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Abstract

Let I = I(D) be the edge ideal of a weighted oriented graph D whose underlying
graph is G. We determine the irredundant irreducible decomposition of . Also, we
characterize the associated primes and the unmixed property of I. Furthermore,
we give a combinatorial characterization for the unmixed property of I, when G
is bipartite, G' is a graph with whiskers or G is a cycle. Finally, we study the
Cohen—Macaulay property of 1.

Mathematics Subject Classifications: 05C22, 05E40, 13F20, 13H10

1 Introduction

Let G = (V(G), E(G)) be a simple graph. A weighted oriented graph D whose underlying
graph is G, is a triplet (V(D), E(D),w) where V(D) = V(G), E(D) C V(D) x V(D) such
that {{z,y} | (z,y) € E(D)} = E(G) and w is a function w : V(D) — N. The vertex set
of D and the edge set of D are V(D) and E(D), respectively. Some times for short we
denote these sets by V' and E respectively. The weight of z € V isw(z). Ife = (z,y) € E,
then z is the tail of e and y is the head of e. If V(D) = {x1,...,2,}, then we consider
the polynomial ring R = KJzy,...,x,] in n variables over a field K. In this paper, we
introduce and study the edge ideal of D given by I(D) = (wia:;-u(xj) (wy, ;) € E(D)) in
R, (see Definition 16). These ideals generalize to the usual edge ideals of graphs, since if
w(x) =1 for each x € V(D), then I(D) = I(G).

Furthermore, the study of these ideals have an important relation with coding theory,
as we will now explain. If K is a finite field F,, H; C --- C H, is a nested sequence
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of multiplicative subgroups of F; = F, \ {0} and X is the set in the projective space
X = [(HyU{0}) x -+ x (H, U{0})], whose vanishing ideal is I(X'), then I(D) is the
initial ideal (with the lexicographic order) of I(X'), where (z;,z;) € E(D) if and only if
i <j,w(xr;) =1and w(z,) = |Hy + 1 for £ > 1. In this context, some basic parameters
of the Reed—Muller code of X’ can be estimated examining I(D), [2, 6, 11]. In particular,
if I(D) is Cohen-Macaulay, then I(X) is Cohen—-Macaulay.

In Section 2, we study the vertex covers of D. We introduce the notion of strong
vertex cover (Definition 7) and we prove that a minimal vertex cover is strong. In Section
3, we characterize the irredundant irreducible decomposition of I(D). We show that the
minimal monomial irreducible ideals of I(D) are associated with the strong vertex covers
of D. In Section 4, we give the following characterization of the unmixed property of
I(D).

D has the minimal-
| I(D) is unmixed | <:> | G is unmixed | &
strong property
All strong vertex All minimal vertex
All strong vertex
covers of D have covers of G have
covers are minimal
the same cardinality the same cardinality

Also, if GG is bipartite, GG is a graph with whiskers or G is a cycle, we give an effective
(combinatorial) characterization of the unmixed property. In Section 5, we study the
Cohen—-Macaulayness of I(D). In particular, we prove that if 7(D) is Cohen—-Macaulay,
then I(D) is unmixed and I(G) is Cohen-Macaulay. Furthermore we characterize the
Cohen—Macaulayness when G is a path or GG is a complete graph. For these families
of graphs we prove that unmixedness and Cohen—Macaulayness of (D) are equivalent.
This equivalence is known for some monomial ideals, for example the monomial ideal
associated to: Konig clutters without 3, 4-cycles [12]; special admissible clutters [7]; graphs
with girt greater than 7 [3, Corollary 36]; and graphs with whiskers [13, Theorem 2.1].
Finally, we give an example of D where Cohen—Macaulay property of I(D) depends on
the characteristic of the field K.

2 Weighted oriented graphs and their vertex covers

In this section we study the vertex covers of a weighted oriented graph D. Furthermore,
we define the strong vertex covers and we characterize when V(D) is a strong vertex cover
of D. In this paper we denote the set {x € V(D) | w(z) # 1} by V(D) or V.

Definition 1. A vertex cover C of D is a subset of V', such that if (x,y) € E, then z € C
ory € C. A vertex cover C of D is minimal if each proper subset of C' is not a vertex
cover of D.
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Remark 2. C'is a minimal vertex cover of D if and only if C' is a minimal vertex cover

of G.

