V& 2 (IndY* Resyr )---(Indy Resyr )(1)
k t;?nes

where the trivial supercharacter 1 is restricted and induced £ times. We provide a com-
binatorial formula calculating a restriction of supercharacters from U,, to U,,_; where the
coefficients of the supercharacters of U,_; are a product of powers of ¢ and ¢ — 1 based
on statistics of set partitions and seashell inspired diagrams. For example, a shell formed
by two set partitions is shown below.

(D

Using Frobenius reciprocity, we obtain a corresponding formula for inducing superchar-
acters. Together these formulas are known as branching rules. As opposed to the rep-
resentation theory of the symmetric group, they depend on the embedding of U, ; in
U,.

We then use the branching rules to create a graph that encodes the decomposition of
V®k known as the Bratteli diagram. Since we are approximating by supercharacters, the
Bratteli diagram produces a decomposition of a subalgebra of the centralizer algebra that
treats supermodules as irreducibles. For the partition algebra, paths in the Bratteli dia-
gram are indexed by a set of combinatorial objects called vacillating tableaux. We create
an analog of vacillating tableaux, known as shell tableaux, built from a generalization of
shells. Next, we construct a bijection between shell tableaux and paths in the Bratteli
diagram. When ¢ = 2, we remove a condition on shell tableaux to produce a bijection
with weighted paths in the Bratteli diagram. In contrast with the symmetric group,
these weights account for the multiplicities in our Bratteli diagram. On the whole, the
shell combinatorics developed from this paper may help compute in other algebraic struc-
tures related to the supercharacter theory of U, such as the Hopf algebra of symmetric
functions in noncommuting variables.
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2 Preliminaries

This section reviews a supercharacter theory for the group of unipotent upper triangular
matrices and the combinatorics of its representation theory based on set partitions.

2.1 A supercharacter theory for U,

A supercharacter theory of a group G consists of a set of superclasses K and a set of
supercharacters X such that

(a) the set K is a partition of GG into unions of conjugacy classes,

(b) the set X is a set of characters such that each irreducible character of G is a con-
stituent of exactly one supercharacter,

(c) K| =[],
(d) the supercharacters are constant on superclasses.

Every group G has two “trivial” supercharacter theories: the usual character theory,
and the supercharacter theory with = {{1},G — {1}} and X = {1, Xyeg — 1} where 1
is the trivial character of G' and xieg is the regular character. While many finite groups
have several supercharacter theories [11], preference is given to supercharacter theories
that strike a balance between computability and producing better approximations of the
usual character theory.

We focus on the supercharacter theory on U, given in [18] that is a slight coarsening
of the traditional supercharacter theory of André and Yan.

Let U, be the subgroup of unipotent upper-triangular matrices of the general linear
group GL,(F,) over the finite field F, with ¢ elements, B,, be the normalizer of U, in
GL,(F,) consisting of upper triangular matrices, and

u,=U,—1

be the nilpotent F,-algebra of strictly upper triangular matrices. The subgroup B,, acts
by left and right multiplication on u,, and the superclasses are given by the two-sided

orbits
B, B, <— K

B.xB, +— 1+ B,zB,.

Following the construction in [8], fix a nontrivial homomorphism o : F/ — C*. The
IF ,-vector space of n xn matrices gl,, (F,) decomposes in terms of upper triangular matrices
b, and strictly lower triangular matrices [, as

gl,=b,D1,.

Identifying [, with gl,,/b, makes [,, a canonical set of coset representatives in gl,/b,,. For
v € gl, define
v=(v+b,) N,
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Then for v € [,,
C-span{av | a € B, }

is U,-supermodule with left action
vw = Y(tr((u — Vw)(ww) for u e Uy, w €L,
and right action
wu = V(tr(w(u™ — 1)) (wu=t) for u€ U,,w € .

The two-sided orbits from extending these actions on [, to the normalizer subgroup B,
yields corresponding supercharacters given by,

BB,
_Buyl

BB, § d(tr((g — 1

! 97 BB, (tr((g = Ljw)).

wEBpvBy,

In constructing the supercharacters of U, it is more common to construct a module
structure on the dual u}, where u,, = U,, — 1 as in [11]. However, the actions of B,, on [,
are a translation of the actions on u} that make studying modules more straightforward
8].

By elementary row and column operations we may choose orbit representatives for the
two-sided action of B,, on u, and [, so that there is a one to one correspondence between

superclasses
{ of U, } — {u elU,

supercharacters JEN cl
of U, vE

These representatives are indexed by set partitions.

If instead of considering the orbits of the full subgroup B,,, we consider the U, orbits
on the group u,, and its dual u, then we obtain the traditional supercharacter theory of
André and Yan. In this case the combinatorics depends on the finite field F, and is based
on [ -colored set partitions.

u — 1 has at most one 1
in every row and column

v has at most one 1
in every row and column

2.2 Set Partition Combinatorics

Define [n] = {1,2,...,n}. A set partition X of [n] is a subset {(i,j) € [n] x [n] | i < j}
such that if (i, k), (7,1) € A, then i = j if and only if k = [. We represent each set partition
A F [n] diagrammatically as a set of arcs on a row of n nodes so that if (i,5) € A, then
there is an arc connecting the ith node to the jth node. For example,

{(1,3),(3,5),(2,6)} — ﬂ@ or * 4 6 o o ¢

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(2) (2019), #P2.12 5



In these diagrams it is natural to draw the arcs above or below the nodes. We will use
both orientations to compare set partitions. We typically refer to the pair (i, j) as an arc
in A and write (¢,5) =i —~ j or (i,j) =i — j to specify the arc. For each arc (i,7) € A
we call ¢ the left endpoint and j the right endpoint. The sets of left and right endpoints
of X\ are given by

le(\) ={ie[n]| (7)€ A, for some j € [n]}

re(A) ={j € [n] | (i,7) € A, for some i € [n]}.

We say two arcs conflict if they have the same left or right endpoints. Thus no arcs
conflict in a set partition.

