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Abstract

We investigate the rigidity for the Hopf algebra QSym of quasisymmetric func-
tions with respect to the monomial, the fundamental and the quasisymmetric Schur
basis, respectively. By establishing some combinatorial properties of the posets of
compositions arising from the analogous Pieri rules for quasisymmetric functions,
we show that QSym is rigid as an algebra with respect to the quasisymmetric Schur
basis, and rigid as a coalgebra with respect to the monomial and the quasisym-
metric Schur basis, respectively. The natural actions of reversal, complement and
transpose of the labelling compositions lead to some nontrivial graded (co)algebra
automorphisms of QSym. We prove that the linear maps induced by the three ac-
tions are precisely the only nontrivial graded algebra automorphisms that take the
fundamental basis into itself. Furthermore, the complement map on the labels gives
the unique nontrivial graded coalgebra automorphism preserving the fundamental
basis, while the reversal map on the labels gives the unique nontrivial graded alge-
bra automorphism preserving the monomial basis. Therefore, QSym is rigid as a
Hopf algebra with respect to the monomial and the quasisymmetric Schur basis.

Mathematics Subject Classifications: 05E05, 06A11, 16T30

1 Introduction

Reutenauer and his school [23, 25] introduced the Hopf algebra GSym of permutations,
which has a linear basis indexed by permutations in all symmetric groups &,,. One of its
important quotient Hopf algebras is the Hopf algebra of quasisymmetric functions, QSym,
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which was first introduced by Gessel [11] in the 1980s to deal with the combinatorics of
Stanley’s P-partitions [27], and since then QSym has been extensively studied in alge-
braic combinatorics [1, 2, 5, 10, 17, 19]. Much of the combinatorial richness arising from
these Hopf algebras stems from their various distinguished bases and the relationships
among these bases. A graded algebra (respectively, bialgebra, Hopf algebra) is said to be
rigid with respect to a given graded basis if there are no nontrivial algebra (respectively,
bialgebra, Hopf algebra) automorphisms that take the given basis into itself as a graded
set. Hazewinkel [14] proved that the algebra &Sym is rigid as a Hopf algebra with distin-
guished basis, i.e., there are no nontrivial automorphisms that preserve the multiplication
and comultiplication and take the distinguished basis of all permutations into itself as a
graded set. Based on this result, Hazewinkel conjectured that there are similar results for
the Hopf algebra of quasisymmetric functions.

Motivated by the conjecture of Hazewinkel, the major goal of this paper is to under-
stand the rigidity for the Hopf algebra QSym. As is well known, QSym has various bases
3, 7, 11, 16, 20, 21, 24, 29|, all indexed by compositions. In this paper, we focus on
the monomial basis M,, the fundamental basis F,, and the quasisymmetric Schur basis
S.. The notions of complement, reversal and transpose of compositions correspond to
well-known involutive graded algebra automorphisms of QSym defined in terms of the
fundamental basis as follows [21]:

U : QSym — QSym, U(F,) = Fyue;
p:QSym — QSym,  p(Fa) = For; (1)
w : QSym — QSym, w(F,) = Fa.

Note that these automorphisms commute with each other, and that w = Vo p = po W.
Malvenuto and Reutenauer proved in [22, Théoreme 4.12 and page 50] and [23, Corollary
2.4] that p and w are algebra automorphisms of QSym and so does ¥, since ¥ = pow. (As
they mentioned Gessel had shown the results in [12]). We will show that ¥ is also the only
nontrivial comultiplication-preserving map so that it is the unique nontrivial graded Hopf
algebra automorphism of QSym that preserves the fundamental basis, and that p is the
unique nontrivial graded algebra automorphism of QSym that takes the monomial basis
into itself, but it does not preserve the comultiplication. The set of quasisymmetric Schur
functions is a basis of QSym discovered by Haglund, Luoto, Mason and Willigenburg
[16]. We will show that QSym is rigid as a Hopf algebra with respect to this kind of
basis, that is, there are no nontrivial automorphisms that are multiplication-preserving
or comultiplication-preserving and preserve the quasisymmetric Schur basis.

More precisely, this paper is structured as follows. Section 2 briefly gives background
on quasisymmetric functions required to state and prove our results. In order to prove
the main results, we review in Section 3 several posets of compositions arising from the
analogous Pieri rules for quasisymmetric functions and investigate some of their combi-
natorial properties. Then in Sections 4 we show that the map p defined by Eq.(1) is the
only nontrivial graded algebra automorphism of QSym that preserves the set of mono-
mial quasisymmetric functions. But QSym is rigid as a coalgebra with respect to the
monomial basis so that it is also rigid as a Hopf algebra. We focus our attention on the

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(3) (2019), #P3.4 2



fundamental basis in Section 5, showing that these maps U, p,w defined by Eq.(1) are the
only nontrivial graded algebra automorphisms of QSym that preserve the fundamental
basis, and that the map V¥ is the unique nontrivial graded coalgebra automorphism of
QSym preserving the fundamental basis. So V¥ is the only nontrivial graded Hopf algebra
automorphism preserving the fundamental basis. Section 6 is devoted to showing that
QSym is rigid as a graded Hopf algebra with respect to the quasisymmetric Schur basis.

2 Background and Preliminaries

In this section, we review background on quasisymmetric functions that will be useful to
us later. We refer the reader to [26, 27|, as well as [11, 16, 21, 23|, for further details on
quasisymmetric functions.

A composition o = (a1, i, - -+, ) of a positive integer n, often denoted by « = n, is
a finite ordered list of positive integers whose sum is n. The set of all compositions will be
denoted by C. We shall often omit the commas and write a composition (aq, g, - -+ , ) as
a1 - - - o, when it is used as a subscript and no confusion can arise. Given a composition
a = (o, 0, ,0) we call the integers «; the parts of a and define its weight to be
la| = aq + g + -+ + oy and its length to be f(a) = k. If aj = -+ = ajpm_1 = a we
often abbreviate this sublist to a™. A partition is a composition whose parts are weakly
decreasing. The underlying partition of a composition «, denoted by «, is the partition
obtained by sorting the parts of a into weakly decreasing order. For convenience we denote
by () the unique composition (respectively, partition) of weight and length 0, called the
empty composition (respectively, empty partition).

For positive integers m,n with m < n, we define the interval [m,n] = {m,m +
1,--+,n}. In particular, we write the interval [1,n] as [n] for short, and hence [n| =
{1,2,--- ,n}. Any composition « = («ay,as, - ,a;) of n naturally corresponds to a

subset Set(«) of [n — 1] where
Set(a) = {a,a1 +ag, - ;a1 +ag + -+ ag_1}.

Note that this is an invertible procedure; that is, any subset S = {s1,82--+ , s} C [n—1]
with s1 < sy < -+ < s corresponds to a composition Comp(S) = n where

Comp(S) = (81,82 — 81, , Sk — Sk_1,1 — Sk)-

In particular, the empty set corresponds to the composition () if n = 0, and to (n) if n > 0.

Given a composition o = (g, g, - ,ax) there exist three closely related composi-
tions: its reversal, its complement, and its transpose. Firstly, the reversal of «, denoted
by o, is obtained by writing the parts of « in the reverse order. Secondly, the complement
of a, denoted by a¢, is given by a® = Comp (Set(«)°) , that is, Set(a®) = [Ja| —1] —Set(a),
and hence af is the composition that corresponds to the complement of the set that cor-
responds to «. Finally, the transpose (also known as the conjugate) of a, denoted by o,
is defined to be o = (a”)°, which is also equal to (a°)".