Definition 3. Let = be a vertex of a weighted oriented graph D. The sets N} (z) = {y :
(z,y) € E(D)} and N, (z) = {y : (y,z) € E(D)} are called the out-neighbourhood and
the in-neighbourhood of x, respectively. Furthermore, the neighbourhood of x is the set
Np(x) = N} (x) U Ny (z) and degp(z) = |[Np(x)|.

Definition 4. Let C be a vertex cover of a weighted oriented graph D. We define
o [1(C):={zeC|Nix)nC*+#0},
o [,(C):={zeC|x¢Li(C)and Ny(z)NC+# (O},
o L3(C) == C\ (L1(C) U La(C)),
where C° is the complement of C', i.e. C°=V\ C.
Proposition 5. If C is a vertex cover of D, then
L3(C)={z € C | Np(z) C C}.

Proof. If z € L3(C), then N} (x) C C, since x ¢ L,(C). Furthermore N, (x) C C, since
x ¢ Ly(C). Hence Np(z) C C, since z € C'\ Np(z). Now, if € C and Np(z) C C, then
x ¢ L1(C) U Ly(C). Therefore x € L3(C). O
Proposition 6. Let C' be a vertex cover of D. Hence, L3(C) = 0 if and only if C is a
minimal vertex cover of D.

Proof. =) If x € C, then by Proposition 5 we have Np(z) ¢ C, since L3(C') = . Thus,
there is y € Np(x) \ C implying C'\ {z} is not a vertex cover. Therefore, C' is a minimal
vertex cover.

<) If x € L3(C), then by Proposition 5, Np(z) C C\ {z}, since x ¢ Np(x). Hence,
C\ {z} is a vertex cover. A contradiction, since C' is minimal. Therefore L3(C) = 0.

Definition 7. A vertex cover C of D is strong if for each x € L3(C) thereis (y,x) € E(D)
such that y € Ly(C) U L3(C) with y € VT (i.e. w(y) # 1).

Remark 8. Let C be a vertex cover of D. Hence, by Proposition 5 and since C' =
L (C) U Ly(C) U Lg(C), we have that C is strong if and only if for each x € C such that
N(z) C C, there exist y € N~ (z) N (C'\ L1(C)) with y € V.

Corollary 9. If C' is a minimal vertex cover of D, then C' is strong.

Proof. By Proposition 6, we have L3(C') = (), since C' is minimal. Hence, C'is strong. [

Remark 10. The vertex set V' = V(D) of D is a vertex cover. Also, if z € V, then
Np(z) C V'\ z. Hence, by Proposition 5, L3(V) = V. Consequently, Li(V) = Ly(V) = 0.
By Proposition 6, V' is not a minimal vertex cover of D. Furthermore, by Remark 8, V' is
a strong vertex cover if and only if N, (z) N V* # () for each z € V.
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Definition 11. If Gis a cycle with E(D) = {(z1, z2), ..., (®n_1, %), (Tn,z1)} and V(D) =
{z1,...,2,}, then D is called oriented cycle.

Definition 12. If G is a connected graph with exactly one cycle C, then D is called
oriented unicycle when D satisfies the following conditions:

1) C'is an oriented cycle in D. Furthermore, there is an oriented path from C' to y in D,
for each y € V(D) \ V(C).

2) w(x) # 1 if degp(x) > 1.

Lemma 13. If V(D) is a strong vertex cover of D and Dy is a mazimal oriented subgraph
of D such that Dy is an oriented unicycle of D, then V(D') is a strong vertex cover of

D' =D\ V(D).

Proof. We take x € V(D'). Thus, by Remark 10, there is y € N, (z) NV (D). If y € Dy,
then we take Dy, where V(Dy) = V(Dy) U {z} and E(Dy) = E(D1) U{(y,z)}. Hence, if
C' is the oriented cycle of Dy, then C' is the unique cycle of Dy, since degp, () = 1. If
y € C, then (y, z) is an oriented path from C to x in Dy. Now, if y ¢ C, then there is an
oriented path £ from C to y in D;. Consequently, £ U {(y,x)} is an oriented path from
C to x. Furthermore, degp,(z) = 1 and w(y) # 1, then D, is an oriented unicycle. A
contradiction, since D; is maximal. This implies y € V(D").

