Combinatorial cluster expansion formulas
from triangulated surfaces

Toshiya Yurikusa*

Graduate School of Mathematics
Nagoya University
Chikusa-ku, Nagoya, Japan

m15049g@math.nagoya-u.ac. jp

Submitted: Nov 29, 2018; Accepted: May 4, 2019; Published: May 31, 2019
© The author. Released under the CC BY-ND license (International 4.0).

Abstract

We give a cluster expansion formula for cluster algebras with principal coef-
ficients defined from triangulated surfaces in terms of maximal independent sets
of angles. Our formula simplifies the cluster expansion formula given by Musiker,
Schiffler and Williams in terms of perfect matchings of snake graphs. A key point
of our proof is to give a bijection between maximal independent sets of angles in
some triangulated polygon and perfect matchings of the corresponding snake graph.
Moreover, they also correspond bijectively with perfect matchings of the correspond-
ing bipartite graph and minimal cuts of the corresponding quiver with potential.

Mathematics Subject Classifications: 13F60, 05C70, 05E15

1 Introduction

Cluster algebras, introduced by Fomin and Zelevinsky in 2002 [FZ1], are commutative
algebras with a distinguished set of generators, which are called cluster variables. Their
original motivation was coming from an algebraic framework for total positivity and
canonical bases in Lie Theory. In recent years, it has interacted with various subjects
in mathematics, for example, quiver representations, Calabi-Yau categories, Poisson ge-
ometry, Teichmiiller spaces, exact WKB analysis, etc.

In a cluster algebra with principal coefficients, by Laurent phenomenon, any cluster

variable is expressed by a Laurent polynomial of the initial cluster variables (x1,...,2zy)
and coefficients (y1,...,yn)
= f($1,...,$N,y1,...,yN>
xill e x?lVN ’
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where f(z1,...,2n5,Y1,-.,Yn) € Zlx1, ..., ZN,Y1,-..,yn]| and d; € Z>o [FZ1, FZ2]. An
explicit formula for the Laurent polynomials of cluster variables is called a cluster expan-
sion formula.

We study cluster algebras defined from triangulated surfaces that are developed in
[FoG1, FoG2, FST, FT, GSV]. In the case of triangulated polygons, Carroll and Price
[CPr] gave a cluster expansion formula in terms of perfect matchings of bipartite graphs
(see also [CPi]). Using it, Propp [P] studied the Conway and Coxeter frieze patterns and
Markov numbers. In general case, Musiker, Schiffler and Williams gave a cluster expansion
formula in terms of perfect matchings of snake graphs. Using it, they proved the positivity
conjecture [MSW1] and constructed two bases [MSW?2] for these cluster algebras. The
first aim of this paper is to give a cluster expansion formula for these cluster algebras in
terms of maximal independent sets of angles (Theorem 4). This simplifies their formula
as we will discuss later. The second aim of this paper is to give bijections between several
different combinatorial objects containing perfect matchings of snake graphs (Theorem
3). This correspondence gives a generalization of the cluster expansion formula in [CPr].

This paper is organized as follows. In the rest of this section, we give our results
and some examples. For simplicity, we first specialize Theorem 4 to the coefficient-free
case, that is y; = 1 for all ¢ (Theorem 2). Using Theorem 4, we also study f-vectors of
cluster variables. In Section 2, we recall basic definitions and facts on cluster algebras,
triangulated surfaces and the cluster expansion formula of Musiker-Schiffler-Williams. We
prove Theorem 4 and a part of Theorem 3 simultaneously in Section 3. We prove our
results for the corresponding bipartite graphs in Section 4 and study minimal cuts of
the corresponding quivers with potential in Sections 5. Finally, some elements in A(T)
correspond to essential loops in T (see Section 6 for details). In the case of a marked
surface without punctures, it is known that these elements and cluster variables form a
base of A(T") (see Theorem 59). We give the formula for these elements in terms of good
maximal independent sets of angles in Theorem 61.

1.1 Our results in the coefficient-free case

Let (S, M) be a marked surface and T a tagged triangulation of (S, M). Let A(T) be
the cluster algebra with principal coefficients defined from 7" (see Subsection 2.3). Then
there is a bijection between cluster variables in A(T') and tagged arcs of (S, M), which
are obtained from ordinary arcs by tagging their endpoints plain or notched (see Theorem
17). We represent tagged arcs as follows:

plain ——e notched —xe

For simplicity, in this paper, we assume that if (S, M) is a closed surface with exactly
one puncture, all tagged arcs are plain arcs. For a tagged arc §, we denote by xs the
corresponding cluster variable in A(7). We index the tagged arcs of T' by [1, N] :=
{1,..., N}. In particular, x; (resp., y;) is the corresponding initial cluster variable (resp.,
coefficient) in A(T) for ¢ € [1, N].
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Definition 1. We call a tagged arc §
e a plain arc if its both ends are tagged plain,
e a l-notched arc if an end of ¢ is tagged plain and the other end is tagged notched,
e a 2-notched arc if its both ends are tagged notched.

To give cluster expansion formulas, by changing tags, we can make the following
assumption (see Proposition 18).

Assumption 1. The initial tagged triangulation 7" consists of plain arcs and 1-notched
arcs, with at most one 1-notched arc incident to each puncture.

In this case, for each 1-notched arc of T', the corresponding plain arc is also in 7. Then
there is a unique ideal triangulation 7° obtained from T by replacing every l-notched
arc with the corresponding loop cutting out a once-punctured monogon and by forgetting
tags.

For a tagged arc d of (S, M), we denote by 0 the plain arc corresponding to 6. Now,
we only consider the case of v := & ¢ T. Let p and ¢ be the endpoints of v. Let v be
the 1-notched arc obtained from 7 by tagging its end p notched. Similarly, we define the
2-notched arc 79 with both ends tagged notched:

o~ o——YeD q e——xe P
v fy(p) fy(pq)

In particular, § = v, v® or y?9 . By changing tags, we can make the following assumption
(see Proposition 18).

Assumption 2. If § = y® (resp., § = ~9), there is no 1-notched arc incident to p
(resp., por q) in T.

Our cluster expansion formula for x,, (resp., Z.w), Z, s ) comes down to type A (resp.,

D, IN)) corresponding to polygons with no punctures (resp., one puncture, two punctures).
We construct a triangulated polygon Ty associated with § as follows.

Let 71,...,7, be the arcs of T° crossing 7 in order of occurrence along v (we can have
7, = 7; even if ¢ # j). Hence 7 crosses n + 1 triangles Ay, ..., A,, in this order. Suppose
first that none of these triangles is self-folded. Then for ¢ € [0,n], let A, ; be a copy of
the oriented triangle A;, hence A, ; contains the sides 7; and 7,41 (7 only if i = 0, and
7, only if 4 = n). Then T, is the triangulation of an (n + 3)-gon obtained by gluing these
triangles along the edges 7;. Similarly, we construct 7.« (resp., T,we) by adjoining to
T, copies of all triangles incident to p (resp., p and ¢) if none of them is self-folded. See
Figure 1. If v crosses self-folded triangles or there are self-folded triangles incident to p or
q, we adapt the construction using the local transformations of Figure 2. Note that, by
Assumption 2, it is not necessary to consider the case, where the end of ¢ in the middle
of Figure 2 is tagged notched.
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T1 T2 Tn—1 Tn T1 T2 Tn—1 Tn : R T1 T2 Tn—1 Tn p :
Y ~(®) p : q ~(Pa)

T, (type A) T,w (type D) T,wa) (type D)

Figure 1: Triangulated polygon Ty for each tagged arc

Ti—1 = Ti+1 T T1 Or T Cz 1= Cz+1 TszC 7
. Ti—1 T’L TH—I % ° Cz e z+1
Ti — T1 Ci

or Tn

) 5 5

Figure 2: Replacing self-folded triangles

In this paper, we call interior arcs of each polygon T diagonals and non-interior arcs of
Ts boundary segments. We consider the graph whose vertices are all angles of T incident
to at least one diagonal, and whose edges are given by cliques containing all angles incident
to a given vertex of Ty and cliques containing all angles incident to a given triangle of Tj.
We call a maximal independent set of the graph a maximal independent set of angles in
Ts. Note that a maximal independent set of angles in Ty was called a perfect matching
of angles in the previous paper [Y]. We denote by A(Ts) the set of maximal independent
sets of angles in Tj. It is easy to see that A(Tj) # () (e.g. see Figure 3).

For a diagonal or boundary segment 7 of Ty, we denote x, = x, if 7 corresponds to
a non-boundary segment 7' of T" and we denote x, = 1 otherwise. Then, for an angle
a of Ty, x, := x,, where 7 is the side opposite to a in the triangle containing a. Using
Assumption 1, we define a ring homomorphism

O Z[xE .2 = Z[att L 2 (1.1)
by

B(z;) = xjx if j is a 1-notched arc, where k is the plain arc of T" corresponding to j,
777\ z;  otherwise,

for any j € [1, N]. Our main result Theorem 4 gives a cluster expansion formula for cluster
algebras with principal coefficients defined from triangulated surfaces. In this subsection,
we specialize it to the coefficient-free case.

Theorem 2. Let § be a tagged arc of (S, M).
(1) If 6 ¢ T, we have

1
%:(I)(m Z x(A)), where cross(T),9) H!BT and x( );H%'

AEA(Ty) T€Ts acA
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(2) Suppose that 6 € T and § ¢ T. Let p and q be the endpoints of 5. If p (resp., q)
is a puncture, we denote by €, (resp., {;) the loop with endpoint q (resp., p) cutting out
a monogon containing only p (resp., q). We can define triangulated polygons T,, and Ty,
in the same way as for plain arcs. Then, for s = p or q, we have

oty if 6 =0

o 1
T = Wireq“ if 6 = 5(?(1) , where z, =@ (W Z x(A))
T3

AeA(Ty,)

There are two key steps to prove Theorem 4.

The first step is the cluster expansion formula given by Musiker-Schiffler-Williams
[IMSW1]. A perfect matching in a graph G is a set P of edges of G such that each vertex
of GG is contained in exactly one edge in P. One can construct a snake graph G associated
with Ts. Musiker-Schiffler-Williams gave a cluster expansion formula in terms of perfect
matchings of Gy (see Subsection 2.4). Note that perfect matchings of G7<p) and GW"D are
different from general perfect matchings of graphs, that are also called symmetric perfect
matchings and compatible perfect matchings, respectively (see Definitions 24 and 27).

The second step is Theorem 3 below. It gives bijections between several different
combinatorial objects, that we introduce now. The bipartite graph Bj associated with T}y
is defined as follows: The set of black vertices consists of vertices incident to at least one
diagonal of Ty and the set of white vertices consists of triangles of Ts. Edges are drawn
between the white vertex corresponding to a triangle ABC' and the three black vertices
corresponding to A, B and C' if they exist. On the other hand, we associate to § a quiver
with potential (Qg, Ws) in Subsection 5.1, and we define minimal cuts of (Qs, W) in
Definition 54.