Given compositions «, 3, we say that « is a refinement of [, denoted by a < (3, if
[ is obtained from «a by summing some consecutive parts of a. Thus, a < g if and
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only if |a| = |8] and Set(8) C Set(a). The concatenation of o = (ay, g, -+, ) and
5 = (617527"' 7Bl) is

a'ﬁ:(ala"‘70%751;"'7@)

while the near concatenation is

O‘®ﬁ:(al7"' 7ak+ﬁ17"' 761)-

A quasisymmetric function is a bounded degree formal power series f € Q[[z1,x2, - ]]
such that for each composition (ay,ay,--- o), all monomials x{'x3? ---2f* in f with
indices i1 < 13 < --- < 1 have the same coefficient. Let QSym denote the set of all
quasisymmetric functions. Then QSym forms a connected graded Hopf algebra

QSym = 5 QSym,,
n=0

where QSym,, is the space of homogeneous quasisymmetric functions of degree n.

There are a number of well-known bases for QSym, all indexed by compositions. For
the following three considered here, see [11] and [16]. The monomial basis consists of
My =1 and all formal power series

— a1 (2 (693
M, = E Tty ey,

11 <t <--<lg
where o = (ay, g, - -+ , ay), while the fundamental basis consists of F = 1 and all formal
power series
F,=Y Mj.
BRa

Hence by the Mobius inversion formula,

M, = Z(_l)f(ﬂ)*f(a)pﬁ. (2)

Ba

Moreover, QSym,, = span{M,|a = n} = span{F,|a | n}.

As an algebra QSym is just a subalgebra of the formal power series algebra Q[[z1, 2, - - - |]
in countable many commuting variables. So the product of two quasisymmetric functions
is the natural multiplication of formal power series. The coproduct on each of these bases
is even more straightforward to describe

AM) =Y Mo M, AF.)=Y FoF+ Y FoF. (3
a=py a=py a=B0ey
The counit is given by

8(%):{1 if a=10 5(}70():{1 if a=10 n

0 otherwise, 0 otherwise.
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The basis of quasisymmetric Schur functions [16] is introduced for the Hopf algebra
QSym in 2011. It arose from the combinatorics of Macdonald polynomials [15] and itself
initiated a search for other Schur-like bases of QQSym such as row-strict quasisymmetric
functions [24] and dual immaculate quasisymmetric functions [3]. We next briefly recall
the concept of quasisymmetric Schur functions, see [6, 16, 21] for more details.

We depict a composition o = (a1, e, -+ , ) |E n by using its reverse composition
diagram, also denoted by «, which is the left-justified array of n cells with a; cells in
the i-th row, where, following the English convention, we number the rows from top to
bottom, and the columns from left to right. The cell in the i-th row and j-th column is
denoted by the pair (i, 7). For example,

is the reverse composition diagram of (1, 3,2), and the cell filled with a e is the cell (3, 2).

We call the reverse composition diagram of o the Young diagram if « is a partition.
Let a, 8 be two Young diagrams. We say that [ is contained in «, denoted by 8 C «, if
(B) < l(a) and B; < a; for 1 < i < (). If B C «, then the skew partition shape a3 is
the array of cells

O‘/ﬁ = {(27])|(27]) € o and (27]) gﬁ}a

where (3 is positioned in the upper left corner of a. The size of a/f is |a/B| = |a] — |5].
We must distinguish between the skew partition shape «/f and the skew reverse
composition shape «//, which is defined below.

Definition 1. (Definition 4.2.3 in [21]) The reverse composition poset L is the poset
consisting of all compositions in which a = (g, ag, -+, ax) is covered by 3, denoted by
a <¢ B, if either

(a) 8= (1,aq, - ,az), that is, the composition obtained by prepending « with a new
part of size 1, or

(b) 8= (o, - ,a; +1,---, ), provided that o; # «; for all i with 1 < i < j, that
is, the composition obtained by adding 1 to a part of a as long as that part is the
leftmost part of that size.

The partial order on Lo is denoted by <s. For example, a saturated chain in Lg is
(1) <¢ (1,1) <¢ (2,1) <¢ (1,2,1).

Let «, 8 be two reverse composition diagrams such that § <o a. Then we define the
skew reverse composition shape o // to be the array of cells

O‘//ﬁ = {(%]N(%]) € o and (Zvj) €5}7
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where 3 has been drawn in the bottom left corner. The size of o/ is |a// 8| = |a| — |B].

Following the vocabulary regarding skew shapes (either partition or composition), we
call B the inner shape and « the outer shape. A skew shape is a horizontal strip if no two
cells lie in the same column, and a wvertical strip if no two cells lie in the same row.

Example 2. The skew shapes (5,4,2,2)/(4,2,2) and (1,2,4,2)//(1,3, 1) are shown below,
respectively, where the inner shapes are denoted by cells filled with a e.

[ ) [ ) [ ) [ )
[ ) [ ) [ ]
[ ) [ ) [ ] [ ] [ ]
[ ]
Skew shape (5,4,2,2)/(4,2,2) Skew shape (1,2,4,2)//(1,3,1)

Note that the first one is a horizontal strip, while the second one is a vertical strip.

Definition 3. (Definition 4.2.6 in [21]) Given a skew reverse composition of shape a///3,
we define a semistandard reverse composition tableau (abbreviated to SSRCT) 7 of shape
a// to be a filling

T — 77T
of the cells (i, j) of a//§ such that
(a) the entries in each row are weakly decreasing when read from left to right,

(b) the entries in the first column are strictly increasing when read from top to bottom,

(c) set (i, j) = oo forall (4,7) € 5, andifi < j, (j,k+1) € af/ B and 7(i, k) > 7(j, k+1),
then (i,k+1) € o/ and 7(i,k + 1) > 7(j,k + 1).

Sometimes we will abuse notation and use SSRCT to denote the set of all such tableaux.

Given an SSRCT 7, we define the content of 7, denoted by cont(7), to be the list of
nonnegative integers

COHt(T) = (Clv Coy 7Cma:c)>

where ¢; is the number of times ¢ appearing in 7, and max is the largest integer appearing
in 7. Given variables x1, o, - - -, we define the monomial of 7 to be

.I'T — x101x202 ... 'rmaxcmax'

Example 4. An SSRCT of the shape (3,4,2,3)//(1,2) is shown below, where the inner
shape is denoted by cells filled with a e.
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3
41413 cont(r) = (1,1,3,2,1,1)
9 " = x1x2x33$42$5$6

Let « be a composition. Then the quasisymmetric Schur functions [16, Definition 5.1]

S, is defined by Sy = 1 and
S, = Z x7

where the sum is over all SSRCTs 7 of shape a. By [16, Proposition 5.5], the set of
all quasisymmetric Schur functions forms a basis for QSym. Let v be a composition.
According to [6, Theorem 3.5], the coproduct in terms of the quasisymmetric Schur basis
is defined by

AS)=300,8. 58 (5)
o,

where the sum is over all compositions «, f and C’gﬁ is the noncommutative Littlewood-
Richardson coefficients. The values of some special noncommutative Littlewood-Richardson
coefficients, that will be used later, can be given directly by noncommutative Pieri rules
[6, Corollary 3.8]. More precisely, for any positive integer n, we have

(6)

Y
Cln?ﬂ -

1 if 8 <c 7 such that |v//B] =n and v//( is a vertical strip,
0 otherwise.

In particular, C’{”B = 1if and only if 8 <¢ 7.

For convenience of notation, for each K € {M, F,S} we define a scalar product on
QSym, i.e., a Q-valued bilinear form (-,-)x, by requiring that (K,, Kz)x = Jdop for all
compositions «, 3, where d,4 is the Kronecker delta. Then we have

Koky =) (K, KoKg) K, (7)

vyec

We remark that a connected graded bialgebra H has a unique antipode S, endowing it
with a Hopf structure [9, 13]. Thus, a bialgebra endomorphism of QSym is automatically
a Hopf endomorphism. For further references relevant to Hopf algebras, we refer the
reader to [28].