We obtain the more traditional definition of set partitions by taking part(\) for A - [n]
to be the set of equivalence classes on [n] given by the reflexive transitive closure of ¢ ~ j
if (i,7) € A. For instance,

part (ﬂ@) = {{1,3,5},{2,6},{4}}.

1 2 3 4 5 6

Note the connected components of the diagram are the parts of the set partition and the
arcs are the adjacent pairs of elements in each part.

There are some natural statistics on set partitions [10]. For a set partition A - [n] the
dimension is

For a pair of set partitions A, pu I [n] define

Crs(h ) = {((B), G €A xuli<j<k<l},  ers(hu) = |Crs(h )],
A . . . . A A
Nst = {((5,1),(J, k) € Axpli<j<k<l} nst;, = [Nst,|

as the crossing set, crossing number, nesting set, and nesting number respectively. To
illustrate, if

)\:m. and N:.././—.\.\.y

then we have
dim(\) =3, crs(\,A\) =1, nsty =0, dim(p) =4, crs(u,p) =0, nsth =1

Superimposing A and p, where the arcs of A are dashed

AUILL: ‘/// ,(;\
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yields
Crs(\,u) ={(1 ~4,2~6),(1 ~4,3~5)},  Nst), =0

but,
Crs(u, \) = 0, Nsth = {(2 ~ 6,3 ~ 5)}.

While it is not generally true that Crs(\, u) = Crs(u, A), it follows from the definition of
a crossing number that for all set partitions A, u, v F [n],

Crs(A, pUv) = Crs(\ p)UCrs(\ v) (1)
Crs(AUpu,v) = Crs(\,v)UCrs(u,v). (2)

2.3 An uncolored supercharacter theory

We describe the correspondence between set partitions and the superclasses and super-
characters of U,. Given a set partition A\ b [n]|, we construct a representative u, of a
superclass of U, by
1 ifi~j€Xori=jy,
()i { 0 otherwise.

For instance, the correspondence between A and wu, is given as follows

A= /7@ —> uy—1=

o OO O OO
o OO O O O
S OO OO
OO oo oo
S oo~ OO
o OO o= O

The corresponding superclass IC, is
IC)\ =1+ Bn(U)\ - 1)Bn.

Similarly, a representative v, for the two-sided action of B,, on [, is

1 ifjg~kel
(UA)k,j:{ O

0 otherwise

so that
V* = C-span{avy | a € B, }

and for g € U, the corresponding supercharacter y* is defined as

B,v
‘;wg, S dtr((g— 1) v)).

’UEBnU/\Bn

XMg) =

Amazingly, many properties of these supercharacters can be determined using statistics
of set partitions.
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Proposition 1 ([8, Proposition 2.1]). For A, u t [n], we have

()Pl gdim (g — Y8l i < < ki~ ke N
XMw,) = o theni ~ j,j ~k & u,
0 otherwise.

In particular the trivial supercharacter 1 is the supercharacter x? corresponding to
the empty set partition of [n], and the degree of each supercharacter is

XM1) = ¢V (g - )P,
It also follows from the formula that supercharacters factor as tensor products of arcs
V= O X where (Y@ 9)(9) = x(9)4(9). (3)
i~jEA
With respect to the inner product the supercharacters form an orthogonal set.

Proposition 2. For A\, it [n], we have

<X)\7 X“> = 5)\,“((1 — 1)|)“qu$()\,)\)'

Proposition 2 can be proved from [18, (2.3)]. The crossing number crs(A, A) helps measure
how close a supercharacter is to being irreducible.

3 Branching Rules

An important property of the supercharacters of U, is that their restriction to any sub-
group is a linear combination of supercharacters with nonnegative integer coefficients [11].
However, the coefficients in the restriction decompositions are not well understood [18].
We provide a combinatorial formula for calculating the restriction of supercharacters of
U, to U,_1. Using Frobenius reciprocity, we obtain a corresponding formula for inducing
supercharacters. Since these formulas depend on the number of nonzero elements in the
field F,, fix
t=q—1.

3.1 Restriction

We consider the restriction of supercharacters from U, to U,,_; by embedding U,_; C U,
as
Up—1={ueU,]| (u—1); # 0 implies i < j < n}.

Since supercharacters decompose into tensor products of arcs (3), for A F [n], we have

X = @ x'! and Resgz_l(x’\) = @ Resgz_l(xi“l).

1~IEN i~lEX
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~! and use the tensor product to glue

Consequently we compute restrictions for each x*
together the resulting restrictions.
The restriction of the supercharacter '~ is given using the formulas in [18] for com-

puting restrictions in André and Yan’s traditional supercharacter theory.

Proposition 3. For 1 <i <[ < n, the restriction Resgzil(xi“l) is given by
X! if 1 #n,
Un (il _ .

i<k<l

Proof. By the formulas for restriction of colored arcs [18, Theorem 4.5], for [ # n, we

have
ResU" ZAZ E Res ml g X = zA,

a€Fy a€lFy
and for [ = n, we have
. b .
Resfy (¢ = 1 Rty (0 = 30 (14 3 0 ) =1+ ).
a€lFy a€Fy i<k<l i<k<l

beFy

Intuitively, restricting an arc corresponds to removing the last node and reattaching the
arc in all possible ways.
We now use the tensor product to glue together the resulting restrictions. For 1 <7 <

[, define
X! :t<ﬂ+ > xi”’“) and x> :t(IL+ > xj"l)

i<k<l i<j<l
Using the formulas in [18] for the colored supercharacter theory yields the following propo-
sition.