Theorem 3. There are bijections between the following objects:
(1) Perfect matchings of angles in Ty,  (2) Perfect matchings of Gs,
(8) Perfect matchings of Bs, (4) Minimal cuts of (Qg, W),
for any tagged arc § of (S, M) such that 6 ¢ T.

By Theorem 3, we also obtain cluster expansion formulas in terms of perfect match-
ings of bipartite graphs and minimal cuts of quivers with potential. More precisely, the
bijection between (1) and (3) in Theorem 3 is induced by a natural bijection w between
the set of angles incident to at least one diagonal of Ts and the set of edges of Bs given

by the following picture:
/A el

For a side e of Bs;, we denote z, = 24-1(). For a tagged arc § of (S, M) with § ¢ T, we

have
rs =P (Wl(T,é) Zx(E)), where z(F) := Ha:e,

E ecA
and E runs over all perfect matchings of Bs. Similarly, we obtain a cluster expansion
formula in terms of minimal cuts of quivers with potential (see Corollary 55).
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Our main result Theorem 4 is obtained from the bijection between (1) and (2) in
Theorem 3 and the cluster expansion formula of Musiker-Schiffler-Williams by showing
that the bijection preserves the corresponding initial cluster variables. Notice that the
construction of Ty is simpler than the one of Gs. Moreover, the definition of a maximal
independent set of angles is more uniform than the definition of a perfect matching of Gy,
where three cases need to be distinguished depending of the tags attached to . Therefore,
our new formula simplifies the formula of Musiker-Schiffler-Williams.

1.2 Example in the coefficient-free case

Let (S, M) be a square with three punctures. We consider the following tagged triangu-
lation 7" and the corresponding ideal triangulation 7°:

T 70
10 9 10 9
6 6
61 3 7 (53 51/2 3 7 (53
) 09 8 9 8
L 74 5 L4 5

The cluster algebra A(T') has initial cluster variables x1, ..., z19. The ring homomorphism

O Z[F . 2 — Z[aE, .. 2E)] is given by
. T1T9 if 4 = 2,
(z;) = {xz otherwise.

The combinatorial data corresponding to the above three tagged arcs 01, d5 and d3 are
given as follows:

15,
4 £ TR
gjﬁ 6 2 7 99410J
27 -4 10 5T 7T109
2 3 5 3 6 8 6 6 8
Fl«*lJ 457 L5 F3—+4-L5-
: FL L L
314 5
Gél Q G§2 1LJ3 G(;S 8L Jﬁ
1 10
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We use Theorem 2 to obtain the cluster expansions of zs,, x5, and x5, with respect to the
initial cluster variables x1, ...,z in A(T).

(1) 61: There are five maximal independent sets of angles in Ty, , corresponding to five
monomials as follows:

1 1 1 1
3 6 3 6 3
4 4
2

T125%¢ T1T2T4 T1X2X3T 4 XT1X2X3T4 x1x2x§x4

Since cross(T, d;) = x12323, the corresponding cluster variable is

1 1
x5, = CI>< (xoxg + x4 + 3Ty + T34 + x§x4)> = ——— (117976 + T4 + 22374 + T314).
ToT3 T1T2T3

(2) d: There are nine maximal independent sets of angles in Ty,, corresponding to nine
monomials as follows:

T1T2X3T5T6 T1ToTiyy T1T2X4T6T7Y4Ys5 T1T4X6Y3Y4 T T3 7Y3YaYs

T1T3TaTeY2Y3Ys  T1T3TaT5Y3YaYsYe  T1T3TT7YoY3Yays  T1TAT4T5Y2Y3YaYsY6

Since cross(T, §) = xowsrsxsx6, the corresponding cluster variable is

vs = 1 T1ToT3T5T6 + T1ToTe + T1TaT4TeT7 + T1T4T6 + T1T5T7
2 ToX3yTsle \ +T1T3T4T6 + T1T3T4T5 + T1T30507 + T10574T5

1 T1T9T3T5Te + Ill’Q.I% + T1X9T4TeT7 + TyTg + xim
—_— 2 2 :
ToT3TaTsTe \ TX3T4Te + T3X4X5 + L3TGXT7 + T3T425
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(3) d3: There are 12 maximal independent sets of angles in Ty, as follows:

(] ®
y \ o, X o o L)
® @ () () @
L) @ (J S S
and 6 others obtained by rotation of angle 7 from the bottom row. Since cross(7T,d3) =
T4T5TeT7T8T9 X1, the corresponding cluster variable is

x4x5x$x9x10 + x4x5x7xfo + J:gxgmxgxm
+X4050728L10 + T5XeL9L10 + .7731‘%[)3%0
1 +X32TT10 + T5TTEy + T3T5TTT 10
TATsTeTrTsToliy | +TsTeTsTio + T3TsTels + TETsT10
+x§x§ + T4TeT7T8T10 + T3T5L6L7T8T9
+x4x6x7x§ + x%xﬁvgxg + :1341:695%3:8:(:9

Ty =

which is not affected by ® since x5 don’t appear.
For the case (2), we illustrate Theorem 3 in Examples 26, 50 and 56.

1.3 Our results in the principal coefficients case

We keep the notations of Subsection 1.1. Let y,...,(,, (resp., &1, ..., &) be the diagonals
of Ts incident to p (resp., q) winding counter-clockwisely around p (resp., ¢) such that 7,,,
¢y, and (,, (resp., 71, &1, and &) are contained in the same triangle (see Figure 3). We
define an element A_(Ts) € A(Ts), which we call the minimal matching of Ty, satisfying
the following min-condition: For each boundary vertex v of Ty that is incident to at least
one diagonal of Ty, the angle a € A_(Tj) at v comes first in the counterclockwise order
around v. Clearly, the minimal matching is uniquely determined (see Figure 3).

° ° ° ° ° ° °
b ® Cm C . .52 51 Cm -
Tl T2 +++ Tn—1Tn T1 T2 +++ Tn—-1Tn >€ - : }é T1 T2 +++ Tn—1Tn .>€ .
° ¢1 Co0 ’ e ¢1 (oo
° ° ° o ° ° o [
T, Tw T wa)

Figure 3: Minimal matchings
We expand the ring homomorphism (1.1) into

P : Z{xl ) xﬁlvyitl>"'ayN]_>Z[$1 [ xjj\zflayl 7'~ay]:{:/1]
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Yi

o) = { ¥

y; otherwise,

if 5 is plain and corresponds to the 1-notched arc k of T,

for any j € [1, N]. For two sets A and B, we denote by AAB the symmetric difference
(AU B)\ (AN B). An exterior angle of T is an angle between a boundary segment and
a diagonal of Ts. Let A € A(Ts). We denote by Y'(A) the set of diagonals of Ts that are
sides of at least one exterior angle in A_(T5)AA. We define the set

Y'(A)U {r}if 6 = vP9 n =1, and A contains at least one of the four angles
Y(A):= between (,, or & and 71 or a boundary segment of T,
Y'(A) otherwise.

We are ready to state the main theorem of this paper.

Theorem 4. Let § be a tagged arc of (S, M).
(1) If 6 ¢ T, we have

$5:¢<m Z x(A)y(A)), where y(A) = H Yr.

AeA(Ts) TEY (A)

(2) Suppose that 6 € T and § ¢ T. Let r and s be the endpoints of 5. Then, for s = p
or q, we have

o1, if6=3",
_ 4
0= wgreust 0 TLer v )O-TLervi?™) if § = 3

x5

where es(T) is the number of ends of T incident to s, and

1
xeszq’<m > 1’(14)1/(14))

A€A(Ty,)

Since Theorem 4(2) follows from [FT, Lemma 8.2, Theorem 8.6] and [MSW1, Propo-
sition 4.21], we only prove Theorem 4(1) in Section 3. Theorem 4 is a generalization of
[Y, Theorem 1.3].

In the rest of this section, we consider the bipartite graph Bs. We define the minimal
matching of Bs by E_(Bs) := w Y(A_(T5)) € P(Bs), where P(Bs) the set of perfect
matchings of Bs. For a diagonal 7 of T}, there are exactly two triangles A, /A’ of Ty with
edge 7. We label by 7 the square of Bs whose vertices are two white vertices corresponding
to A, A" and two black vertices corresponding to endpoints of 7.

Proposition 5. For E € P(Bs), the set E_(Bs)AE consists of all boundary edges of
some (possibly empty or disconnected) subgraph Bg of Bs that is a union of squares.
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We denote by I(E) the set of the squares of Bs contained in Bp.
Proposition 6. For E € P(B;), I(E) =Y (@ '(E)) holds.

By Theorem 4 and Proposition 6, for a tagged arc & of (S, M) such that 6 ¢ T, we
have

1
=0 ————— E E)y(E h E) = 3
T (CTOSS(T, 5) m( )y( )) ) where y( ) ‘ H yl
EcP(Bs) icl(E)

This formula is a generalization of the cluster expansion formula in type A given by Carroll
and Price [CPr] (see also [CPi, P]). We prove Propositions 5 and 6 in Section 4.
1.4 Example in the principal coefficients case

We consider the square (S, M) with three punctures and the tagged triangulation 7'
of (S, M) given in Subsection 1.2. The cluster algebra A(7") has initial cluster vari-

ables z1,...,210 and initial principal coefficients yq,...,y10. The ring homomorphism
®:Z|::Clil7"'7xliol7y]j_:17"7y]j_:01] —>Z|tx%:17"7:E%:017y1i17"~7y]j_61] is given by
T1T2 le:2, a lflzl,
O(x;) = . D(y;) =4 ¥2 )
(1) {1}1 otherwise, (1) {yz otherwise.

We use Theorem 4 to obtain the cluster expansions of 41, d2 and d3 given in Subsection
1.2 with respect to the initial cluster variables w1, ...,z and coefficients 31, ..., 910 in
A(T).

(1) 91: The minimal matching is

Then there are five maximal independent sets of angles in Tj,, corresponding to five
monomials as follows:

1 1 1 1 1 1 1 1 1 1

T1T5T6 T1T2T4Y3 T1ToT3TaY2ys  T1T2X3TaY1Y2Y3 T ToTT4Y1Y5Y3

Since cross(T),d;) = w7323, the corresponding cluster variable is

1
r5 =P (IQ% (2o + T4y3 + T3T4Ya2Ys + T3T4Y1Y2Ys + x?,myly%yg))
1

= (12206 + Tays + T3TaY2Ys + T3TaY1Ys + x§m4y1y2y3).
T1T2T3
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(2) d2: The minimal matching is

A_(Ty,) = .