3 Partial orders on the set of compositions

In Section 2, we recalled the reverse composition poset (Lo, <¢) in order to define the
quasisymmetric Schur functions. In this section we will review three other partial orders
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on the set C of all compositions, and deduce some of their order-theoretic properties,
which will help us to state Pieri-type rules for quasisymmetric functions.
The multiplication of two monomial quasisymmetric functions is described in terms of

the quasi-shuffle product * [9, 18] on the indexing compositions. Let oo = (o, g, -+, i)
and f = (B1, 052, ,0) be two compositions. The quasi-shuffle * can be recursively
defined by

axf = (o, (a2, ,ap)*B)+ (Br,ax(Ba, -+, B1)) + (a1 + B, (g, - s ag) * (Ba, -, 1)),

with the convention that @ x o = ax ) = . We sometimes write the quasi-shuffle product
as
axf=> (5,axpB)s,
oeC
where (0, a % (3) is the coefficient in « * 5 of the composition §. Consequently, by Eq.(7),
we have (Ms, MyMpg)y = (6, % ) for all compositions «, 3, 0, and hence

Mo Mg = (5, 0% B)Mj. (8)
6eC

For example,
Migo My =2M399 + Moo + Mayzg + Mgy + Misa + Msso.

The partial order relating to the Pieri-type rules for monomial quasisymmetric func-
tions was introduced by Bergeron, Bousquet-Mélou and Dulucq in [4]. A composition «
is said to be covered by a composition 3, denoted by o <j; 3, if S is obtained either by
adding 1 to a part of «, or by inserting a part of size 1 anywhere into a. The partial order
obtained by transitive closure of this covering relation is denoted <;; and the poset thus
obtained is denoted by (I', <js). For any compositions «, (3, it follows from Eq.(8) that
the product M, Mg of two monomial quasisymmetric functions is M-positive, that is, it is
a nonnegative linear combination of monomial quasisymmetric functions. In particular,
we have the following Pieri-type rules for monomial quasisymmetric functions.

Lemma 5. Let a = (o, ag, -+ ,a) be a composition. Then
k k
MM, = Z M(al,-",aml,arﬂw-,ak) + Z M(Oél,"',ar71,ar+1,ar+1,"',Oék)' (9)
r=0 r=1

In particular, (Mg, M1 My)a > 0 if and only if o <ar 5.

The proof is a straightforward argument using Eq.(8) and hence will be omitted.

In order to establish the Pieri-type rules for fundamental quasisymmetric functions,
Bjorner and Stanley [8] introduced the following partial order on C. We say that a
composition § covers a = (ay, -+ ,ay), denoted by a <p (3, if § can be obtained from «
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either by adding 1 to a part, or adding 1 to a part and then splitting this part into two
parts. More precisely, for some j we have either

5: (al’... 7Oéj—17aj+17aj+17”' 7ak)
or
B:(ah”' 7aj71>h>aj+1_h”a]'+17'“ 70%)

for some 1 < h < ;. The partial order obtained by transitive closure of this covering
relation is denoted by <r and the poset thus obtained is denoted by (F, <g). In [8, Section
3], the authors proved the following Pieri-type rules for fundamental quasisymmetric
functions:

FiF,= ) Fp (10)

a<pp

In order to state the analogous Pieri rules for quasisymmetric Schur functions [16,
Theorem 6.3], we need three operators: rem, row, col. For a given composition «, denote
remg(av) the composition obtained by subtracting 1 from the rightmost part of size s in
a, and removing any 0 that might arise in this process. If there is no such part then we
define remg () = (). Given positive integers s; < 59 < -+ + < sjand my <my < - -0 <My,
we define

TOW (5, 55, ,s;} (@) = Temy, (- - - (remg,_, (rem,, (a))) -~ -)
and
Ol mag,r m;} (@) = 1€y, (- - - (Y€MY, (Temyy, () - - - ).
For example, if o = (1,2, 3), then
roW (9,3} (@) = remy(rems(a)) = remy(1,2,2) = (1,2,1)
and
cola3 (@) = remg(remy(ar)) = remy(1,1,3) = (1,1,2).

For any horizontal strip § we denote by S(J) the set of columns its skew diagram
occupies, and for any vertical strip € we denote by M (e) the multiset of columns its skew
diagram occupies, where multiplicities for a column are given by the number of cells in
that column, and column indices are listed in weakly increasing order.

From [16, Theorem 6.3], we have the following analogous Pieri rules for quasisymmetric
Schur functions.

Lemma 6 (Pieri rules for quasisymmetric Schur functions). Let a be a composition. Then
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(a)
SuSa = Sy
B
where the sum is taken over all compositions 5 such that
(i) 6 = B/@ is a horizontal strip,
(i) |0] = n,
(tii) Trowg(s)(f) = o
(b)
SinSa =Y S
B

where the sum is taken over all compositions 3 such that
(i) € = B/ is a vertical strip,
(i) |e[ = n,
(tii) colpr(e)(B) = av.
Example 7. According to Lemma 6, we have

S11811 = Sa2 + So11 + S121 + S112 + S1111, $252 = Sy + Sz + Sao + Sis.

The Pieri rules for symmetric functions [27, Theorem 7.15.7] give rise to Young’s lattice
on partitions in the following way. Let A, u be partitions. Then A covers p in Young’s
lattice if the coefficient of s, in s1s, is 1, where s, and s, are the Schur functions.
Analogously, Lemma 6 gives rise to a poset, denoted by (Q¢, <g), on compositions: if «
and  are compositions, then 3 covers a in the poset Q¢ given that the coefficient of Sg
in §1S, is 1. In other words, we have

S$i8u= > Sz (11)

a=<gp
The following lemma is an immediate consequence of Lemma 6.

Lemma 8. Let a and [ be compositions. Then oo <¢g B if and only if « = rems(5) where
s is a part of 5.

The partial orders <¢, <ur, <p and < satisty the following relations.
Lemma 9. The binary relations <c, <ur, <r and <q satisfy <cC<y and <QC<C<p.

Proof. By definition, <¢C<C<F clearly holds, so we only need to show that <oC=<,.
Let a = (a1, a, -+ ,an), 8= (b1, B2, -+, Br). If a < B, then, by Lemma 8, a = remyg, (3)
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for some 7 with 1 < j < ¢t. Without loss of generality, we may assume that 3; is the
rightmost part of size 3; in 3. Thus,

o — (617"'76j_17"'7ﬁt> ifﬁj}?,
(B1,- - Bj=1, Bjx1, -+, B) if By =1,

or equivalently either 8 = (ay,---,a; +1,--- o) or B = (a1, -+ ,a5-1, 1,05, -+, ),
whence o <) f and hence <oC=<y. O

It is clear that Lo, Q¢, I' and F are all graded by rank(a) = |a| and have a unique
minimal element (). Figures 1 — 4 show four levels, i.e., ranks 1,2,3,4, of (L, <¢),
(Qc, <), (I',<um) and (F, <p), respectively.

1111 112 121 211 13 22 31 4 1111 112 121 211 13 22 31 4

Figure 1: The poset (Lc,<¢) Figure 2: The poset (Qc,<@)

1111 112 121 211 13 22 31 4 1111 112 121 211 13 22 31 4

Figure 3: The poset (T, <as) Figure 4: The poset (F,<p)

Let < be a partial order on the set C, and let § € C be a composition. We denote
D<(p) the set of compositions covered by /. In symbols,

D<(P) = {a € Cla < G}

Lemma 10. Let < be one of the partial orders <g, <u, <p, and let a, 3 be compositions
with |a| = 3. If D<(a) = D<(f), then |a] = |8] and () = £(5).

