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Abstract

To estimate the lower bound for the chromatic number of a graph G, Lovész
associated a simplicial complex N (G) called the neighborhood complex and related
the topological connectivity of N'(G) to the chromatic number of G. More generally
he proved that the chromatic number of G is bounded below by the topological
connectivity of N'(G) plus 3.

In this article, we consider the graphs of maximal degree at most 3 and 4-regular
circulant graphs. We show that each connected component of the neighborhood
complexes of these graphs is homotopy equivalent either to a point, to a wedge sum
of circles, to a wedge sum of 2-spheres S2, to S3, to a garland of 2-spheres S? or to
a connected sum of tori.

Mathematics Subject Classifications: 05C15, 57M15

1 Introduction

The neighborhood complex, N'(G) of a graph G is the simplicial complex whose vertices
are all non isolated vertices of G and simplices are those subsets of V(G), which have a
common neighbor. The concept of neighborhood complex was introduced by Lovész [8] in
his proof of the Kneser conjecture, that if we split the n-subsets of a (2n+ k)-elements set
into k£ 4 1 classes, then one of the classes will contain two disjoint subsets. To prove this
conjecture, Lovasz first converted this set theoretic problem into an equivalent problem of
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the computation of chromatic number of a class of graphs, called Kneser graphs and then
related the connectivity of neighborhood complex to the chromatic number of graph.

A topological space X is said to be k-connected if every map from a m-dimensional
sphere S™ — X can be extended to a map from the (m + 1)-dimensional ball B™*! — X
form m=0,1,...,k.

Theorem 1. (Lovdsz) If N(G) is k—connected, then x(G) > k + 3.

Lovasz generalized the notion of neighborhood complex to a polyhedral complex
Hom(G, H), called the hom complex, for graphs G and H. In particular Hom(K,, G)
and NV (G) are homotopy equivalent. The 0-dimensional cells of Hom (G, H) are the graph
homomorphisms from G to H. For more details about hom complexes we refer the reader
to [1]. In [3], Bjorner and Longueville showed that the neighborhood complexes of a fam-
ily of vertex critical subgraphs of Kneser graphs, the stable Kneser graphs, are spheres
up to homotopy. In [10], Nilakantan and author studied the neighborhood complexes
of the exponential graphs Kﬁl. In this article we compute the homotopy type of the
neighborhood complexes of 4-regular circulant graphs.

Let n > 2 be a positive integer and S C {1,2,...,n — 1}. The circulant graph C,(S)
is the graph, whose set of vertices V(C,(S)) = {1,2,...,n} and any two vertices = and
y adjacent if and only if z —y (mod n) € SU =S, where =S = {n —a | a € S}.
Circulant graphs are also Cayley graphs of Z,, the cyclic group on n elements. Since
n ¢ S, C,(S) is a simple graph, i.e., does not contains any loop. Further, C,(S) are
|S U —S|-regular graphs, here | - | denoting the cardinality. It can be easily verify that
C,(S) is connected if and only if SU—S generates Z,. In this article we restrict ourselves
to |S| = 2 and for the convenience of notation, we write C,(s,t) in place of C,,({s,t}).
Since Cy(s,t) = Cp(n — s,t) = Cp(s,n —t), we assume that s, < 3.

2 Statement of results

We use the following definition of garland of topological spaces in Theorem 5 and

Theorem 6. Let X, Xs,..., X, be topological spaces. A topological space X = (J X;
i=1
is said to be a garland of Xy,...,X,, if |X; N X;| = 1 when |i — j| = 1 (mod n) and

X;NX; =0 when |i —j| #1 (mod n) for all 1 <i# j <n.

Theorem 2. Let G be a connected graph with maximal degree at most 3 and G # Ky, T
(see Figure 1a and 1b). Fach connected component on N(G) is either contractible or
homotopy equivalent to wedge sum of circles.

Let n > 5 and s,t € {1,2,...,|5]},s # t. To compute the homotopy type of the
neighborhood complexes of 4-regular circulant graphs we divide the set I = {{s,t} | s,t €
{1,2,...,[5]},s # t} in to the following disjoint classes: I = {{s,t} € I | n €
{2s,2t,2(s+t)}}, Lo ={{s,t} € I\, | 3s=tor 3t = s}, I3 = {{s,t} € I\([LUL) | 3s =
5t or 3t =b5s} and Iy =1\ ([; UL UI).
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Theorem 3. Let {s,t} € I,. Each connected component of N(C,(s,t)) is homotopy
equivalent to

(A) a point or wedge sum of circles, if 2s =n or 2t = n.

(B) a point or S', if 25,2t #n and 2(s +t) = n.

Theorem 4. Let {s,t} € I,. Each connected component of N (C,(s,t)) is homotopy
equivalent to

(A) S3,if 3s =t and n = 10s (or 3t = s and n = 10t).
(B) S*Vv 8% if3s =1t and n = 12s (or 3t = s and n = 12t).
(C) wedge sum of circles, if 3s =t and n # 8s,10s,12s (or 3t = s and n # 8t,10t,12t).

Theorem 5. Let {s,t} € I3. Each connected component of N (C,(s,t)) is homotopy
equivalent to

(A) a garland of the 2-dimensional spheres S?, if 5s = 3t andn = 4t (or 5t = 3s andn =
4s).
(B) S?V S?, if 55 = 3t and n = 4s (or 5t = 3s and n = 4t).
14s

(C) wedge sum of circles, if 5s = 3t and one of 6s or =2 is equal to n (or 5t = 3s and

3
one of 6t or % is equal to n).

(D) connected sum of tori, if 5s = 3t and 4s, 6s, %43,41% # n (or 5t = 3s and 4t, 6t, %‘t,
4s #n).

Theorem 6. Let {s,t} € I,. Fach connected component of N(Cy(s,t)) is homotopy
equivalent to

(A) either S* or S3, if one of the 3s —t,3t — 5,35+t or 3t + s is equal to n.

(B) a garland of the 2-dimensional spheres S?, if 3s —t,3t — 5,35 + t,3t + s # n and,
4t =n ords =n.