Proposition 4. For 1 <i<Il<n and 1< j <k <n such that (i,1) # (j, k),

- R iR i ],
Yoy =X yloy>F ifi<j<k=lI,
Yo xik dfi=j<k <l

Proof. Let 1 <i<l<mandl<j<k<nsuchthat (i,1) # (j, k). For k # [ and i # j,
the tensor product XMZ ® ¥/ 7k is given by

. . .a . b .a,; . b . .
szl ® X]mk _ Z Z szl ® X]/-\k _ Z Z X{ZAl,jAk} _ X{z/—\l,]mk}’
a€Fy beFy a€Fy beFy
for i < 7 < k=1, we have

oyt =3 S eyt =Y Y o <Il+ > ng'“) =xox ™,

a€Fy beFy a€Fy beFy J<k<l
CEF;
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and for i = 7 < k < [, we obtain

Xir\l o Xz‘/\k _ Z Z Xz'ﬂz ® Xz'l’\k _ Z Z Xi/q\l ® (1 + Z Xj*k) _ Xir\l ® Xix\k

a€Fy beFy a€Fy beFy 1<j<k
ceFy

by the tensor formulas for colored arcs [18, Lemma 4.6]. O

Thus the tensor product provides a rule for resolving conflicting arcs that have the same
right endpoint by removing the smaller arc and reattaching it in all possible ways.

Next we work toward providing a combinatorial description of the coefficients in the
tensor product based on statistics of set partitions and seashell inspired diagrams.

Definition 5. Let s’ € {s,s+ 1} for s € Z>; and 1 < i <[ < n. A shell of size n and
width | — 7 is a set of arcs on n nodes of the form

s'—1

U{ir - lr} U U {ir ~ lr—H}
r=1 r=1

where i =9 < - <ty <lg < <l =1

For example, some shells of size 6 and width 6 — 2 are

(2 ~ 6, 2~61U{2—5)
{2~6,3~5U{2— 5}, {2~6,3~5'U{2—5,3—4}.

A whorl is pair of consecutive arcs (i —~ [,i — j) in a shell corresponding to a 360°
rotation in the spiral configuration. Following the notation of Definition 5, the number of
whorls of a shell is

s+s—1
=

as each arc is half a whorl. We use the convention that whorls are counted from the right
endpoint [ spiraling inward. For instance, in the shell below we count the two whorls
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(1 ~5,1—4)and (2 ~4,2— 3) as follows

If the whorls of a shell are given by (i — Iy, — l3), ..., (is — ls,i5s — ls+1) we say the
pair (i —~ 1,41 — l3) is the outer whorl and the other whorls are inner whorls.

We can use shells to determine the partitions that appear in the restriction of a
supercharacter. Note that a set partition of [n — 1] is a set partition of [n]. We represent
this diagrammatically by embedding the leftmost n — 1 nodes in a row of n nodes. By
drawing the arcs of a partition p F [n—1] below the nodes and identifying these nodes with
the nodes of a partition A F [n], we characterize the partitions with nonzero coefficients
in the restriction of A as the partitions p F [n — 1] such that the symmetric difference
between A and p form a shell.

Definition 6. For A F [n] and 1 < i < [ < n with i ¢ le(\), the shell set CMl of
AU{i ~ 1} is

CM ot =dpuk )| (AU{i ~1}) —p) U (p— (AU{i ~1})) is a shell of width I — i}.

This corresponds to all the ways to reattach the arc i —~ [ and “straighten” the resulting
diagram by resolving all the conflicting arcs that share the same right endpoint.

Example 7. Suppose A = {1 —~ 4,3 ~ 5} - [6]. Consequently, we have

Au{%ﬁ}:m
CH0 = mo,mo,mo.

The seashells created by the symmetric differences between AU {2 ~ 6} and p €
are shown as solid lines

- ~ -~ ~ -~ ~

’ - ’ N - o ’ S
’ m ’ 7N N ’ \
* L] ° U » o L »
\ N / \ N 4 \ ’
N P - N ~ = N 7z

~__~- ~__~- ~ 2D

while the arcs in A N p are dashed.

and

CA,2A6

[ 2
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It will be of interest to examine the shell sets O™ by considering the right endpoints

re(A).

Definition 8. For each j —~ k € A with ¢ < j < k define A|;; as the set partition
obtained by replacing j —~ k with ¢ —~ k and leaving everything else in A\ the same. That
is,

Aljmi =AU {i ~k} = {j ~ k}.

With this notation we can describe the shell set C* ™! as a union of shells with half
a whorl, shells with one whorl, and shells with greater than one whorl.

Lemma 9. For A b [n], and i ¢ le()\), the shell set is given by

CMl = INYUD Ui ~k}li<k<lk¢gre(\)}
U{p € Qi ™k 14 < j <k <1,j ~ ke

Proof. By definition {\ AU {i —~ k} |i < k < 1,k & re(\)} € CM™! so it suffices to
show that

CM NN ~k}i<k<lLkéreN}={peCNimii™kj<j<k<lj~kel
There exist j = j; < -+ < js < kg < -+ < k; = k with s’ € {s, s+ 1} such that

(/\|J'—>7« U {j — k}) —p= {]1 — k17j2 - k27 R 7js — ks}a and
p—(Ajsi U{j ~k}) ={j1 ~ ko, jo ~ ks, ... Js—1 — Ko}

if and only if there exist i < j =j; < --- < jJs < kg < --- < k; = k < [ such that

ANU{i~1})—p={i~1,j1 ~ki,...,js —~ ks}, and
/JJ_(AU{Z.AZ}):{ir\khjlmk?v"'ujs’flAks’}-

Thus p € CNi=#d™F for some i < j < k < 1,j —~ k € X if and only if u € CM N\ {\ AU
{i ~k}|i<k<lk¢re(\)} as desired. O

Definition 10. For each p € CM7™! define the shell coefficient of AU {i ~ I} and u as

i tl(AU{i/\l})—#\quS((AU{i/\l})ﬁ#,(AU{iAl})—M)
Cu = S OO~ M= (Vi 1)

where t = ¢ — 1 and crs(-, ) is the crossing number of two set partitions given in Section
2.2.

We can associate each shell coefficient cﬁ”'“l to the shell created by the symmetric differ-
ence of AU {i —~ [} and u. The next lemma shows the shell coefficient is the product of
the shell coefficient of the outer whorl with the shell coefficient of the inner whorls.
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Lemma 11. Let A+ [n], i ¢ le(\), andh ~1,j ~ ke withl < h<i<j<k<l<n.

