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Abstract

A quandle of cyclic type of order n with f (greater than 1) fixed points is such
that, by definition, each of its permutations splits into f cycles of length 1 and one
cycle of length n — f. In this article we prove that there is only one such connected
quandle, up to isomorphism. This is a quandle of order 6 and 2 fixed points, known
in the literature as octahedron quandle.

Mathematics Subject Classifications: 20N02

1 Introduction

1.1 Quandles

The algebraic structure known as quandle appeared first in the literature in 1982, due
to Joyce [11] and Matveev [15], independently (see also [8] and [9]). It was designed to
constitute the algebraic counterpart to the Reidemeister moves [13]. As such it turned out
to be an important tool in telling knots apart [7], [2], [5]. Algebraists also find it interesting
in the domain of Hopf algebras [1]. It thus seem relevant to study the structure of
quandles. In the current article we take another step in this direction by investigating and
almost fully classifying a family of quandles. In [14] quandles are regarded as sequences
of permutations and based on the features of permutations conclusions are drawn. In
particular, in [14] quandles of the following sort are looked into. Given a positive integer
n we consider a quandle of order n, each of whose permutations split into a cycle of length
n — 1 and a fixed point; this fixed point complies with one of the quandles axioms - this
is all detailed below. These quandles were subsequently called “quandles of cyclic type”.
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They were also studied in [12] and [17]. In this article, we work in the spirit of [14] i.e.,
quandles as sequences of permutations (see also [10] and [18], [19], [20]), and we look into
the classification of a generalization of “quandles of cyclic type” which we call “quandles
of cyclic type with several fixed points” (details are supplied below in the text). As a
matter of fact, our considerations stem from a certain quandle of order six with two fixed
points. We wondered about quandles whose permutations split into one long cycle and f
fixed points (f > 2). It turns out that for infinitely many values of the parameters order,
n, and number of fixed points, f, namely n > 2f, there is only one such quandle: our
quandle of order six and two fixed points - this is proved in this article. This quandle
was first referred to in [4] where it is described as the conjugacy class of the six cycles
of length four from an alphabet with four letters, and used as an example in calculations
of quandle homology. Then it appears in [1] (page 188) as the symmetries of a regular
octahedron under rotations about an axis containing opposite vertices, see Figure 1 (the
underlying set is the set of vertices).

Figure 1: Geometric materialization of the “Octahedron Quandle”. Numbering of vertices
is consistent with Table 1, the “multiplication” table for this quandle. The axis depicted
and the sense of rotation refer to the action of the first quandle element.

In [14], Roseman and the second author pick it as an example of a non-Alexander
quandle, still proving to be a good quandle at telling knots apart via counting colorings.
It was dubbed “Octahedron quandle”.

1.2 Basic Definitions and Results

The algebraic structure known as quandle, introduced independently in [11] and [15], is
defined as follows.

Definition 1. Let () be a set equipped with a binary operation denoted by *. The pair
(@, %) is said to be a quandle if, for each a,b,c € Q,
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1. a*a = a (idempotency);

2. Jdlz € Q : x % b = a (right-invertibility);

3. (axb)*xc=(axc)x(bxc) (self-distributivity).
We present a few examples of quandles.

Example 2.

e Let G be a group and let * be the binary operation on G given by a * b = bab™!,
for every a,b € GG, where the juxtaposition on the right-hand side denotes group
multiplication. Then, the pair (G, %) is a quandle;

e For each n > 2, (R,,*) denotes the quandle whose underlying set is Z/nZ and
whose operation is a * b = 2b — a mod n. This is called the dihedral quandle (of
order n);

e For each n > 1, (T, *) denotes the quandle whose underlying set is {1,...,n} and
whose operation is i j =4, Vi,j € {1,...,n}. This is called the trivial quandle (of
order n);

e (% is the quandle whose multiplication table is displayed in Table 1.

S UL W N | %
=N Ot O =
— Wk O N O N
N =~ O W Ut =W
W = = O DN O
S T W DN = | Ot
Sy O = = W NS

Table 1: Q% multiplication table.

An alternative description of the structure of a quandle is the one given in the following
theorem ([3], [9]).

Theorem 3. Let Q = {1,2,...,n}. Suppose a permutation u; from S,, the symmetric
group on @, is assigned to each i € Q). Then, the expression j xi := p1;(j),Vj € Q, yields
a quandle structure if and only if ;) = ,uiuj,ui_l and p;(1) =1, Vi, j € Q. This quandle
structure is uniquely determined by the set of n permutations, {fu, ..., tn}-

Proof. The proof can be found in [3]. O

In this article, we study the properties of each quandle by analyzing the structure
uniquely determined by its set of n permutations. We also only address finite quandles.
If such a quandle has order n, we take the underlying set to be {1,2,...,n}, without loss
of generality.
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Definition 4. Given a quandle (@, %), its permutations are the pu;’s referred to in the
statement of Theorem 3, Vi € (). Unless otherwise stated in the sequel, a j; always refers
to a permutation from the quandle under discussion. We also write (@, i) to denote the
same quandle from the point-of-view of permutations.

Definition 5. Let (Q, x) (respect., (Q, 1)) and (@', x) (respect., (@', 1)) be two quandles.
A bijection a : Q — Q' is a quandle isomorphism between these two quandles if, by
definition, for any i,j € Q, a(i % j) = a(i) ¥’ a(j).

Proposition 6. Keeping the notation and terminology of Defintion 4, « is a quandle
1somorphism if and only if, for any i € @Q, u'a(i) = apat.

Proof. For any 1,5 € Q,

a(j i) = a(f) ¥ a(i) <= a(ui(j) = ppp (i) <= ap = pe o <= phg = ap o

O

1.3 Definition of Quandle of Cyclic Type with Several Fixed Points

As stated in Theorem 3, a quandle of order n is uniquely determined by a set of n
permutations, where each one of these permutations can be decomposed into a set of
disjoint cycles. The lengths of these cycles define the pattern of each permutation.

Definition 7. The pattern of a permutation is the list of the lengths of the disjoint cycles
making up the permutation.

We can collect the information relative to the patterns of the n permutations defining
a quandle of order n in order to define its profile.

Definition 8. The profile of a quandle of order n is the list of the patterns of the n
permutations defining the quandle.

We now introduce the notion of connected quandle in order to state an important
proposition.

Definition 9. A finite quandle (@, %) is said to be connected if,
VZ,j € Q, Elk?l,k'Q,...,kn € Q:

J= (- ((ixki)xko) s sky) = g, 00 g, 0 iy ().
Proposition 10. Connected finite quandles have constant profiles.

Proof. Let (Q,*) be a connected quandle. Then, given i,j € Q, Fkq, ko, ...k, € Q :

G = (o ((ixky) ko) s - ki) = fug, 00+ -0ty Oty (1) = 17 = Hi, * + Fkg Mk Mibigy iy * Hip

n

by Theorem 3, and since conjugate permutations have the same pattern, the result follows.
O
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Remark 11. Note that quandles with constant profile do not have to be connected. For
example, the trivial quandle of order n, (7, *), has constant profile and it is not connected.
The same for dihedral quandles of even order.

We now introduce the key notion of quandles of cyclic type with several fixed points.

Definition 12. Given n, f e N, n —2 > f > 1, a quandle of cyclic type of order n with
f fized points is a quandle of order n with constant profile given by

{{1,.}.,1,71—f},...,{l,.}.,l,n—f}}.

N

-~
n

When there is no need to refer to its order or to its number of fixed points we refer to
each of these quandles as quandle of cyclic type with several fixed points.