(C) connected sum of tori, if 3s —t,3t — s,3s + t,3t + s,4s, 4t # n.
The following theorem can be considered as a special case of Theorem 6 (C).
Theorem 7. Let n = pq, where ged(p,q) = 1. Let s,t € {1,...,n — 1} such that
25,2t,2(s+1),35s —t,3t — 5,35+ 1,3t + 5,454t Z0 (mod n). If s = 29 and t = L4 or,

2 2
s = ’% and t = ’#, then N (Cy(s,t)) is homotopy equivalent to torus.
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3 Preliminaries

3.1 Graph

A graph G is a pair (V(G), E(G)), where V(G) is the set of vertices of G and E(G) C
V(G) x V(G) denotes the set of edges. If (z,y) € E(G), it is also denoted by = ~ .
A subgraph H of G is a graph with V(H) C V(G) and E(H) C E(G). For a subset
U C V(G), the induced subgraph G[U] is the subgraph whose set of vertices V(G[U]) = U
and the set of edges E(G[U]) = {(a,b) € E(G) | a,b € U}.

A graph homomorphism from G to H is a function ¢ : V(G) — V(H) such that,
(v,w) € E(G) = (¢(v),p(w)) € E(H). A graph homomorphism f is called an iso-
morphism if f is bijective and f~! is also a graph homomorphism. Two graphs are
called isomorphic, if there exists an isomorphism between them. If G and H are iso-
morphic, we write G = H. The chromatic number x(G) of a graph G is defined as
X(G) := min{n | 3 a graph homomorphism from G to K,}. Here, K, denotes a com-
plete graph on n vertices.

Let G be a graph and v be a vertex of G. The neighbourhood of v is defined as
Nw) ={w e V(G) | (v,w) € E(G)}. If A C V(G), the set of neighbours of A is defined
as N(A) = {x € V(G) | (z,a) € E(G) VY a € A}. The degree of a vertex v is [N(v)|. A
graph is said to be d-regular, if each vertex has degree d. The mazimal degree of G is the
maximum of the degree of vertices of G.

3.2 Simplicial complex

A finite abstract simplicial complex X is a collection of finite sets such that if 7 € X
and o C 7, then o € X. The elements of X are called simplices of X. The dimension
of a simplex o is equal to |o| — 1. The dimension of an abstract simplicial complex is
the maximum of the dimensions of its simplices. The 0-dimensional simplices are called
vertices of X. If 0 C 7, we say that o is a face of 7. If a simplex has dimension k, it is
said to be k-dimensional or k-simplex. The boundary of a k-simplex o is the simplicial
complex, consisting of all faces of o of dimension < k — 1 and it is denoted by Bd(o).
A simplex which is not a face of any other simplex is called a mazimal simplex. The
set of maximal simplices of X is denoted by M (X). A simplicial complex is called pure
d-dimensional, if all of its maximal simplices are of dimension d.

Let X be a simplicial complex and 7,0 € X such that o C 7 and 7 is the only maximal
simplex in X that contains o. A simplicial collapse of X is the simplicial complex Y
obtained from X by removing all those simplices v of X such that ¢ C v C 7. Here, o
is called a free face of T and (o, 7) is called a collapsible pair. We denote this collapse by
X N/ Y. In particular, if X Y, then X ~ Y.

3.3 Shellability
A pure d-dimensional simplicial complex X is said to be shellable, if its maximal

k—1
simplices can be ordered I'y, Iy ..., T, in such a way that the subcomplex (J I';) N T is
i=1
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pure and (d— 1)-dimensional for all k = 2,...,¢. Here, this ordering I', ..., ['; of maximal

simplices is called a shelling order. A maximal simplex I'y, is called spanning with respect
k—1

to the given shelling order if Bd(I'y) € J I'.

=1

From [1, Theorem 12.3] we have the following result which tells us about the homotopy
type of shellable complexes.

Proposition 8. Assume that X be a shellable simplicial complex, with I'y,T's, ..., I'; being
the corresponding shelling order of the mazimal simplices, and >, being the set of spanning
simplices. Then

X ~ v Sdim o
oEY,
Remark 9. Any connected 1-dimensional simplicial complex is always shellable and there-
fore it is either contractible or homotopy equivalent to wedge sum of circles.

3.4 Folding

Let G be a graph and N(u) C N(v) for u,v € V(G),u # v. In this case, the graph
homomorphism V(G) — V(G)\ {u}, which sends u to v and fixes all other vertices, called
folding and the graph G \ {u} is called a fold of G. Here, V(G \ {u}) = V(G) \ {u} and
the edges in the subgraph G \ {u} are all those edges of G which do not contain w.

Proposition 10. (/1], Proposition 4.2 and Proposition 5.1)
Let G be a graph and w € V(G). If G is folded on to G\ {u}, then N(G) is of same
homotopy type as N (G \ {u}).

4 Proofs

In this article [n] denotes the set {1,2,...,n}. Throughout this paper, all the graphs
are finite and simple, i.e., not contain loops.

Proof of Theorem 2. Since, by Proposition 10, folding preserve the homotopy type in
neighborhood complex, without loss of generality we assume that G cannot be folded
onto any of its subgraphs. If the maximal degree of G is 1, then G = K. If the maximal
degree of G is 2, then N/(G) is a 1-dimensional complex and the result follows from Remark
9. So, assume that maximal degree of G is 3. In this case, N (G) is 2-dimensional. We
show that N(G) collapses to a 1-dimensional subcomplex. The 2-dimensional simplices
of N(G) are the neighborhoods of vertices of degree 3. Let o = {«, 3,7} be a 2-simplex
of N(G). Then, there exists x € V(G) such that N(z) = {«a, 8,7}. We consider the
following two cases.

Case 1. At least one of the (a, ), (8,7) or (a,7) € E(G).
Without loss of generality assume that («, 5) € E(G) (see Figure 1c). If o and /5 do
not have any common neighbor other than z, then ({«, 5},0) is a collapsible pair and

therefore N'(G) \yN(G) \ {0, {a, 8}}.
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Assume a, f have a common neighbor y # x. Since, G # Ky,y # ~v. lf y ~ ~,
then N(y) = {«, 5,7} and ({a, 8},0) is a collapsible pair. If y » 7, then since N(a) =
{z,B,y}, N(B) = {z,a,y} and maximal degree of G is 3, we see that ({5,v},0) is a
collapsible pair.

§
A
(a) K4 “
(b) T (©)
:
X
N
0]
(d)

Figure 1

Case 2. None of the (a, ), (8,7) or (a,7) € E(G).

Since maximal degree of G is 3, any 1-dimensional simplex of N'(G) can be a face of
at most three 2-simplices. If there exists a face, say {«, 5} of {«a, 8,7} which is a face of
three 2-simplices of N'(G) (see Figure 1d), then since z is not contained in any 3-cycle (a
graph on 3 vertices, where each vertex has degree 2), v # v, z. In this case, ({a,v},0) is
a collapsible pair.