Then there are nine maximal independent sets of angles in T},, corresponding to nine
monomials as follows:

L1356 T1ToT2yy T1T2T4T6T7Y4Ys5 T1T4T6Y3Y4 T1TATTY3YaYs

T1T3TaTeY2Y3Ys  T1X3TaT5Y3YaYsYe  T1T3TT7YoY3Yays  T1TAT4T5Y2Y3Y4Y5Y6

Remark that the three angles incident to the puncture of 75, are not exterior angles and
thus don’t contribute to the coefficients. Since cross(T, dy) = xoxsr4T526, the correspond-
ing cluster variable is

Ts, = ) 1 T1T2T3T5T6 + x1wzx§y4 + T1T2T4T6T7Y4Y5 + T1T4T6Y3Y4 + xlxﬁxwgyws
2 ToT3T4T5T6 \ TT1T3T4T6Y2Y3Y4 + T1T3T4T5Y3Y4Y5Y6 + wlwawﬁxwzysyws + $1r§w4xsyzy3y4y5yﬁ

_ 1 (1311’233313596’6 + T1ToTEYs + T1 2T AT T7YsY5 + TaT6Y3Ya + TIT7Y3YaYs )

 Bo3xaTsg \ FT3TATEY2Y3Ys + T3TAT5Y3YAYsYe + T3TITTY2Y3YaYs + TILAT5Y2Y3YaYsYe

(3) d3: The minimal matching is

Then there are 12 maximal independent sets of angles in 75, as follows:

IR
G G 4
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and 6 others obtained by rotation of angle 7 from the bottom row. Since cross(7), ;) =
T4X5TeT7T8T9T10, the corresponding cluster variable is

2 2 2
T4T5T7L9T10 + TaT5L7T10Y8 + L3TEL7T9T10Ys6
2.2
FT4T507T8T10YsY9 T T5TeToX10YaY6 T T3T5X10Y6Ys
2 2
1 FT3T5X8T10Y6YsYo + T5LeT1YaYeYs + T3TL5T6X3L10Y6Y7Ys
_ 2 2
L5y = +T5T6X3T10Y4Y6YsY9 + T3T5T6X3Y6Y7YsYo + TXsT10YaYsYrYs |
L4T5LeL7LILYL10 42242 +
TeTYalYeYrYslYg T LaleX7X8X10Y4Y5Y6Y7Ys
2
FX3T5T6T7TITIY6Y7YsYoY10 T T4LeL7L3Y4Y5Y6Y7Y8Y9
2 2
FTELTTIToYY6Y7Y8Y9Y10 T T4T6X7L8L9Y4Y5Y6Y7YsY9Y10

which is not affected by ® since x5 and y; don’t appear.

1.5 f-vectors and intersection numbers

We keep the notations of Subsection 1.3. We recall f-vectors of cluster variables [FuG,
Definition 2.6]: For a cluster variable x of A(T), let f,1,..., fz.n be the maximal degrees
of y1,...,yn in the polynomial obtained from the Laurent expression of x by substituting
1 for each of xy,...,zx. The integer vector f, = (fu1,-..,fen) € Z;VO is called the f-
vector of x. For a tagged arc § of (S, M) such that § ¢ T, by Theorem 4(1), the f-vector
(fosas---s fus.n) of x5 is given by

Hyf‘S = <I><H yT>. (1.2)

TET5

On the other hand, for tagged arcs § and € of (S, M), Qiu and Zhou [QZ] defined the
intersection number between § and € as follows: Assume that § and € intersect transversally

in a minimum number of points in S\ M. Then we define the intersection number
Int(d,e) = A+ B+ C, where

e A is the number of intersection points of § and € in S\ M,

e B is the number of pairs of an end of § and an end of ¢ that are incident to a
common puncture such that their tags are different;

e (' = 0 unless the ideal arcs corresponding to ¢ and e form a self-folded triangle, in
which case C' = —1.

Note that this definition is different from the “intersection number” (0 |¢) defined in [FST,
Definition 8.4]. We give the main result of this subsection.

Theorem 7. For a tagged arc 6 of (S, M), we have f,,; = Int(0,7) fori € [1, N].

Proof. Considering in each case, it is easy to show that both f,,; and Int(d,7) are equal
to f € Zs given as follows: If § € T, then f = 0; Suppose that § ¢ T. If i is a plain
arc of T, then f is the number of diagonals of Ts corresponding to 7. If 7 is a 1-notched
arc of T', then f is the number of diagonals of Ts corresponding to ¢ minus the number of
diagonals of T corresponding to 7; Suppose that § € T and § ¢ T. We use the notations
of Theorem 4(2). If § = 3(8), then f = es(i) — d,5, where 0.5 is the Kronecker delta. If

J= S(W), then f = e,(i) + eq(7). O
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2 Preliminary

For the convenience of the reader, we recall basic definitions and facts about cluster
algebras, triangulated surfaces and the cluster expansion formulas of Musiker-Schiffler-
Williams (e.g. [FST, FZ1, FZ2, MSW1]).

2.1 Cluster algebras with principal coefficients

To define cluster algebras with principal coefficients, we need to prepare some notations.
Let F := Q(t1,...,tan) be the field of rational functions in 2N variables over Q.

Definition 8. [FZ2, Definition 2.3] A labeled seed (or simply, seed) is a pair (z,B) con-
sisting of the following data:

(i) z = (x1,...,xN,Y1,--.,Yn) is a free generating set of F over Q.
(ii) B = (bij)1<i<ani<j<n is a 2N x N integer matrix whose upper part B = (b;;)1<i j<n
is skew-symmetric, that is, b;; = —b;; for any i, j € [1, N].

Then we refer to x as the cluster, to each z; as a cluster variable, to each y; as a coefficient
and to B as the exchange matriz of (x,B).

In general, one may consider skew-symmetrizable or sign-skew-symmetric matrices as
exchange matrices [FZ1]. In this paper, we only study the skew-symmetric case as we
focus on cluster algebras defined from triangulated surfaces.

Definition 9. [FZ2, Definition 2.4, (2.15)] For a seed (x,B), the mutation py(x,B) =
(z/,B)) in direction k (1 < k < N) is defined as follows.
(i) ' = (2),..., 2%, y1,--.,yn) is defined by

N
$k$ _ Hx[bzkh— (b +i,k]+ + H$£—bik]+y[—bN+i,k]+’ and :L"; = if i#k, (2.1)

[
=1

’ _bij if 1=k Orj:k,
bij = { bij + 2k [bbij]+  otherwise (2.2)
K [y L ik Pk 1+ ’

Then it is elementary that p(x, B) is also a seed. Moreover, y, is an involution, that
is, we have pgux(z,B) = (z,B).

Now we define cluster algebras with principal coefficients. For a skew-symmetric N x N
integer matrix B, we define B = (b;;) as the 2NV x N integer matrix whose upper part
(bij)1<ij<n is B and lower part (b;;)ny1<i<an1<j<n is the N x N identity matrix. We fix
aseed (r = (T1,..., TN, Y1, -, YN), E) that we call an initial seed. We also call each x;
an nitial cluster variable.
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Definition 10. [FZ2, Definition 3.1] The cluster algebra A(B) = A(z, B) with principal
coefficients for the initial seed (x,B) is the Z-subalgebra of F generated by the cluster
variables and coefficients obtained by all sequences of mutations from (z,B).

One of the remarkable properties of cluster algebras is the Laurent phenomenon.

Theorem 11. [FZ1, Theorem 3.1] Every element of the cluster algebra A(B) is a Laurent

polynomial over Zyy, ..., yn| in the initial cluster variables, that is, A(B) is contained in
Z[Iitl’ cc 7'Iﬁ17y17 cet ’yN]'

_01 (1) is skew-symmetric. Let ((z1, 22, y1,s), B) be a

seed. Then we get the cluster algebra with principal coefficients

Example 12. The matrix B =

_ Tot+yr 1+w1ys Tot+yr+T1y1Y2
A(B) _Z[xlax% x1 0wy 1T 73/1792]-

2.2 Ideal and tagged triangulations

Let S be a connected compact oriented Riemann surface with (possibly empty) boundary
and M a non-empty finite set of marked points on S with at least one marked point on
each boundary component if S has boundaries. We call the pair (S, M) a marked surface.
Any marked point in the interior of S is called a puncture. For technical reasons, (S, M) is
not a monogon with at most one puncture, a digon without punctures, a triangle without
punctures nor a sphere with at most three punctures.

An ordinary arc § in (S, M) is a curve in S with endpoints in M, considered up to
isotopy, such that: § does not intersect itself except at its endpoints; d is disjoint from M
and from the boundary of S except at its endpoints; § does not cut out an unpunctured
monogon or an unpunctured digon. An ordinary arc with two identical endpoints is called
a loop. A curve homotopic to a boundary component between two marked points is called
a boundary segment.

Two ordinary arcs are called compatible if they do not intersect in the interior of S.
An ideal triangulation is a maximal collection of pairwise compatible ordinary arcs. A
triangle with only two distinct sides is called self-folded (see Figure 4).

p p
()

Figure 4: A self-folded triangle and the corresponding tagged arc

For an ideal triangulation T', a flip at an ordinary arc 0 € T replaces 0 by another
arc &' ¢ T such that T'\ {6} U {d'} is an ideal triangulation. Notice that an ordinary arc
inside a self-folded triangle can not be flipped. This problem was solved by the notion of
tagged arcs introduced in [FST].
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Definition 13. [FST, Definition 7.1] A tagged arc is an ordinary arc with each end tagged
in one of two ways, plain or notched, such that the following conditions are satisfied: the
tagged arc does not cut out a once-punctured monogon; an endpoint lying on the boundary
of S is tagged plain; both ends of a loop are tagged in the same way.

In this paper, we assume that if (S, M) is a closed surface with exactly one puncture,
all tagged arcs are plain arcs. For an ordinary arc v of (S, M), we define a tagged arc
() as follows: If v does not cut out a once-punctured monogon, ¢(7y) is the tagged arc
obtained from ~ by tagging both ends plain: If v cuts out a once-punctured monogon
with endpoint o and puncture p, ¢(7y) is the tagged arc obtained by tagging the unique arc
that connects o and p and does not intersect -, plain at o and notched at p (see Figure
4). For a tagged arc §, we denote by 0° the ordinary arc obtained from § by forgetting its
tags.

Definition 14. [FST, Definition 7.4] Two tagged arcs § and € are called compatible if the
following conditions are satisfied:

e the two ordinary arcs §° and €° are compatible,

e if §° = €°, at least one end of ¢ is tagged in the same way as the corresponding end
of 9,

e if §° # ¢° and they have a common endpoint o, the ends of § and € at o are tagged
in the same way.

A tagged triangulation is a maximal collection of pairwise compatible tagged arcs.

Note that it is possible to flip at any tagged arc of a tagged triangulation [FST,
Theorem 7.9]. Moreover, any two tagged triangulations of (S, M) are connected by a
sequence of flips by [FST, Proposition 7.10].

2.3 Cluster algebras defined from triangulated surfaces

Let (S, M) be a marked surface. First, we consider an ideal triangulation 7" of (S, M).
For an ordinary arc -, 7(7) is defined as follows: if there is a self-folded triangle in 7" with
non-loop side v, 7(y) is its loop side; otherwise () = 7.

Definition 15. [FST, Definition 4.1] Let 7" be an ideal triangulation of (S, M) and
t1,...,ty be all ordinary arcs of T. For any non-self-folded triangle A in T, an N x N
matrix B® = (bﬁ) is defined by
1, if m(¢;) and w(t;) are sides of A with 7(¢;) following 7 (¢;)
in the clockwise order,
bﬁ = —1, if n(¢;) and 7(¢;) are sides of A with 7(¢;) following 7(t;)
in the counterclockwise order,
0, otherwise.