Proof. We can see that |a| = |f] since (C, <) is a graded poset. If one of o, is (1")
where n > 3, without loss of generality, suppose that o = (1"), then D (a) = {(1"71)}.
Thus, we must have § = (1") so that a = 8 and hence ¢(a)) = ¢(3).

In what follows, assume that neither a nor 3 is equal to (1™). Let o = (aq, g, - -+, ).
Then there exists a part of o larger than 1. Let o be the rightmost part of a such that
a; > 2 and denote by § = (oq, -+ ,a; — 1,--- ;). Then £(0) = {(«). Note that
§ = rem,, (@) <@ @, so that § <y @ and 0 <r a by Lemma 9, whence 0 is in the set

D(a) = D<(B) for any partial order < in {<q, <u, <p}. By definition, we have either
0(0) = £(B) or £(0) = £(B) — 1, and hence ¢(a) < (). By symmetry, we also have
0(6) < l(a), proving that ¢(a) = ¢(5). O
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Lemma 11. Let < be one of the partial orders <q, <y, <r, and let a, B be compositions

with the same length, where o = (aq, g, - -+, Q).
(a) If a« # B and D<(a) N D<(B) contains an element of length {(«), then there exist
i,j with 1 <i < j <k such that either B = (o1, 0, +1,-+ ;a; —1,--+ ;) or

/8: (alu"' 7ai_17"' ,()éj+1,"' 7O‘k)7'
(b) If D<(a) N D<(B) contains two distinct elements of length £(a), then o = 5.

Proof. (a) Since «, 8 have the same length, it follows from « # § that k£ > 2. Let
o € Dc(a) N D(fB) be an element of length ¢(a). By definition, ¢ must be obtained
from « and § by subtracting 1 from some part in o and 3, respectively. Thus, there exist
distinct ¢, 7 with 1 < 4,7 < k such that

0':(0417"'7ai_1;"',ak):(ﬁly'”76j_17"'7ﬁk)'

Hence part (a) follows.
(b) Let 0,0 € D<(a) N D<(f3) be two distinct elements of length ¢(«r). Analogous to
the proof of part (a), we see that there exist i, j, s,¢ such that

U:(Oéla"'yoéi_ly"';ak>:(61;"';5j_17"'75k)

and

5:<011,"' 7&8_17"' 70516):(617"' 7575_17"' 75]{)

If « # B, then i # j and s # t. Suppose without loss of generality that ¢ < j. If s < ¢,
then

B:(al’... 7ai_17... ’aj_i_l’ 70416):(0417"' ,Oés—l,"' 7at_|_1’... 7Oék>7

so that ¢ = s, j = t and hence o0 = ¢, a contradiction. If s > ¢, then we can get a
contradiction in a similar way. This completes the proof. O]

Proposition 12. Let < be one of the partial orders <p; and <g, and let o, B be compo-
sitions with |a| > 4. If D<(a) = D<(B) then oo = .

Proof. 1t follows from Lemma 10 and D<(a) = D<(f) that |o| = |5] and {(«) = ¢(B). Tt
is trivial to see that o = 3 if one of a and (3 is (1") or (n), where n = |a| > 4. If there
exist two parts in « or f are larger than 1, then D<(«) = D<(B) contains at least two
distinct elements of length ¢(«). By Lemma 11(b), we have o« = . Thus, we next assume
that o = (1%,a,1"" %) and 8 = (17,0,1"77%), where 0 < i < n—a, 0 < j < n—b,
2<a<s<n—1,2<b<n—1

Suppose to the contrary that o # 3. Note that (1%, a—1,1"7"%) is an element of length
¢() contained in D¢(a) = D<(f). By Lemma 11(a) we have a = b = 2, whence i # j.
Without loss of generality we may assume that ¢ < j. Then (1971,2,1"7772) is covered
by 3 so that it belongs to D<(a), which yields j = i + 1. Hence a = (1%,2,1"7*"2) and
B = (171,2,1"73), Now if i > 1, then (1°71,2,1""72) € D<(a)\D<(8), a contradiction;
if i =0, then a = (2,1"2) and 8 = (1,2,1"3), which together with n > 4 implies that
(1,2,1"*) € D<(B)\D<(a), another contradiction, completing the proof. O
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The algebraic meaning of Proposition 12 can be stated as follows.
Corollary 13. Let a and 8 be two compositions with weight n > 4.

(a) If (M, MiMs)yr = (Mg, MyMs)y for all compositions 6 with weight n — 1, then
a=pf;

(b) If (F,, F1Fs)p = (Fg, F1\F5)Fr for all compositions § with weight n — 1, then o = .

Proof. 1t follows directly from (M,, My Ms)y = (Mg, My Ms)r that (M, MyMs)y > 0
is equivalent to (Mg, My Ms)r > 0, which together with Lemma 5 yields that D¢, (o) =
D¢, (B). Thus, by Proposition 12, we obtain that o = /3, completing the proof of part

(a). By Eq.(10), an analogous argument works for part (b). O

Proposition 14. Let a and 8 be distinct compositions with weights larger than 2. Then
D, (o) = D<,(B) if and only if there exist nonnegative integers iy, - -+ ,ig, j1,- - , jr with
k = 0 such that

{a, B}y = {(17, 200 oo (1% 27k 1 2) (17,270 ... 1% 27l 1)) (12)

Proof. Tt follows from Eq.(12) that rem;(a) = rem;(3) = (14,291 ... 1% 2/kF1) and
remy(ar) = remy(3) = (1,271, -+ 1%, 2% 1%). Hence D, (a) = D<,(f).

Conversely, assume that o and g are distinct compositions with weights larger than
2 and D¢, (o) = D¢, (B). Then, by Lemma 10, || = |3] and (o) = £(B3). It is easy
to see that both o and 8 have parts greater than 1. So D¢, (a) N D¢, () contains an
element of length ¢(«). Let o = (v, e, - -+ , ). Applying Lemma 11(a) we may suppose

without loss of generality that § = (a1, -, +1,--- ,a; —1,--- , ay) for some 7, j with
1<i<j<Ut.
We claim that 8;,; = --- = B, = 1. Otherwise, we may assume that (; is the rightmost

part of size grater than 1 in 5. Then ¢ > 4, and hence remg, (5) = (81, ,Bi,- -+, Bt —
L,---,B¢) belongs to De,(8) = D<,(a). From 3 > 1 we conclude that /(remg,(3)) =
((a). Thus, remg,(f) is obtained from a by subtracting 1 from some part in «, con-
tradicting the fact that 5, = a; + 1. So we have ;47 = --- = [y = 1, whence
B= (o, -+ ,q; + 1,177,

From ¢ > i we see that remy(3) = (o, - -+, o;+1,177) belongs to D<, (3) = D<,, (),
so that ¢(rem;(f)) = ¢(a) — 1, and hence rem; () = rem;(«). Since the i-th part of
remy(f) is a; + 1, we have a; = 1 and rem;(«) = (g, -+, @1, Qp1, -+ , ). Thus,
¢ =141, whence o = (o, -+ ,ap9,1,2) and B = (g, - , 9,2, 1).

If there exists a part of a larger than 2, then we may choose the rightmost part of

that size, say o, where 1 < p < £ — 2, so rem,, (o) = (ay, -+ ,0p — 1,--+ ,oy2,1,2) €
D¢, (a)\D<,(B), contradicting D, (a) = D<,(B). Therefore, we have 1 < a, = f; < 2
for all s with 1 < s < /¢ — 2, and the result follows. O]

Proposition 15. Let «, 3 be two distinct compositions of n with €(«) < €(B). Then
D (a) = D<.(B) if and only if one of the following conditions holds

(a) a=(2), 8= (11);
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(b)) a=(3), f=1(1,2);
(c) a = (a+1,1,by,---,b), B = (1,a,1,by,--- ,bg) where a € {1,2}, k > 0 and
b1, by, - -+, by are positive integers satisfying
b < max{b; +1[i=0,1,---,j —1} (13)
for all 1 < j < k, with the notation by = 1.