Assume none of the 1-dimensional face of {«,3,v} is contained in three maximal
simplices, i.e., each face is contained in at most two 2-simplices of N'(G). If some face of
o is contained in only one 2-simplex, then clearly that face will be a free face of o. So,
assume that each face of o contained in exactly two 2-simplices of N(G) (see Figure le).
If y = z = ¢, then since maximal degree of G is 3, at least one of the 1-dimensional face
of {a, 8,7} will be a free face.

Suppose exactly two elements of {y, z,t} are same, say y = 2. In this case {3,~} is
a free face of {«, B,7}. Assume |{y, z,t}| = 3. Since, G cannot be folded onto any of its
subgraph, degree of y, z and ¢t must be 3. Let a,b and ¢ are as depicted in Figure le and
{a,b,c} N{a, B,7} = 0.

If [{a,b,c}| = 3, then since the common neighbor of v and c¢ is only ¢, we see that
({7,¢}, N(t)) is a collapsible pair. Hence, N'(G) \( N(G) \ {N(t),{~,c}}. Now ({a,~},
N(zx)) is a collapsible pair in N'(G)\ {N(¢), {~, ¢} } and therefore N'(G) \, N (G)\ {N (=),
N(t), {7}, {7, e}

Now, let [{a,b,c}| = 2. Without loss of generality we can assume that b = ¢. Then
({B,a}, N(y)) is a collapsible pair and therefore N'(G) N\, N(G) \ {N(y),{S,a}}. Now
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({a, B}, N(z)) is a collapsible pair in N (G)\{N(y), {5, a}} and therefore N'(G) \ N (G)\
{N(z),N(y), {a, 5},{B,a}}. If a =b = ¢, then G = T, which is not possible.
Thus N (G) collapses to a 1-dimensional subcomplex. From Remark 9, each connected

component of N'(G) is either contractible or homotopy equivalent to wedge sum of circles.
m

Remark 11. It has been shown in [8] that the neighborhood complex of any non-bipartite
graph is connected and is never homotopically trivial. Therefore, the nieghborhood com-
plex of any non-bipartite graph of maximal degree at most 3 is homotopy equivalent to a
wedge sum of circles.

We now fix some notations. Throughout this article, if we write an integer r as a
vertex of C,(s,t), it is understood that we are taking r modulo n. Further, for any two
vertices v; and vy of C,(s,t), v1 = v means v; = vy (mod n). Since n is fixed, for any
two integers x and y such that z = y (mod n), if no confusion arises, we just write z = y.

For any set X C Z and any integer r, let X+r = {x+r | x € X}. Observe that, for any
k € [n] = V(C,(s,t)), the neighborhood of k, N (k) = {s+k,t+k,n—s+k,n—t+k}. Since
n > 5,if s,t # %, then Cy (s, t) is a 4-regular graph, i.c., |[{s+Fk, t+k,n—s+k,n—t+k}| = 4.
Since N(k+r) = N(k)+r for any k,r € [n], observe that any two connected components

of N(C,(s,t)) are homeomorphic.

Proof of Theorem 3. If 2s = n or 2t = n, then C,(s,t) will be a 3-regular graph and the
result follows from Theorem 2. Assume 2s,2t # n and 2(s 4+ t) = n. We consider the
following two cases.

Case 1. |t —s| = 7.

Without loss of generality we can assume that ¢ > s and let ¢t — s = m. Then
dm =n,s+t =2m,2s =m. Let k € [n]. Now, N(k+m) ={s+k+m,t+k+m,n—s+
k4+m,n—t+k+m}and N(k) ={s+k,t+k,n—s+k,n—t+k}. Here, s+k+m = k+t,
t+k+m=n—t+k,n—s+k+m=m—s+k=s+kandn—t+k+m =n—s+k. Hence
N(k)=N(k+m)= N(k+2m) = N(k+3m) for all k € [n]. For any 4,j € [m],i # j, it
can be easily check that N (i) N N(j) = 0.

Thus N (C,,(s,t)) is consists of m disjoint simplices of dimension 3 and therefore it is
homotopy equivalent to m distinct points.

Case 2. |t —s| # 7.

Let t+s = p. Then n = 2p. Since n—t+k = n—t—s+s+k = p+s+k, n—s+k = p+t+k,
we see that N (k) = N(k+p) for all k € [n]. Since N(s+k) = {2s+k, s+t+k, k,2s+p+k}
and N(t+k)={s+t+ k2t +k2t+p+k,k}, N(s+k)N[pl = N(t+ k)N [p] implies
that {2s + k,2s +p+k} N[p| = {2t + k,2t + p+ k} N [p]. Since s # t,2s + k # 2t + k.
However, 2s + k = 2t + p + k implies that 3t = s. Since t,s < 7, 3t = s or 3t = s + n.
If 3t = s, then p = 4t. But, then s —t = 2t = £ = 7, which is a contradiction. If

4
3t =s+n=s+2t+2s, then 3s =t and p = 4s. Here, t — s = 2s = L = 7, which is
not possible. By an argument similar as above, 2s +p + k ¢ {2t + k, 2t + p + k}. Hence

N(s+k)Nn[p]#N({t+k)n[p Vke|n].
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Since N(s+k) = N(p+s+k)=Nn—t+k),N(t+k)=N({p+t+k)=Nn—-s+k),
we conclude that each vertex k belongs to exactly two maximal simplices, namely N (s+k)
and N(t + k). Further, N(i) N [p] # N(j)N[p| V1<i#j<p.

Observe that, |[N(k)N{1,...,p} = 2 for all k € [n]. Since N(k) = N(k+p) for all k €
[n], Cn(s,t) folded onto the induced subgraph C,,(s,¢)[{1,...,p}]. Hence N(C,(s,t)) ~
N(Cy(s,t)[{1,...,p}]), by Proposition 10. Since each vertex k of C,(s,t) belongs to
exactly two maximal simplices N(s + k) = N(p+ s+ k) and N(t+k) = N(p+t + k)
of N(Cy(s,t)), and N(@) N[p] # N(G)N[p] 1 < i # j < p, we see that each vertex
x € [p] also belongs to exactly two maximal simplices of N'(C,,(s,¢)[{1,...,p}]). Further,
since N (Cy(s,t)[{1,...,p}]) is a 1-dimensional complex, the connected components of
N(Cy(s,t)[{1,...,p}]) cannot be contractible. The result follows from Remark 9. O

Proof of Theorem 4(A). Let 3s = t and n = 10s. For each 1 < i < s, let G; be the
subgraph of C),(s,t) induced by the vertex set {i,i+s,i+2s,1+3s,i+4s,1+5s,i+ 65,71+

7s,i+ 8s,i 4+ 9s}. Observe that each G; is isomorphic to Cio(1,3) and C,(s,t) = || G;.
i=1

Therefore N(C,(s,t)) = |_| N(Cip(1,3)). Tt can be easily verified that N (Co(1,3))

is homeomorphic to dlSJOlnt union of two copies of simplicial boundary of a 4-simplex,
namely the subcomplex N(1)UN(3)UN((5)UN(7)UN(9) = Bd({2,4,6,8,10}) and the
subcomplex N(2) U N(4) UN(6) U N(8) U N(10) = Bd({1,3,5,7,9}).