Hence, y € Np,(x) N VT (D'). Therefore, by Remark 10, V(D’) is a strong vertex cover
of D'. O

Lemma 14. If V(D) is a strong vertex cover of D, then D has an oriented unicycle.

Proof. Let y; be a vertex of D. Since V = V(D) is a strong vertex cover, there is y, € V'
such that v, € N~ (y;) N V*. Similarly, there is y3 € N~ (y2) N V. Consequently,
(Y3, Y2, y1) is an oriented path. Continuing this process, we can assume there exists an
oriented path (yg, Yk—1, - -, Y2, Y1) With y2, 93, ...,y € VT and there is 1 < j < k—2 such
that (y;,yx) € E(D), since V is finite. Hence, C' = (yk, Yk—1,-.-,Y;,Yx) is an oriented
cycle and £ = (y;,...,v1) is an oriented path from C to y;. Furthermore, if j = 1, then
w(y1) # 1. Therefore, C'U L is an oriented unicycle of D. O

Proposition 15. Let D be a weighted oriented graph. Hence, V(D) is a strong ver-
tex cover of D if and only if there are Dy,..., D, oriented unicycles of D such that
V(Dy),...,V(Dys) is a partition of V(D).

Proof. =) By Lemma 14, D has an oriented unicycle. We take a maximal oriented
unicycle Dy of D. Hence, by Lemma 13, V' (D’) is a strong vertex cover of D' = D\ V(D).
So, by Lemma 14, there is a maximal oriented unicycle Dy of D’. Continuing this process
we obtain oriented unicycles Dy, ..., D, such that V(Dy),...,V(Dy) is a partition of
V(D).

<) We take x € V = V(D). By hypothesis there is D; such that x € V(D;). We
assume C' is the oriented cycle of D;. If z € V(C), then there is y € V(C) such that
(y,2) € E(D;) and w(y) # 1, since degp (y) > 2 and D; is an oriented unicycle. Now,
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we assume x ¢ V(C), then there is an oriented path £ = (z1,...,2,) from 2z, € V(C)
to 2z, = x. Thus, (2,-1,2) € E(D). Furthermore, w(z,—1) # 1, since degp (z,-1) > 2.
Therefore, by Remark 10, V' is a strong vertex cover. O

3 Edge ideals and their primary decomposition

As is usual if I is a monomial ideal of a polynomial ring R, we denote by G(I) the minimal
monomial set of generators of I. Furthermore, there exists a unique decomposition,
I =q,N---Ngq,, where qq,...,q, are irreducible monomial ideals such that [ # ﬂi#j qi
for each j = 1,...,r. This is called the irredundant irreducible decomposition of I.
Furthermore, g; is an irreducible monomial ideal if and only if q; = (7!, ..., 2{*) for some
variables ;. Irreducible ideals are primary, then a irreducible decomposition is a primary
decomposition. For more details of primary decomposition of monomial ideals see [14,
Chapter 6]. In this section, we define the edge ideal (D) of a weighted oriented graph
D and we characterize its irredundant irreducible decomposition. In particular, we prove
that this decomposition is an irreducible primary decomposition, i.e, the radicals of the

elements of the irredundant irreducible decomposition of 7(D) are different.
Definition 16. Let D be a weighted oriented graph with V(D) = {z1,...,2,}. The edge
ideal of D, denote by I(D), is the ideal of R = K[xy,...,x,| generated by

{wad" | (21,2;) € B(D)}.

J

Definition 17. A source of D is a vertex x, such that Np(z) = N (z). A sink of D is a
vertex y such that Np(y) = N (y).

Remark 18. Let D be a weighted oriented graph. We take D’ = (V, E,w') a weighted
oriented graph such that w'(z) = w(z) if « is not a source and w'(z) = 1 if x is a source.
Hence, I(D) = I(D’). For this reason in this paper, we will always assume that if x is a
source, then w(x) = 1.

Definition 19. Let C be a vertex cover of D. The irreducible ideal associated to C' is the
ideal

Io = (Li(C) U {7 | 2; € Ly(C) U Ly(C)}).
Lemma 20. I(D) C I¢, for each vertex cover C' of D.