Proof. Let a, 8 be two distinct compositions of n such that D<_ (o) = D¢ (8). Since
there is only one composition of 1, we have n > 2. It is routine to see that either o = (2),
g =(1,1) or = (3), 8 =1(1,2)if {(a) = 1. It is clear that in these cases the sets of
covered compositions are the same. Thus we are in case (a) or (b). We next assume that

a= (o, a,-, agey) with £(a) > 2.

If oy = 1, then the composition p = (@, -+, aye)) is covered by a so that u <¢ f.
But now it follows from o # § that 8 = (ag, - ,as + 1,--+ , o)) for some s with
2 < s < /l(a), so that ¢(8) = £(«a) — 1, contradicting ¢(a) < ¢(3). Hence oy > 2.

Let v = (o — 1,00, -+ , ). Then v <¢ a, whence v <¢ 3. So B is either
(Lar — Lo, -+ ,0u@)) or (a; — 1Lag,--- ;o + 1, o)) for some ¢t > 2 and oy &
{a1 — 1,9, -+ ,a4_1}. We next show that the second case will never happen. Otherwise,

suppose that = (o — L, a0, -+ a0 + 1, -+, ag)). If oq = 2, then the first part of 3 is
1, so we have
(ag, - o+ 1, aua)) € Do (B)\ D<o (a),

a contradiction. If a; > 3, then we have
(al - 27 Qgy -0, O + 17 e ,Oég(a)> € Dgc(ﬂ)\Dgc(a),

another contradiction. Thus, we must have § = (1,01 — 1, g, -+, yay)-
We now show that ap, = 1. Otherwise, as > 2. Now if ay — 1 = ay, then

(1,(1{1 - 1,0[2 - 17a3a e ,O(g(a)> € Dgc(ﬁ)\D<C(O{);
if ap — 1 # ay, then
(041,042 - 1,043, e ,Oég(a)) S D<C(a)\D<C(5)’

contradicting D¢ () = D¢ (). Hence ag = 1.
Take k = ¢(a) —2 and let a = a1 — 1, b; = a4 for 1 < i < k. Then k£ > 0 and

a:(a+1a17b17"'abk)a 5:(17a717617"'7bk)-
If a > 3, then a — 1 # 1 and hence
(1,(1,— 171ab1>"' abk) € Dgc(ﬂ)\Dgc(a)v

contradicting D¢ (o) = D¢ (). We thus obtain that a € {1, 2}.
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Assume that there exists j with 1 < j < k such that b; > max{b;+1|i =0,1,---,j—1}.
Then b; — 1 > max{b;|i =0,1,---,j —1}. If b, — 1 # a + 1, then we have

(CL+ 1,1,[)1,--- 7bj - 17"' 7bk) € DS(,'(O‘)\DSC(B)?
a contradiction. If b; — 1 = a + 1, then b; — 1 # a, so
(1,@,1,()1,"' 7b] - ]'7 7bk) € D<C<6)\D<C(a>7

another contradiction, proving Eq.(13), and the proof of part (c) follows.

Conversely, let a, 8 be the compositions given by part (c), and let v = (a, 1, by, -+, by).
We shall show that D¢ («) = D<.(8) = {v}. Obviously, 7 belongs to D¢, («) and
D<C (ﬂ)

Take an element 0 € Dc. (). Since a € {1,2}, the first part of «, i.e.,, a + 1, is
larger than 1. Then, by Definition 1, a can be only obtained from ¢ by adding 1 to the
first part of o of a given size. If 0 # ~, then there exists j with 1 < j < k such that
o=(a+1,1,by,---,b;—1,---,b). It follows from Eq.(13) that b; —1 € {1,b1,--- ,b;_1},
contradicting Definition 1. Hence o = v, so that D¢, (a) = {7}.

The proof of D () = {7} is analogous to that of Dc_(a) = {v}. Take any element
d € D (B). If 6 # ~, then § can be obtained from § by adding 1 to the first part of § of a
given size. So we deduce from a € {1,2} that there exists j with 1 < j < k such that § =
(1,a,1,by,--- ,b;—1,--- ,b;). However, Eq.(13) guarantees that b; —1 € {1,b1,--- ,b;_1},
a contradiction. Thus, 6 =+, and hence D (8) = {7}, proving D<_(a) = D¢, (5).

4 Rigidity with respect to the monomial quasisymmetric basis

In this section, we show that the involutive map p defined by Eq.(1) is the unique graded
algebra automorphism preserving the monomial basis. But there is no such a coalgebra
automorphism, so QSym is rigid as a Hopf algebra with respect to the monomial basis.
Before we do this, we will work towards two lemmas.

Lemma 16. Let K € {M, F,S}, and let ¢ be a graded bijection of QSym that preserves
the basis {Ku|a € C}. Then o(Ky) = Ky, p(K1) = K1, and there are two possibilities for
d€g7’€€ 2, 7;.6., either SO(Kll) = Kll; (ID(KQ) = K2 or @(Kll) = KQ, gO(KQ) = K11~

Proof. This is trivial. O

Lemma 17. Let K € {M,F}, and let ¢ and ¢ be two graded algebra automorphisms
of QSym that preserve the basis {K,|a € C} where ¢* = ¢. If o(K,) = ¢(K,) for all
compositions « with |a| < 3, then ¢ = ¢.

Proof. Take an arbitrary composition a. We shall show by induction on |« that ¢(K,) =
¢(K,). This is obvious if |a] < 3. Supposing by induction that p(K,) = ¢(K,) for all
compositions ¢ with |o| = |a| — 1, where |a| > 4. Since ¢ is an algebra automorphism of
QSym, we have

(p(Ka), o(K1)0(Ks)) ik = (0(Ka), p(K1)p(Ks)) ko = (Ko, K1 Ks) i
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for all § with |§] = |a] — 1. Note that ¢? = ¢ and that ¢ is an algebra automorphism, we
have

(Pp(Ka), Ki1Ks)k = (d(Ka), o(K1)p(K;s)) k = (Ko, K1 Ks) k-

Since ¢ and ¢ preserve the basis {K,|a € C}, ¢pp(K,) is in {K,|a € C}. By Corollary
13, we have ¢p(K,) = K,, and hence ¢(K,) = ¢(K,). O

Lemma 18. If ¢ is a graded algebra automorphism of QSym that preserves the monomial
basis, then

(a) p(M,) = M, for all o € {(1),(1,1),(2),(1,1,1),(3)};
(b) either QO(MH) = Mlg, @(Mgl) = M21 or (p(Mu) = Mgl, (p(le) = M12.

Proof. By Lemma 16, we have (M) = M, so that o(M;)p(M;) = MiM, = 2M;; +
M,. Note that ¢ is an algebra automorphism, we have (p(Mjq), p(M1)e(M1))y =
(Myq, M1 M)y = 2, so that o(Mq;) = Mj;. In an analogous manner we can show that
(M) = Ms.

An analogous argument applying to

O(MMyy) = p(My)p(Myy) = MyMyy = 3My1y + My + My

yields that ¢(Mi11) = My, and (M) + p(Msy) = Mys + My, which means that either
©(Mis) = Mo, (May) = My or p(Mi2) = My, p(Ma) = Mjs. The remaining basis
element of degree 3 is M3, and hence ¢(M3) = M3. The proof follows. O

We now show that the map p preserves the monomial basis.
Lemma 19. For any composition «, we have p(My) = M.

Proof. By Egs. (1) and (2), we have

p(M,) = (—1)" D~ F,.