We conclude that N (Cy,(s,t)) = || S The case 3t = s and n = 10¢, follows by

2s—copies

symmetry. O

Proof of Theorem 4(B). Let 3s = t and n = 12s. For each 1 < i < s, let G; be the
subgraph of C,(s,t) induced by the vertex set {i,i + s,i + 25,7 + 3s,i + 4s,7 + 5s,i +
6s,1+ 7s,1+ 8s,i+9s,i + 10s,i + 11s}. Observe that each G; is isomorphic to Cia(1, 3)

and C,,(s,t) & |_| G;. We now compute N (Ci2(1,3)).

For each i E {1 2}, let A; be the subcomplex of N (C12(1,3)), where the set of max-
imal simplices M (A;) = {N(),N(i+2),N(i+4),N(i +6), N(i + 8), N(i + 10)}. Then
N(C12(1,3)) = AjUA,. Tt can be easily checked that for each k, ({k+1,k+3,k+9}, N(k))
is a collapsible pair in N'(Cj2(1, 3)) and therefore N(k) \, 7} = {k+1,k+3,k+11},77 =
{k+3,k+9,k+11} and 72 = {k+1,k+9,k+11}. Since, 7, = {k+11,k+1,k+9} =7}
for all k € [12], we see that N (C12(1,3)) collapses to a subcomplex A, where the set of
maximal simplices M(A) = {7{ | i € {1,2},k € [12]}. For, i € {1,2}, let A; = AN A,.
Then, A = A; U A,. It can be easily verified that each A; is a shellable complex and the
shelling order is given by

1 2 1 2 1 2 2 1 1 2 1 2
TisTi s Tit2s Tit2s Titds Titar Titer Tit6r Tit8r Titsr Tit105 Ti+10- (1)

Here, 77, ¢ and 77, are spanning simplices with respect to the shelling order 1. Hence,

A; ~ 8% v S? and by Proposition 8. We conclude that N (C,(s,t)) = || S?V S2

2s—copies

If 3t = s and n = 12¢, the result follows by symmetry. O
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Proof of Theorem 4(C). Let 3s = t and 8s,10s,12s # n. Observe that, 2s,4s,6s, 8s,
125 # 0. For each k € [n], N(k) = {s+k,3s+k,n—s+k,n—3s+k}. Since 4s, 6s, 8s, 10s,
12s # 0, we see that N(3s + k) N N(n — 3s + k) = {k} and therefore ({3s + k,n —
3s + k}, N(k)) is a collapsible pair. Hence, N(k) \, 7} = {3s + k,s + k,n — s + k} and
77 = {n—3s+k,s+k,n—s+k}Vk € [n]. Since 7,,_o,,) = {s+k,n—s+k,n—3s+k} =77,
N (C,(s,t)) collapses to a subcomplex A, where M( )={7 | k € [n]}.

Using the fact that 2s,4s,6s,8s,12s # 0, it can be easily check that N(3s + k) N
N(n—s+k)={2s+k,k}. Since {3s+k,n—s+k} € 15, = {bs + k,3s + k, s + k},
we conclude that ({3s + k,n — s + k},7}) is a collapsible pair. Hence, for each k € [n],
T\ 0} = {3s+k, s+k} and 67 = {n—s+k,s+k}. Since 6 ., = {s+k,n—s+k} = 0;.
Applying the collapsible pairs of the type ({3s + k,n — s + k},7}) for each k € [n], A
collapses to a 1-dimensional subcomplex A’, where M(A’) = {4} | k € [n]}.

Since each vertex k € [n] belongs to 0} _ ., and 6, 5., and 6, # 0} 4. 4, con-
nected components of A’ cannot be contractible. Therefore, by Proposition 8, each con-
nected component of A’ is homotopy equivalent to wedge sum of circles. n

Proof of Theorem 5(A). Let 5s = 3t and n = 4¢. Since s # t,n # 4s. Further, since

3s +t = n implies that s = ¢t and 3s — ¢t = n implies that 3s = 5t = —s we see that
3s +t,3s —t # n. The result follows from Theorem 13. The case 5t = 38 and n = 4s,
follows by symmetry. m

Proof of Theorem 5(B). Let 5s = 3t and n = 4s. Since 5 and 3 are relatively prime,
there exists s’ such that s = 3s’ and ¢ = 5s’. Here, n = 12¢' and N(k) = {3s' + k,5s" +
k,98'+k, 78 +k} V k € [n]. Fori € {1,...,25'}, let B; be the subcomplex of N'(C,,(s,1)),
where M(B;) = {N(i +25'l) | | € {0,1, 2 3,4,5}}. It can be easily checked that the set
of vertices of B; is given by V(B;) = {Z—I—s i+ 38,0+ 58,i+ 78,1+ 9s,i+ 115"} and
V(B)NV(B,) =0V 1<1#m<2s. Hence B;N B, —@V1<l7ém<2s

Let k € [n]. Since N(3s'+ k)N N(5s'+ k)N N(9¢' + k) = {k}, ({35 + k,58' + k,9s" +
k}, N(k)) is a collapsible pair. Therefore N(k) \, 7} = {3s' + k,98' + k,7s' + k}, 77 =
{5’ 4+ k,95' + k,7s' + k} and 77 = {35’ + k,5s' + k,7s' + k}. Since, 772_, . = {35 +
k,7s +k,5s' +k} = 12, we conclude that N'(C,,(s,t)) collapses to a subcomplex A, where
M(A) = {7 | i € 1,2}, k € [n]}

Fori € {1,. 25’} let A; = ANB;. Since B;NB; =0, A;NA; =0V1<i#j<
Further, M (A ) {7l 0e 7 €{1,2},1€{0,1,2,3,4,5}} V1 <i <25

We now show that each A; is a shellable complex and the shelling order is given by

12 1 2 1 2 1 2 1 2 1 2
Ti s Tis Titass Tivas's Titds's Titds's Tit6s's Tit6s's Tit8ss Ti+8s'» Ti+10s's Ti+10s’ * (2)

For each i € [n] and 0 <1 <5, let Ty = 7 UT? U... U7}y, U2y, The following
are easy to verify.