We define the N x N matrix By = Y . B2, where /A runs over all non-self-folded triangles
in T
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We consider a tagged triangulation T of (S, M). We obtain a tagged triangulation T
from T by simultaneous changing all tags at some punctures, in such a way that there is
an ideal triangulation T° satisfying 7' = «(T°) (see [MSW1, Remark 3.11]). Notice that
T satisfies Assumption 1.

Definition 16. [FST, Definition 9.6] For a tagged triangulation 7', we define the N x N
matrix By := Bro.

Since By is skew-symmetric, we get a cluster algebra A(T) := A(Br) with principal
coefficients for any tagged triangulation 7'.

Theorem 17. [FST, Theorem 7.11][FT, Theorem 6.1] Let T' be a tagged triangulation of
(S, M). Then the tagged arcs 6 of (S, M) correspond bijectively with the cluster variables
x5 in A(T). This induces that the tagged triangulations T' of (S, M) correspond bijectively
with the clusters xp in A(T). Moreover, the tagged triangulation obtained from T' by
flipping at & € T" corresponds the cluster obtained from xr by mutating at xs.

For a tagged arc ¢t and a puncture p of (S, M), we denote by ) the tagged arc obtained
from t by changing tags at p, where t®) = ¢ if p is not an endpoint of ¢.

Proposition 18. [MSWI1, Proposition 3.15] Let T' be a tagged triangulation of (S, M)
consisting of tagged arcs ty, ..., tn. We denote by T®) the tagged triangulation consisting
of tgp), . ,t%’). Let X7 = (x, Br) and Y34 = (2P, Brg)) be the corresponding initial
seeds of A(T) and A(T™®)), respectively. Then for a tagged arc &, we have

A(T®) [ ]A(T)

[xé(p>]ET(p) - 6 Y |:c<—x<P),y<—y(P>ﬂ

A(T)

where [x;5]5, " is the cluster expansion of xs with respect to Y in A(T).

In view of Proposition 18, since we have T = T®P) for some punctures pi,...,pr,
it is enough to consider a tagged triangulation T' satisfying T = T, that is satisfying
Assumption 1. In the rest of this paper, we assume that any tagged triangulation satisfy
Assumption 1. Moreover, suppose that there is a 1-notched arc t € T with endpoint p
tagged notched. Let s € T the corresponding plain arc. Then t® = s and s =t hold.
Therefore, for a tagged arc 9, we have

[1‘ ] A(T<P))

A(T A(T
[wswlne = [oslzly,  loca® ey = [Tolon loiers,

by Proposition 18. Thus we can make Assumption 2.

2.4 Musiker-Schiffler-Williams cluster expansion formulas

In this subsection, we recall the cluster expansion formula given by Musiker-Schiffler-
Williams [MS, MSW1]. We call it the MSW formula. Fix a marked surface (S, M) and a
tagged triangulation T of (S, M) satisfying Assumptions 1 and 2. Let v be a plain arc of
(S, M) such that v ¢ T. We use the notations of the introduction.
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2.4.1 Formula for plain arcs

Recall the MSW formula for z.,. In the triangulation 7, constructed in the introduction,
triangles have at most two sides that are non-boundary segments and at least one side that
is a boundary segment. We construct the snake graph 67 = 5% from T, by unfolding
each triangle of T, two sides of which are non-boundary segments, along its third side
(see Figure 5). We label all edges of 67 by the corresponding tagged arcs of 7.

b c
b unfolding JAN
c — a
YA along a
Vv
a b ¢

Figure 5: Unfolding A, where a is boundary segment, while b and ¢ are not

Example 19. We construct the snake graph Gy, for the tagged arc §; given in Subsection
1.2 as follows:

67\
N, 4 N
i . 223 6

~11 g liigs
A [ /% DNy 1%
Ts, W B N — klg - — Gs, k1¥1&
3 4 3 372 321

Note that @7 consists of n squares with diagonals 7; for 1 < i < n. We call these
squares tiles of @7. Let G, := G, be the graph obtained from 5W by removing the
diagonal of each tile. It is easy to see that the following special perfect matching is
uniquely determined.

Definition 20. [MSW1, Definition 4.7] Let ey be the edge of G, corresponding to the
boundary segment of 7, that follows 7 in the clockwise direction in the triangle 7. The
minimal matching P_(G,) is the perfect matching of G, containing ey and consisting only
of boundary edges.

In Example 19, e is the bottom edge of Gs, .

Theorem 21. [MS, Theorem 5.1] For P € P(G,), the set P_(G,)AP consists of all
boundary edges of some (possibly empty or disconnected) subgraph Gp of G, that is a
union of tiles.

We denote by J(P) the set of the diagonals of all tiles of G, that are contained in Gp.
The following cluster expansion formula is obtained by using perfect matchings of G,.

Theorem 22. [MSW1, Theorem 4.10] We have

1
T, = @(m Z x(P)y(P)), z(P) = Hl'e, y(P) == H )yj-

PEP(Gy) ecP jEJ(P
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2.4.2 Formula for 1-notched arcs

Recall the MSW formula for z.). Let ¢ # p be the other endpoint of ~®) In the same
way as above, for the ordinary loop £, defined in Theorem 2, we get the snake graph G,
which is denoted by G ) in the introduction. By construction, G, contains two disjoint
subgraphs Gy and G7 with same form as G,. Moreover, we consider the subgraph H;

of G};,p obtained by removing the vertex p and the two edges ¢y, (,,,-

Example 23. Let ¢, be the ordinary loop such that ¢(¢,) = J5 in given Subsection 1.2.
We have the triangulated polygon Tp,, the snake graph Gy, and the subgraphs Gép and

H Zp of Gy, as follows:

17 17 17
321 , 32 , 321
Tfp GKP Gép HZP\—‘
p 63 2 63 2
— 6 pla] ply] |
! ; / \*Nl p 263 P
kz 45632w —4—-5—7 —4 |
1& I 2364 |56 236 2 )
/2 DA\ NV &8 S R4 S A% 10} —
123 123 123
1] Ly Ly

Definition 24. [MSW1, Definition 4.15] A perfect matching P of Gy, is y-symmetric if
P| o~ P| mz - We denote by P(G,w) the set of y-symmetric perfect matchings of Gy,.
P p

We also refer to elements of P(G.)) as perfect matchings of G. ).

Theorem 25. [MSWI1, Theorem 4.17, Lemma 12.4] For P € P(Gy,), let res(P) be a
unique perfect matching of G, such that res(P) \ (res(P) N {¢y,(,}) = Pluy - Then

P|g; =~ res(P) for some i € {1,2}. Moreover, we have
= L Y we)ue) ) wp) = Pl gy = P
1T P\ eross(T40) |, £ A T 2es(P)) YT Yles(P))
SLACHES)

Example 26. For G, and Gép in Example 23, their minimal matchings are

|
—
|

321
| |
6 3 2 4P
pl | I |
563 i
I T I
P—(Gfp)_ 4p_5_ 7 and P_(Gﬂp)_
| | 123
236456 i
I g g
123 p

Then there are nine ~-symmetric perfect matchings P of Gy,, corresponding to nine
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monomials Z(P) 7(P) as follows:

1
—
|
i
—
|
i
—
|
i
—
|
1
—
|

321 321 321 321 321
| | | | | |
63 2 63 2 63 2 63 2 63 2
pl.ogl plog ! plog ! P =4 P =—4m—
p 563 p 563 p 563 p 563 p 563
| A=E— Ty P T e —4= 50T —4— 5=
2364 56 236456 2364 56 2364 |56 2364 56
Loim3mg ] Loz gl Loz icy= —_—3hg ! — 3
i23 p i23 p i23 p i23 p i23 p
-1 -1 -1 -1 -1
T1T2X3T5T6 T1T9T8Y3 T1T2T4T6LTY4Y5 T1T4T6Y3Ya X TITTY3YaYs
(| =l= 1Ll 1Ll
321 321 321 321
I | R I | I |
63 2 63 2 63 2 63 2
D =] - p|4| D = - p|4|
p 563 p 563 p 563 p 563
—4— 5Ty —4= 5070 —tm 5 —4=- 5070
236456 2364 56 2364 56 2364 56
joopstea] —_— 3 =4 |3 —d— |3 =4
123 p i23 p 123 p 123 p
L. - L. L.
T1X3T4TeY2Y3Ys  T1T3T4T5Y3Y4Y5Y6 T1T3T2T7Y2Y3YaYs T1T2T4T5Y2Y3YaY5 Y6

Since these are perfect matchings of G, for d, given in Subsection 1.2, the corresponding
cluster variable is

2

1 T1T2X3T5T6 + T1T2TgYs + T1T2T4TeT7YaYs5 + T1T4T6Y3Y4
_ 2
Tsy, = O ———— | +@12izrysyays + 2123242611304 + T1232475Y3YaYs5Ys
ToX3L4T5T6 2 2
FT1T3T5T7Y2Y3YaY5 + T1T3T4T5Y2Y3Y4Y5Y6
2
T1T2T3T5T6 + T1T2TgYa + T1T2T4T6L7Y4Y5 + T4T6Y3Ya
1

- ToT3T4TsTe +23T7Y3YaYs + T3TaTeYaYsya + T3TaT5Y3YaYsYe
2T\ s rirryaysyays + T3T4T5Y20sYaYsYs

2.4.3 Formula for 2-notched arcs

Recall the MSW formula for Ty (pa) - As above, we get ordinary loops ¢, and ¢, and the
snake graphs Gy, and Gy,. Note that the pair (G, Gy,) is denoted by G, ue in the
introduction. Remark that v may be a loop. Then we denote by ¢, and ¢, the loops as in
Figure 6 although they are not ordinary loops.

Definition 27. [MSW1, Definition 4.18] Let P, and P, be y-symmetric perfect matchings
of Gy, and Gy, respectively. The pair (P,, P,) is vy-compatible if res(P,) ~ res(F,). We
denote by P(G,wa)) the set of y-compatible pairs of P(G.w)) X P(G. ). We also refer to
elements of P(G ) as perfect matchings of G ).

Theorem 28. [MSW1, Theorem 4.20] We have

1 = =
Typa) = @ —CrOSS(T, 7(pq)) E x(ch Pq) y(Ppa Pq) )
(Ppypq)EP(Gw(pQ))
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Figure 6: Analogues of ¢, and ¢, for a 2-notched loop

where
x(Pp>x(Pq) —(

Z(P,, P,) = A P, P,

B = ()

3 Proof of Theorem 4

In this section, we keep the notations of the previous sections. We prove the bijection
between (1) and (2) in Theorem 3 and Theorem 4 in the three cases of § = v, 4® and
~P9)  Notice that the same notations ® and cross(T, §) appear in Theorems 4, 22, 25 and
28. So we only need to consider xz(A) and y(A) for A € A(T5). Let A(Tjs) be the set of
angles incident to at least one diagonal of Ty, and let A (T5) be the set of exterior angles
of Ts which are angles between boundary segments and diagonals of Ts. In particular,
Acx(Ty) is contained in A(Tj). For a set S, we denote by #S the cardinality of S.