Proof. We take I = I(D) and m € G(I), then m = xy®®, where (z,y) € FE(D). Since
C is a vertex cover, x € C ory € C. If y € C, then y € Iz or y*® € . Thus,
m = axy*® € Io. Now, we assume y ¢ C, then z € C. Hence, y € N} (z) N C*, so
r € Li(C). Consequently, z € I implying m = xy*® € Io. Therefore I C I¢. O

Lemma 21. Let D be a weighted oriented graph such that I(D) C (3!, ..., 2{*). Then
{iy, ..., 2.} is a vertex cover of D.

Proof. We take J = (z{*,...,2). If (a,b) € E(D), then ab*® € I(D) C J. Thus,

x?ﬁabw(b) for some 1 < j < s. Hence, z;; € {a,b} and {a,b} N {z;,...,x;,} # 0.
Therefore {z;,,...,x; } is a vertex cover of D. O
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Definition 22. Let I be a monomial ideal. An irreducible monomial ideal q containing
I is called a minimal irreducible monomial ideal of I if for any irreducible monomial ideal
p such that I C p C g one has that p = q.

Lemma 23. Let J be a minimal irreducible monomial ideal of I(D) where G(J) =
{oft, . 2} Ifa; # 1 for some 1 < j < s, then:

1) There is (x,2;,) € E(D) where x ¢ G(J).
2) aj = w(wy,).

Proof. We denote M = G(I). Since M is minimal, we have x;,,...,x;, are different.

1) By contradiction suppose there is a; # 1 such that if (z,z;,) € E(D), then x € M. We
take the ideal J' = (M \ {xfj}), then J' C J. If (a,b) € E(D), then ab*® € I(D) C J.
Consequently, x?}ﬂab“’(b) for some 1 < k < s. If k # j, then ab®® € J'. Now, if k = j,
then by hypothesis, a; # 1. Hence, x?j|bw(b) implying z;;, = b. Thus (a,z;;) € E(D).
So, by hypothesis a € M \ {xfj}, since a # x;;. This implies, ab®® ¢ J'. Therefore,
I(D) C J" C J. A contradiction, since J is minimal.

2) By 1), there is (z, ;) € E(D) with ¢ M = {zf', ..., x{*}. Thus, :C%Z(mij) eI(D)C

217
w(wi;) w(zi;) . .
J, so zif|zx; - 7 for some 1 < k < s. Hence, 27|z, 7, since x ¢ M. This implies,

k=jand a; < w(x,,). If a; < w(z;;), then we take J; = (M') where M’ = {M\{:I:Z]}}U
{xz(:pij)}. So, Ji € J. Furthermore, if (a,b) € E(D), then m = ab®® € I(D) C J.

=

Thus, x?f|abw(b) for some 1 < £ < 's. If £ # j, then x{ € M’ implying ab®® ¢ J'. Now,

if £ = j then xfj\bw(b), since a; > 1. Consequently, b = z;; so xz(xij )\m, since b*(®)|m.
Then, m € J'. Hence I(D) C J' C J, a contradiction since J is minimal. Therefore,
a; = w(z;,). O

Theorem 24. The following conditions are equivalent:
1) J is a minimal irreducible monomial ideal of I(D).

2) There is a strong vertex cover C' of D such that J = I¢.

Proof. 2) = 1) By definition J = I¢ is a monomial irreducible ideal. By Lemma 20,
I(D) C J. Now, suppose I(D) C J" C J, where J' is a monomial irreducible ideal. We
can assume G(J') = {x;’i, . ,:cé’j}

If + € L;(C), then there is (z,y) € E(D) with y ¢ C. Hence, zy*® € I(D) and y" ¢ J
for each r € N. Consequently y" ¢ J' for each r, implying y ¢ {z,,...,z;,}. Furthermore
xé’ xy™® for some 1 <4 < s, since zy®W) € I(D) C J'. This implies, 2 = x? elJ.

Now, if x € Lo(C), then there is (y,z) € E(D) with y ¢ C. Thus y ¢ J, so y ¢
{x?i,,xlj’j} Also, 2@y € I(D) C J', then x?ﬂxw(@y for some 1 < i < s. Conse-
quently, x;’ @) implies z%®) € J'.