=435 +1,98 +4,7 + i}, 77 = {6’ + 14,95 + 1,78 +i} and M (7} N77) = {{9s +
i,7s' +i}}.

Thoy = {58 + 1,118 + 4,95 + i} and M(r; N 7},,) = {{5s' + 14,95 +i}}.

Toy = {78 +i,118' +14,95'+i} and M((1; Ut} 5, ) NTA ) = {{11s' 41,95 +1i}, {9s'+
i,7s" +i}}.
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Thay = {78 +1i,8 +i,118' + i} and M (7400 N7 yy) = {{78' +14,11s' + 4} }.
Ty = {98 + 4,8 + 0,118 + i} and M((Tiyoy U Tiyy) N TA4y) = {{s' +14,11 +
i}, {9s" +1i,11s" +i}}.

Thow = {95+, 35 +1, 5 +i} and M (74w N7}, 6) = {{35'+4,95'+i}, {s' +1,95' +i}}.

ey = {118 4+ 0,38 + 4,8 + i} and M((Tiay U Thgy) N They) = {{118" + 14,8 +
i}, {38 +i,8 +i}}

gy = {118 + 1,55 + 14,35 + i} and M (760 N Thgy) = {{115' +1,3s" + i}, {115 +
i,5s' +1i}}.

T gy = {8 +1,58' +14,35' +i} and M (716 UTl gy) NTRgy) = {{8' +1,35' +1i}, {55 +
i,3s" +i}}.

Tiigy =18 +10,78' +14,58 + i} and M (7180 N7 1) = Bd(T10y).

Thi0s = 138 +14,78' +4,55" + i} and M((Tisss U Ty 100) N TE0y) = Bd(T2105)-

Thus the order given in (2) is a shelling order and the spanning simplices are 7, .,
and TZHOS/. The result follows by Proposition 8. The case 5t = 3s and n = 4t, follows by
symmetry. O

We need the following lemma to prove Theorem 5 (C).

Lemma 12. Let s,t € {1,...,n— 1} such that 2s,2(s+1),3s+t,3s—t,4s Z 0 (mod n).
Then for each k € [n], ({s +k,n — s+ k}, N(k)) is a collapsible pair in N (C,(s,t)).

Proof. If there exists * € [n],x # k such that {s + k,n — s + k} C N(x), then z €
{2s+k,s+t+kn—t+s+kinNn{n—s+t+kn—2s+kn—1t—s+k}.

Since, 0 # 3s—t,2s+k # n— s+t + k. Further, since 2s+k = n—2s+ k implies that
4s=0and 2s + k =n —t — s + k implies that 3s +t = 0, we conclude that x # 2s + k.

s+t+k=n—s+t+k = 2s=0and s+t+k=n—-2s+k = 3s+1t=0.
Further, since s+t+k=n—t—s+k = 0=2(s+t),x #s+t+k.

Since, s # t and 3s —t # 0, we conclude that n —t +s+k#n—s+t+k,n—2s+
k,n—t—s+k.

Thus there exists no = € [n] different from & such that {s+ k,n — s+ k} C N(z) and
therefore ({s+ k,n — s+ k}, N(k)) is a collapsible pair. O

Proof of Theorem 5(C). Let 5s = 3t and one of 6s or Lgs is equal to n. There exists an
integer s’ such that s = 3s’ and t = 5¢'.

Case 1. n = 6s.

In this case n = 185" and N (k) = {3s' + k,bs" + k,13s' + k, 155’ + k} for all k € [n].
Since 3s —t =n — 435 =nand 3s+t=n — %‘s =n, we see that 3s —t,3s+1 # n.
Further, s,¢ < % implies that 3s —¢,3s + ¢ # n. Using Lemma 12, N(k) \, 7, =
{35 + k,bs' + k,13s' + k} and 77 = {155’ + k,5s' + k,13s' + k} for all k € [n]. Since,
Tii10s = 1138'+k, 158 +k, 55 +k} = 72, N (C,(s,t)) collapses to a subcomplex A, where
M(R) = {r} | k € [1]}.

Let k € [n]. Observe that N(3s'+k)NN(5s'+k) = {k,8s'+k} and {3s'+k,55+k} &
Tay - Hence ({3s' 4+ k,5s' + k},7}) is a collapsible pair in A and therefore 7} \, 6}, =
{35’ + k,13s' + k} and &} = {5s' + k, 135’ + k}. Since 0,0, = {138’ + k,5s' + k} = 37,

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(2) (2019), #P2.4 10



we see that A collapses to a 1-dimensional subcomplex A’, with M(A’) = {4} | k € [n]}.
Each vertex € [n], belongs to 83, = {8¢' + x, 2} and {5, = {x,10s' + x}. Since
Oy 4a 7 015y, connected components of A’ cannot be contractible. Result follows from
Remark 9.

Case 2. n = 1.

In this case n = 145" and N (k) = {3s' + k,5s' + k, 118’ + k,9¢' + k} V k € [n]. Since
3dt—s=n = 4s=nand 3t+s=n = 6s = n, we see that 3t — 5,3t + s # n.
Further, since 4t # n, by Lemma 12, ({55’ + k,9s' + k}, N(k)) is a collapsible pair and
therefore N (k) N\, 7 = {58’ + k,3s' + k,11s' + k} and 77 = {9s' + k,3s' + k, 118’ + k}.
Since, T4, g0 = {118’ + k,95' + k,3s' + k} = 77, we conclude that N'(C,(s,t)) collapses to
a subcomplex A, where M(A) = {7} | k € [n]}.

N@Bs' + k)N N(s' + k) = {k,85 + k} and {3s' + k,5s' + k} € 73,.,, implies that
({38’ +k,5s' +k},7}) is a collapsible pair in A and therefore 7! N\, 81 = {35’ +k, 115’ + k}
and 07 = {55’ + k, 115’ 4+ k}. Further, since d3,,,, = {11s' + k,5s' 4+ k} = 07, we conclude
that A collapses to a 1-dimensional subcomplex A’ where M(A’) = {4}, | k € [n]}.

Each vertex z € [n], belongs to 63, , = {65’ + z,z} and 6{,,,, = {z,85' + x}. Since

03440 7 01194y, the result follows from Remark 9.
If 5t = 3s and one of 6t or 14t is equal to n, the result follows by symmetry. O]

Proof of Theorem 5(D). Let 5s = 3t and n # 4s,4t,6s,13*. Now, 3s—t =n = 2 =n,
which is not possible as s < 7. Further, since 3s +{=n = % =n,3t+s=n —
6s =nand 3t —s =n :> 4s = n, we see that 3s —¢,3s +t,3t + 5,3t — s # n.
The result follows from Theorem 14. The case 5t = 3s and n # 4s, 4t, 6, %, follows by
symmetry. 0

Proof of Theorem 6(A). Let us first assume that one of the 3s —¢,3t —s,3s+t or 3t + s
is equal to n.