3.1 The case of plain arcs

Recall the result of our previous paper [Y]. For a plain arc v, we denote by (G,): (resp.,
(G,)p) the set of edges (resp., boundary edges) of G,. Let A(G,) be the set of angles
between a diagonal 7; and a side of the square with diagonal 7; in G, and @ : A(G,) —

(G4)1 the surjective map sending a € A(G,) to the side that is opposite to a. By the

unfolding process (see Subsection 2.4), there is a canonical surjection 7 : A(G.,) — A(T)
compatible with the construction of G,.

Theorem 29. [Y, Lemma 3.2, Proposition 3.4] There exists a bijection ¢ : A(T,) —
(G,)1 making the following diagram commutative:

a@)
7 N
A(Ty) —— (G

Moreover the map ¢ induces a bijection ¢ : A(T,) — P(G,) satisfying ©(A) = z(p(A))
for A e A(T,).
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Theorem 29 clearly gives the bijection between (1) and (2) in Theorem 3 for plain
arcs. We only need to show that y(A) = y(p(A)) for A € A(T,) to prove Theorem 4 for
plain arcs.

Lemma 30. The restriction p|a, (r,) of ¢ deduces a bijection between Ae(T,) and (G )s.

Proof. The complement A(T),) \ Aex(T),) consists of angles a; between 7, and 7,41 for
i € [1,n — 1], in particular, #(A(T,) \ Aex(T)) = n — 1. It follows from the unfolding
process that ¢(a;) € (G,)1 \ (G4)p. Since #((G,)1 \ (G,)s) = n — 1, the restriction
O AT, )\ Aex(T) 18 bijective and so is @], (1,)- O

Proposition 31. For A € A(T,), we have Y (A) = J(¢(A)), that is y(A) = y(¢(A)).

Proof. By Theorem 29 and Lemma 30, ¢(A_(T,)) is a perfect matching of G., consisting
only of boundary edges. In particular, since eg € p(A_(T,)), where ey was defined in
Definition 20, p(A_(T,)) = P_(G,) holds. Thus we have p(A_(T,)AA) = P_(G,)Ap(A).
On the other hand, ¢ maps the four angles incident to 7; in 7', to sides of the square with
diagonal 7; in G,. Therefore, (A_(T,)AA) N A (T,) contains an angle incident to 7,
which is equivalent to 7, € Y (A), if and only if (P_(G,)Ap(A)) N (G4), contains an
edge of the square with diagonal 7; in G, which is equivalent to 7; € J(p(A)) by the
definition. O

Proof of Theorem 4 for plain arcs. The assertion follows from Theorems 22 and 29 and
Proposition 31. O

Finally, we prepare the following lemma to use later.

Lemma 32. For A € A(T,), if A_(T,)AA contains an exterior angle incident to 7; in
T, it contains all exterior angles incident to 7; in T,.

Proof. By Theorem 21, for P € P(G,), if P_(T,)AP contains a boundary sides of the
square with diagonal 7; in év, it contains all boundary sides of the square with diagonal
T; in @7. Since ¢ maps the four angles incident to 7; in 77, to sides of the square with
diagonal 7; in @7, the assertion follows from Lemma 30. [

3.2 The case of 1-notched arcs

In this subsection, we show the following theorem.

Theorem 33. There is a bijection ¢, : A(T, ) = P(G ) satisfying z(A) = T(p,(A))
and y(A) = §(pp(A)) for Ac A(T,w).

Theorem 33 clearly gives the bijection between (1) and (2) in Theorem 3 for 1-notched
arcs. To prove Theorem 33, we prepare the following notations as in Figure 7. By
construction of the triangulated polygon Tj,, it contains two disjoint subgraphs Tzlp and
T, 22,, with same form as T, where Tglp has the boundary segment ¢, of Ty,. The subgraph
U g‘p of ij is obtained by removing the vertex p and the two sides (4, ¢,,. Fori € {1,2}, let
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v; (resp., v}) be the common endpoint of 7,, and (,, (resp., ;) in TZP. Let a; (resp., a;) be
the angle at v; (resp., v;) that comes first in the counterclockwise (resp., clockwise) order
around v; (resp., v;). We denote by aj an angle between 7,, and the boundary segment
of the triangle with sides 7,,_; and 7, of Tgp. If n > 1, it is uniquely determined, that is
a; = a; or aj = a.

U1 . p . Uy
m 1
b1 (&] Ca bg
1 2
UZ e .. e Ue
P 71 Tn Cl C2 Crn Tn 71 p
1 2
T'Zp Cl] d) TEP
vy U2

® a = a; case ® o) = a case

v PV Vi P Uy
a Cm7 €1 a,2 a Cm7C1 a,2
i) Tn—1 Tn 1 Can AR . .71 or 71. p [/ ¢1 ConTn Tno1 s
J a N\ l.. J G
1}’1 %) 'Ui (]

Figure 7: T}, and subgraphs T} and U; of T,

By Theorem 29 and Proposition 31, there exists a bijection ? : A(T},) — (Gy,)1 which
induces a bijection ¢” : A(T},) — P(Gy,) satisfying 2(A) = z(¢”(A)) and y(A) = y(¢P(A))
for A € A(Tgp).

Lemma 34. The restrictions of P induce bijections
@p\A(U;p)u{ag} : A(Ueip) U{ai} — (Hzip)la ¢p|A(Tgp) : A(Tei,,) - (Gép)l
fori € {1,2}. Moreover, the map g0p|A(Teip) induces a bijection between A(T} ) and P(Gy ).

Proof. The first assertion follows immediately from the unfolding process. The second
assertion follows from ij ~ T, G}}p ~ (., and Theorem 29. O

Definition 35. We say that A € A(Ty,) is y-symmetric if the restrictions of A satisfies
A|A(U,}p)|_|{a<1>} ~ A|A(U}p)u{a;}~ We denote by Agym(7y,) the set of y-symmetric maximal
independent sets of angles in T, .

Let A € A(Ty,). Tt follows from Theorem 25 and Lemma 34 that Al,q; ) € A(T})

for some i € {1,2}. Since it is uniquely determined up to isomorphism, we denote it by
res(A).
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Proposition 36. The map ¢? induces a bijection P : Ay (Ty,) — P(Gw) satisfying
T(A) = T(¢"(A)) and Y(A) =7(¢P(A)) for A € Agym(Ty,), where

y(A)
y(res(A))

Proof. It follows from Lemma 34 that A € A(7},) is y-symmetric if and only if ¢P(A) €
P(G,w). Since ¢ is a bijection between A(Ty,) and P(Gy,), it induces a bijection be-
tween Ay (Ty,) and P(G. ). On the other hand, Theorem 29 and Proposition 31 imply
that z(A) = z(¢P(A)) and y(A) = y(e(A)) for A € A(T},), and also z(res(A)) =
x(¢P(res(A))) and y(res(A)) = y(¢?(res(A))) for A € Agm(Ty,) since Ty =~ T,. Since ¢
is compatible with res, we have

z(4)

A= ()

y(A) =

s sy
) = o res(A) ~ ales(er(A)) 8 W)
similarly, 7(A) = 7(¢”(A)) for A € Agym(Ty,). O

All that is left is to give the following proposition for the proof of Theorem 33.

Proposition 37. There is a bijection P : Ayw(Ty,) — A(T,w) satisfying T(A) =
r(YP(A)) and Y(A) = y(YP(A)) for A € Aym(Ty,).

To prove Proposition 37, we prepare some lemmas. We denote by 7j, \ Tfp the sub-
graphs obtained from Ty, by removing U, ezp and ¢, of Tgp. Similarly, we define the notation
Ty, \ T}, For i € {1,2}, let ¢; and ¢ be the angles as in Figure 7.

Lemma 38. For A € Ay (Ty,) andi € {1,2}, ¢; € A if and only if ¢, € A.

Proof. Suppose that ¢; € A. Since TZP has n + 1 triangles, it follows from ¢; € A that
#A] aeri y =n. Thus ¢ € A since TZP has n + 1 vertices incident to at least one diagonal
P

in TZP. The proof of the converse assertion is similar. O]

For A € Agym(Ty,), the y-symmetry implies that af € A if and only if a5 € A. It is
consistent to use the notations a; € A and af ¢ A. Let by (resp., by) be the angles as in
Figure 7.

Lemma 39. For A € Ay (1y,),
(1) ifal =a; € A oral =a, ¢ A, then co,cy ¢ A,
(2)if a; =a; ¢ A oraj =a}, € A, then ¢y,¢) ¢ A.

Moreover, A = A|A(Tep\Tgp) L A|A(Tgp) and res(A) = A'A(Tgp) hold for j € {1,2}.

Proof. Ifa? =a; € A,thend, ¢ A. Ifal = a) ¢ A, then by € A, and ¢ ¢ A. The assertion
(1) follows from Lemma 38. Consequently, we have a decomposition A = A| Am,\12) U

A|A(T£2 ). Since #A|A(Tf y=n+1and Tfp has n+ 1 triangles, then A|A(T§ ) € A(Tfp). Thus
res(A) = Al 4z holds. The proof of (2) is similar O
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Next, we consider the triangulated polygon T’ ) with one puncture p. We prepare the
following notations as in Figure 8. Let v (resp., v’) be the common endpoint of 7,, and
Cm (vesp., (1) in T, Let d (vesp., d’) be the angle at v (resp., v') that comes first in the
counterclockwise (resp., clockwise) order around v (resp., v'). We denote by d° an angle
between 7, and the boundary segment of the triangle with sides 7,,_; and 7, of T If
n > 1, it is uniquely determined, that is d° = d or d° = d’. Let e; (resp., e3) be the angle
between (; (resp., ¢,,) and a boundary segment of 7).

o d° = d case o d° = d case
v v
d 2 = Oy d 2 = Oy
7 7/
Cm Cm—lamil C’m Cm—lam 1
Tn—1 NV NI
1 T p . or TL  eoe s Tn P
VAN . Tn—1 /7 N\
¢ G /. ¢ G
d €1 D) d| /e 9
v v

Figure 8: Tv(p)

Lemma 40. For A c A(T,w),
(1)ifd>=de Aord =d ¢ A, thenes ¢ A,
(2)ifd>=d¢ Aord =d €A, thene; ¢ A.