Finally if z € L3(C), then there is (y,z) € E(D) where y € Ly(C)U L3(C) and w(y) # 1,
since C' is a strong vertex cover. So, z*@y € I(D) C J' implies x?ﬂx“’(x)y for some 1.
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Furthermore y ¢ J = I¢, since y € Lo(C) U L3(C) and w(y) # 1. This implies y ¢ J' so,
:E? 2v®@) then zv®) ¢ J'.

Hence, J = I C J'. Therefore, J is a minimal monomial irreducible ideal of I(D).

1) = 2) Since J is irreducible monomial ideal, we can suppose G(J) = {z{',... z{"}.
By Lemma 23, we have a; = 1 or a; = w(wy;) for each 1 < j < s. Also, by Lemma 21,
C = {@,...,2;,} is a vertex cover of D. We can assume G(Ic) = {2},...,2}"}, then

217
bj € {1,w(z;,)} for each 1 < j < s.

Now, suppose by = 1 and w(x;, ) # 1 for some 1 < k < s. Consequently x;, € Li(C).
Thus, there is (z;,,y) € E(D) where y ¢ C. So, z;,y*¥ € I(D) C J and 2{" |z, y*® for
some 1 < r < s. Furthermore y ¢ C, then r = k and ay = a, = 1. Therefore, a; = 1.

Hence, G(Ic) N V(D) € G(J) N V(D). This implies, I C J, since a;,b; € {1, w(x;;)}
for each 1 < j < s. Therefore J = I, since J is minimal. In particular a; = b; for each
1 <i<s.

Now, assume C' is not strong, then there is « € L3(C) such that if (y,x) € E(D), then
w(y) = 1ory € Li(C). We can suppose x = x;,, and we take J' the monomial ideal
with G(J') = {«f2, ..., a7 }. We take (21, 22) € E(D). If xiﬂzl,z;”(”) for some 2 < j < s,

127
(22)

then 2,25 € J'. Now, assume z.’ 222 for each 2 < j < s. Consequent]
2 i 2 J y

29 & {@iy, ..., 25, }, since a; € {1, w(x;)}. Also 2128 € (D) C J, then xf11|zlz;}(22).
But z;, € L3(C), so z1,29 € Nplz;,] € C = {z;,,...,2;,}. Furthermore z; # 25, since
(21,22) € E(D). But 29 & {xiy,...,x;.}, then 20 = 2, 21 € C and (21,2;,) € E(D).
Then, w(z;) =1 or z; € Ly(C). In both cases z; € G(I¢). This implies z; € G(J'), since

21 # 2o, S0, 212y (2) ¢ J'. Hence, I (D) C J'. This is a contradiction, since J is minimal
and J' C J. Therefore C is strong. O

Theorem 25. IfC; is the set of strong vertex covers of D, then the irredundant irreducible
decomposition of 1(D) is given by I(D) = (oee, lo-

Proof. By [8, Theorem 1.3.1], there is a unique irredundant irreducible decomposition
I(D) = %, I;- Now, if there is an irreducible ideal I} such that I(D) C I} C I; for some
j €{1,...,m}, then I(D) = (N, ;) N I} is an irreducible decomposition. Furthermore
this decomposition is irredundant, since (-, I; is irredundant. Thus, I ]’ = [;, since the
irredundant irreducible decomposition is unique. Hence, Iy, ..., I,, are minimal irreducible
ideals of I(D). Then, by Theorem 24, {I;,...,1,} C {Ic | C € C,}.

Now, if there is C' € C, such that Io ¢ {Ii,..., 1}, then there is 23* € I; \ Io for
each i € {1,...,m}. Consequently, m = lem(z§}!,...,25") € (2, [; = I(D) C Ic.
Furthermore, if C = {z;,,...,2;}, then Io = (mfll,,xf:) where f; € {1,w(z)}.
Hence, there is j € {1,...,k} such that xiﬂm So, there is 1 < u < m such that xfj |
zi". A contradiction, since z5* ¢ I¢. Therefore () I; = (e, Io is the irredundant
irreducible decomposition of I(D). O

Remark 26. If C1, ..., C are the strong vertex covers of D, then by Theorem 25, I, N---N
I, is the irredundant irreducible decomposition of I(D). Furthermore, if P; = rad(/c,),
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then P, = (C;). So, P, # P; for 1 <i < j <s. Thus, I, N--- N I¢, is an irredundant
primary decomposition of I(D). In particular we have Ass(/(D)) ={ P, ..., Ps}.