If jp € CNimid ™k then
il _ Nl Mk

Cu = C)\U{i/«k} ©

Proof. Let p € CNi=#3~k By construction i ¢ le(\|j), so i —~ [ ¢ . Thus we have

AU{i~ ) —p={i ~ U —p),
hence
AU{i~I}P)Nnp=ANp.
Substituting this and applying the crossing number equation (1), it follows that

t\(/\U{if\l})—ulqch((AU{iAl})ﬂu,(AU{iAl})—M)
o OGN T ~17)

t\{ihl}u(/\—u)lqch(mm{iAl}U(A—u))
qcrs()m,u,,u,f()\ U{i~I}))

t\iﬁl\qcrs()\ﬂu,i/-\l)t\)\—Mqcrs()\ﬁu,)\—u)

gersMNp,p—(AU{in)

Nl
Cu

Similarly since j ~ k€ Aand ¢~k € u— A, we have

p—=AU{i ~ 1) ={t ~ k}U (n = (Mjoi U{J —~ D))
and thus
A=pp=Njmi U{j ~ k} —p.
By the crossing number equation (1),
tliﬁllqch(Aﬂ#,i”\l)tl(Aljm Uj/\k)*ﬂquTS(Aﬂuv(Ab‘m Uj—~k)—p)

i
2 SO~ UGi=(5msi U~ ))

t|iﬂl|qcrs()\ﬂu,ir-\l) t|()\|j._>i Uj/\k)—chrs()\ﬂu,()\h._,i Uj~k)—p)

qcrs()\ﬂu,z‘r\k) ' qcrs()\ﬂu,uf()qui Uj—k))

Moreover any arc in A that crosses with ¢ —~ k or ¢ —~ [ must be in u, implying

t|i/\l|qcrs()\,i/\l) H Al Uj’\k)—lﬂqcrs(()\b»—w U j—~k)Np, (Al jims Uj—~k)—p)

il
(o = - : - -
Iz qcrs()\,lf\k) qcrs(()\|j._,i Uji~k)Np,u—(A|jsi Uj—~k))
Al A‘j»—)i,j"\k
= CxU{i~k} : ]

Theorem 12. For A+ [n], i ¢ le(N), and 1 < i <1 < n, we have

{OUGED) = gers( AU~ (AU~ =)
oS (OUT~I) = OOT~1)

A i~ _ Nil Ni~l
X' ®x = E ¢, X" where ¢ =
/LGCA’i’\l

where CM71 s the shell set of N\U{i ~ I} and c)y"~" is the shell coefficient of X\U{i ~ I}
and f.
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Before proving the theorem we state a lemma about the g-analog of a crossing number.
In general, the g-analog of a nonnegative integer n is

_a-l
Lemma 13. For A+ [n], and 1 < j <1 < n where j ¢ le()\), we have

Z qcrs Aj~k) _

i~kEA
1<j<k<l

crs( J
L=~ e ~ Dl

Proof. Let AF [n], 1 < j<l<mn,and j ¢ le(\). If the set of arcs in A that cross with
J — k is given by
{i~keX |i<j<k<l}={iy ~kyig—~ka...,ip —~k},
then for 1 < s < r
{i ~keX |i<j<k<ks={i1~kiig~ka ... 051 ks 1}

By the definition of the crossing number

crs(A,j~1) 1

Z qcrs(A,jAk):Zq#{ir\keA|i<j<k<ks qu 1_ ¢ -1 ¢ -1 4

. “ q—1
1<j<k<l s=1
i~kEX

We are now ready to prove Theorem 12.

Proof. We induct on [ — i. For the base case assume [ —i = 1. Then C*™! = {\}, and
we obtain

Vo= ot = iy _CM LA

as desired.
Assume the formula holds for all 1 < k < j < n such that the difference k — j <[ —1.
Then, this yields

Xox ™ = Xx®t<ﬂ+ > XN)

i<k<l

i<k<l
i<k<l h<i<k<l 1<j<k<l
ke¢re(X) h~kex j—~keX

which by Proposition 4 is equal to

_ tXA%—t Z XAU{iAk}+t Z X)\QXiryk_i_t Z X)\U{z‘f\k}—{jr\k}QXjryk‘

i<k<l h<i<k<l 1<j<k<l
kére(N) h—~keX j—~keX
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Recall from Definition 8 that A|j; = AU {i ~ k} — {j — k} for each j ~ k € X such
that i < j < k < [. By the induction hypothesis the tensor product x* ® x*>! is

=ttt Yy R Y ( > cjﬂ'“’“xﬂ)ﬂ > ( > cﬁjm’j“’“xﬂ>.

i<k<l h<i<k<l \ echi~k i<j<k<l Mjsird—F
kgre()) h~kex M hex HeCTIm

By Lemma 13, the coefficient of x* will be

) ) crs(Ai~l) _ 1
L o ) )

h<i<k<l h<i<k<l
h—~keA h—~keA
crs(\,i~l) __  Ai~l
tq ( ) = oy

Similarly for A U {i ~ k’} where i < k' <l and k' ¢ re()), the coefficient of x*“1~F} ig

crs(A,i—~k)
At~k q _ crs(A—v,i—~k)
t+t E c, —t(l + E tqch(A,iAk,J —25(1 + E tq ),

h<i<k'<k<l h<i<k'<k<l h<i<k<l
h—~keX h—~keX h—~keA

where v ={h ~ ke X| (h ~ k,i ~ k') € Crs(\,i ~ k')}. This is equivalent to

crs(A—v,i~l) _ 1 crs(A\,i~)—crs(\i~k') __ 1 t crs(\,i~10) )
4 _ q g il
t (]_ +t- ; ) =1 <1 +t- t > o qcrs()\,iﬂk’) - C)‘U{i’_\k}

by Lemma 13. If j —~ k' € X is such that i < j < k" <[ then we have A|;,; = AU {i ~
Ey—{j ~kK} Letv={h~keX|(h~kji~Fk)eCrs(\i~Fk')}. Using Lemma
11, the coefficient of y* for each pu € Climid~F g