The previous definition means that each one of the n permutations defining a quandle
of cyclic type of order n with f fixed points splits into the following types and numbers
of disjoint cycles. One cycle of length n — f(> 1) and f cycles of length 1.

In passing, we note, by inspection of Table 1, that Q2 is a connected quandle. Hence,
by Proposition 10, it has a constant profile. But more than that, Q2 is, in fact, a quandle
of cyclic type of order 6 with 2 fixed points. In this article, we show that this is the only
connected quandle of cyclic type with several fixed points.

In the sequel, we use the following notation.

Definition 13. Let () be a quandle of cyclic type with several fixed points of order n.
As per Theorem 2.1.1, its n permutations are denoted p;, @ € {1,...,n}. In particular,
wi(1) =14,¥i € {1,...,n}. The set of fixed points of p; is denoted F;, i € {1,...,n}. The
set of points in the non-singular cycle of p; is denoted C;, 7 € {1,...,n}. We note that
CiNnF,=0and C;UF, ={1,...,n},Vie{l,...,n}.

1.4 Statement of the Results in this Article

Theorem 14. Let n and f be positive integers such that n > f 4+ 1 > 2, and assume Q)
s a quandle of cyclic type of order n with f fixed points. Then, the following hold.

1. Assumen > 2f.

(a) Then, Q is connected.

(b) Moreover, there is only one such quandle, up to isomorphism. It occurs for
n =6 and f =2. This quandle is Q% (see Table 1, above).

2. Assumen < 2f.

(a) Then, Q is not connected.
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(b) If n=2f, there is only one such quandle, up to isomorphism. Its permutations
are

/L1=u2=~'=w=<f+1 f+2 - 2f>

Theorem 15. Let n and f be positive integers such that n > f+1 > 2 and n < 2f
(corresponding to the non-connected case in Theorem 14). If (n — f) | f, there is a
quandle of cyclic type of order n with f fixed points whose permutations are given as

follows. For each i such that 1 <1 < n%f,

Hi—1)(n—f)+1 = HGE—1)(n—f)+2 = = Hi(n—f) =

:<¢(n_f)+1 in—f)+2 - (z’+1)(n—f)>,

with indices read mod ﬁ

Theorem 16. Suppose f is an integer strictly greater than 2 and n a positive integer
such that f4+2 < n < 2f. Consider a quandle of cyclic type of order n and f fixed points
over the set Q@ = {1,2,...,n} with sequence of permutations p; with i € {1,2,...,n}.
Assume further there is a gy € @ such that p;(go) = go, for any i € Q. Then, the set
Q' =Q\ {90} along with the sequence of permutations p; = ;g for each i € Q' defines
a quandle of cyclic type of order n — 1 with f — 1 fixed points. We call this the extraction
of the common fized point gq.

Theorem 17. Let n be an integer greater than 2. Let ) be the underlying set of a
quandle whose permutations are denoted p;, for each i € Q. Let gy ¢ Q and consider the
set ' = QU {go}. Suppose there is a permutation, p, of the elements of Q, such that
[ = s, for each i € Q. Then, Q' along with the permutations

,u; = (go) i for each 1 € Q) and /’ngo = (go) 1t

1s a quandle with a common fized point, go. We call this the adjoining of a common fized
point go.

Corollary 18. Let (Q, ) be a quandle of cyclic type of order n and f fized points with
(n— f)|f as in Theorem 15. Then any two permutations are either equal or move
points from disjoint sets. So adjoining a common fixed point gy is accomplished by taking
ty, = (go)pio by picking any io € Q and for any j € Q, wy = (go) ;-

Furthermore, this procedure can be iterated indefinitely, giving rise to an infinite se-
quence of quandles Qy of cyclic type of order n + k and f + k fixed points such that
fHE+2<n+k<2(f+k).
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1.5 Organization

The Sections below are devoted to the proofs of these facts. In Section 2 we prove that
quandles of cyclic type of order n with f fixed points in the range n > 2f are connected
(assertion 1.(a) in Theorem 14) and that for n = 2f there is only one such quandle, up to
isomorphism and that this quandle is not connected (assertion 2.(b) and assertion 2.(a)
(for n = 2f) in Theorem 14). In Subsection 2.3 we prove that quandles of cyclic type of
order n and f fixed points in the range f+2 < n < 2f are not connected; this is the 2.(a)
part (for n < 2f) in Theorem 14. In Section 3 we prove that, up to isomorphism, there is
only one quandle of cyclic type of order n with f fixed points in the range n > 2f. This
quandle occurs for n = 6 and f = 2 and is known as the octahedron quandle (assertion
1.(b) in Theorem 14). This completes the proof of Theorem 14. In Section 4 we prove
Theorems 15, 16, and 17. Finally, in Section 5 we collect a few questions for further
research.

2 Quandles of Cyclic Type with Several Fixed Points - First
Properties and Examples

In this Section, we state and prove a theorem about the structure of quandles of cyclic
type with several fixed points. This theorem provides a number of conditions quandles of
cyclic type of order n with f fixed points such that n > 2f must verify. This theorem is
key to proceed to a classification of quandles of cyclic type.

2.1 Associate Indices

Quandles of cyclic type of order n > 2 f have a very useful property, which is a consequence
of the following proposition.

Proposition 19. Let QQ be a quandle of cyclic type of order n with f fixed points such that
n>2f, and let Fy, = {k,g;, ... ,g,{_l} be the set of f fived points of pu,. Then pg (9) =g,
Vg e Fp,Vie{l,...,f—1}.

Proof. For each i € {1,..., f — 1} and for each g € F; \ {g.}, we have

Hgi (9) = Moy (9) = tbg i (9) = 1 (ig (9)),

that is, p, fixes pg (g) and hence 1gi (9) € Fi \ {gi}, as g (9;) = g Therefore, the
restriction of p1, to Fi \ {g;} is a bijection from this set to itself. Thus, we must have
1gi (9) = g, Vg € F \ {g:}. Otherwise, ftg; would have a cycle of length 1 <1< f—1=
|Fi \ {g:}|, that would also verify | = n — f > 2f — f = f, which is a contradiction.
Hence, the result follows. O

We introduce the notions of associate indices and associate permutations.
Definition 20. Let () be a quandle of order n with permutations denoted by pu, k €

{1,...,n}.
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e If i and j are different indices such that p;(j) = j and p;(i) = i, we say that ¢ and
J are associate indices;

e If i and j are associate indices then p; and p; are said associate permutations;

Corollary 21. With the terminology introduced in Definition 20, Proposition 19 states
that, for each quandle of cyclic type whose order n and number of fixed points f satisfies
n > 2f, associate permutations have the same sets of fixed points.

In the sequel, we assume the order n of any quandle of cyclic type to be greater than
or equal to 2f, unless otherwise stated. Therefore, Proposition 19 always applies.

We now prove the main result of this section, which is a consequence of the previous
results.

Corollary 22. Assume n is the order of a quandle of cyclic type with f fixed points. If
n = 2f, then n is a multiple of f i.e., n = cf for some integer ¢ > 2.

Proof. We show that if there is an index s such that ug(k) = k, for some k, then s € Fy.
For each g € F; \ {k},

11(9) = 1. )(9) = pspintis () = ps(ur(9)),

that is, ps fixes ug(g) and hence ug(g) € Fs\{k}, as up(k) = k. Therefore, the restriction
of ux to F\ {k} is a bijection from this set to itself. Arguing as in the proof of Proposition
19, we must have ug(g) = g, Vg € F;\ {k}, which implies that F; = Fj, and in particular,
s € Fj. Thus, the sets of fixed points corresponding to two permutations are either equal
or disjoint. Therefore, the order n of a quandle of cyclic type with f fixed points, with
n > 2f, has to be a multiple of f. O]

The following proposition is now an immediate consequence of our previous consider-
ations.