Proof. We only prove (1) since the proof of (2) is similar. Suppose that e; € A. For
k € [2,m], we denote by « the angle between (; and the boundary segment of the
triangle with sides (7 and (3. An easy induction shows that ay € A for all k € [2,m)]
since a,,, = ey € A. Thus A has the angle between (; and (,,, and d° = d ¢ A or
d° = d' € A follows easily. H

The graph T. ) is obtained from Ty, \Tfp by identifying the two edges (,, along the
direction from p to the other endpoint of ,,. Similarly, it is also obtained from T}, \ T, le
by identifying the two edges (; from p to the other endpoint of (;. These constructions
induce bijections

g1 AT\ T7 ) = A(Tyw) \ {ea} and gy : AT, \T;) = A(T,») \ {e1}

such that g1 (aj) = d° = g2(a3) holds. In particular, for {i,j} = {1,2} and A € A(Tep\Té}),

we also have g;(A) € A(T,w ) and 2(A) = 2(g:(A)). Moreover, there are bijections

Aex(Ty, \Tfp) \ {b1, ¢1, the angle between ¢,,, ; and (,,} U{c}} = Aex(T,n)  (3.1)
given by a — g1(a) if a # ¢, and ¢, — eq, and

Ax(Ty, \Telp) \ {D2, ¢z, the angle between ¢; and (,} U{c}} = Aex(T,n) (3.2)
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given by a +— gs(a) if a # ¢} and ¢| — e;. Finally, we give one lemma for a general §. For
ke [1,n],let T, 5_;]“ and T} * e the two subpolygons of T} obtained by cutting 7 along 7,
where T, " contains q. We denote by A'(T;7") the restriction A(T; 5)|T§i;k. We also define
that T; %" (vesp., T,7°) is the subgraph obtained from T, " (resp., T, ) by adding the
triangle with sides 7,,, ¢; and (,, (resp., 71, & and &).

Lemma 41. For A € A(T5), there is a unique completion CTk(A|A,(T6:l:;k)) e AT
containing A\A,(T;;k).

Proof. Since the equality
#A’A/(Tgt;k) — #{triangles of T; "}
— #{vertices of T, incident to at least one diagonal}

holds, there is exactly one endpoint v of 73 such that A| AT has no angle incident to
6

v. Therefore, there is exactly one angle a, of A(T;7*F')\ A/(T;7") incident to v, and we
have a unique completion C, (A|A,(T6i;k)) = A‘A,(Téi;k) U {a,} € A(T; . O

For {i,j} = {1,2} and A € A(T}, \ T} ), there exists a unique symmetric completion
A S Asym(Tﬁp) of A, that is A|A(TZP\Tgip)|—|{C§} = A and A|A(Tgp)u{ci} ~ CTH(A|A(UZP)IJ{(1§-’})'

We are ready to prove Proposition 37.

Proof of Proposition 37. By Lemma 39, we can define the map ¥ : Agn(T7,) — A(T,w)
by

gl(A’A(Tgp\Tfp)) ifa =a; € Aoraf =a} ¢ A,

Agym(Ty,) > A { (3.3)

92(A|A(sz\T}p)) ifa =a; ¢ Aoraj =a, €A

(2 K3

We show that 9P is injective. Let A, A" € Ay, (Ty,) satisfying A # A’. In particular,
the 7-symmetry implies that A AT\T] ) F A am\1i)- Haj € AN A oraj ¢ AUA,
then ¢P(A) # P(A’) follows from (3.3). Suppose that af € A and af ¢ A’. Then
& = gi(a2) € gi(4) = 0?(A) and &° = g;(a3) ¢ g;(A') = YP(A') for j € {1,2}\ {i}. Thus
YP(A) # ¢YP(A’) holds, that is ¢? is injective.

We show that 9" is surjective. Let B € A(T,w)). If d®> =d € Aor d® =d ¢ A, then
B C A(T,w)\{e2} by Lemma 40(1). Thus g;"(B) C A(T,, \Tfp). There is the symmetric
completion g; ' (B) € Aym(Ty,) such that ¢? <gl_1(B)> =B. Ifd°=d¢ Aord° =d € A,
then e; ¢ B by Lemma 40(2). In the same way as above, there is g, (B) € Agm(T,)
such that ¢? <g5 1(3)) = B. Therefore, 1? is surjective.

Let A € Agn(Ty,). Since there is at least one i € {1,2} such that ¢;, ¢ ¢ A by Lemma
39, we have

(4 x4
w(res(A)) x<A|A(T}p)>

T(A) = = x(A’A(TZP\T;'p)) = z(P(A)).
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We only need to prove Y (A)\Y (res(A4)) = Y (¢¥P(A)) to give y(A) = y(¢?(A)). Suppose
that af = a; € Aoraf = aj ¢ A. From A_(Ty,) = A_(Ty, \T; ) UA_(T}) and c3, ¢, ¢ A,
we get a decomposition

AL(T,) DA = (AT, ) AA) L vr2 ) U (A= (T) 5A) gz
= (A_(T5, \Téi)AA|A(Tgp\TZp)) 8 (A—(Tei)AAIA@;p))-
Thus we have
Y(A) =Y (Alam,\72)) WY (Alaz ) = Y (Ala, 22 )) U Y (ves(4)), (3.4)
where the second equality holds by Lemma 39(1). On the other hand, the equalities
91(A-(Ty, \ TZ,)AAlA(Tgp\Tfp)) = (A= (T4, ) AA) | aem,\12)
— YP(A(T,)AA) = A_(T,)A0P(4)  (35)

hold by (3.3) and Y?(A_(1},)) = 91 (A_(T%, \Té)) = A_(T,»). Therefore, it follows from
Lemma 32 that A_(T}, \TKZZ,)AA’A(TeP\TEp) contains b; (resp., ¢;, the angle between (,,
and (,,) if and only if it contains ay (resp., ¢}, the angles between (,,_; and boundary
segments). Thus we have Y<A’A(Tfp\Ter)) =Y (¢P(A)) by (3.1) and (3.5). Consequently,
we have

Y(A)NY (res(A)) = Y(Alae,\rz)) = V(¥7(4))

by (3.4).

Suppose that af = a; € A or af = a; € A. Since c1,¢; € A_(T},)AA by Lemma 39(2),
then ¢; € Y(A4). We also have (; € Y(¢?(A)) since e; € A_(T,») and e; ¢ ¢P(A) by
Lemma 40(2). Since we have the equalities

A_ (T}p) = A_(Ty,)|aery ) U {the angle between 7, and ¢, },
A_(Ty, \ Telp) = A,(Tgp)|A(T£P\TZ1 y U {the angle between ¢, and (,},
then the equalities

Y (A)

Y(A)|T,}p U{¢ru Y(A)‘Tep\T}p
=Y (Al ) UG Y (Alag, 1)
= Y (res(A)) U{G U Y (Alan, 1y ))-

hold by Lemma 32 and Lemma 39. In the same way as above proof, we have Y (A| AT \T} )
=Y (¥P(A))\ {¢;} by (3.2). Consequently, we have

Y(A)\Y (res(A)) = Y(Alar,\r2 ) UG = Y (7(A)).

This finishes the proof. O
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Proof of Theorem 33. By Propositions 36 and 37, there is a bijection ¢, = ¢P(¢?)~! :
A(T (p)) — P(Gw(p)) satisfying

2(A) =7((WP) 71 (A) = T(P"(WP)TH(A)) and y(A) =T((VP)H(A)) = F(L" (V") (A))
for A € A(Tv(p)). ]

Proof of Theorem 4 for 1-notched arcs. The assertion follows from Theorems 25 and 33.
O

3.3 The case of 2-notched arcs

In this subsection, we show the following theorem.

Theorem 42. There is a bijection ©pq : A(T,0) = P(G wa) satisfying £(A) = T(ppg(A))
and y<A) = y(@pq(A)) for A e A(Ty(pq))'

Theorem 42 clearly gives the bijection between (1) and (2) in Theorem 3 for 2-notched
arcs. To prove Theorem 42, we prepare the following notations as in Figure 9. For
6 =, 7®), 4@ or 49 there are three subpolygons T¢ := T; ', T¢ := T;7' N T, " and
TP := T;7™ of T5. We denote by T;* the subpolygon T; U Ty of Ty for *,x € {q,c,p}.
We have a decomposition A(Ts) = A(T5)? U A(Ts)° U A(Ts)P, where A(Ts)* consists of
angles contained in Ty for * € {q,¢,p}. For A € A(Tj), we define a decomposition
A = A7 A° U AP where A* € A(Ts)* for x € {q,c,p}. For an arbitrary decomposition
S = S 5°U SP as above, we use the notations S** := S* U S* for x,x € {q, ¢, p}.

& t & T
q P
& ¢ & G G
e & : e & .
9. p g D
L 7 L TT;@ Lo 2 Loo 1 Ty
K ‘fe_,u C1 K ‘Ee_.u s "Cz..

Figure 9: The decompositions of 7%, Tw,s T, and T

Since there is the natural inclusion from T, (vesp., T, w), T ) to T we, we can view

T, (resp., T,w), T,w) as a subpolygon of T 44, and A(T,) (resp., A(T,w), A(T,w)) as a
subset of A(T 0 ).

Definition 43. The pair (A,, 4;) € A(T,w) X A(T,«w) is called y-compatible if A = A
and A7 U AP € A(T,), where we view A% 11 A% as a subset of A(T,). We denote by

Acom(Tyw), T,)) the set of y-compatible pairs of A(T,w)) x A(T ).
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Lemma 44. Ifn = 1, (4,,A;) € Acom(Tyw, Tyw) if and only if A% 1AL € A(T,). If

n>1, (Ap, Ag) € Acom(Tyw), Ty) if and only if Ay = Ag.

v

Proof. If n =1, the assertion follows from A7 = 0= Ajg. Suppose n > 1 and Aj = Af.
Since A, and A, have exactly one angle in each triangle, so does A? LI A¢P. Therefore, we
only show that A1l AP has exactly one angle incident to each vertex which is incident
to at least one diagonal of T’,, which is equivalent that any two distinct angles a and b in
AT LI AP are not incident to a common vertex. If a,b € Al or a,b € AP, the assertion
holds since A%® C A,, A C Ay, and A, and A, are so. Suppose that a € A% and b € A?
are incident to a common vertex. Then 7q,..., 7, must be incident to the vertex. Since
Ap € A(T,w)), Aj contains the angle between 7; and a boundary segment of the triangle

o

with sides 7; and 7;,1 for i € [1,n—1]. Similarly, since A, € A(T,«)), AF contains the angle
between 7; and a boundary segment of the triangle with sides 7,_; and 7; for ¢ € [2,n]. It

contradicts Ag = Ag. Thus the assertion holds. O]

We define the maps r : Acom (T, T ) — {subsets of A(T})} and i : Acom (T, T0)
— {subsets of A(T,wq)} by

r(Ap, Ag) = AZ U A2p7 i(Ap, Ag) = Ag U Agp
for (Ap, Aq) € Acorn (Tfy(P> ) T’y<q))'

Lemma 45. For (Ap, Aq) € Acom(T,y(p),Tv(q)), I’(Ap, Aq) S A(T,y) and i(Ap, Aq) € A(Tv(pq))
hold.

Proof. By the y-compatibility, r = AT AP € A(T,). If n > 1, in the same as the proof of
Lemma 44, i(A4,, A;) € A(T,49) holds. Suppose that n = 1. If i(4,, A;) € A(T, ), each
of A7 and AP has an angle incident to one endpoint of 7;. Thus each of A? and AP must

have an angle incident to the other endpoint of 71, so it contradicts AU AP € A(T5). O

Lemma 46. Let n =1 and A = (Ay, Ay) € Acom(T,w, Ty@). Then the following condi-
tions are equivalent:

() eY(4p), (2)meY(Ay), (3)neY(r(A), (4)necY((A)).