Aljisin g~k i~k __ Aljsind —~k At~k A, i~k
tc, +1 c = tc, +1 C\Li—p' €

H [z
h<i<k'<k<l h<i<k'<k<l
h—~keX h—~keX
crs(A,i~k)
— g Mioidk Z q
= tC‘u 1+ tqcrs(A,i’\k/)
h<i<k'<k<l
h—~kEX
crs(A—v,i~l) 1
N Py q -
—  tMimiink (1 4t - )

Applying Lemmas 13 and 11 yields

tC)‘Ij'_’i’jAk/ (1 4t quS()\—V,i/‘\Z) _ 1) _ tc)\|j»—>¢,j/‘\k’ (1 Lt qCTS()\7i’“l)_CrS()\,’[Ak ) 1>

t t
crs(A,i~10)
tq—CMJW—)i»j/\k/
qcrs()\,i/-\k’) Iz
Nl Aljid~K
Cxufi~k} Cu
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Al
e
Substituting this into the equation for y* ® x*™>! and applying Lemma 9 we obtain

AimLA Z Ci&?zlﬁ k}XAU{iAk} + Z Z Cﬁ,i/\zxu

X oxT ="y
p[n] i§j<k<l

i<k<l
ké¢re(X) j—~keA
uEC’/\‘j’—’i’jhk
_ AN~ o
= g o)X O

pECA i~
This combinatorial description of the coefficients in the tensor product leads to a
combinatorial description of the coefficients in the restriction to U,,_;.

Corollary 14. For A\ & [n], the restriction Resngl(x’\) is given by

Respr (X)) = > X"

phn—1]
where
I if n ¢ re(\),
N t\A*ulqch(/\ﬁ#,Aw) . A—fimm}i
Cu = qcrs(/\ﬁu,u—/\) Zf’u €C 7 ’

0 otherwise.

Proof. Applying Propositions 3, 4, and Theorem 12 respectively,
Resg? ,(x") = () Resgr (X' )= () X ox ™"

i~lEX J~lEA
l#n
= Ml g i = > o

Meckf{iﬁn},if—\n

where
t\k—ulqch(/\ﬁu,A—u) -

A A—{i~n}i~n _

CN - CM qcrs(Aﬂ,u,,u—)\)

Example 15. Similar to Example 7, let

TN
so that
S L Ve e U e NV AN U Y

Drawing the arcs of y = {1 —~ 4,2 ~ 3 —~ 5} below the nodes of A\ as shown below

16
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illustrates that

tl'ql
A —
Cu = qo =1tq
since
A—p=A{2~ 6}, Crs(ANp, A —p) ={(1 ~ 4,2~ 6)},
crs( AN p, A —p) =1, crs(A N g, — A) = 0.

We can calculate the other coefficients in the same manner to obtain

Resgg (XA) _ th{1n4,3A5} 4 th{2n3n5,1m4} i tQQX{1A4’2A5}-

3.2 Induction and Superinduction

While the restriction of a supercharacter of U, is a nonnegative integer linear combination
of supercharacters, an induced supercharacter may not be a sum of supercharacters. In
fact, the induced character may not even be a superclass function; for an example see [11,
Section 6]. If instead we generalize to superinduction by averaging over superclasses in the
same way that induction averages over conjugacy classes, then the constructed function
will be a linear combination of supercharacters with rational coefficients [11, Lemma 6.7].

Suppose H C G and y is a superclass function of H. If K, is the superclass containing
g € G, then the superinduction SInd%(y) is

A 1 : N () fzxeH
S} (00(0) = 16+ Hl 3 4(e) where i) = { 1 12 20

xeky
A nice property of superinduction is that the analog of Frobenius reciprocity holds.

Proposition 16 (Frobenius Reciprocity [15, Lemma 5.2]). Let H be a subgroup of G.
Suppose p is a superclass function of G and 0 is a class function of H. Then

<SIndg(0)7 @)G - <67 Resg(gp»H

However, superinduced characters are not necessarily characters so it is useful to know
when superinduction is equivalent to induction.

[17, Section 3.2] examines some cases when this occurs for a larger class of p-groups
known as algebra groups. If J is a finite dimensional nilpotent associative algebra over
[F,, then the algebra group based on J is G = {1+ z | € J} under the multiplication
(1+2z)(1+y) =1+2z+y+xy. In particular, Marberg and Thiem show if we embed
U,_, into U,, by

Up1 ={ueU,|(u—1); #0implies i < j < n}
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then for any superclass function y of U,_1,
SInd;”  (x) = Indg"_ (x).
They also provide some conditions when superinduction is the same as induction.

Proposition 17 ([17, Theorem 3.1]). Let H be a subalgebra group of an algebra group G,
and suppose

1. no two superclasses of H are in the same superclass of G, and
2. x(h—1)+1€H forallx e G,he H.
Then the superinduction of any superclass function x of H is
SIndf (x) = Ind(x).
If we embed U,,_; into U,, by
Up1 ={uelU,|up1,=0and u;,_y =0 for i <n—1}

then we have the following corollary.

Corollary 18. Let U,y ={u € U, | up—1, =0 and u; ,—1 =0 for i <n —1}. Then the
superinduction any superclass function x of U,_1 is

Shndy  (x) = Indg?_ (x)-

Proof. 1t suffices to show the hypotheses of the previous theorem hold. Because there is
an injective function from superclasses of U,_; to U, then no two superclasses of U, 1
are in the same superclass of U,,.

Let z € U,, h € U,_1 and uw = 2(h — 1) + 1. Since h;,,—1 —1 = 0 we have u;,,_1 =0
for i <n — 1. Similarly, z,,—1; =0 for j <n—1and h,_;; —1 =0 for j > n — 1 implies
Up—1,, = 0. This shows u € U,_;. Therefore, SInd"  (x) = Indy”_ (x) for any superclass
function x of U,_; by Proposition 17. O

Unlike in the representation theory of the symmetric group, the decomposition of
induced characters depends on the embedding of U,,_; into U,,. If we instead consider right
modules, then superinduction is equivalent to induction for the following embeddings

Up—1 ={uelU,]| (u—1);; #0implies 1 < i < j}
and
Up—1 ={uelU,|u2=0and uy; =0 for 2 < j}

[17, Section 3.1]. However, it is not known if superinduction is the same as induction for
other embeddings. In our case we use the embedding of U,,_; C U,, obtained by removing
the last column so that superinduction is in fact induction.

