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Abstract

In 2017, Qiao and Koolen showed that for any fixed integer D > 3, there are
only finitely many non-bipartite distance-regular graphs with 0,,;, < —ak, where
0 < a < 1 is any fixed number. In this paper, we will study non-bipartite distance-
regular graphs with relatively small 6,,;, compared with k. In particular, we will
show that if 6,1, is relatively close to —k, then the odd girth g must be large. Also
we will classify the non-bipartite distance-regular graphs with 0, < —%k for
D =45.
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1 Introduction

The odd girth of a non-bipartite graph is the length of its shortest odd cycle. Let I" be a
non-bipartite distance-regular graph with valency &, diameter D, odd girth g and smallest
eigenvalue 0y, In [6], Qiao and Koolen showed that for any fixed integer D > 3, there are
only finitely many such graphs with 6.;, < —ak, where 0 < o < 1 is any fixed number.
In this paper, we will study non-bipartite distance-regular graphs with relatively small
Omin compared with k. In the next result, we will show that if 0, is relatively close to
—Fk, then the odd girth g must be large.

Theorem 1. Let I' be a non-bipartite distance-reqular graph with valency k and odd
girth g, having smallest eigenvalue O,,;,. Then there exists a constant e(g) > 0 such that
emin = _(1 - 6(9))/{3

Remark 2. The positive constant £(g) goes to 0 as the odd girth g goes to co. For
example, the (2t + 1)-gon has valency k& = 2, odd girth g = 2t + 1 and smallest eigenvalue

Oumin = 2 cos(52%). Thus, e(g) < 1+ Buwn — 2 cos®(3/5)-

In [6], Qiao and Koolen classified non-bipartite distance-regular graphs with valency k,
diameter D < 3 and smallest eigenvalue ,,;, < —k/2. Using Theorem 1, we will classify
non-bipartite distance-regular graphs with valency k, diameter D and smallest eigenvalue
Omin < —%k, when D =4 or 5.

Theorem 3. Let I' be a non-bipartite distance-regular graph with valency k, diameter D
and smallest eigenvalue 0,5, < —%k.

i) If D =4, then ' is one of the following graph
a) the Coxeter graph with intersection array {3,2,2,1;1,1,1,2},
b) the 9-gon with intersection array {2,1,1,1;1,1,1,1},
c¢) the Odd graph Os with intersection array {5,4,4,3;1,1,2,2},
d) the folded 9-cube with intersection array {9,8,7,6;1,2,3,4}.
ii) If D =5, then ' is one of the following graph
a) the 11-gon with intersection array {2,1,1,1,1;1,1,1,1,1},
b) the Odd graph Og with intersection array {6,5,5,4,4;1,1,2,2,3},
c) the folded 11-cube with intersection array {11,10,9,8,7;1,2,3,4,5}.
This paper is organized as follows. In the next section, we give the definitions and

some preliminary results. In Section 3, we give a proof of Theorem 1. In the last section,
we give a proof of Theorem 3.
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2 Preliminaries

For more background, see [4] and [7].

All the graphs considered in this paper are finite, undirected and simple. Let I be a
graph with vertex set V' = V(I') and edge set £ = E(I'). Denote = ~ y if the vertices
x,y € V are adjacent. The distance d(z,y) = dr(z,y) between two vertices z,y € V(I)
is the length of a shortest path connecting x and y. The maximum distance between two
vertices in I is the diameter D = D(I"). We use I';(x) for the set of vertices at distance i
from z and write, for the sake of simplicity, I'(z) := I';(z). The degree of x is the number
|T'(x)| of vertices adjacent to it. A graph is regular with valency k if the degree of each of
its vertices is k. The girth and odd girth of a graph is the length of its shortest cycle, and
shortest odd cycle, respectively. A graph I' is called bipartite if it has no odd cycle.

A connected graph I' with diameter D is called distance-reqular if there are integers
bi, ¢; (i =0,1,..., D) such that for any two vertices z,y € V(I') with d(z,y) = i, there
are exactly ¢; neighbors of y in I';_;(x) and b; neighbors of y in I';;1(x), where we define
bp = ¢p = 0. In particular, [' is a regular graph with valency k := by. We define
a; :=k—b;—c; (i=0,1,..., D) for notational convenience. Note that a; = |I'(y) NT';(x)|
holds for any two vertices z,y with d(z,y) =i (1 =0,1,..., D).