Case 1. 3t —s=nor3s—t=n.
Assume that 3t — s = n. We consider the following two cases.

(i) 2s #t.

In this case, 3s+t,3s—t,4s # n. By Lemma 12, N(k) \ 7} = {s+k,t+k,n—t+k}
and 77 = {n — s+ k,t + k,n —t +k} for all k € [n]. Further, since 77 = 7," .,
N(C,(s,t)) collapses to a subcomplex A, with M(A) = {7} | i € [n]}. It can be
easily checked that N(s+k)NN(n—t+k) = {k,2t+k}. Since, {s+k,n—t+k} ¢
Torems T N 0p = {s+ k,t +k} and 6 = {n —t+ k,t + k} for all k € [n].
Now, 0} ., = {t + k,n — t + k} = 6} implies that A collapses to a 1-dimensional
subcomplex A’, where M(A’) = {6} | i € [n]}.

Each vertex k € [n] can belongs to only &; for j € {s+k, t+/<: n—s+kn—t+k}.
Slnce, beie={2s+k,s+t+k}, 0}, = {s+t+k‘ 20+ k}, 00 oo ={kn—s+t+
k}, 00 i n ={n+s—t+k k}, we observe that k belongs to only 4, ., and d)_, .
Further since 0, # 0p_4,p and A’ is a 1-dimensional complex, each connected
component of A’ is homotopy equivalent to S*.
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(i)

2s = t.

In this case, n = 5s and N(k) = {s + k,2s + k,3s + k,4s + k} V k € [n]. For
i€ n],let I := {i,s +i (mod n),2s + i (mod n),3s + i (mod n),4s +i (mod n)}
be a 4-simplex. It can be easily checked that I NT; = 0V 1 < i # j < s. The
subcomplex of N'(C,,(s,t)) induced by the vertices k, k+ s, k+2s, k+3s and k+4s,
which is equal to N(k) UN(k+s) UN(k+2s) UN(k+3s) U N(k+4s) is Bd(I'y).
We conclude that N(C,(s,t)) =2 || Bd(T'k). Since Bd(T}) is homeomorphic
ke{1,2,...,s}
to S3, the result follows.

The case 3s — t = n follows from symmetry.

Case 2. 3s —t,3t —s#mn, i.e., 3t +s=nor3s+t=n.
Assume that 3t + s = n.

(1)

2t # s.

In this case, 3s+t,3s—t,4s # n. From Lemma 12, N (k) \, 7} = {s+k,t+k,n—t+k}
and 77 = {n — s+ k,t + k,n—t+k} for all k € [n]. Further, since 77 = 79,,,,
N(C,(s,t)) collapses to a subcomplex A, where M(A) = {7} | k € [n]}.

It can be easily verified that N(s+k)NN(t+k) = {k, s+t+k}. Since, {s+k,t+k} &
Thiie = {2s+t+k, s+2t+k, s+k}, 7i \, 0p = {s+k,n—t+k} and 6} = {t+k,n—
t+k} for all k € [n]. Further, since 03, = {2t+s+k,t+k} = {n—t+k, t+k} = &},
A collapses to a 1-dimensional subcomplex A/, where M(A') = {6} | i € [n]}.

Each vertex k € [n] can belong to only 0; for j € {s +k,t+k,n—s+kn—t+k}.
Since, 0y, = {2s +k,n —t+ s+ k}, 00, = {s+t+kk},0,_ . = {k 2t + k}
and 0} _,., = {n —t+ s+ k,t + s+ k}, we conclude that k belongs to only &},
and 0),_,.,. Since A’ is a 1-dimensional complex, each connected component of A
is homotopy equivalent to S*.

2t = s.

Since n = 3t+s and s = 2t,n = 5t. For each k € [n], let I'y := {k,t+k(mod n), 2t +
k(mod n), 3t + k(mod n),4t + k(mod n)} be a 4-simplex. It can be easily verified
that I, NT; =0V 1 <i# j <t and the subcomplex of N(C,,(s,t)) induced by the
vertices k, k + ¢,k + 2t, k + 3t and k + 4t, is equal to N(k)UN(k+t) U N(k+ 3t) U

N(k+3t)UN(k+4t) = Bd(T'y). We conclude that N (C,,(s,t)) = ||  Bd(T).
ke{1,2,....t}

The case 3s + t = n follows by symmetry. O]

Proof of Theorem 6 (B) follows from Theorem 13 and Proof of Theorem 6 (C) follows
from Theorem 14.

Theorem 13. Let s,t € {1,2,..., 5]} such that 2s,2t,2(s +t),3s + 1,35 — t,4s # n,
3s # t,3t # s. If 4 = n, then each connected component of N (Cy(s,t)) is homotopy
equivalent to a garland of the 2-dimensional spheres S*.
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Proof. By Lemma 12, N'(C,(s,t)) collapses to a 2-dimensional subcomplex A, whose
maximal simplices M (A) = {7 | i € {1,2}, k € [n]}, where 7} = {s+ k,t + k,n —t + k}
and 77 = {n —s+k,t +k,n—t+k}. For any integer i, let T'; := {t +4 (mod n),n —t +
i (mod n), s+i (mod n), s+2t+i (mod n)} be a 3-simplex. Clearly, the simplicial complexes
T Uk UTok UT e = Bd(Tw) and 7, UTRUT, Uy = Bd(Thostin)-
Hence, each 1-simplex of A is part of Bd(T;) for some i € [n]. Thus A = |J Bd(Ty).