Proposition 23. Given a quandle of cyclic type of order n with f fized points and n >
2f > 2, “i is associate to j7 generates an equivalence relation on the underlying set of the
quandle.

Proof. The equivalence relation is “i is associate to j or ¢ = j5”. Since 7 is a fixed point
of p;, then 7 € F;. Moreover, any two sets F; and F} are either equal or disjoint, thus the
result follows. O

Example 24. R,, the dihedral quandle of order 4, whose multiplication table is displayed
in Table 2, is a quandle of cyclic type of order 4 with 2 fixed points.

«11 2 3 4
111 3 1 3
214 2 4 2
313 1 3 1
412 4 2 4

Table 2: R, multiplication table.
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By Proposition 23, “i is associate to j” generates an equivalence relation on Ry, which
is also a congruence relation on this set, as it respects the binary operation of the quandle.
In Table 3, we see the quotient of R, by this congruence relation, which we denote by ~.
This quotient is clearly isomorphic to T,. In particular, R, is not simple since it admits
a non-trivial quotient.

* | {13 {24}
{1,3} | {1,3} {1,3}
{24} [ {247 {24}

Table 3: R4/ ~ multiplication table.

2.2 Connected Quandles of Cyclic Type of Order n with f Fixed Points in
the Range n > 2f - First Properties and Example

From this point on, we are only working with connected quandles of cyclic type of order
n > 2f. The two following propositions tell us whether a quandle of cyclic type of order
n > 2f is connected or not.

Proposition 25. If ) is a quandle of cyclic type of order n with f fixed points such that
n=2f, () is not connected.

Proof. Suppose @) is a quandle of cyclic type of order n with f fixed points such that
n = 2f and let 7, j € () be two non-associate indices. Then F; U F; = (). Moreover, since
n—f=2f—f=f forany a € Q, if F; (respect., F}) is the set of fixed points of fi,,
then C, = F; (respect., C, = F;). Then, for each a € Q, po(F;) = F; and p,(F;) = Fj.
Therefore, we conclude that () is not connected. m

Proposition 26. Every quandle of cyclic type of order n with f fized points such that
n > 2f is connected.

Proof. Suppose () is a quandle of cyclic type of order n with f fixed points such that
n = cf, with ¢ > 3 by Corollary 22. Let ¢,7 € @, with ¢ # j. If ¢ and j are associate
indices, then for any k ¢ F;, i,j € Ck. Hence, there exists an integer a € {1,...,n—f—1}
such that u¢(7) = j. Now, assume 7 and j are not associate indices. Since there are at least
three distinct sets of associate indices, there is at least one set Fy, such that both ¢ and j do
not belong to Fy,. Therefore i, j € Cy, and so there exists an integer a € {1,...,n—f—1}
such that ug (i) = j. We conclude that @ is connected. O

Remark 27. In the sequel, we assume the order n of any quandle to be greater than 2f,
unless otherwise stated. In this condition, all our quandles of cyclic type are connected.

We now use some of the equalities ;) = piftjp; ! the permutations defining these
quandles have to verify to derive a number of conditions these quandles have to satisfy in
order to be cyclic.
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Theorem 28. Consider a quandle of cyclic type of order n with f fized points such
that n > 2f. Modulo isomorphism, its sequence of permutations satisfies the following
conditions.

Lopn=0123n—filn—f+1)-(n—1)(n);

2. if h and I’ are associate indices then u, = ui{?’h/, where GCD(n — f,lh) = 1,
L<lpw <n—f;

8. ik = pihpin—gpn ", for all 1 <k <n— f;

Jo i htatint = 1 g, Va € By

- 't s (a) —ut (a)
J. :U“nifﬂa,un—f = Hn ! Mp— f n ! , Va € F,;
6. Vm € {L,....n— f}\ {#;if(n —f+1),... ,u;if(n)}, there exists an integer 1 <

km < n — f such that u;””‘-f(m)un,fug = grhm

and 7 is the cycle of length n — f in fin_s.

, where o is a permutation of F,_¢

Proof.

1. We can assume that p, is given by (123 ---n—f)(n—f+1)--- (n—1)(n) without
loss of generality. If necessary, we may relabel the indices. This expression for u,, will
be assumed in the sequel - except for Subsection 2.3.

2. Suppose h and k' are associate indices and let F}, = {h,h’, g}, ... ,g}’:_z}. Therefore,
we have that

pn = (o) (R (R) (gh) -+ (g )

and
e = (W <o B ) ()R (gh) -+ (9172,
and hence
[y = By = M By, S B i = finfin <
S (hyo ) (Bl p) = (R hy ) (hae e hag),
that is, the two cycles (hy ... h,—y) and (b} ... h},_;) commute in

Sty = St}

Thus, p, = ,ul}f,’h/ (see [16], for instance), where I, ;s satisfies GCD(n — f i) = 1,
1 <lpp <n— f (otherwise p, would not have a cycle of length n — f).

3. First, we note that p11 = pi, (n—p) = fnptn—ppin - I pigy = p& g, pp® then

L1 = My () = Mkt = Hft pi g "t = g g, B
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(where we read the free indices modulo n — f), whence we proved 3. by induction.

4. Let a € F,, and assume p,,_¢(a) ¢ F,. Let i ¢ F,. On one hand, we have, by
assertions 2. and 3.,

P(a) = Hiltabty " = Fibn— ity Baltn bt 1" = b plalty - phin (1)

On the other hand, again by assertion 3.,

7 —1 7 7 n—fla i+ f(a
pi(@) = i g (@) = pigin (@) = il (0 = ) = pi D (= f),
which implies that

Husa) = B trom—r@ gy = st D i (2)

Combining 1 and 2, we get

Nn—f:uaﬂr_zif - Ulfbnif(a)ﬂn—fﬂ;unif(ax

We now prove the following lemma, which completes the proof of assertion 4..

Lemma 29. Given a € F,,, j1,—¢(a) ¢ F,.

Proof. Suppose ji,_¢(a) € F,. Then, for 1 <k <n—f,

pr(a) = pippin-pity (@) = pippin-5(a) = pn—s(a).

This would force the pairs of associate permutations from j; to p,— ¢ to be equal to each
other. In fact, by assertion 2., if two associate permutations have the same image at
a point belonging to their non-singular cycles, these permutations have to be the same.
Suppose, now, that for a certain index b € F,,, pt,,—¢(b) ¢ F,. Then, for 1 <k <n— f,

pr(D) = ppin— i, (b) = s pin— (b) = pin—y(b) +

which would force the pairs of permutations whose indices are associate from i1 to (i,
to be all different from each other, which is a contradiction. Therefore, ji,,_¢(F},) = F),.
But p,—¢ does not fix any element from F), since F,, N F,,_; = (). Then, this implies that
tn—5 has a cycle of length at most f, which is again a contradiction, since n — f > f.
Hence, p,—¢(a) ¢ F,. O

5. Let a € F,, and let i ¢ F, be the index such that p,,_¢(i) = a. Note that otherwise
1 would take up the role of a in Lemma 29 and a would not belong to F;,. Then,