BRa

Observe that ((a) = £(a”), €(B) = £(5"), and that § < « is equivalent to 5" < «”. Thus
it follows at once from Eq.(1) that

p(Ma) = 3 (=1 g = Mo,

Briar
and we are done. O

Proposition 20. The map p is the unique nontrivial graded algebra automorphism of
QSym that takes the monomial basis into itself.
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Proof. By [22, page 50] and Lemma 19, the map p is a nontrivial graded algebra auto-
morphism that takes the monomial basis into itself. Conversely, we need to show that
any nontrivial graded algebra automorphism ¢ of QSym preserving the monomial basis
must coincide with p.

By Lemma 18, there are two possibilities for the values of ¢ on compositions of weight
< 3: either o(M,) = M, for all o with |a] < 3 or p(M,) = M, for all @ with |a| < 3.
By Lemma 17, ¢ is the identity map in the former case, and ¢ = p in the second case.
Therefore, ¢ = p if ¢ is nontrivial, completing the proof. O]

Proposition 21. There are no nontrivial graded coalgebra automorphisms of QSym that
take the monomial basis into itself.

Proof. Let ¢ be a graded coalgebra automorphism of QQSym that takes the monomial
basis into itself. Then for any composition o we have (¢ ® ¢)(A(My)) = A(p(M,)).

We prove by induction on |«, the weight of «, that ¢(M,) = M,. The case |a| =1 is
straightforward and hence omitted. Now suppose that ¢(M,) = M, for all compositions
a with |a| <n — 1.

Let @« = (aq,a9, -+ ,ax) be a composition of n. If & = 1, then & = (n), and
Alp(M,)) = (¢ @ ©)(A(M,)) = 1 ® (M) + ¢(M,) ® 1, whence o(M,) = M,. If
k > 2, then, by hypothesis, M) ® My, ap) = ¢(May)) @ ©(May,... o)), Which is
a term of (¢ ® ©)(A(My)). So M) @ Mgy, ) is a term of A(p(M,)) and hence
o(M,) = M,, as required. O

With these results at hand, we can now embark on the main theorem.

Theorem 22. QSym is rigid as a Hopf algebra with respect to the monomial basis, i.e.,
there are no nontrivial graded Hopf algebra automorphisms preserving the set of monomial
quasisymmetric functions.

Proof. By Proposition 20, p is the only possible nontrivial graded algebra automorphism
of QSym that preserves the set of monomial quasisymmetric functions. However, by
Proposition 21, p is not a coalgebra automorphism. Thus, there are no nontrivial desired
graded Hopf algebra automorphisms. O]

5 Rigidity with respect to the fundamental quasisymmetric ba-
sis

In this section, we show that the map ¥ defined by Eq.(1) is the unique nontrivial graded
Hopf automorphism preserving the basis of fundamental quasisymmetric functions.

Proposition 23. The maps ¥, p and w are the only nontrivial graded algebra automor-
phisms of QSym that take the fundamental quasisymmetric basis into itself.

Proof. Let ¢ be a nontrivial graded algebra automorphism of QSym such that p({F,|a €
C}) = {F.|a € C}. From [22, Théoreme 4.12 and page 50] and [23, Corollary 2.4] we
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know that U, p, and w are graded algebra automorphisms of QSym. So we only need to
show that ¢ € {¥, p,w}.

By Lemma 17, ¢ is not the identity map in degree less than 4. By Lemma 16, we have
©(F1) = Fy. Thus, ¢ is not the identity map at least in one of degree 2 and 3. For degree
2 there are two possibilities, i.e.,

Case (1). p(F11) = Fi1, ¢(Fy) = F; and

Case (2). ¢(F11) = Fy, p(F2) = Fi1.

In the first case, ¢ is the identity map in degree 2. So it is nontrivial in degree 3. By
Eq.(10), we have

Fi\Fy = Fig + Fy + Fs. (14)
Since ¢ is an algebra automorphism, we have

(p(Fin1), FiFo)r = (o(Fiin), p(F1)p(F2)) p = (Fuu, FiFy) e = 0.

Note that F'11, Fio, F51 and F3 are the all fundamental quasisymmetric functions of degree
3, and hence ¢(Fi11) = Fi1p. Similarly, from (p(F3), FiFi1)r = (F3, F1Fi1)r = 0 we
conclude that ¢(F3) = F5. But ¢ is not the identity map in degree 3, so that we have
©(F1a) = Fy and ¢(Fy) = Fio. This yields that ¢(F,) = F,- for all composition o with
af < 3.

In the second case, it follows from

<<P(F111)7F1F11>F = <§0(F111)7 SO(Fl)SO(Fz»F = <F111, F1F2>F =0

that SO(Flll) = F3. Slmllarly, from <QO(F3),F1F2>F = <F3,F1F11>F = 0 we conclude that
©(F3) = Fi11. Therefore, for any a with |o| < 3, we have p(F,) = F,e if p(Fi2) = Fa,
©(Fy1) = Fi2 and have o(F,) = Fu if o(Fh2) = Fia, p(Fy) = Fo.

Applying Lemma 17, we see that ¢ € {¥, p,w}. ]

Our next aim is to show that ¥ is the unique nontrivial graded coalgebra automor-
phism of QSym that takes the fundamental quasisymmetric basis into itself. To this end,
we first investigate a connection between the concatenation and near concatenation of
compositions.

Let a be an integer and B = {by, by, -+ , b} a set of integers. We define

a+B={a+b,a+by- a+ b}
Lemma 24. Let §,a, 8 be compositions with |5| = |a| + |B|. Then
(a) 6 = - B if and only if Set(§) = Set(a) U {|r|} U (Jar| + Set(8));
(b) 6 =a® B if and only if Set(d) = Set(a) U (|a] + Set(B)).

Proof. Let ¢ be the composition (d1,da, - -+ , k) with weight m. If 6 = « - 3, then there
exists positive integer ¢ with 1 <7 < k — 1 such that o = (61, ,6;), B = (i1, , 0p)-
Thus, Set(d) = Set(a) U {|a|} U (|ao] + Set(B)). If 6 = a ® 3, then there exists positive
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integers a, b such that 6; = a + b for some i with 1 < i < k and o = (6y,---,0;_1,0),
B =(b,dir1, - ,0k). Then Set(d) = Set(a) U (|a] + Set(5)).

Conversely, let o = p, 8 |= g with Set(«) = {a1, aq,- - -, a;} and Set(8) = {b1, ba, - - -, b, }.
Thus, p + ¢ = m. If Set(d) = Set(a) U {|ar|} U (Jr| + Set(5)), then

Set(0) = {a1, a2, ,ai,p,p+bi,p+ by, -+, p+ s},
and hence
d=(ar,ag —ay, -+ ,a; —aj_1,p — a;,b1,bo — by, -+ ,b; —bj_1,¢ —b;) = - f.
If Set(d) = Set(a) U (|| + Set(B)), then
Set(a) = {a1, a9, - ,a;,p+b1,p+by,- -+ ,p+0b;},
whence
0= (CL1,G2—CL1,"' , Qi — @i—1,p — @; + by, by — by, - - ,bj—bj—l,q—bj) =a®pf,
as required. O
Corollary 25. Let «, 8 be two compositions. Then («a-5)°=a‘® ¢, (a©® p) = ac- [°.

Proof. Let a |= p, B |= q for some nonnegative integers p, ¢, and let 6 = - 5. By Lemma
24(a), Set(0) = Set(a) U {|a|} U (Jar| + Set(5)), and hence
[|6] — 1] = Set(d) =[p+ g — 1] = (Set(ar) U {p} U (p + Set(5)))

=([p—1] = Set(a)) U([p+1,p+q—1] = (p+ Set(B)))
=Set(a) U (p+ ([g — 1] — Set(5)))
=Set(a’) U (p + Set(5°)) .

It follows that Set(0¢) = Set(a®)U(|ac| 4+ Set(5)), or equivalently, ¢ = a®® ¢ by Lemma

24(Db).