Example 27. Let D be the following oriented weighted graph

I
3
s
T2 g4
2
T3 T4
) 2
whose edge ideal is I(D) = (z3xy, 2323, T374, x32%, 2375). From Theorem 25, the irre-

ducible decomposition of I(D) is:

I(D) = (a3, 23, 2%) N (23, x3, 25) N (12, 23, 22) N (20, T3, 75) N (T2, T4, ¥2) N (23, 23, 23, T5) N

(x?,x%,m, :Ij'g) N (an xgv xiamg) N (l’?,m%,l‘g, x?hxg)

Example 28. Let D be the following oriented weighted graph
T L2 L3 Ty
o e >0 >0
2 5 7

Hence, I(D) = (2123, zo23, x327). By Theorem 25, the irreducible decomposition of (D)
is:

[(D) = (33'1, x3) n (l‘%, Ig) n (an SCZ) n (33'1, Ig, xZ) N (SC%, x%,xl)
In Example 27 and Example 28, I(D) has embedded primes. Furthermore the monomial

ideal (V(D)) is an associated prime of /(D) in Example 27. Proposition 15 and Remark
26 give a combinatorial criterion for to decide when (V (D)) € Ass(I(D)).

4 Unmixed weighted oriented graphs

In this section we characterize the unmixed property of I(D) and we prove that this
property is closed under c-minors. In particular if GG is a bipartite graph or G is a graph
with whiskers or G is a cycle, we give an effective (combinatorial) characterization of this

property.

Definition 29. Let I be an ideal of R. We say [ is unmized if each one of its associated
primes has the same height. In other case [ is called mized.

Remark 30. [7, 12] I(G) is unmixed if and only if each minimal vertex cover of G has the
same cardinality.

Theorem 31. The following conditions are equivalent:

1) I(D) is unmized.
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2) Each strong vertex cover of D has the same cardinality.
3) I(G) is unmized and L3(C) =0 for each strong vertex cover C' of D.

Proof. Let C1,...,Cy be the strong vertex covers of D. By Remark 26, the associated
primes of I(D) are Py, ..., P, where P, = rad(l¢,) = (C;) for 1 <i < /.

1) = 2) Since I(D) is unmixed, |C;| = ht(FP;) = ht(P;) = |C}] for 1 <i < j < L.

2) = 3) By hypothesis, |C;| = |C}] for each 1 < i < j < ¢, then C; is a minimal vertex
cover of D. Thus, by Corollary 9, C1,...,C, are the minimal vertex covers of GG. Hence,
by Remark 30, I(G) is unmixed. Now, if C' € {C},...,C,}, then, by Proposition 6,
L3(C;) =0, since C' is minimal.

3) = 1) By Proposition 6, C; is a minimal vertex cover, since L3(C;) = () for each
1 < i< /. So, by Corollary 9, ', ..., C, are the minimal vertex covers of G. By Remark
30, ht(P) = |C;| = |C)] = ht(P;) for 1 < i < j < ¢, since I(G) is unmixed. Therefore
I(D) is unmixed. O

Definition 32. A weighted oriented graph D has the minimal-strong property if each
strong vertex cover is a minimal vertex cover.

Remark 33. Using Proposition 6, we have that D has the minimal-strong property if and
only if L3(C) = () for each strong vertex cover C' of D.

Definition 34. D’ is a c-minor of D if there is a stable set S of D, such that D' =
D\ Npl[S].

Lemma 35. If D has the minimal-strong property, then D' = D\ Np[z] has the minimal-
strong property, for each x € V(D).

Proof. We take a vertex cover C' of D' = D \ Nplz] where € V(D). Thus, C =
C’" U Np(z) is a vertex cover of D. If y € L3(C"), then by Proposition 5, Np/(y') C C".
Furthermore, v/ ¢ Nplz], so Np(y') € C"U Np(x) = C. This implies, v/ € L3(C).
Hence, L3(C") C L3(C). Now, we take y € L3(C), then Np(y) C C. Also, x & C =
C’"U Np(x), then x € Np(y). Thus y ¢ Np(z), implying y € C’, since y € C. Then,
Np(y) U (Np(y) N Np(z)) = Np(y) € C = C"U Np(z). So, Np(y) € C’ implies
y € L3(C"). Therefore L3(C) = L3(C").