Ha = Hp,_ () = Mn—fﬂi,u;if = /an—f/sz:un—f:ur_Li,u;if-

) . _ _ pnt (a) ;" (a)
Since ¢ = unif(a), we conclude that Mnifﬂaun—f =" e
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6. Let m be any index belonging to the set {1,...,n— f} such that the index p,_(m)
belongs to the set {1,...,n— f}\ {pn—s(n), ..., tn—r(n — f +1)}. Then, by assertion 3.,

Hianp(m) = Hone fHomb g = fne 0 Hon " i -

Since we also have i, (m) = u,’f”‘f(m)un_fu;”"‘f(m), then

e gt gy ™t = 1" g,

which is equivalent to having

—Hn—f (m)

;#nif(m),un—f:u;n)/ﬁn—f = :U'n—f(lu“” Mn—f/i:?%

(

that is, pn' "’ (m) P it and g,y commute in S,. The number of elements in the

centralizer of i, in Sy, |Cs, (ttn—y)|, is given by

Sh
G, (png)| = 120l

S see [16], for instance,
unff|

where |p>" ¢ denotes the number of elements of S, with the same pattern as p,_;. In
fact, we have

’usn‘_n(n—l)...(f+1)_ n!
o n—f (n—f)fV
and since |S,| = n!l, we conclude that |Cg,(pn—s)| = (n — f)f!. However, we know

exactly what these (n — f)f! permutations are. Let 7 be the cycle of length n — f of
pin—s. Indeed, 7% commutes with u,_s, Vk € {1,...,n — f}. Moreover, any permutation
of the f fixed points of p,_; commutes with fp,_f. The former type of permutation
7% only moves elements within C,,_ ¢ whereas the latter type of permutation only moves
elements within F),_;. Composing permutations from these two commuting types of
permutations, we get a total of (n — f)f! permutations commuting with s, ¢, which is
precisely the number of permutations we found before. Therefore, we may conclude that
Ym e {1,... ,n—f}\{,u;if(n—f%—l), . ,u;if(n)}, there exists an integer 1 < k,,, < n—f

such that pn""~ "™, s = orhm where o is a permutation of F,_; and 7 is the cycle
of length n — f in fi,_¢.

]
Corollary 30. Assertions 1.,2., and 3. in Theorem 28 are still valid if n = 2f.
Proof. Omitted. O

This allows us to classify quandles of cyclic type of order 2f with f fixed points

Corollary 31. For any integer f > 1, there is only one quandle of cyclic type of order
2f with f fized points, up to isomorphism. Moreover, such quandle is not connected.
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Proof. Let f be as in the statement. We first note that, should it exist, the indicated
quandle is not connected via Proposition 25. We will next prove (1.) that there is such a
quandle; and then (2.) that any such quandle is isomorphic to the one in 1.

1. Consider the sequence of permutations

wi= 12 --(HIf+1 f+2 f+3 - 2f) fori=1,2,...,f;

pi= D +2)---2Ha 2 3 - f)  forj=f+1f+2,...2f
Note that j;’s and ;s commute among themselves and with one another, since they
are either equal or move points from disjoint sets. Then, for any 4,7 € {1,2,..., f}

and 7,7 € {f+1,f+2,...,2f}, we have
pi(i') =i = g = pifuop; " = g
pi(j) = j+ 1(with 2f + 1= f+ 1) = pj = pppy; ' = py
w7 = ' =y = st =y
pi(i) =i+ 1(with f +1=f) = piy1 = /J’jljliﬂ;l = [hi-

Therefore, the indicated sequence of permutations defines a quandle. Moreover, this
is a quandle of cyclic type of order 2f with f fixed points.

2. Now consider a quandle of cyclic type of order 2f and f fixed points, along with its
permutations, p; for i = 1,2,...,2f. According to 1. in Theorem 28 and Corollary
30

pop = (f+D(f+2)---(2/)1 2 3 - f),

whose set of fixed points is

Fo={f+1f+2,....2f} =Fpp1 == Fri1.
There are two distinct sets of fixed points (see proof of Proposition 25), so the other
one is
Fr={12,...f}=F,=---=F}.
Then
py=0)2) (o 92 9 - 9gy5)
where (g1 g2 g3 --- gy) is a cyclic permutation of {f +1, f +2,...,2f}. For

any i € {1,2,..., f}, we have
1o =1

pop(i) =i+ 1(with f +1=1) = pi, = popiiply; = .

Therefore,

wi=py =02 (g1 92 95 -+ gy) for any i € {1,2,..., f}.
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Also, for any i € {1,2,..., f}, we have

. . . -1
p(f+i) = f+i+ L(with 2f + 1= f+ 1) = pfyy0 = ittty = Wy

Therefore,

Wos =ty = (FHD)(f42)---2f)(1 2 3 - f)  foranyie {1,2,...,f}.

Finally, consider the permutation, o, of {1,2,..., f, f+1,...,2f} given by
a=1)2)(fHlg [+1)(g f+2)-- (g7 2f),

where, in case g; = f + 1, (g; f+1) is to be read (g;), a fixed point. Then, for any
i e {12, f 1,20,

L) = apo !

Thus, « is a quandle isomorphism between the quandle here and the quandle in 1.
m

The proof of Corollary 31 establishes Assertion 2.(b) in Theorem 14.

2.3 Quandles of Cyclic Type of Order n with f Fixed Points in the Range
f+2<n<2f are not Connected

Theorem 32. Cyclic quandles of order n with f fized points such that f +2 < n < 2f
are not connected.

Proof. By Proposition 25, we know this is true for n = 2f. Now, let () be a cyclic quandle
of order n with f fixed points such that f+2 < n < 2f — 1. We assume, without loss
of generality, that u, = (1 2... n—f)(n—f+1)(n— f+2)...(n), see Assertion 1. in
Theorem 28. Given j, k€ F,={n—f+1,n— f+2,...,n},

10:(5) =ty (3) = pnbirttn ' (5) = b (1 (),

that is, p, fixes p (7). Therefore, we have that ug(j) € F, for any j, k € F,,. Thus, F, is a
subquandle of (). Now, if this subquandle has constant profile, then the common pattern
is that of M”’F,, =(n—f+1)(n—f+2)...(n), hence F, as a quandle is the trivial quandle
on f elements. In particular, it is not connected. If F, as a quandle has not constant
profile, then, by Proposition 10, it is not connected. In either case, this subquandle is not
connected and hence there is a finite family of minimal disjoint sets F?, i € {1,2,...,d},
such that | J; F! = F, and p,(F}) = F, Vi, Vg € F,,, which correspond to the (minimal)
connected components of F),, as a quandle. We also note that C, N F,, =0, C, UF, = Q
and p,(C,) = Cp, Vg € F,. Now, since |C,,| =n — f < f = |Fi|, 1 must fix some point
agp € F,, ie., a9 € F,, N FY.

Lemma 33. Let a € F,,. Assume there exist iy € {1,2,...,n— f} such that:
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1. a € F,,. Then a € F; for each i € {1,2,...,n— f}.

2. a¢ F,. Thena ¢ F; for eachi € {1,2,...,n— f}.
Proof. 1. Picki € {1,2,...,n— f} Then i = u?~/+=(j5). Then
n—f+i—ig

pi(a) = pn-reizio (@) = iy

0)
=y TT0(a) =

n—f+i—ig

LI @) =

Hiofhr, fhio (@) =

2. Assume to the contrary and suppose thereisi; € {1,2,...,n— f} such that u; (a) =
a. Then, by 1., pi(a) = a, for any ¢ € {1,2,...,n — f} which conflicts with

Hig (CL) 7é a. U
Thus, the ag € F; N F}, above, satisfies, thanks to Lemma 33, ag € F,NF1NEyN---N
Fo_y.
Set

A={ps(ao) | s€{1,2,....n}}={pj(ao) | j€{n—f+1ln—f+2,....,n}} CF}

since ag € F,, N Fy N FyN---N F,_s. In particular, 1 < |[A| < f
For each i € {1,2,...,n — f}, here is the behaviour of A under ;. Let j € {n — f +
Ln—f+2,...,n}

i (i (a0)) = pi(pipy  (1s((a0)))) = pi(pipeg ' ((a0))) = pyuiy(ao) € A.