1<i<n
In the rest of the proof, if we write an integer x as a vertex of I'; for some ¢, then it is

understood that we are taking (mod n). Now Bd(I',,_s_11x)NBd(l'y) = {t+k,n—t+k}
and Bd(I'y) N Bd(T'yys4t) = {s + k, s + 2t + k}, i.e., Bd(I'y) shares a common 1-simplex
{t+k,n—t+k} with Bd(I',_s_¢+x) and a common 1-simplex {s + k,s + 2t + k} with
Dottt

To show that each component of A is homotopy equivalent to a garland of the 2-
dimensional spheres, it is enough to show that each vertex k£ belongs to exactly the
boundaries of two 3-simplices. Let x € [n]. There exists k € [n] such that z € Bd(I'y),
ie,x €{t+k,n—t+k s+k,s+2t+k}. It is clear from the above discussion that there
exists k&’ # k such that € Bd(T'y), i.e., x € {t +k',n —t + k', s+ k', s+ 2t + k'}. Since
n=4t, Ty =Ty Vken]. Let z =t+ k. If x =t+ K, then k = k', a contradiction.
If xt =n—t+k, then ¥ = k —2t. But I'y_o; = I'y. Since, t + k = s + k' implies that
EF=t—s+kandt+k = s+ 2t + k' implies that ¥ = k —t — s, we conclude that
x € Bd(T'y) and Bd(I',,_s_¢+x) only. By a similar argument as the one above, we can
easily verify that, n —t + k € Bd(I'y) N Bd(I'y—s_t4x), s + k € Bd(T'y) N Bd(T's144x) and
s+2t+k € Bd(T'y) N Bd(Is;¢4x) only.

Thus z belongs to either Bd(T'y) N Bd(T',,_s_41x) or Bd(T'yx) N Bd(Tsy41y) only. n

A d-dimensional pseudo manifold is a pure d-dimensional simplicial complex such that
every (d — 1)-simplex is a face of exactly two d-simplices. A (topological) n-manifold is a
hausdorff space X such that every point x € X, has a neighborhood which is homeomor-
phic to R™. A 2-manifold is called a surface.

Theorem 14. Let s,t € {1,2,..., 5]} such that 2s,2t,2(s+t),3s +1,3t + 5,35 — 1, 3t —
s,4s,4t # n,3s # t and 3t # s. Then each connected component of N(C,(s,t)) is
homotopy equivalent to connected sum of tori.

We recall the following result to prove Theorem 14.

Proposition 15. (Theorem 3A.3, [5])
If C is a chain complex of free abelian groups, then there exist short exact sequences

0— H,(C;Z)®Zy — H,(C;Zy) — Tor(H,—1(C;Z),Z3) — 0
for all n and these sequences split.

Proof of Theorem 14. By Lemma 12, N(C,(s,t)) collapses to a subcomplex X, with
M(X) = {7, | i € {1,2},k € [n]}, where 7} = {s+k,t + k,n —t + k} and 7 =
{n—s+kt+kn—t+Ek}
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(b)
Figure 2

Claim 16. X s a 2-dimensional pseudo manifold.

Proof of Claim 16. Tt is enough to show that any 1-dimensional face of 7} and 72, i.e.,
of ={t+kn—t+k} ok ={s+kt+k}, o8 ={n—t+kn—s+k},of ={t+k,n—s+k}
and of = {s +k,n —t + k} are faces of exactly two 2-dimensional simplices of X.

Clearly, o} is a face of 7} and 72. By Lemma 12, (o}, N(k)) is a collapsible pair and
therefore of is not a face of any 7}, or 72 for all k' # k.

ob CT,§+S+t ={k+t,s+2t+k s+ k}. Since s,t < 3,5+ 2t +k =n —t + k implies
that 3¢t + s = n, which is not possible. Hence 77, ., # 7}. Further, 3s — ¢ and 3t — s # n
implies that N(s+k) " N(t + k) = {k,s + ¢t + k}. Since, 0§ € 71,.,, 0} is a face of 7}
and 72, ., only. Sincen —t+k=s+(k—s—t)andn—s+k=t+ (k—s—t), we see
that, o is a face of 7}_, , and 77 only.

ohcrl,  ={t+k2t—s+kn—s+k}andof € 77, ,. Since 2t —s+k=n—t+k
implies that 3t — s = n, we see that 7., , # 77. Further, 2(s +¢),3s +¢,3t +s # n
implies that N(t + k) N N(n — s+ k) = {k,k —t + s}. Thus o} is a face of 7 and 7,
only. Since s+k=t+ (k—t+s)andn—t+k=n—s+ (k—t+s), we see that, of is
a face of 77_,,, and 7} only. O

Claim 17. || X||, the geometric realization of X, is a surface, i.e., a 2-manifold.

Proof of Claim 17. Let x € ||X]||. Since, X is a pseudomanifold, if x belongs to interior
of some 1-simplex or 2-simplex, then we can easily construct an open neighborhood of
x, homeomorphic to R?. Assume z is a 0-simplex of X. Without loss of generality, we
can assume that © = ¢ + k, for some k € [n]. Then © € 7}, 77, Tj 1y s Th o Thioe and
Tp 44 s(see Figure 2a). Using the fact that 2(s 4 ¢),3t — s,3t + 5,4t # 0, it can be easily

checked that |{s + k,n —t+k,n — s+ k2t —s+ k3t + k,s+ 2t + k}| = 6. Since
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N(z)={k,k+t—sk+2t,k+s+t}, v ¢ 7} or 72 forallm # k, k+t—s, k+2t k+s+t.
Hence we can easily construct a neighborhood of z in ||X||, which is homeomorphic to
R2. Thus X is a surface. O

We now define the orientations for simplices of X. For any oriented simplex o we write
+o, if it is positively oriented and —o, otherwise. We denote any positively oriented 2-
simplex with vertex set {a,b,c} by (a,b,c) and 1-simplex with vertex set {a,b} by (a,b).

For any k € [n], we define +7} = (s +k,n —t+k,t +k) and +72 = (n —t + k,n —
s+ k,t + k). Further, we define +0% = (n —t + k,t + k), +0k = (t + k,s + k), +0k =
(n—t+kn—s+k), 4ok =(n—s+kt+k)and +of = (s+k,n—t+k). Observe that
any 1-simplex of X is equal to ¥ for some k € [n] and i € {1,2,3,4,5}.

Let C' = (C}, 0;) be the simplicial chain complex of X with coefficients in Z,. Since,
there are n O-simplices in X, Cy = Z3. Further, since there are 2n simplices of dimension
2 and X is a pseudo manifold, C} = Z3" and Cy = Z2". Since there is no simplex of any
other dimension in X, C; = 0 for all 7 # 1,2,3. Thus

0 0 0
C =072 2 780 2y gn %,

Let p be the number of connected components of X. It is well known that Hy(X; Zy) = Z5.
Since p > 1, Rank(0;) < n—1. If Ker 0, = Z}, then r > 3n—n+1 = 2n+1. Since Rank(0,)
can be at most 2n, Hy(X;Zs) # 0. From Proposition 15, Hy(X;Zy) = H1(X;7Z) ® Zs
®Tor(Hy(X;Z),Zs). Since Hy(X;Z) = ZP, Tor(Hy(X);Zy) = 0. So H{(X;Z) = 0,
implies that Hy(X;Zs) = 0, which is a contradiction. Hence H;(X;Z) # 0.