For a distance-regular graph I" and a vertex = € V(I'), we denote k; := |[;(x)]
and p}; = {w | w € Ti(z) NT;(y)}| for any y € Th(x). It is easy to see that k; =
boby - -+ bi_1/(c1ca - - - ¢;) and hence it does not depend on x. The numbers a;, b; and ¢; (i =
0,1,...,D) are called the intersection numbers, and the array {bg, b1,...,bp_1;¢1,¢9,. ..,
cp} is called the intersection array of I'. The matrix L is called the intersection matriz
of ', where

Qo bo 0
C1 a1 bl 0
I — Co QA9
0 . . bD—l

Cp ap

Let I' be a distance-regular graph with v vertices and diameter D. Let A; (i =
0,1,...,D) be the (0, 1)-matrix whose rows and columns are indexed by the vertices of I'
and the (x,y)-entry is 1 whenever d(z,y) = ¢ and 0 otherwise. We call A; the distance-i
matriz and A := A; the adjacency matriz of I'. The eigenvalues 6y > 61 > --- > 0p of the
graph I' are just the eigenvalues of its adjacency matrix A. We denote m; the multiplicity
of 6;. Note that the D 4 1 distinct eigenvalues of I" are precisely the eigenvalues of L (see
[7, Proposition 2.7]).

For each eigenvalue 6; of I', let U; be a matrix with its columns forming an orthonor-
mal basis for the eigenspace associated with ¢;. And E; := U;U}! is called the minimal
idempotent associated with 6;, satisfying F;F; = 0,;F; and AE; = 0,F;, where ¢;; is the
Kronecker delta. Note that vEj is the all-ones matrix J.

The set of distance matrices {Ay = I, Ay, Ao, ..., Ap} forms a basis of a commutative
R-algebra A, known as the Bose-Mesner algebra. The set of minimal idempotents {Ey =
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1J,E\, Es, ..., Ep} is another basis of A. There exist (D + 1) x (D + 1) matrices P and
@ (see [4, p.45]), such that the following relations hold

D D
1 .
j=0 J=0

Note that Qo; = m; (see [4, Lemma 2.2.1]).
Let E; = U;UT be the minimal idempotent associated with 6;, where the columns of
U; form an orthonormal basis of the eigenspace associated with #;. We denote the z-th

row of y/v/m;U; by Z. Note that E; 0 A; = %jSAj, hence all the vectors Z are unit
Qji
Qoi’
d(z,y) = j. The map = — z is called a normalized representation and the sequence
(u;(6; ))f o is called the standard sequence of T', associated with 0;. As AU; = 0,U;, we

have 0,2 = Zme 7, and hence the following holds:

where

vectors and the cosine of the angle between two vectors Z and ¢ is u;(6;) :=

{ cjuj—l(ei) + CLjUj(QfL) + bjuj+1(8i> == quj(ez) (j == ]_, 2, ey D — 1)7 (2)

cpup-1(0:;) + apup(0;) = Oiup(6:),
Lemma 4. (c.f. [7, Theorem 2.8]) Let " be a distance-regular graph with diameter D and

v vertices. Let § be an eigenvalue of T and (u;)2, be the standard sequence associated
with 0. Then the multiplicity m(0) of 0 as an ezgem}alue of I' satisfies

v
m(0) = ———— 3
(0) ST o (3)
D
1 1 Dol ki
< = i=1,2.....D). 4

Proof. Equation (3) follows from [7, Theorem 2.8]. We only give a proof of Equation (4).

D D
v o ki Zz:kz
D 2 21271_0 2<ma{§:1 2’ D] 2}’
Yoicokiui Dk S kiu Zi:j kius
1 1
ijl 2<max{—2,..., 3 },
Dizo kiu U U
ZD]k; Pk
7 < 1=7 )

~

D 2 2
Zi:j ki Feju;
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Lemma 5. ([4, Proposition 4.1.6]) Let T be a distance-reqular graph with valency k and
diameter D. Then the following conditions hold

i) l=c <c<--<cp,

i) k=by=by > =bp_1,
iii) ki’s (i=1,2,...,D) are positive integers,
iv) the multiplicities are positive integers.