We now derive a corresponding formula for induction from restriction.
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Corollary 19. For pi - [n — 1], the induction Indg®_ (x*) is given by

—1

Indf" (") = > dix*,

AH[n]
where
I in & re(d)
. t‘u_)\\qcrs(u—/\)\ﬁﬂ) ) A—{i~n}i~n
du o qus(A—M,Aﬂ#) Zflu < ¢ { '
0 otherwise.

Proof. Let A+ [n] and p F [n — 1]. Frobenius reciprocity, Proposition 16, shows

(0, SIndYr (X)), = Resd (X)) X")v_-
Thus if
Indgr ,(X*) =Y dix" and Res;z (X)) =) )y
v v

then the inner product, Proposition 2, yields

crs(AA) A gA _ers(u,p) olp] A
q A dy, = ¢ e

Therefore, the coefficient di‘L is

t\u\—\qucrsw,u) \

A
dﬂ qcrs()\,)\) CM
B =M gers(uop) — tA=nl gers(AnuA=—p)
o qcrs()\,)\) ' qcrs()\ﬁ,u,,u—)\)
B t\u*Mqch(u,u)fch(mu,qu)
- qcrs()\,)\)—crs()\ﬂu,)\—u)
since | — A| = |u| — |A| + |\ — p|. From the crossing number equation (1) we obtain

B tlu*AIqch(u*(mu)vu*(u*/\))

dy =
K qcrs(/\—()\ﬂu),)\—()\—u))

= Al gers(p=AANu)
_ q ]

qcrs()\f,u,)m,u)

Together Corollaries 14 and 19 for decomposing restricted and induced supercharacters
are known as branching rules, which we restate due to their importance.

Theorem 20 (Branching Rules). For A & [n], the restriction Resy  (x*) is given by

Resg () = >0 on”

phn—1]
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where

5,\;,4, an gé 7"6()\))
. t‘)\_chrs()\ﬁ#,)\—#) . A—{i~n}i~n
Cu = qersANmp=A) fuel o
0 otherwise.

For pt [n — 1], the induction Indgz (x") is given by

—1

Indg (") = > dix*,

AH[n]
where
5‘>\u ‘ if n & re(\)
S tM—A qcrs(u—/\,)\ﬁu) . NP
dll - qCTS(A*H,Aﬂﬂ) Zfll,L E C { }7
0 otherwise.

This enables us to quickly compute meaningful examples of restricting and inducing a
supercharacter multiple times. While these formulas allow us to better understand re-
striction and induction, they are also useful for Schur-Weyl duality.

4 Shell Tableaux

We use the branching rules to create a graph known as the Bratteli diagram. For the
symmetric group, paths in the Bratteli diagram are indexed by a set of combinatorial
objects called Young tableaux [16]. Building from the combinatorics of the previous
section, we create an analog of Young tableaux known as shell tableaux and construct a
bijection between shell tableaux and paths in the Bratteli diagram.

For k € Z-,, consider

V¥ = (Indj"_ Respr )-- (IndgzilResgzil)j(IL)

(&

TV
k times

where 1 is the trivial supercharacter of U, that is restricted and induced k times. This is
reminiscent of the situation in the partition algebra where the permutation representation
of the symmetric group is isomorphic to restricting and then inducing the trivial character.
Note that if V = CU,, ®cy,_, 1 then

V =CU, ®cu,_, Resi_ (1) = Ind;®_ Respr (1)

by the definition of induction. More broadly, we have the following generalization of the
tensor identity from [13, (3.18)].

Lemma 21. Let H be a subgroup of a group G. For a G-module M, the map

7:CG @cy ResS (M) — (CG®cy 1)@ M
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gem — (9@1)®gm
gRgm — (gel)em

is a G-module isomorphism.

Iterating this identity, we obtain
Vi ek

For A I [n], let U2 denote the U,-supermodule of the supercharacter x* and let

Z, = {\F[n] | Homy, (U}, V*) # 0}

Zipy = {nt[n—1]|Homy, (U, Resgr_ (V¥)) # 0}

The Bratteli diagram A(n) is the graph with

(a) vertices {(A\, k) | k € Zo0, A € Zi} U{(, k +3) | k € Zoo, p € Zyin ),
(b) an edge (A k) = (u, k + 3) if (Resf”_ (x*), x*") # 0,
(c) an edge (pu,k+ 3) = (A, k+ 1) if (x*, Indgz,l(x“» # 0,
(d) an edge labeling m : E — Z- on the set of edges F defined by
. B ( 1)|)\ ,u|qcrs AN A— )
m(()‘7 k) - (Iu? k+ 5)) - qcrs()\ﬂu H—A)
(q _ 1)|u )\|qcrs =N AN )

m((p, k + %) - (Nk+1) =

qcrs()\ AN

Recall from the branching rules, Theorem 20, that the edge labeling m((X, k) — (1, k+3))
is the restriction coefficient which specifies the multiplicity that y* appears in Resgz_1 (x*).
Similarly, the edge labeling m((X, k + 3) — (i, k + 1)) is the induction coefficient which
specifies the multiplicity that y* appears in Indng1 (x").

When drawing the Bratteli diagram, we place all the vertices (), 1) in the Ith row and
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simply write A. For example, the Bratteli diagram for A(3) up to row 3 is

k:O e o o
|

PARN
k=1 PR o« & oo

AN T
SING TN

k=2 e S N e N

\t\/ N
/\N RN

k=3 oo %% &% edw  eee

where t = q — 1. )
A path P in the Bratteli diagram A(n) to A € Zj, is a sequence

= (A% A2, A2 A = ))
such that for 0 <r <k —1,
(a) (A",r) and (A"T2, 7 + 1) are vertices in A(n)
(b) (A", 7r) = (X F2,r+ 1) and (N *2 -+ 3) = (A"t r + 1) are edges in A(n).