Furthermore, for j,5' € {n — f+1,n — f+2,...,n} such that p;(ag) # pj(ap), then

i (ao)) # pi(pg(ao)), for any @ € {1,2,...,n— f}. Then, for any i € {1,2,...,n— f},
1; restricted to A is a bijection.

1. If A = {ap}, then us(ag) = ap, for any s € {1,2,...,n}, so A is a connected
component of ). Since () has more than one element then () is not connected.

2. Assume |A| > 1.

(a) Assume further that, for each i € {1,2,...,n — f}, pu; moves at least one
element from A, say pj,(ao), for some jo € {n—f+1,n—f+2,...,n} - recall
Lemma 33. Then,

1i (15 (a0)) € AN {1155 (a0) }-
Since p; has a cycle of length n— f, C;, then C; C A, forany: € {1,2,...,n—f}.
In particular, in this case, if b ¢ A, then p;(b) = b, for any i € {1,2,...,n— f}.
Since A C F}}, then F! is a connected component of Q. Since C,, N F} = () and
C, C @, then @ is not connected.

(b) Assume now that for each i € {1,2,...,n — f}, u; fixes any element of A -
again, recall Lemma 33. That is, foreach j e {n — f+1,n— f+2,...,n},

pi(p(ao)) = pj(ao).

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(3) (2019), #P3.42 15



i. If A= F! then we are done, arguing that F! is a connected component
inside ) which has fewer elements than Q).

ii. If AC F!, then since F! is a minimal component of F},, there exist jo, j; €
{n—f+1,n—f+2,...n} such that

Mg (Mjo(a0>> S Fé \ A

Let By = {p, (1j,(ao)) € EXNA| jo,j1 € {n—f+1,n—f+2,...n}}. Note
that if for some ¢ € {1,2,...,n— f}, and for some jy,j; € {n— f+1,n—
f+2,.. n} such that Feja (lujo (a’o)) € Fr1L \ A, we had M’i(l’bjl (Njo (G’O))) € A,
then 1), (115, (ao)) € A, since p; restricted to A is a bijection. Therefore, y;
restricted to Bj is a bijection.
Set

Ay =AU B;.

Go back to 2. (“Assume |A| > 1...”7) with A; taking up the role of A.
Iterate the procedure. Since () is a finite quandle, this procedure has to
finish after a finite number of steps, say k, with A(= A;) = F.

The proof is complete. O

3 Classification of Quandles of Cyclic Type of order n with f
Fixed Points in the Range n > 2f

In this Section, we classify quandles of cyclic type of order n with f fixed points such
that n > 2f. Specifically, we prove that there is only one such quandle such that n > 2f,
up to isomorphism. In this range, this quandle occurs only for n = 6 and f = 2. This
quandle is Q2, up to isomorphism. The proof of this fact establishes Assertion 1.(b) in
Theorem 14. This is the main goal of the current Section.

In Subsection 3.1, we prove a number of propositions and lemmas that we use in
subsequent subsections. In Subsection 3.2, we show that there are no quandles of cyclic
type of order n with f fixed points such that n = 3f for f > 2 and we prove that the
only quandle of cyclic type of order 6 with 2 fixed points, up to isomorphism, is Q2. In
Subsection 3.3, we show that there are no quandles of cyclic type of order n with f fixed
points such that n = c¢f for ¢ > 3. Finally, in Subsection 3.4, we collect the results from
the preceding subsections to prove Assertion 1.(b) in Theorem 14. We also show that Q2
is not simple.

In this Section, the results apply only to quandles of cyclic type of order n with f
fixed points such that n > 2f.

3.1 Auxiliary Results

In this Subsection, we state and prove a number of results about the structure of quandles
of cyclic type of order n with f fixed points such that n > 2f. These results are used in
the following Subsections.
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Proposition 34. The associate indices to n — f are z("%f), ie{l,...,f—1}.

Proof. We first prove that, if a,b € F,,_;, thenb—a € F,,_; mod n— f. Since a,b € F,,_y,
i fixes b (Proposition 19) and hence, reading b —a mod n — f and using Assertion 3. in
Theorem 28,

b= p1a(b) = pirpin—p 11, (0) = pippin—y(b—a) = pp—y(b—a) + a = b—a=p,_;(b—a),

that is, p,— s fixes b—a, implying that b—a € F,,_; (where b—a is read modulo n— f). Now,
let the indices in F,_; = {gp_,. .- 79£7f} be labelled in such a way that g, , < gfltlf,

Vi € {1,...,f — 1}. In particular, we have gi_f = n — f. Suppose these indices are

not equally spaced modulo n — f. Therefore, there is an index 1 < jy < f such that

9 gﬁf fl = Gy gn f, Vi E {1,..., f}, and there is another index 1 < ko < f such

that g gﬁo "< g s — g f, Vz € {1,..., f}, where we take ¢°_ f = 0. Moreover,
gff s gﬁf fl > gn ;- gf;o fl Now, by the result we have Just proved gn f gn iy ! belongs

to Fl,—f, as well as g, — (g™ s —gko- fl) However we have gnff <gn7 — (g™ s —gko- fl)

gi‘i s> which is a contradiction, since g and g0 s are consecutive indices in F,,_y. Hence,
the indices in F),_y are equally spaced rnodulo n — f, and the associate indices to n — f

arei("T*f>,@'e{1,...,f—1}. 0
Corollary 35. For each inder i € {1,...,n— f}, F; = {24—]("7_’0) 1<) < f} =
t + I, where each index i +j<"—;f> 15 read modulo n — f.

Proof. Giveni € {1,...,n— f} and j € {1,..., f}, we prove i —l—j(%) is a fixed point
of p;. In fact,

) s A ) 047

Clearly, for 1 < j < j' < f, we have i + j (T) i —l—j’("—_f> mod n — f. Hence, we
conclude that F; = {z + j(%) : j < f}, where each i + ]( ff> is read modulo
n—f.

Corollary 35 along with Proposition 19 and Corollary 22 tell us exactly what are the
associate indices in a quandle of cyclic type with f fixed points of order n > 2f.

Lemma 36. Given distinct indices a,b € F,,, pin_(b) — pn—s(a) € F,_¢, where this index
15 read modulo n — f.
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Proof. Let a,b € F,,. By assertion 2. in Theorem 28, we have p, = uif”“. Hence, using
assertion 4. in Theorem 28,

n—fla l a —Hn—fla n—fla —Hn—fla lb,a — lb,a
O e I = <u§i TR )> = (un_fua,unif> =

l a — —_ n— b “Hn— b
= fn gt iy = e ppintint = g g

which implies, by assertion 3. in Theorem 28, that

lba n—f(O)—pn_r(a —(pp— (b)) —pip— r(a
/hf’—f — 5 ®)=pn—y( )/Lnifun(u F(O)=pn—s(a)) _ Hyon 1 (0) o5 (a);

where the index p,—¢(b) — pin—s(a) is read modulo n — f. Since 1 < I, < n — f, then

,uffff and fu,— s have the same set of fixed points. Thus, the equalities above imply that,
modulo n — f, fin_s(b) — pin—y(a) € F,_;. O

Corollary 37. i, ¢(F,) = Fy, for some k ¢ F,, UF,_;.