Lemma 6. (c.f. [2, Proposition 3.1]) Let I be a non-bipartite distance-regular graph with
valency k and odd girth g = 2t + 1. Then

Zm(n)ui 2 0, (5)

where (u;)2, is the standard sequence associated with the smallest eigenvalue Owin, 0 18
any eigenvalue of the g-gon, and p;(x) is defined as the following

po(z) =1,

pi(r) =,

pg(:c) — 5122 o 27 (6>
pi(r) = xpi—1(x) — pia(z) (1 =3,4,...,1)

Proof. Let A be any g-gon in I'. Let B; (i = 0,1,...,t) be the matrix with rows and
columns indexed by V(A), where the (v,w)-entry is 1 whenever dr(v,w) = ¢ and 0
otherwise. Note that da(v,w) = dr(v,w) for any two vertices v,w € V(A), and we have
B; = p;(By) with p;(z) as Equation (6). By [2, Proposition 3.1], for any eigenvalue 7 of
A, we have Equation (5). ]

Lemma 7. (c.f. [6, Lemma 5.2]) Let T' be a distance-reqular graph with valency k and

smallest eigenvalue 0. If a1 =0 and O < 12;5’“, then co < 2.

Proof. Choose two vertices z,y € V(I') with d(z,y) = 2. As a; = 0, the subgraph induced
on {z,y} U(['(z)NI'(y))is a Ky.,. Let  — & be a normalized representation associated
with 0 = ;. Consider the Gram matrix of the image of the K., with the bipartition,

we see that )
Q _ 5(1 + UQ) . Uq
(75} 5(1 + (CQ — 1)U,Q>

is positive semidefinite, by [4, Proposition 3.7.1 (iii)]. Then (1,1)Q(1,1)" > 0, which in

turn implies (uy +u2)((2+62)1}1_7“52 +4cy) 2 0. As a; =0, we see ug +uy = % <0,
that is 2%:32 < —Jlj:ﬁi = %. When £ > 1, we have 0 < @ < % and ¢y < 42_'“3% <
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Lemma 8. Let I be a distance-reqular graph with valency k and diameter D, having
smallest eigenvalue O, with associated standard sequence (ui)f)zo. Then

Omin — @i)Ui| — ¢ilu;— .
[ Jul ~elval -,

|Uwita1| > =1...,D-1). (7)

Proof. By Equation (2) we see that u;; = (enlinfai)bwfc"“i*l (t=1,...,D—=1). AsOpin <0
is the smallest eigenvalue, by [4, Corollary 4.1.2], we see that u;;1, —u; and u;_; has the

same sign. The result follows. n

3 Main Theorem

In this section we will prove our main result.

Proof of Theorem 1. If g = 3, then 0, > —g by [7, Proposition 2.11]. So we may assume
g=>5. Lett = % and A be a g-gon in . Let (u;)2, be the standard sequence associated
with the smallest eigenvalue 6 = 0,,;,.

Assume ¢; < Ck for some ¢ < 1. By Lemma 6, we have >_;_ pi(n)u; > 0, where p;(z)
is as Equation (6).

We claim that there exist constants V; such that

9 ,L'
with
07 v = [
N; = .
{2N11+4, 22273...7t.
Note that |ug — 1| = |u; — | = 0. Assume |u; — (%)z| < N;¢ for some 1 <i<t—1. As
¢t < Ck, we see that ¢; < ¢ < Ckand b; =k —¢; > (1 — ()k. Then

. Ou; — ciui—q _ Q ah
N b; k

(9)i+1
Wit1 — i

<ﬁ_ﬁﬁz+ﬁﬁi_§iﬂﬁy|
ST b \E b \ k 2 p, i
—g ._Qi_‘_ﬁ Qi+1_‘_ﬁ| |
“n YT\ b [\ & p, i

k CG G

<E.Ng+S4l

b, Vet

< N,

Whereb%éﬁgQandﬁnggQC(Cg%).
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Note that p;(n) is an eigenvalue of the distance-i graph of A. Hence |p;(n)| < 2
(1=0,1,...,t), and by Equation (8), we have