For instance,

P:(ooo’oo’m7(\o’m7(\o’(\o>

is a path in A(3).
Taking the edge labeling into account, we say the weight wt(P) of a path P is the
product

Hm N R Dym((A2,r 4+ 5) = (e 4 1)

of its edge labels. The sum of the weights of the paths to A € Zy, is the multiplicity that
X" appears in V*. The path given above has weight ¢* since m((\!,1) — (\'2,1)) = ¢
and m((A\2,2) — (\22,1)) = t.

Let Pi()\) be the set of paths in A(n) to A € Z;. There is a combinatorial way to
encode paths in Pi(A) using a generalization of shells.
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Definition 22. Let s’ € {s,s+ 1} for s € Z>; and 1 < i <1 < n. A generalized shell of
width | — 7 is a set of arcs on n nodes of the form

s'—1

U{j ~minL, |je,} U U{max[r —m|mée L.}
r=1 r=1

where I, L, C[n] with {i} = <---<I; < Ly <--- < Ly ={l}.

For subsets I, L C [n] wesay I < Lifi <l foreachi e I and! € L. If max] = min L, we
say I < L. It follows that a generalized shell with |I.| =1 and |L,| = 1 for all r is simply
a shell in the sense of Definition 5. Some generalized shells of size 6 and width 6 — 2 are

(2 ~6YU{2 — m | me {3,4)}, (2 ~6YU{j ~5]j € {3,4)}U{2 — 5}.

A labeled shell is a pair (g, 7) for a generalized shell ¢ and a map 7 : ¢ — Zo. We
say the labeling 7 is strict if every pair of arcs (7,1), (j,m) € ¢ with dim(4, 7) > dim(j, m)
satisfies 7(i,7) < 7(j,m), and 7(j,m) # 7(i,{) + 1 if i = jor { = m. If 7(i,j) = a, we
write the labeled arc as (i,7;a). When the orientation of the arc is specified we write
(1 ~ j;a) or (i — j;a). For example, in the case of the shell

@

4
{(2~6;3),(3~56),(2 —54)}.
From strictly labeled shells, we define the key notion shell tableaux.

Definition 23. A shell tableau T = (s, ..., ") of length k is a sequence of strictly labeled
shells ¢" of size n and width n — 4, such that

L. for 1<r<k,¢"={(n~n;a)}or|c"| =2, and <" = {(ix ~n;a)};
2. each arc has a distinct label in {1,2,..., Zle Is" |}

3. the two smallest labels of each labeled shell ¢" are less than the smallest label in
gr+1;

4. for [ # m and i < j < min{l, m}, if (4,1;a) € ¢"* then there exists a minimal b > a
such that (i,m;b) € ¢"™ if and only if (j, min{l,m};b+ 1) € ¢"min{t.m};

5. for i # j and max{i,j} <1 <m, if (j,m;a) € ¢/ then there exists a minimal b > a
such that (i,m;b) € ¢" if and only if (max{i,j},{;b+ 1) € "max{ii},
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Conditions 1-3 provide the basic set up of the shells and labeling that are analogous to the
condition of increasing entires along the rows and columns in standard Young tableaux.
Intuitively conditions 4 and 5 say a strictly labeled shell in a shell tableau has inner whorls
if and only if its outer whorl conflicts with the outer whorl of another shell. As an example
consider the tableau

= (G @G et

of length 4. By condition 4, the inner half whorl (3 ~ 5;6) lies in ¢% since (2 — 5;4) € >
conflicts with (2 ~ 6;5) € ¢3.
Let ST denote the set of shell tableaux of length k.

Definition 24. Define the map

sh: (Zsp,ST)) — Set of Arcs

(a,T)»—)U{(z’,l)GJ

r=1

i # 1 and 7((7,1)) is maximal
among all labels b € ¢" with b < a |’

and sh(T') = sh(|T'|,T) be the shape of a shell tableau T

For T in the example above, we have

BT =d € o

because 7(1,4) = 2 is the maximal label ¢!, 7(3,5) = 6 is the maximal label in ¢* and
7(2,3) is the maximal label in ¢3. For A I [n], let ST()\) denote the set of shell tableaux
of shape .

Theorem 25. Let A € Z;,. There is a bijection between Pr(N) and ST ().

Proof. Let A € Z;. Givenapath P = (A%, Az, AL, ... A=z, \F) € Pp.(\) we will recursively
define a sequence
T07 TéaTlv s aTk—%ka

where T; is a shell tableau of length j and shape M, and T, 1 is a shell tableau of length
j + 1 and shape Mtz Let Ty be the empty shell tableau of length 0.

1. If M2 = M, we define

/1 2 J+1
Tj+%—(Cj+%7§j+%,---a§j+%)a
where
—_— g}“ ifr<j+1,
3 T (s T +1) ifr =g+ 1
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2. If Xi+3 # A, suppose
t t
U{is ~ s} U U{Zs — Lo}
s=1 s=1

is the shell created by the symmetric difference of A" and A"*2. Since sh(Tj) = N,
for 1 < s <t, (is,ls;as) is an arc with maximal label a, < [T}] in a diagram ¢;* of

T;. Let
(12 j+1
Ty = (g 50D
where
S; if r # rg for any s,
g;+% = §f U (s, logr; [T)] +5) if 7 =7, for some s,

(n,n; |T;|+t+1) ifr=7+1

3. If M+ = W+2, define Tjyq = Ty,

4. If N+ £ Xi+3 | suppose

t

Utis ~ 130 Ut — lr}

s=1

is the shell created by the symmetric difference of \" and AT+3 . Since sh(Tj +%) =