Let D = (D;,d;) be the simplicial chain complex of X with Z coefficients. Then

D=0 — 72 2 730 2y gn By
Let ¢ = Y. ((+7) + (+77)) be a 2-chain. It can be easily verified (see Figure 2b)
ke(n]

that o} has +ve orientation in 7} and —ve orientation in 72. o4 has +ve orientation in
7t and —ve in 72,,,,. Similarly o} has +ve orientation in 77 and —ve in 7}_,_,. The
simplex o having +ve orientation in 72 and —ve in 7;\,,_,, and of has +ve orientation in
7p and —ve in 77, . Since X is a pseudo manifold, each 1-simplex of X will occur twice
in dy(c), once with +ve sign and once with —ve sign. Hence do(c) = 0. Since 77 # 0 in
Dy =70 +# c € Ker dy. Hence Ho(X;Z) # 0.

From Claim 17, each component of X is a compact surface. From the classification of
surfaces, we know that any connected compact surface is homeomorphic either to S?, to
a connected sum of tori or to a connected sum of projective planes.

Since H,(X;Z) # 0, the connected components of X cannot be homeomorphic to S?.
Further, since Hy(S;Z) = 0 for any non orientable surface S, the connected components
of X cannot be homeomorphic to a connected sum of projective planes. Hence each
connected component of X is homeomorphic to a connected sum of tori. O

Let A be a simplicial complex. An m-path in A is a sequence o ...04,t > 2 of m-
simplices such that ¢; and ;4 have a common (m — 1)-dimensional face, for all 1 < i <
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Figure 3

t — 1. Further, if oy and 0, have a common (m — 1)-dimensional face, then it is said to be
closed m-path.

Proof of Theorem 7. Using Lemma 12, N(C,(s,t)) collapses to a subcomplex X with
M(X) = {7l |i € {1,2},k € [n]}, where 7} = {s+k,t +kn—t+k} and 77 =
{n—s+kt+kn—t+k} Letu=1t—sand v =1t+s. Letk € [n]. Since,
stu+k=t+kandn—t+u+k=n—s+k, wesee that 77 and 7\, , have a common
1-simplex {n — s+ k,t + k}. Further, n —s+k+v=t+kandn—t+k+v=s+k
implies that 7 and 77, , have a common 1-simplex {s+k,t+k, }. Since 7} and 77 have a
common 1-simplex {¢t+k,n—t+k}, we conclude that 777, 727, and 7}77,, are 2-paths
in X.

(i) s =52 and t = B4
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In thiscase ¢ =t —s =wand p = t+s = v. Now, w = 7T T 0uTipu - -

Ter o yu it o1y A T = TETETE L Ty T (1) T (q1)0 a%€ 2-Paths in X. Since
k+puand k+qv =k (mod n), w (see the horizontal rectangular strip of Figure 3)
and I' (see the vertical rectangular strip of Figure 3) are closed paths in X. Thus
the simplices of X can be arranged in a rectangular grid of order (¢ + 1) x (p+ 1)
as depicted in Figure 4. Since X has 2n 1-dimensional simplices, to prove that this
rectangular grid gives a triangulation of a torus, it is enough to show that there is
no identification among the vertices other than that shown in Figure 4. Any vertex
of Cy,(s,t) can be written as n —t+ k for some k € [n] and therefore can be made as
the left uppermost corner vertex a;; of this grid. Hence, it is enough to show that
n—t+k=a, #a,;unlessi € {1,g+ 1} and j € {1,p+ 1}, i.e., n —t + k lies
only on the four corners of the grid. But, since a;; = (i —1)p+n—t+k+(j—1)q,
a;; = n —t+ k implies that (i — 1)p+ (j — 1)¢ = 0 (mod n). Further, since
gcd(p, q) = 1, this is only possible if i € {1,¢q+ 1} and j € {1,p+ 1}.

ai,2 ai,3 ai,p
a1, o— e - ai,p+1=01,1
2 2
5 Thtu Th+(p—1)u
Tk
1 1 1
Tk Tktu Th+(p—1)u
2,1 g ————F - - - - - - - - - a2,p+1=02,1
agz 2 az.3 al p 2
2 Th+(p—1)u+tv
5 Thk+vtu
Tk+v
T]i+,, 1 i
) Thtotu k+(p—1)utv
3,1 g———————————— N - a3,p+1=0a3,1
ag,2 ag,3 ag,p 2
2 T _ .
) 24 20t k+(p—1)u+2v
Tk+2v
1 1 1
Th+2v Tk+2v+u Th4(p—1)u+2v
a4,] $——————— N - a4,p+1=04,1
| a4,2 a4,3 a4,p !
! | | | |
! I I I I
! l l l l
! | | | |
! | | | |
! | | | |
! aq,2 aq,3 Qq,p I
gl "y 4 - Qq,p+1=0q,1
72 -2 2
k+(g—1)v k+(g—1)v+u k+(p—1)u+(g—1)v
1 1 1
Tk4+(qg—1)v Tk+(g—1)v+u Th4(p—1D)ut(g—1)v
Ag+1,1=01,1 b——m———— N~ Aq+1,p+1=01,1
aq+1,2=01,2 Aq¢+1,3=01,3 Qq+1,p=0al,p

Figure 4: u=t—s,v=t+s,a; j=(i—1)v+n—t-+k+(i—1)u,1<i<q+1,1<j<p+1.

(i) s =259 and ¢ = 244,

In this case, v = s+t = p? and u =t — s = ¢. Since pg = n, we have the closed

1,21 2 1 2 2.1.2 1 1 1
2-paths 7. 70 Ty o Tipy - - - Tt (p—1)u Tt (—1)u and T T Tie oy T - - - Tt (q—1)0Th-+(g—1)o-
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In this case also, we can arrange the simplices of X in a rectangular grid of order
(¢g+1) x (p+ 1), as depicted in Figure 4. By an argument similar as of the case
(1), to prove that this rectangular grid gives a triangulation of a torus, it is enough
to show that n —t +k = a1 # a;; unless ¢ € {1,¢+ 1} and j € {1,p+ 1}.
But, since a;,; = (i —1)v+n—t+k+ (j — 1)u, a;; = n —t+ k implies that
(i—1)v+(j—1)u =0 (mod n). Since v = p*,u = q, (i—1)p*+(j—1)g = 0 (mod n).
This is only possible when i € {1,q+ 1} and j € {1,p+ 1} as gcd(p,q) = 1. O
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