Proof. In this case, r(A) = A% LJ A has exactly two angles. Each of the conditions (1)-
(3) is equivalent that the angle between 7 and & is contained in A,. Moreover, it is
equivalent that A, contains either the angle between 7, and (,, or the angle between
C, and a boundary segment of 7.4, that is, the condition (4) holds. Therefore, the
conditions (1)-(4) are equivalent. O

Proposition 47. The map i is a bijection between Acom(T,w), T, @) and A(T,wq) satis-

fying T(A) = z(i(A)) and H(A) = y(i(A)) for A= (Ap, Ay) € Acom(Ly, Tya)), where
= . v(Ap)r(A,) = o y(Ap)y(Ag)
A=y W= @y
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Proof. First of all, we construct the inverse map of i. Let B € A(T%pq)). Ifn>1,
Cr (B?)¢ = B¢ = (,,(B%)° holds. If n =1, then C,, (B?)?U C;, (B?)? € A(T,) holds by
the proof of Lemma 45. Thus (Cr, (B?), (7, (B%)) € Awom(Tyw), T,w) by Lemma 44. We
define the map w : A(T,0)) = Acom (T, Ty) by w(B) = (Cr, (B?), C;, (B%)). Then it
is easy to show that wi and iw are identities. Thus i : Acom(T ), Ty ) — A(T,00) is a
bijection.

We have (4,)2(A,)

x :
(4) = W = w(A)x(Af) = x(i(A)).

We only need to prove Y (A4,) UY(A,) = Y(i(4)) UY(r(A)), possibly with multiple
elements, to give 7(A) = y(i(A)). Suppose that n > 1. By Lemma 32, 7; € Y (i(A)) (resp.,
Y (4,), Y(4,), Y(r(A))) if and only if there is at least one exterior angle incident to 7; in
(A_(T, w0 ) A i(A)) (resp., (A_(T,wm)AA)S, (A_(T,@)AAG)S, (A_(T,)Ar(A))°). On the
other hand, we have the equalities

sl

A_ (Tw(pq))c =A_ (Tw(p))c = (TW@)C (T,Y)C and I(A)C = A; = AZ = I’(A)C.
Then 7, € Y (i(A)) (resp., 7; € Y(r(A))) if and only if , € Y(A4,) (resp., 7, € Y(A,)).
Similarly, ¢; € Y (i(A)) (resp., & € Y (i(A4))) if and only if ; € Y'(4,) (resp., §; € Y (4,)).
Thus we have Y (A,) UY (4,) =Y (i(A)) LY (r(A)).

Suppose that n = 1. As above, (; € Y(i(A)) (resp., §; € Y (i(A4))) if and only if
¢; € Y(A,) (resp., & € Y(A,)). Therefore, Lemma 46 implies that Y'(A4,) UY(A,) =
Y(i(A)) UY(r(A)). This finishes the proof. O

All that is left is to give the following proposition for the proof of Theorem 42.

Proposition 48. There is a bijection " : Ao (T, Ty@) — P(GLu0) satisfying

T(A) = Z(g"(A)) and Y(A) = y(p"(A)) for A = (Ap, Ag) € Acom (T, Tyia))-

Proof. By Propositions 36 and 37, there are bijections

ATy0) X ATy0) e Aan(Ty) % Agm(Tr,) 2 B(Grn) X P(Goo)
\Y} \Y} W
A= (A A) 1 (Sp, Sg) ! (P, Py)

satisfying z(A,) = T(P.) and y(A.) = y(P.), where A, = ¢¥*(S,) P. = ¢*(5,) for x €
{p,q}-

If n > 1, by construction of ¢? and ¢, A7 = A¢ if and only if
CTn (SP‘A(UEIP)U{GT}) = Cm(Sp’A(U}p)u{ag}) = C’7'1 (Sl}'A(Uzlq)Ll{aT}) - 07'1 (SQ‘A(UZ])U{CLS}>'

Thus it is the same as res(S,) = res(S,), that is res(P,) = res(P;). By Lemma 44,
A€ ACOHl(T,Y(p),T,Y(q)) if and OIlly if (Pp, Pq) € P(G,Y(pq)).
If n =1 and res(F,) = res(F), then A7) AP corresponds to res(S,) = res(S,). Thus

AT AP € A(T,). Conversely, suppose that AT L Ap € A(T,). The each angle of S, which
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is contained in the triangles Ug1 and Uz corresponds to the angle of AZ. Thus A7 LI A
corresponds to res(S,) since Aq U AP € A( y). Similarly, Af 1 AP corresponds to reS(S )
Therefore, we have res(S,) = res(S ) So, by Lemma 44, A e Acom(Ty<p),T L) if and only
if (P, ;) € P(G,w0), also in this case.

Consequently, we have a bijection

PP = (0 x ) (WP x P Acom(Tho, Tyw) = P(Gom).

On the other hand, we have r(A) ~ res(S,). As in the proof of Proposition 36, we also
have z(res(S,)) = z(res(P,)) and y(res(S,)) = y(res(P,)). Therefore, we have
(

B(B)T(P) _ a(A)e(A) __
es(B) . a(r(A) D

and, similarly, 7(pP?(A)) = 7(A). O

T(p"(A)) =

Proof of Theorem 42. By Propositions 47 and 48, there is a bijection ¢,, = ¢ it

AT, wa) — P(G, o) satisfying

v

2(A) =T(I7H(A) =T(¥"1i71(A)) and y(A) =7 (A) =TG("i7(A))
for A € A( ,Y(pq)> ]

Proof of Theorem 4 for 2-notched arcs. The assertion follows from Theorems 28 and 42.

[]

4 Proofs of our results for bipartite graphs

We refer the necessary notations in this section to the introduction. First, we prove the
bijection between (1) and (3) in Theorem 3 and Proposition 5.

Proof of the bijection between (1) and (3) in Theorem 3. Angles incident to each vertex
in A(Tys) correspond bijectively with edges incident to the corresponding black vertex in
Bs. Angles in each triangle in A(Tj) correspond bijectively with edges incident to the
corresponding white vertex in Bs. The assertion immediately follows from the definitions
of maximal independent sets of angles and perfect matchings of graphs. m

Proof of Proposition 5. Let E € P(B;s). For any vertex v of Bs, v is incident to exactly
zero or two edges in F_(Bs)AFE. As a consequence, F_(Bs)AFE is a disjoint union of
non-crossing cycles. Thus the assertion holds. O

Second, we have to be careful of the following special case to prove Proposition 6.

Lemma 49. Suppose that 6 = v and n = 1. For A € A( T w0), 1 € Y(A) if and only
if m € I(w(A)).

Proof. Since A_(T, e ) contains the angle between &; and a boundary segment of T’ o),
the assertion immediately follows from Proposition 5. O
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Finally, we prove Proposition 6 and give an example for the results of this section.

Proof of Proposition 6. It is trivial that @ induce a bijection between A (T5) and the
set of boundary edges of Bs. Therefore, for A € A(T5) and 7 € Ts, 7 € Y'(A) if and
only if E_(Bs)Aw(A) contains at least one boundary edge of a square labeled by 7, thus
7 € I[(w(A)). By Lemma 49, 7 € Y(A) if and only if 7 € I(w(A)). O

Example 50. For the tagged arc ¢, given in Subsection 1.2(2), we have

E_(Bs,) = l / O_.\

FANTANTAR RN RY
s /\ ' \\ \ 24
NELAND
\ \ -

It is easy to check that these correspond bijectively with maximal independent sets of
angles in Ty, given in Subsection 1.2(2). Moreover, for each £ € P(Bs,), the subgraph
Bpg in Proposition 5 is given as follows:

b

By comparing with Subsection 1.4(2), we can check that Proposition 6 holds in this case.

5 Minimal cuts of quivers with potential

In this section, we show that maximal independent sets of angles in Ts coincide with
minimal cuts of quiver with potential obtained from Ty, that is the bijection between (1)
and (4) in Theorem 3.

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(2) (2019), #P2.33 31



5.1 Quivers with potential and cuts

We recall the definitions of quivers with potential [DWZ] and of their cuts [BFPPT, HIJ.
We denote by Z () the path algebra of a quiver @) over the ring Z of integers.

Definition 51. (1) A quiver with potential (QP for short) is a pair (Q, W) of a quiver @
and an element W € Z @) which is a linear combination of cyclic paths.

(2) A cut of a QP (Q, W) is a subset C' of @; such that any cyclic path appearing in
W contains precisely one arrow in C.

We define a quiver Q)5 as follows: the set of vertices consists of diagonals and boundary
segments of Tj; the set of arrows consists of arrows from ¢ to j, where ¢ and j are in the
common triangle of T5 and j follows i in the counterclockwise order. We denote by Qg
the quiver obtained from )5 by adding arrows from i to j, where ¢ and j are boundary
segments which are not in the common triangle of 75 and ¢ is a predecessor of j with
respect to clockwise order.

To define a potential W5 of Q;, we consider the following cycles of Q;. A triangle
cycle is a cycle of length 3 inside a triangle of Ts. An exterior cycle is a cycle winding
around a vertex (possibly a puncture) of Ts. We define

Ws = Z(triangle cycles in Qg) — Z(exterior cycles in Q).

Note that this extends QPs for triangulated polygons without punctures defined in [DL]
to QPs for triangulated polygons with punctures.

Lemma 52. The number of triangle cycles in Qs and the number of exterior cycles in Qs
coincide.

Proof. By construction, the number of triangle cycles in Q5 and the number of triangles
in Ty coincide. Similarly, the number of exterior cycles in ()5 and the number of vertices
incident to at least one diagonal in Ts. So all these numbers coincide. O]

We denote by n(d) the number in Lemma 52.

5.2 Minimal cuts of QPs and Perfect matchings of angles

We have a natural injection p : A(Ts) — (Qs)1 given by the following picture:

T — Qs i—

Cuts of (Qg, Ws) have the following property using the map p.

Lemma 53. (a) Any cut C has the cardinality |C| = n(J).
(b) The equality in (a) holds if and only if C is contained in p(A(Ty)).
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Proof. Since there are n(6d) triangle cycles (resp., n(§) exterior cycles) not sharing arrows
with each other, (a) holds. There is an exterior cycle sharing arrows with each triangle
cycle. Since the shared arrows are contained in p(A(Tys)), the sufficiency of (b) holds.
Since p(A(Ty)) is contained in the set of arrows appearing in a triangle cycle of Qg, then
|C| < n(d) for C C p(A(T5)). Thus the necessity of (b) holds. O

Definition 54. A cut C of (Qg, W) is called minimal if |C| = n(d).

By Theorem 3, (Q;, Ws) always has minimal cuts.

Proof of the bijection between (1) and (4) in Theorem 3. Let A C A(Ts) and C := p(A)
C (®s)1- Then there is exactly one element a of A in any triangle of Ty (resp., incident
to any vertex of Ty) if and only if the corresponding triangle cycle (resp., exterior cycle)
contains precisely one arrow p(a) in C. Thus A € A(Ty) if and only if C' is a cut. Since
minimal cuts are precisely cuts contained in p(A(Ts)) by Lemma 53(b), the assertion

follows. O]

Consequently, we can give another cluster expansion formula in terms of minimal cuts.