A*2 then for 1 < s <t — 1, (i, ls41; a,) is an arc with maximal label a, < |Tj+%|

in a distinct diagram C;i; in T, 1. We define
2
— (1 2 Jj+1
Tj-i-l - (gj-&-l?gj-i-l? SR j+1)>
where
S if r # r for any s,
Jt3
= §;+% U (4541, lst1; |Tj+%| +s) if r =, for some s,
(i17l17|ij+%|> lfT:j+1
In the above construction, we have T: = (¢1) where ¢} = {(n —~ n;1)} is a shell
2 3 2

tableau of length 1 and shape (. If Tj is a shell tableau of length j and shape M, then
Tj+% has length 7 + 1 and

sh(T),1) = (M N Ntz)yu (WMt — M) = Nita,

It is straightforward to check that T; 41 satisfies conditions 1-4. Since Tj is a shell tableau,
it suffices to prove condition 5 for the arcs (is, ls41; |T;|+s). For s > 1, consider (i, Is; as) €
g;i;- Then (is_1,ls;|Tj] + s — 1) lies in gj’,’j: where |Tj| + s — 1 > a4 is minimal, and
2 2
(is,lst1; | T3] + s5) € g;iy Thus condition 5 holds, so T,1 is in fact a shell tableau. A
2

similar argument can be used to verify each T is a shell tableau of length j and shape M.
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For \ € Zk, define
©:Pe(N) — STr(N)

The map ¢ is bijective since the construction of the sequence of shell tableaux can be

reversed as follows. Given a shell tableau T' = (¢!, %, ...,¢*) of shape A, let T}, = T..
1. If ¢/ = {(n —~ n;a)}, define T, 1 =1
2. If (i ~mn;a) €< fori <mn,let (i1,l1;a1), (i2,lo;as), ..., (ir,l;; a;) be the arcs in T
with is ~ [5 € ¢;* and as > a. We define
Ty =Gy oy Sap)
where
S; if r # r, for any s,
g;_l =4 < — (is; ls;a4) if r = r, for some s,
’ (n,n, |T| —t+1) ifr=j.
j . _ 1 2 j—1 ro__ r
3. If ¢/ = {(n —~ n;a)}, define T = (5;,<;,...,5 ) where ¢ =<1
4. If (i ~ nja) € ¢ for i < n, let (i1, l1;a1), (iz, l2; az), . . ., (i, l;; a;) be the arcs in T}

with i; ~ [ € ¢j* and a, > a. We define

11]- = (gjl’ gJQ, Ce 7§j_1)7
where
. { SiiL if r # ry for any s,
g' - T 2 — ) . 3 —
g Sjtd (is,ls;as) if r =7, for some s.
Therefore the inverse of ¢ is
9071 STk(/\) — Pk<)\> —
T — P = (sh(T}),sh(T),...,sh(T})).

Example 26. For the path

p:</\/\ﬁ<\mﬁﬁx\mm>

the sequence of shell tableaux is

Ty = ()

T;:< ..... @)
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Note that each shell ¢" keeps track of the arc introduced at the rth row of the Bratteli
diagram from inducing Resf" (V1)

When ¢ = 2, then ¢ — 1 = 1 so that many of the edges in the Bratteli diagram have
weight 1. In this case, we can account for the weights of paths in the Bratteli diagram
by removing the second condition in the definition of a strict labeling. A semi-strict
shell tableau is a shell tableau where we allow 7(j,m) = 7(i,1) + 1 for every pair of arcs
(2,0;7(¢,0)) and (4, m;7(j,m)) in a labeled shell with dim(é,7) > dim(j,m) and i = j or
k = 1. This is reminiscent of semi-standard Young tableaux where we allow the entries
along the rows to be weakly increasing.

Suppose SST1(A) is the set of semi-strict shell tableaux of length k and shape .
Recall the sum of the weights of paths to A is the multiplicity of x* in V*. When g = 2,
this is the number of semi-strict shell tableaux.

Proposition 27. Let ¢ =2 and A\ € Z;,.. Then

> w(P)=|88Tk(N)|.

PePy(N)

Proof. Let ¢ = 2 and A\ € Z;,. Let T = (s,...,¢%) € STir(\) be the shell tableau
corresponding to the path P = (A, )\%, ey )\k_%,)\k) via the bijection in the proof of
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Theorem 25. Since the weight of P is the product of its edge labels, it suffices to consider
the label of a single edge. Recall the label of an edge (A", 7) — (A" 72,7 + 1) in Pis

1 1
2crs(xmv+f AT=ATT2)

m((\',7) = (N3, 4 1)) =

1 1 N
gers(ATNATF2 AT 2 —ar)
Suppose

t t
U{is - ls} U U{Zs ~ ls+1}
s=1 s=1

is the shell created by the symmetric difference of A" and N3 where (15,1515 a5) € S
For 1 < s < t, define the set

e

t
Y Yl =ers(An AP N = AR —ers(AT AT AT — ).

s=1

(j ~myis ~1s) € Crs(A" N X"*%, AT — X”r%)’
(j ~— m, s~ ls+1) ¢ CYS()\T N )\TJF%, )\TJF% — )\T)

Note that

For each subset X, C Y;, add the arcs (is,l;b;) € ¢" for [ € X;. There is a unique
relabeling of the arcs with a distinct label in {1,2,..., 3% | |¢"| + 32°_, | X4|} so that the
order of the labels of the original arcs in T is preserved, and every pair of arcs (i, ; 7(i,1))
and (j,m;7(j,m)) in a labeled shell with dim(i,!) > dim(j, m) satisfies 7(i,1) < 7(j, m).
Then each (X7, ..., X;) determines one of the 221 I¥:| semi-strict shell tableaux. ]

Example 28. Consider the path P from Example 26,

p:(/\/\ﬁﬁ\mﬁﬁx\mm>

and corresponding tableaux

The path P has weight 2 since m((\*,3) — ()\3%,3%)) = 2. The shell created by the
symmetric difference between A® and A2 is
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and the set Y; = {4} as (1 ~ 4,2 ~ 6) € Crs(A3 N X32, A3 — 332), but (1 — 4,2 — 3) ¢
Crs(A3 N A3z, A32 — A3). The two semi-strict tableaux corresponding to () and Y; are

and
1 3 5 o
=~ 6
2 4
respectively.
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