Proof. Let a € F,, and let p,_f(a) = k, where k ¢ F, U F,,_y by Lemma 29. For each

b € F,\{a}, we have that ju,_s(b)—pi,,—s(a) € F,_; by Lemma 36. Therefore, by Corollary

35, tin—f(F,) C Fy. Since |F,| = |Fy| and p,,—¢ is a bijection, ju,_s(F,) = Fj. O

Corollary 38. Let ji,,_¢(Fy,) = Fy, k ¢ F, U F,_y, see Corollary 37. Then u,<n_f) (Fn) =
NTT

Fy, \V/Ze{l,,f}

Proof. Given a € F,, and i € {1,..., f}, we prove that u,(nff)(a) € F,. We have
T
i( =L Y i =t
Mi(n%f)(a) Zun( ! )#n—fﬂn (5 )(a) :Mn< " tn—g(a) =

= un_f(a) —I— Z(%) - F,U«n_f(a) = Fk

by Corollary 35. Hence, u,(n_f)(Fn) C Fy. As |F,| = |F}| and u‘(n_f) is a bijection,
"\ "\
,u,(nff) (F,) = F} and the result follows. O
"\

Corollary 39. ,u,(n_f> # /Lj(n_,-), where 1 <1 # j <

f.
Proof. Given a € F,, ul(%_f) (a) = pp—g(a) + 2(%), Vi € {1,...,f}. Then, given
67 €L 1 WIth E £ T gy F B () O
"7 INTT

With the previous results, we are now able to prove a very important proposition. In
fact, this proposition is used in the following section to prove that there are no quandles
of cyclic type of order n with f fixed points such that n = 3f for f > 2.

Before presenting the proposition, we just recall some of the terminology we used in
assertion 2. in Theorem 28.
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Definition 40. Let h and A’ be associate indices. We let [, ;» denote the positive integer
such that p), = /vci:i’h/ where GOD(n — f,lpw) =1, 1 <l < n — f, in accordance with
assertion 2. in Theorem 28. Moreover, since the associate indices to n — f are z(" ! ),

f
i€{l,.... f—1} welet I[f ) :=liwp s to simplify the notation.
) 7 s n—

Proposition 41. {l7;: 1 <i< f} = {1 —{—](" f) 0<j< f}

Proof. By Corollary 37, there exists an index k ¢ F, U F, ~f such that p,_f(F,) = Fy.
Moreover, we write Fy, = {gi,..., gk} where the indices g are labelled in such a way
that there exist positive integers [; > 1, Vi € {1,..., f}, such that /Ln_f(g,C ') = gi and
,uﬁ_f(g,ffl) ¢ F. for 1 < m < [;, where we take g\ := g,{. Basically, each [; is the smallest
positive integer such that ufi_f(g,i’l) € Iy, and we have uij_f(g};l) = gi. We note that
the indices in Fj belong to the non-singular cycle of 1,y and we prove the following
lemma.

Lemma 42. The indices in Fy, are equally spaced in the non-singular cycle of p,—¢. In
particular, the l;’s referred to above satisfy l; = (n— f)/f, Vie {1,..., f}.

Proof. Suppose this is not true. Then, there is an index jo € {1,..., f} such that [;, < [,

for a certain j, € {1,...,f}. Assume, without loss of generality, that the indices in

F,={g},... g/} are labelled in such a way that u,_;(g%) = g, Vi € {1,..., f}. Taking
0. f

gn T gn?

: I : Ljo+1 :
2 (907 = g & 2 (g = g & 2 (gl = g (3)

By Corollary 38, p,—¢ and its associate permutations are bijections from F, to Fj,

where |Fy| = f. These f permutations are of the form /VLZ(L?C) un 5 with @ €

{1,..., fy and [} ; = 1, and they are all different from each other by Corollary 39. Hence,
any two of them have different images at ¢?°~!, otherwise at least two of these permutations
would be equal to each other, conflicting with Corollary 39. (in particular, {I;; : 1 <
i < f} has exactly f elements) Then, there has to be an integer j; € {1,..., f} such

that #Ji(L;f)( jo=1) = M;l?( Jo=1) = gl° Hence, comparing with (3), tp=1lj,+1and

n
ljo+1
’ujl("%.f) = p,’ s , and thus

i’ ljg+1, 47 l; i 1
oy () (9071 = a9 = 1 e g™ )) = e (g,

However, ,un f(gio 1) ¢ Fy, as 1 < lj, < lj. This is a contradiction, since 1, (1) (F,) =
o\

F},. Thus, the indices in Fj, are equally spaced in the cycle of length n — f of p,,—p. [
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We now resume the proof of Proposition 41. Given gi € Fy, there is an index ¢/ € F),
such that p,_;(¢2) = g.. Then, Vi € {1,..., f},

, I - 17,1 , 171,
i3 1, (nr) (90) = e (9n) = by (g (a0)) = 12y (90),
that is, Vi € {1,..., f}, we have u;f;l(Fk) € Fj.. Since the f indices in F}, are equally
spaced in the cycle of length n — f of p,_¢, f(ljyf — 1) has to be a multiple of n — f, that
is, f( — 1) = k;(n — f), for some natural number 0 < k; < f, Vi € {1,..., f}. This is
equivalent to saying that

Pty =1 = kiln— £) e 1y = 1= k(55) & 1 = 14k (50).

for some natural number 0 < k; < f, Vi € {1,..., f}. Hence, the set {l7; : 1 <i < f}

is contained in {1 + j("—;f> 0K < f} Since these two sets must have the same

cardinality, the result follows. O

Remark 43. We remark that the integers in {l;; : 1 < i < f} still have to verify the
conditions presented in assertion 2. in Theorem 28, that is, GCD(n — f, :‘f) =1,1<
fp<n—f,Vie{l,...,f} In fact, there are certain pairs of integers (n, f) for which

these conditions are not satisfied if [j ; has the form 1 + l(”f D with 0 < i < f, where

= [} ;. Thus the corresponding quandles of cyclic type of order n with f fixed points
cannot exist. For example, there cannot be quandles of cyclic type of order 28 with 7 fixed
points, but there can be quandles of cyclic type of order 6 with 2 fixed points. Therefore,
from now on, we are only working with pairs of integers (n, f) for which these conditions
are satisfied.

3.2 Quandles of Cyclic Type of Order n with f Fixed Points such that n = 3f

In this Subsection, we show there are no quandles of cyclic type of order n with f fixed
points such that n = 3f for f > 2. We also prove that the only quandle of cyclic type of
order 6 with 2 fixed points, up to isomorphism, is Q2.

First, we prove a result which is a direct consequence of Proposition 41.

Corollary 44. Given a quandle of cyclic type Q) of order n with f fixed points such that
n=3f, /L;if = lg;, for a certain integeri € {1,..., f}.

Proof. By Proposition 41, {lj, : 1 <i < f} = {1 +]<” f) 0<)< f} Taking j =

f—1, we conclude there exists an integer i’ € {1,..., f} such that [}, , = 1+(f—1) ("—;f>
Asn=3f, we get

b= li’(nfff),n_f =lywor=14+2(f-1)=2f-1=(n—-f)—1=-1 modn-—f,
that is, there exists an integer ¢/ € {1,..., f} such that M;if = :U2_f1 = lloir. O
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Corollary 44 tells us that, for any quandle of cyclic type ) of order n with f fixed points
such that n = 3f, ,u;if is a permutation of () and it is of the form u;if = ,u2_f1 = g, for
a certain integer ¢ € {1,..., f}. We now prove a lemma, similar to Lemma 36, which also
has some very useful consequences.