Sniom <3500 (2) o ()
\sz (—)lJer(, o)

where M; = 3!_ 2N;.
By Equation (6), we see that p;(z) = A\{ +\} (z =1,2,...,t), with \; = J(z£V2? — 4)

(i = 1,2). Define f(z,y) = > pi(x)y’ = 1(’\1/\3’1);1 - 1(’\2/\342);1 1. Note that the
eigenvalues of A are 2 cos 2” (1=0,1,...,9 —1). Take n = 2cos =—=— ( U then we see
fn,=1) = =My, (10)

where My = 1/ cos (t U™ 1 fact,

. o _ 27i- L\ t+1 s —2mi- L\ t+1
f(QCoszﬂ,—1>:1 ( ¢ ) +1 ( ‘ ) -1
g 1 — (_eQm-g) 1— (_6—27r1~§)

L J(t+1) o gt
627r1 e +e 2mi g

= (=" i L
1+4+ey

= (—1)""7/ cos I

Take ¢ = min{ZZ T ,2} Note that Mj, Ms,, and hence ( is determined by g. By

Equation (10), we see f(n,—1) + Mi¢( < —22 < 0. We also have f(n,0) + M;{ =
1+ M;¢ > 0. By Equation (5) and (9), we have 0 < f(n, ) + M;¢. Take —(1 —£(¢)) as
the smallest root y of the equation f(n,y) + M;¢{ = 0 in the interval (—1,0). It follows
that 6 > —(1 —£1(¢))k.

Now we consider the case ¢; > (k.

If ¢; > 1, then we claim that the diameter D < gﬁ and Opin = —(1 — e2(¢))k for some
constant £9(¢) > 0. Without loss of generality, we may assume 4t < D < 47!t for some
integer ¢ > 1. If cy_14; = cu—1 # 1, by [7, Theorem 7.1], we see j < 2t — 1, that is
Ca—1 > Cy—1. Then cy—1 = coryj > cy—14; for some 0 < 7 < 2t — 1, and cyy—1 > 2¢¢ by
7, Proposition 7.2]. This implies k > ¢y > 2y, that is D < 4t(% ")? < % Then by

[6, Theorem 1.1}, the set S of distance-regular graphs with valency k: diameter D <

CQ J
smallest eigenvalue 6, < —(1 —€1(¢))k and odd girth g is finite. Take
k + emin .
in ——— f 1%}
H(() = MR 57
e1(Q), otherwise.
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If ¢; =1, then £k < % The set S of distance-regular graphs with valency k < % and
odd girth ¢ is finite, by [1, Theorem 1.1]. Take

. k + emin . /
£(0) = mig ——, if §" #£ 9,
e1(¢), otherwise.
Take ¢ = min{e;((),e2((),e3(¢)} and the result follows. O

Remark 9. When the odd girth ¢ = 5 and ¢y < (k, we may take Ny = ﬁ Then
f(z,y)+ M ¢ = 1+xy+(x2—2)y2—l—%. By substituting 7 = 2 cos 2% into f (7, 8)+Mi¢ >

0, we find an inequality between ¢ and %. For example, if ( = 0.1, then § > —0.78k.

4 Distance-regular graphs with relatively small 0,,;,

In this section we study distance-regular graphs with relatively small 6,,;,. In the rest of
this section we will give a proof of Theorem 3.

Proof of Theorem 3. Assume I' has odd girth g = 2t + 1. Let (u;)2, be the standard
sequence associated with the smallest eigenvalue 6 = 0,,;,.

We first consider the case D = 4. We may assume k > 5, otherwise I' is the 9-gon or
the Coxeter graph by [3] and [5, Theorem 1.1].

As 6 < —%, by [7, Proposition 2.11], we have a; = 0. If as # 0, that is ¢t = 2, then
27 (t—1) (k—1)(2k+/5t+t4+/5-1) > 0, which

g

2k(k—1)
implies that 6 > %ﬁ“ Combine it with 8 < —%k, we see that £ < 2. Hence ay, = 0.