Note that for any nonnegative integer n and any composition v = n, we have

Set((v%)%) = [n — 1] — Set(7) = Set (7).

It follows that (y¢)¢ = «. Therefore, (o« ® ) = a° - ¢ is an immediate consequence of
(a-p)=a“® p°. O

Proposition 26. The map V¥ is the unique nontrivial graded coalgebra automorphism of
QSym that takes the fundamental quasisymmetric basis into itself.

Proof. By Eq.(3) and Corollary 25, for any composition «, we have

(VRQUA(F) =Y Fpe®Fc+ > Fpe®F

a=f~ a=p0Oy
OLCZ,BCQ’YC ac:ﬁc.,yc
=A(V(F,)).
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Also, from Eq.(4) one can easily check that eW(F,) = e(F,). Thus, the map V¥ is a
coalgebra automorphism of QSym.

Conversely, let ¢ be a nontrivial graded coalgebra automorphism of QQSym that pre-
serves the fundamental quasisymmetric basis. We next show that ¢ = W.

By Lemma 16, ¢)(F;) = F; and there are two possibilities for degree 2, i.e.,

Case (1) @Z)(FH) == FH, w(FQ) = FQ, and

Case (2) 'QZ)(FH) = FQ, ’QD(FQ) = Fll-

Take an arbitrary composition a and let ¢(F,) = Fs. We prove by induction on |«|
that 0 = « if Case (1) happens, while § = a¢ if Case (2) happens. The initial cases of
|a| < 2 have been established. Now suppose that the desired results hold for all o with
|a| < n where n > 3 and consider the case |a| = n. Then, by Eq.(3),

WRVA(F) =10 Fs+ Y (Fs)@v(F,)+ Y ¢(F)@¢(F)+Fel  (15)

a=p, a=p0O",
B,y #0 B,y #0
Clearly, we have || < |a|=nand |y| < |a|=nifa= -y or a = © v with 8,7 # 0.
We first take care of Case (1). Assume that a # §. By hypothesis, ¢(Fj) = Fj for all
compositions J with || < n, so

WRVAF,)=10F+ Y Fs@F+ Y FoF+FEol

a=f3-, a=p0x,

By #0 By #0
Since v is a coalgebra homomorphism, we have (¢ ® ¥)A(F,) = A(W(F.)) = A(Fy),
which together with Eq.(3) yields that

ZF5®F+ZF5®F_ZF®F+ZF®F (16)
'Y#

a=B0", S=T1-0, =100,
B,y#0 T, U#!’I] T,07#0

Denote

D1 :{F5®F7’a267andﬁ>77é®}a D2 :{Fﬁ®FV’a:ﬁ®7andﬁ777é®}a
Ei={F,QF,|0=7-cand 1,0 £ 0}, FEy={F,QF,|0=700 and 7,0 # (}.

By the definitions of the concatenation and near concatenation, o = -7 implies {(«a) =
0(B) 4 £(7y), while & = 8 @~ implies ¢(a)) = £(5) + () — 1, and hence D; N Dy = () and
Ey N Ey = 0. Then, by Eq.(16), we have the disjoint union D; U Dy = E; U Es. Tt follows
from o # 6 that D; N E; = 0 and Dy N By = (), whence Dy = E, and D, = E;.

Note that Dy = E; # () implies that £(a) = £(§) + 1, and Dy = E; # () implies that
l(a) = £(0) — 1, so at least one of D; = Ey = () and Dy = E; = () holds. Without loss of
generality, assume that Dy = Ey = (). Now D; = () yields that o« = (n), and Ey = ) yields
that 0 = (1™). Since n > 3, we have « =1 ® (n — 1) and hence F} ® F,,_y € Dy = E) so
that  =1-(n—1) = (1,n — 1), contradicting n > 3. Therefore, & = ¢ proving that v is
the identity map.
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Let us consider Case (2). By hypothesis, ¢(F3) = Fpe for all compositions  with
|B] < n,n>=3. Thus, (YRY)A(F,) = A(Y(F,)) = A(Fy), together with Eq.(15), implies
that

Y Fe®Fe+ Y Fpe®Fe=)Y FoF,+ Y FoF, (17)
) e s ot

By Corollary 25, the left-hand side of Eq.(17) is equal to

Y Fe®Fet+ Y Fp®F (18)
at=BCO~C, aC=pC.~C,
By#0 By#D

Let ¢ = ¢ and n = ~4°. Then combining (17) and (18) we obtain that

Y, ReFR+ Y ReF=) FoF+ ) FoF,

a®=COn, at=(n, é=1-0, =100,
¢n#0 ¢n#0 T,0#0 T,0#0

which is a formula analogous to Eq.(16). Thus in analogy to the proof of Case (1) we
obtain that § = a. Therefore, ¥(F,) = F, for all compositions «, and hence 1) = W.
This completes the proof. n

Theorem 27. The map V¥ is the only nontrivial graded Hopf algebra automorphism of
QSym that preserves the fundamental quasisymmetric basis.

Proof. By Propositions 23 and 26, ¥ is the only nontrivial graded algebra and coalge-
bra automorphism of QSym that preserves the fundamental quasisymmetric basis, which
establishes the desired statement. O]

6 Rigidity with respect to the quasisymmetric Schur basis

Now we prove that QSym is rigid respectively as a graded algebra and coalgebra with
respect to the quasisymmetric Schur basis. Before turning to the main results, we first
prove two special Pieri-type formulas for quasisymmetric Schur functions.

Lemma 28. Let iy, , i, J1, -, Jr be nonnegative integers. Then
(a) SaSiir gir ... vin pin 12y = 25 Sp contains 3(ji + -+ ji) + 4 terms;
(b) S2S(is o . pin 2int1 1) = 2.5 Sp contains 3(j1 + -+ -+ ji) + 6 terms.

Proof. (a) Let o = (1“, 2j1, coe 1% 200 1.2), Then @ = (21T Hetl 1it+atl) - Suppose
that Ss is a term of the product S»S,. Then, by Lemma 6(a), & = 3/a is a horizontal
strip of size 2. There are four cases for 3:

Case 1. p = (20t Hiwt2 Jat-titl) Then S(§) = {1, 2}. It follows from rowgs)(3) =
o that B = (11,291, 1% 2% 1,2,2).
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Case 2. [ = (3,201 %k 1it-+it2)  Then §(5) = {1,3} and hence f is obtained
from a by adding a part of size 1 near the last part of size 2 and then replacing a part of size
2 with a part of size 3. It will contribute 2(ji +- -+ +1) terms to SaSpyir pin .. 11 290 1,2)-

Case 3. B = (3, 20+ +istl Jirt-+ix)  Then S(6§) = {2,3} and hence there is no 3
such that rowgs)(8) = a. Otherwise, the size of each part of such a f3 is less than 4, so
the size of the last part of rowgs) () must be 1, that is, rowg(s) (8) # «, a contradiction.
Hence no such a composition 3 exists.

Case 4. (= (4,20 ik 1at-+u+l)  Then S(0) = {3,4} and hence rowgs(8) = «
yields that 3 is obtained from « by replacing a part of size 2 with a part of size 4. It will
contribute jy + - -+ + ji + 1 terms to SaS(1i1 91 ... 1in 29 1,2)- Lhis proves part (a).

(b) This part can be proved similarly. Let o = (1,27 ... 1% 271 1) and suppose
that Sg is a term of the product 88,. Then & = (21 + Tkt it-+itl) and § = 3/5 is
a horizontal strip of size 2, so there are also four possibilities for :

Case 1. B = (2t Hkt2 1it-+u+l) Then S(6) = {1,2} and hence

5 — (11‘1’2]'17... 71ik72]‘k+17172)’ or ﬂ — (12'1,21’1’ . ,1ik’2jk+27 1)‘

Case 2. B = (3,201 %k 1it-+it2)  Then §(5) = {1,3} and hence f is obtained
from o by replacing a part of size 2 with a part of size 3 and suffixing a part of size 1.
There are j; + -+ - + jp + 1 possible choices for (.