Lemma 45. Given distinct indices a,b € F,, u;if(b) — i 4(a) € F_y, where this index
1s read modulo n — f.

Proof. Let a,b € F,,. By assertion 2. in Theorem 28, we have p;, = uf{”“. Hence, using
assertion 5. in Theorem 28,

pt @) Gy, —pnt(a) pnt (@) —p ! (@) e _ b,
HUn ! ,U/,;)_f,uzn ! = (/Jm ! Hn—f Hn ! ) = (Mnif,ua/fm—f> =

—1 e - o () —p, L5 (0)
= it o ptd ey = i e = " g
which implies, by assertion 3. in Theorem 28, that

lbw k(D) —prt 1 (a) (T () B TR ()
o = " P e gin B Rt

where the index u;if(b) — u;if(a) is read modulo n — f. Since 1 < l,, < n — f, then
,uffff and i, have the same set of fixed points. Thus, the equalities above imply that,
modulo n — f, ,u;if(b) - ,u;if(a) € F_y. O

Corollary 46. Given a,b € F,,, jin_(b) — pin—¢(a) = ,u;if(b) - ,u;if(a), where these two
indices are read modulo n — f.

Proof. Any two permutations from p; to p,_ ¢ are distinct. Indeed, given an index a € F,,
and for each index k € {1,...,n — f}, we have, by assertion 3. in Theorem 28,

pui(a) = pippin it (@) = pippin- (@) = pn—g(a) + k.
Since we also have, by Lemmas 36 and 45, that
lap
Fit 1 0)=tin—(@) = FnZp = 1t ) (@)
where the indices ft,,— f(b) — ptn—s(a) and ,u;if(b) — ,u;if(a) are read modulo n — f, we get
fin—f(b) = pin—s(a) = M;Ef(b) - ,Ur_if(a%
where these two indices are read modulo n — f. O]

We now have all the results we need to prove there are no quandles of cyclic type of
order n with f fixed points such that n = 3f for f > 2. This is the result we state in the
following proposition.
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Proposition 47. There are no quandles of cyclic type of order n with f fixed points such
that n = 3f for f > 2.

Proof. Suppose @) is a quandle of cyclic type of order n with f fixed points such that
n = 3f. First of all, we note that () = Fy U F,,_; UF,,. We know p,,_(F,_s) = F,_; and
we have p,_¢(F,) = Fy by Corollary 44. Since p,_ s is a bijection, we have p,,_ ¢ (Fy) = F,.
Now, let a € F), and suppose p,_s(a) = j and /L;if(a) = k, where j, k € F. We note
that j # k, otherwise p,,—; would have a cycle of length 2. This is not possible as the
length of this cycleisn — f =3f — f =2f > 4. For each i € {1,...,n — f}, we have by
assertion 3. in Theorem 28, reading the indices modulo n — f,

pia) = piypinpity (@) = pippin—(a) = i, (j) = j + . (4)
and, again by assertion 3. in Theorem 28, reading the indices modulo n — f,

pi(k +0) = plpin— gy (k + 1) = plpin—p(k) = piy(a) = a, (5)

By Corollary 44, we know that there is an index i’ € {1,..., f} such that uoy = p* ;-
Therefore, we have that pey(a) = k and u9y(j) = a. Since poy(a) = j + 2i’ by (4), we
conclude that k = j + 2i'. Hence, usy(j) = poy(k — 2¢') and we also conclude pgy (k —
2i") = a. But poy(k + 2i") = a by (5), which means that we have either 2/’ = n — f or
2i" = (n — f)/2. Since 2i' cannot be equal to n — f, as this forces k to be equal to j, we
then have 2’ = (n — f)/2. Now, suppose ji,—¢(j) = b € F),, with b # a. Noting that we
have pi,—f(a) — pin—s(b) = ,u;if(a) — ,u;if(b) by Corollary 46, we get
s (6) = tin(8) = i (@) — i s(a) = ki — j = 2L

Since ,u;if(b) = j, this forces p,_¢(b) to be equal to k. Therefore, p1,,_ ¢ has a cycle 7 of
length 4, where 7 = (a j b k). Hence, for any quandle of cyclic type of order n with f
fixed points such that n = 3f, f =2 and n = 6 and, thus, there are no quandles of cyclic
type of order n with f fixed points such that n = 3f for f > 2. n

Corollary 48. There is only one quandle of cyclic type of order 6 with 2 fixed points, up
to isomorphism.

Proof. pg = (123 4)(5)(6), up to isomorphism, by assertion I. in Theorem 28 and then
Fs ={5,6} = Fs. F» ={2,4} = F, by Proposition 34, and so F; = {1,3} = F3. Now, by
Corollary 37, we can either have py = (2)(4)(1 6 3 5) or uy = (2)(4)(1 5 3 6). However,
straightforward calculations show that the latter does not satisfy assertion 4. in Theorem
28, and hence puy = (2)(4)(1 6 3 5). By Theorem 28, we can write 1, u2, ps and s as
functions of ug and py, thus py determines one single quandle, which is precisely Q2. Its
multiplication table is displayed in Table 1. O

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(3) (2019), #P3.42 22



3.3 Quandles of Cyclic Type of Order n with f Fixed Points such that n > 3f

In this Subsection, we use the results from the previous Subsections to show that there
are no quandles of cyclic type of order n with f fixed points such that n = cf for ¢ > 3.
This is the result we state in the following proposition, where in its proof the free indices
are read modulo n — f.

Proposition 49. There are no quandles of cyclic type of order n with f fized points such
that n = cf, for ¢ > 3.

Proof. Let p,—s(F,) = Fj, in accordance with Corollary 37. We know the indices in
F}, belong to the cycle of length n — f of p,_¢, they are all equally spaced in this cycle
by Lemma 42 and their inverse images are in F),. Therefore, the indices in F;, are also
equally spaced in the cycle of length n — f of p,_¢. Now, we have that for each m &
{1,...,n—f}\ {u;if(n —f+1),... ,u;if(n)}, there is an integer 1 < k,, < n — f such
that p, "' (m) fin— i = or*m by assertion 6. in Theorem 28. We now prove that each
m gives rise to a different k,,. In fact, given a € F,,
(@) = 074 (a) = b (a) = " (@) = pin g (@) — ping(m),
which has a different value for each m € {1,...,n— f}\ {u;if(n— f+1),... ,u;if(n)}).
Therefore, assertion 6. in Theorem 28 provides us with a total of n—2f different equalities
and, in particular, n — 2f different integers k,,. Now, given a,b € F,, we can combine the
two equalities
fin—f(a) = pn—p(m) = lunﬁf(a)a

fin—f(b) = pn—p(m) = :unff(b)»
in order to get
Foeg 3 pin-g(@) = g (b) = " p(a) = 11,7 5(b).
Indeed, we know exactly what are the n—2f different integers k,, which satisfy this equal-
ity. Suppose that k,, € {z(”—}f) 1<i< f} = F,_s. Therefore, ufl”jf(a),uf;ff(b) €L,
by Lemma 42 and 0 < ]u,’i’ﬁf(a)—uﬁ’ﬁf(bﬂ < f,since F,, = {n—f+1,...,n}. However, we
can choose indices a,b € F, such that f < |p,—f(a)—p,— ()|, which is a contradiction. If

f is even, for example, pick a,b € F, such that p,_;(b) = pi,—(a) + % (%) If f is odd,

pick a,b € F, such that y,_¢(b) = un_f(a)%—%(”—;f). Then, k, € {1,...,n—f}\ Fn_y,
and this set has exactly n — 2f elements. Now, given a quandle of cyclic type of order n

with f fixed points such that n = cf, where ¢ > 3, we know 2 € {1,....,n — f} \ F,,_.
Hence, given a,b € F,,,

pn (@) = s (6) = 42 () — 24 (b).
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However, we also have, by assertion 3. in Theorem 28, that

wep (0=t s(a) (a5 (D)=t (@)
Fpt 30—t (@) (g (D)) = g™ gy g T (D)) =

— 1Ot G (a)) = 2 (@) = (@) + (b)) = p2_ () =
- lu’”—f(ru’n—f(b))?