Note that 0 < —%k’ < @, by Lemma 7, we see ¢3 < 2.
If a3 # 0, then consider

substitute n = 2 cos into Equation (5) and we get

> pi(nui =0
i=0 (11)

with n = 2, we obtain that £ < 4 if ¢o = 1, and k < 8 if ¢ = 2. No intersection arrays
satisfy Lemma 5, with 5 < k < 8, D =4, a1 = a3 =0 # a3, co = 2 and O, < —%k.
Hence a3 = 0.

Assume k > 36. Since £ > 36, ¢ < 2 and 0 < —%k, by Equation (7), we obtain
|ug| = 0.5500 and |uz| > 0.3926. Now we consider the intersection matrix L of I, where

k 0 0 0
0 k-1 0 0
Cy 0 k—cy 0
0 C3 0 k’—Cg
0 0 Cy k—C4

h
I
cocoor~o

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(2) (2019), #P2.41 8



We see that k* + 6% < tr(L?) < k® + 6k + c4(2k — c4), where ¢ < 2 and ¢3 < ¢y.
Since k£ > 36 and 0 < —%k’, we obtain that ¢ > 0.2227. By Lemma 4, we see that
m < max{-5 -, 137%}. Since k3bs = kycy, we see kajT’? < %(1 + é) With |u| > 2,
lug| > 0.5500 lus| > 0.3926 and ¢ > 0.2227, we obtain m < 36. By [4, Theorem 4.4.4],
we see that £ < m < 36, a contradiction. It follows that & < 35. Then we check the
intersection arrays satisfy Lemma 5, with 5 < k£ <35, D =4, a1 = a3 = a3 = 0 # ay,
cs =1 or 2 and O, < —%k, and we get the folded 9-cube and odd graph Os. This shows
the case D = 4.

Now we consider the case D = 5. Similar to the case D = 4, We may assume k > 5,

otherwise I' is the 11-gon, by [3] and [5, Theorem 1.1]. As # < —%, by [7, Proposition

27r(t 1)

2.11], we have a; = 0. Substitute n = 2cos ) with t = 2 1nt0 Equation (5), we

obtain 6 > %ﬁ“ Together with 6 < 5k’, we see k < 2, and hence a, = 0. Since

0 < —%k: < 12;5’“, by Lemma 7, we have and ¢y < 2.

If a3 # 0, then consider Equation (11) with n = 2, we obtain that k£ < 3 if ¢y = 1,
and k < 5 if o = 2. By [4, Theorem 1.13.2], no such graphs exist with £ =5 and ¢y = 2.
Hence a3z = 0.

We consider ay # 0. If ¢5 < 0.3750k, combine it with Equation (11), where n = —1
(9 =9), we see that k < 24. Assume k > 24, then ¢3 > 0.3750k. By Equation (7), we
obtain |ug| > 0.6243 and |ug| > 0.4721. Note k—g = lc’—j < 1;—;3 and z—z = % < (1;—3‘33)2 By
Lemma 4, we see that

1 1 1 l—cg 1—cs3,
< —,—,—(1 12
m\max{ufvugvug)( + Cg +( 03 ))}7 ( )

that is & < m < 24 by [4, Theorem 4.4.4]. No intersection arrays satisfy Lemma 5 with
5<k<24, D=5 a1 =ay=a3=0%#as, c; =1o0r2and § < —2k. Hence ay =0,
Assume k 2 71. Then by Equation (7), we see that |us| > 0. 6348 and |uz| > 0.4994,
where §; < —2k, ¢ = 1 or 2. Then as m > k > 71, by Equation (12), we obtain
< 0.2166k. It implies |u4| > 0.3344 by Equation (7). Consider the intersection matrix
L and we see that k? + 6% < tr(LQ) < k% + 6k + 4csk — 2, which implies ¢5 > 0.1440k.
And we see k < m < mln{ 5, 2, 12, 12( + %)} < 71. It follows that &£ < 71. Then we
check all intersection arrays sat12sfy13ng Lemma 5 with 5 < k<71, D=5 a1 =ay =a3 =
ag =0F# a5, co =1o0r 2 and 6 < —gk and we obtain the odd graph Og and the folded
11-cube. This shows the case D = 5. O
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