Case 3. B = (3,201 +ixtl 1at-+i)  Then S(§) = {2,3} and hence 3 is obtained
from o either by replacing the last part of size 1 with a part of size 3, or by replacing a
part of size 2 with a part of size 3 and replacing the last part of size 1 with a part of size
2. So there are j; + - -+ + jx + 2 possible choices for 3.

Case 4. B = (4,27 Fi 1ttty Then S(§) = {3,4} and it is easy to see that
[ is obtained from ¢ by replacing a part of size 2 with a part of size 4. This contributes
J1+ -+ Jr + 1 terms to 828(11‘1 291 e 1k 20KF1 1)

Therefore, SoSyir 9i1 ... 136 2i+1,1) = D _g Sp contains 3(ji + - -+ + ji) + 6 terms. O

As an example for Lemma 28, for any positive integer ¢ we have

S28(169) =S(1i,4) + St 3y + Sii g1y + S 2,2),
'523(11’,2,1) 25(11,4,1) +Saig1) + Saise) + 5(1%’,2,3) + S@igo1) + S(li,2,1,2)-

Proposition 29. The identity map is the only graded algebra automorphism of QSym
that preserves the quasisymmetric Schur basis.

Proof. Let ¢ be a graded algebra automorphism of QQSym that preserves the quasisym-
metric Schur basis. We shall show that ¢(S,) = S, for all compositions « by induction
on the weight |a|. By Lemma 16, we have ¢(S;) = S;. For the component of degree 2, we
claim that ¢ is also the identity map. Otherwise, Lemma 16 guarantees that ¢(S11) = So
and ¢(Sy) = Si1, so that ¢(S511811) = S2S2, which means that 811811 and S>Ss have the
same number of terms when they are written as a linear combination of quasisymmetric
Schur functions, contradicting Example 7.
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Now assume that |a| > 3, and that ¢ is the identity map on the components of degree
|a| —1. Let 8 be the composition such that ¢(S,) = Sz. Then |a| = |3]. By the induction
hypothesis, we have

(83, 8155)s = (¢(Sa), #(81)#(So))s = (Sar S150)s (19)

for all compositions o with |0 = |a] — 1. By Eq.(11), we have D¢, (a) = D¢, (B3). If
a # [, then, by Proposition 14, we may assume without loss of generality that there exist
nonnegative integers iy, --- , g, J1, - - - ,Jr Where k > 0 such that

a = (1i1’2j17... 71%’21'1@7172)’ ﬁz (1i172j17,_, 71ik72jk+171).

Since ¢ is multiplication-preserving, we have ¢(S2Ss) = ¢(S2)¢(Sa) = S2Sp, contradict-
ing Lemma 28. Thus o = 3, as required. O

Lemma 30. Let f be a graded coalgebra automorphism that preserves the quasisymmetric
Schur basis. If f(S11) = S11, f(S2) = Sa, then f is the identity map.

Proof. 1t suffices to show that f(S,) = S, for all compositions . We proceed by induction
on |y]. If |y] < 2, the result is immediate. Now let n = |y| > 3, and assume that for all
a with |a| < n, we have f(S,) = Sa.

Suppose to the contrary that f(S,) # S,. Then there exists a composition § of weight
n such that § # v and f(S,) = Ss. Thus by the induction hypothesis, together with
Eq.(5), we have

(f A Z D@ F(S) =108+ Y. ClSa®Ss+8®1
oF#0,8#0

where the sum is over all compositions a, 8. On the other hand,

A(f(S) =AS) =108+ Y Clp8.®85+S;@ 1.
a#0,8#0

By comparing coefficients we obtain that C;; = 05 for all , 8 with a # 0, 3 # 0.

By Eq.(6), 5 <¢ 7 is equivalent to the Condltlon that C7; = 1, whence D¢ (v) =
D (9). Note that n > 3. So, without loss of generality, by Proposmon 15, we have the
following two cases:

Case 1. 6 = (3), v = (1,2). Let 8 = (1). Then 5 <¢ § and § <¢ 7. Note that, as
shown below,

5//5: L 7//52

the skew reverse composition shape v/ is a vertical strip, while 6/ is not. So, by
Eq.(6), Cf, 3 = 0 while CY, 5 = 1, contradicting C 5 = C%5 for all o, § with o # 0, 3 # 0.
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Case 2. 6 = (a+1,1,by, -+ ,bg), v = (1,a,1,by,--- ,bg) where a € {1,2}, k > 0 and
bi,bs, - -+, by are positive integers satisfying

bj gmax{bz—i—lh:(),l, ,j—l}
for all 1 < j < k, with the notation by = 1. Let

B: (17b17"'7bk) ifazlv
(L, 1,by,--- ,b) if a=2.
Then, we have 5 <¢ d, 8 <¢ 7. Note that v//3 is a vertical strip, while ¢// is not. Thus,

C 3= 0, Cf; 5 =1, again a contradiction.
Therefore, f(S,) = S, for all compositions +, and the proof follows. O

In order to show the rigidity for QSym as a coalgebra with respect to the quasisym-
metric Schur basis, we need the following lemma.

Lemma 31. (Corollary 6.9 in [16]) Let o be a composition. Then S, = F, if and only
if a = (m,1,2,1% ... 2.1) where m, f,e; are nonnegative integers such that m # 1,
f=0ande; =1 for all .

Lemma 32. There is no graded coalgebra automorphism f preserving the quasisymmetric

Schur basis such that f(S11) = Sa, f(S2) = Si1.

Proof. Let f be a graded coalgebra automorphism that preserves the quasisymmetric
Schur basis such that f(S11) = Sa, f(S2) = S11. It follows from Lemma 31 that S, = F,
for all compositions a with |«| < 3. Thus, by Eq.(3), one has

A(S3):A(F3) :1®F3+F1®F2+FQ®F1+F3®1
:1®S3+81®82+82®81+83®1.

If f(S3) =S, for some o |= 3, then we have F, = S, and hence

A(Fy) =A(S,) = A(f(S3)) = (f @ [)A(S3)
=18, +S$1 511 +S51R51+S, ®1
:1®FJ+F1®F11+F11®F1+FO-®1.
Thus, 0 = (1,1,1) by Eq.(3), that is, f(S3) = Sy11. Similarly, we can obtain that f(Si11) =
Ss, f(S12) = Sa1 and f(Ss1) = Sia. Consequently, f(S,) = S, for all compositions 7
with |y| < 3.

Let p be any composition of 4, and set f(S,) = Ss for some § with |§| = 4. Directly
comparing coefficients at the summands S; ® Ss for |5| = 3 on both sides of the equation

A(Ss) = A(f(Su)) = (f @ H)A(S,),

we see from Eq.(5) that Cf’ 5= Cﬁ g for all compositions (3 of weight 3. Then Eq.(6) gives
the contradiction for = (1,3) as C1% = C13, = 1, but Cf1;; = €7, =1 for no §. This
completes the proof. O
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Proposition 33. The identity map s the only graded coalgebra automorphism of QSym
that preserves the set of quasisymmetric Schur functions.

Proof. By Lemma 32, any graded coalgebra automorphism of QSym must be the identity
map in degree 2, which together with Lemma 30 gives the desired conclusion. O]

From Proposition 29 or Proposition 33, we obtain the following result.

Theorem 34. QSym is rigid as a Hopf algebra with respect to the quasisymmetric Schur
basis, i.e., there are no nontrivial graded Hopf algebra automorphisms that take the set of
quasisymmetric Schur functions into itself.
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