implying that the two associate permutations fi,, (4)—p,_ (@) and s (see Proposition
34 and Corollary 35) have the same image at a point that is not a fixed point of these
permutations, as p,—r(b) ¢ F,_s. Hence, these permutations must be equal to each other,
which is a contradiction, as these permutations are different from each other by Corollary
39. Therefore, there are no quandles of cyclic type of order n with f fixed points such
that n = cf, for ¢ > 3, and the result follows. n

3.4 Classifying Quandles of Cyclic Type of Order n with f Fixed Points such
that n > 2f

In this Subsection, we prove Assertion 1.(b) in Theorem 14 and make a few observations
regarding Q3.

Proof. (Assertion 1.(b) in Theorem 14) Immediate from Corollary 22, Propositions 47 and
49 and Corollary 48. m

Example 50. Q2, whose multiplication table is displayed in Table 1, is the only quandle
of cyclic type of order n with f fixed points such that n > 2f, up to isomorphism. In
particular, Q2 is not a simple quandle (since it admits a non-trivial congruence). Indeed,
by Proposition 23, for n > 2f, “i is associate to j” generates an equivalence relation on
Q?2, which is also a congruence relation on this set, as it respects the binary operation of
the quandle. In Table 4, we see the quotient of Q2 by this congruence relation, which we
denote by ~. This quotient is clearly isomorphic to R3, since “the product” of any two
distinct elements equals the other element.

* ({3 {24} {56}
{13y | {13} {56y {24}
{24} | {96} {24} {13}
(5.6} | {24F {13} {56}

Table 4: 2/ ~ multiplication table.

4 Families of Quandles of Cyclic Type of Order n with f Fixed
Points in the Range f+2 <n < 2f

Theorem 51. Let f be an integer strictly greater than 1 and n a positive integer such

that f +2 < n < 2f. Assume further that (n — f)| f. For each i such that 1 < i < T
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consider the permutations of {1,2,...,n}, given by

Hii=D(n—f)+1 = =1 n—p+1 = " = M=) (n—f)+1 =
=(in—fl+liln—f)+2 - (i+1)(n—f)).

This sequence of permutations defines a quandle of cyclic type of order n with f fized
points over the set {1,2,...,n}.

Proof. The proof of this Theorem is basically a rearrangement of the argument for the
proof of the first statement of Corollary 31, the existence of a quandle of cyclic type of
order 2f with f fixed points. We add it here for completeness.

Let

(i—Dn=f)+1<jj <iln—=f)  and  (@=Dn-f)F1<k<d(n=f) (i #7).

Then,

pi(k) =k+1= ppy = ujuku;1 = L since p; and 1, commute .
Also,
1;(5") = ' = i = pipgs = py since p; and p;r are equal .
This completes the proof. O

4.1 Extracting - Adjoining a Common Fixed Point

Definition 52. Let (Q be a quandle of cyclic type with several fixed points. If gy € @ is
such that it is a fixed point for any of the permutations of @), g is called a common fixed
point of Q.

Example 53. In Table 5 we provide the multiplication table of a quandle of cyclic type
of order 5 and 3 fixed points. The order and number of fixed points of this quandle satisfy
f+2<n<2f. Moreover, its permutations are

p = (1)(2)3)(4 5) = pa = pus3 ps = (1)(4)(5)(2 3) = pua-

Thus, 1 is a common fixed point for this quandle.

= Ot WO NN
= Ot W N =W
[ T RN JUN Y B
T DN W | ot

U= W N | %
A~ Ot W N |

Table 5: Quandle of cyclic type of order 5 and 3 fixed points with a common fixed point:
1. See [6], page 176.
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The next two Theorems show us when we can extract a common fixed point (Theorem
16) and when we can adjoin a common fixed point (Theorem 17). We repeat their state-
ments here for completeness. Once Theorem 17 is proved, combining it with Theorem
51 and iterating the procedure, provides an infinite sequence of quandles of cyclic type
with several fixed points within the range f +2 < n < 2f where n is the order and f the
number of fixed points. This is the content of Corollary 18.

Theorem 54. Suppose f is an integer strictly greater than 2 and n a positive integer such
that f +2 <n < 2f. Consider a quandle of cyclic type of order n and f fixed points over
the set Q = {1,2,...,n} with sequence of permutations yu; with i € {1,2,...,n}. Assume
further go € Q is a common fized point of Q). Then, the set Q' = Q \ {go} along with the
sequence of permutations p, = ;g for each i € Q' defines a quandle of cyclic type of
order n — 1 with f —1 fized points. We call this the extraction of the common fixed point

go-

Proof. We keep the notation and terminology from the statement. Since p;(go) = go, for
each i € @), then
Hao = Hiblgohti - = Piblgy = Hgoli,

which amounts to saying that

[y = HI ( for some i € @, for some k; € Z) OR Cy NC; = 0.
Assume
oo = (91 92 - Gn-yp)-
Then,

Gi+1 = Hgo (gl) = Hgiy1 = /Lgo:ugiﬂ;)l = Hg;-
So the associate permutations to the permutations corresponding to the elements moved
by 114, are all equal to one another.
Consider now the set Q' = Q\ {go} along with the sequence of permutations p; = p;|¢
for each 7 € Q". For each i,j € @', we have

roro1—1

i) = Halbilt; - = My = HilGlt;
which completes the proof. O

Theorem 55. Let n be an integer greater than 2. Let ) be the underlying set of a
quandle whose permutations are denoted p;, for each i € Q. Let gy ¢ Q and consider the
set ) = QU {go}. Suppose there is a permutation, p, of the elements of Q, such that
Wity = Wit for each i € Q. Then, Q' along with the permutations

= (go)i  for eachi € Q and Hgo = (901t

1s a quandle with a common fixed point, gq.

Proof. For each i,i' € Q, @) = ity = Wy = Moty and pp = pipn ==

W', = pip’. This completes the proof. O
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5 Further Research

In this article we looked into the classification of quandles of cyclic type of order n with f
fixed points. We realize that these quandles split into three sorts according to the ranges
their (n, f)’s lie in. If n > 2f, then these quandles are connected. As a matter of fact,
there is only one such quandle which occurs for n = 6 and f = 2; it is the octahedron
quandle. For each integer f > 2, there is exactly one such quandle of order n = 2f and
it is not connected. Finally, in the range 2 < f +1 < n < 2f, such quandles are not
connected and there seem to be plenty of them.

With the techniques developed in this article, we plan on looking into the classification
of other families of quandles like those with constant profile with f fixed points and two
non-singular cycles, to begin with. We also plan on taking a fresh look at quandles of
cyclic type i.e., when f = 1.
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