Corollary 55. We have

z5 =D (m ; x(p‘l(C))y(p‘l(C))> ,

where C runs over all minimal cuts of (Qg, W5) and cross(T,0), z(p~*(C)) and y(p~(C))
are defined in Theorems 2 and 4.

Proof. The assertion follows immediately from Theorems 3 and 4. [

Example 56. For the tagged arc d, given in Subsection 1.2(2), we have

.
)

v N v N
0 — vt —3~1

=

— = 1’\ e
(Qégﬂwdg): %/QHB\(

(

Then there are nine minimal cuts of (@52,W52) as follows:

S\
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D= N

It is easy to check that these correspond bijectively with maximal independent sets of
angles in Ty, given in Subsection 1.2(2).

6 Essential loops

Recall the definition of essential loops [MSW2]. Throughout this section, we suppose that
a marked surface (S, M) has no punctures. An essential loop ¢ in (S, M) is a closed curve
in S, considered up to isotopy, such that: ( is disjoint from M and the boundary of S; ¢
does not intersect itself; ¢ is not a contractible loop.

Choose a triangle A of T that ( crosses. Let p be a point in the interior of A that lies
on ¢. Let a and S be the two sides of A crossed ¢ immediately before and following its
travel through p, and let 7 be the third side of A. Let ¢ be the curve whose starting and
ending points are p that exactly follows (. We can construct the triangulated polygon Tz

associated with Z in the same way as for plain arcs. Also, we obtain the snake graph GE
from T;. Let v (resp., w) be the endpoint of 7 and « (resp., 3) in the first triangle of 77
or G, and let v (resp., w’) be the endpoint of 7 and § (resp., «) in the last triangle of
T% or G¢ (see Figure 10).

ﬁi’f “’[H”r
« B a T a B
wc ”'<pk*<7”p>“' or
.y ; a B v’ a B
LTi TZ My’ Z vLT < ULT e
w , w/ # ﬁ ,U/
w T
: 7. . - - w a B w aj
-7 p p , or
Yp B ¢ v F7<74>’U T B T B W'

.

$
o

<
o}

Figure 10: TZ and GZ associated with an essential loop ¢

Definition 57. [MSW2, Definition 3.4, 3.8] The band graph ég associated with the es-
sential loop ( is the graph obtained from GZ by identifying the edges 7 in the first and
last squares such that v corresponds to ¢v’. That is, the band graph lies on an annulus or
a Mobius strip. A perfect matching P of G is called good either if 7 € P or if both edges
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incident to v and incident to w in P lie on the same square. We denote by Pg(ég) the set
of good perfect matchings of Ge.

Viewing P € I[Dg(é() as a subset of (G7)1, we can obtain Pec P(G7) from P by adding

either the edge 7 in the first square or in the last square in é(. Then it is easy to show
that there is a bijection P,(G¢) and the set

Py(Gz) :=={P € P(G7) | P contains 7 in the first or the last triangle of G}

given by sending P to P. In particular, there is a unique good perfect matching P_(Ge)
such that P_ ((N}C) = P_(Gy), called the minimal matching (see [MSW2, Remark 3.9]).

Definition 58. [MSW2, Definition 3.14] For an essential loop ¢ in (S5, M), we define a

Laurent polynomial
1

TS T > w(Py(p).

PePy(Ge)

One reason to consider x, is that they give rise to a base for the cluster algebra with
principal coefficients obtained from a triangulated surface without punctures. Let T be a
triangulation of (S, M). A collection of arcs and essential loops in (S, M) is C°-compatible
if they do not intersect each other.

Theorem 59. [MSW2, Theorem 1.1, 4.1] Let (S, M) be a marked surface without punc-
tures and T be a triangulation of (S, M). Then the set

{H z. | C is a C°-compatible collection of (S, M)}
ceC

is a base of A(T).

In this case, we study maximal independent sets of angles. For an essential loop ¢ in
(S, M), we can construct a triangulated polygon T in the same way as for plain arcs,
that is, it is a triangulated annulus (see Figure 11). In particular, it is not twisted unlike
band graphs. Since T has the same numbers of triangles and of vertices, then A(T;) # 0.

Figure 11: Example of T for an essential loop ¢

We define mazx-condition as the dual min-condition.

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(2) (2019), #P2.33 35



Definition 60. Let ¢ be an essential loop in (S, M). We say that a maximal independent
set of angles in T, is bad if all angles incident to one boundary component satisfy min-
condition and all angles incident to the other boundary component satisfy max-condition
(see Figure 12). A non-bad maximal independent set of angles in T¢ is called good. We
denote by A, () the set of good maximal independent sets of angles in 7.

C' e c’ °
2 2
C' : max-condition o o C' : min-condition
5 1 3 6 5 1 3 6
C" : min-condition ° ° C" : max-condition
4 4
() [ J

Figure 12: Bad maximal independent sets of angles in the above T; with boundary com-
ponents C' and C’

Then we have the following result.

Theorem 61. Let ¢ be an essential loop in (S, M). There is a bijection . : Pg(éc) —

Ay(Ty) satisfying x(P) = z(1c(P)) and y(P) = y(vc(P)) for P € Py(Ge). In particular,
we have the equation
1

= o) > w(Ay(A).

Aehy(Ty)

To prove Theorem 61, we need some preparations. By rotational symmetry of order
two, we can assume that T is the above case in Figure 10. Since there is a bijection

between ]P’g(éc) and Py(G;), Theorem 29 induces a bijection between Pg(ég) and the set

Ay(T7) == {A € A(T;) | A contains c or '},

where ¢ (resp., ¢') is the angle between o and 3 in the first (resp., last) triangle of 7% (see
Figure 13). In particular, this bijection preserves the values of 2(—) and y(—) by Theorem
29 and Proposition 31. We denote by c4 an angle ¢ or ¢ contained in A € Ay(T5). If
both ¢ and ¢ are contained in A, we define ¢4 = ¢. We only need to construct a bijection
UL Ay (T2) — Ag(Ty) satisfying 2(A\ {ea}) = 2(L(4)) and y(A\ {ca}) = y(eL(4)) for
AcA (T ¢)- Let a (resp., b) be the angle between a (resp , f) and 7 in the first triangle

of T¢ (see Figure 13). We denote by Ay(T7)s, (resp., ) the subset of elements in
AQ(TC) containing (resp., not contalnmg) b in partlcular A T S UA (TC)Sb'

Let A € Ay(T¢)sp. Then ¢ € A follows from the deﬁmtlon of A (TC) that is cq4 = (.
The triangulated annulus Tt is obtained from T by removing the last triangle in T and
by identifying the edges « in the first triangle and in the last triangle. It is easy to show
that this construction induces a natural map wc t Ag(T5)sp — A(T;). Abusing notation,
let a (resp., b, ¢) be the angle between 7 and « (resp., T and B, aand B) in Ty. We denote
by u the common endpoint of o and 8 in T¢. Let ay,...,0q = o, 00 = B = B1,..., B¢ be
all arcs incident to u winding counter-clockwisely around u (see Figure 13).
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Figure 13: TZ and T; for an essential loop ¢

Lemma 62. For A € Ay(T;)sy, then @b?b(A) € Ay(T;). Moreover, the map w?b induces
a bijection between A,(T7)s, and the set

Ay(Te)zp = {A € Ay(T) | b e A'}.

Proof. Since ¢ € A, then 1/1? ’(A) does not contain the angle between «;, and a boundary
segment incident to w. Thus the angle incident to w in 77/)(9 ®(A) does not satisfy min-

condition. Since b € w? b(A) satisfies max-condition, w? b(A) is good.
By construction, there is a bijection between A, (Tz)gb and the set

{A" € Ay(T;)s; | A’ contains the angle between f3; and (;41 for some i € [1,¢ — 1]}.

(6.1)
Let A" € Ay(T;)sp. If A’ contains the angle between a; and a1 for some j € [1,s5 — 1],
A" must contain the angle between «; and the boundary segment of the triangle with
sides ; and «a;_;. Continuing this process, A’ contains a, and it contradicts b € A’. If
A’ contains the angle between a, and a boundary segment incident to u, then A’ must
contain the angle between «; and the boundary segment of the triangle with sides «; and
a;y1 for [1,s — 1]. Then by the same argument for the other endpoint «’' # u of ay, the
angle of A" incident to u’ satisfies max-condition. Continuing this process, A’ consists only
of exterior angles whose angles incident to the boundary with u satisfy min-condition and
angles incident to the boundary with 7 satisfy max-condition. It contradicts that A’ is
good. Therefore any A" € A (T;)s, satisfies the condition of (6.1), thus the set (6.1) and
A, (T;)>y coincide. O

Let A € Ay(T7)y,. Then c € A follows from the definition of maximal independent sets
of angles, that is ¢4 = ¢. The triangulated annulus 7¢ is obtained from T by removing
the first triangle in T and by identifying the edges B in the first triangle and in the
last triangle. In particular, ¢’ in T corresponds to ¢ in T¢. It is easy to show that this

construction induces a natural map z/z? b, AQ(TZ)Eb — A(Ty).

., then @D?b(A) € Ay(T¢). In particular, the map 1; b

Lemma 63. For A € Ay(T)
induces a bijection between Ag(%f)ﬁb and the set

By(T)y, = {A € Ay(T)) | b A}
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Proof. Since ¢ € A, then w? ®(A) does not contain the angle between 3; and a boundary

segment incident to w. Thus w?b(A) is good since b ¢ w?b(A).
By construction, there is a bijection between A, (TZ>3b and the set

A’ does not contain the angles between ; and (3,1
/ (2 (2
{A €A8(T)%] for all i e [1,t—1] - (62)

Let A" € AH(TC)QE If ¢ € A', it satisfies the condition of (6.2). Suppose that a € A'.
Then, in the same way as the proof of Lemma 62, A’ satisfies the condition of (6.2).
Therefore, the set (6.2) and Ay(T, C)§b coincide. Thus the assertion holds. O

Proof of Theorem 61. We have decompositions Ay(T7) = AQ(TZ)BbUAg(TZ)ﬁb and A, (7¢)
= A (Ty)z U Ag(TC)éeb. We define the map ¢ : Ag(T7) — Ay(T¢) by

V(A) if A€ Ay(T5)sy,

s = [ R HA AT
PXP(A) if Ae AQ(TE)§b'

By Lemmas 6.1 and 6.2, 1 is bijective. It satisfies #(A\ {ca}) = z(¥¢(A)) and y(A \

{ca}) = y(Pi(A)) for A € Ay(T7) since 1/1?” and w?b are natural maps. Therefore, we
have a bijection

(U Pg(éﬁ) —— Py (Gz) —— Ay(Ty) —— Ay (T7)

¢ ¢
W w w W
P P pz(P) —— ioe(P),
where ¢z is the bijection between Py(Gz) and Ay(T5) induced by Theorem 29, satisfying
z(P) = z(¢¢(P)) and y(P) = y(y¢(P)). O
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