Now, we will prove that if C” is strong, then C'is strong. We assume C” is strong. We take
y € L3(C) = L3(C"), then there is z € C"\ Ly (C") with w(z) # 1, such that (z,y) € E(D").
If z € L1(C), then there exist 2’ ¢ C such that (z,2') € E(D). Also, 2’ # z, since z € C".
Since 2/ ¢ C' = C" U Np(x), then 2’ € V(D') and z € L1(C"). A contradiction, implies
z € C'\ L1(C). Therefore, C' is strong.

Hence, if C” is a strong, then C is strong and L3(C') = (), since D has the minimal-strong
property. Thus, L3(C") = L3(C) = (). Therefore D’ has the minimal-strong property. [

We say that D is unmixed if and only if /(D) is unmixed.
Proposition 36. If D is unmized and x € V(D), then D' = D \ Np|x] is unmized.
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Proof. By Theorem 31, I(G) is unmixed and D has the minimal-strong property. Hence,
by [14], I(G’) is unmixed, where G’ = G \ Np[z]. Also, by Lemma 35, D" has the
minimal-strong property. Therefore, by Theorem 31, D’ is unmixed. O

Theorem 37. If D is unmized, then a c-minor of D is unmized.

Proof. It D’ is a c-minor of D, then there is a stable S = {ay,...,a} such that D' =
D\ Np[S]. Since S is stable,

D' = (- ((D\ Nplai])) \ Nplas])\ ---) \ Npa,]

Hence, by induction and Proposition 36, D’ is unmixed. O

Proposition 38. If V(D) is a strong vertex cover of D, then 1(D) is mized.

Proof. By Remark 10, V(D) is not minimal. Therefore, by Theorem 31, I(D) is mixed.
O]

Corollary 39. If V(D) = V't then I(D) is mixed.

Proof. We take z € V = V(D). By Remark 18, there is y € V such that (y,z) € E(D),
since V. =V*. Also, w(y) # land y € V = L3(V). So, V is a strong vertex cover. Hence,
by Proposition 38, I(D) is mixed. O

In the following three results we assume that Dq,..., D, are the connected components
of D, where, GG; is the underlying graph of D;. Furthermore, we have that, if C' is a vertex
cover of D, then C NV (D;) is a vertex cover of D;.

Lemma 40. Let C be a vertex cover of D, then Li(C) = U:zl Ly (Cy) and Ls(C) =
Ui_, Ls(Ci), where C; = C NV (D).

Proof. We take z € C, then x € C; for some 1 j < r. Thus, Np(x) = Np,(z). In
particular N (z) = N+j( x),s0 C'N N+( ) = Ngj(x) Hence, Li(C) = U;_; L:1(Cy).
On the other hand,

v € L3(C) & Np(xr) C C & Np,(r) C C; & x € Ls3(C)).

Therefore, L3(C) = J;_, L3(C;). O
Lemma 41. Let C be a vertex cover of D, then C' is strong if and only if C; = C NV (D;)
is a strong vertex cover of D; for each i € {1,...,r}.

Proof. =) We take x € L3(C;). By Lemma 40, x € L3(C) and there is z € Ny (z) N V+
with z € C'\ Li(C), since C' is strong. So, z € V(D;) and z € N, (), since z € D;.
Consequently, by Lemma 40, z € C; \ L1(C;). Therefore C; is strong.

<) We take x € L3(C), then x € C; for some 1 < i < r. Then, by Lemma 40, = € L3(C}).
Thus, there is a € N, () such that w(a) # 1 and a € C;\ Li(C;), since C; is strong.
Hence, by Lemma 40, a € C'\ Ly(C). Therefore C' is strong. O

Corollary 42. [(D) is unmized if and only if I(D;) is unmized for each 1 < i < r.
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Proof. =) By Theorem 37, since D; is a c-minor of D.

<) By Theorem 31, G; is unmixed thus G is unmixed. Now, if C' is a strong vertex cover,
then by Lemma 41, C; = C N V(D;) is a strong vertex cover. Consequently, L3(C;) = 0,
since I(D;) is unmixed. Hence, by Lemma 40, L3(C') = |J._, L3(C;) = 0. Therefore, by
Theorem 31, I(D) is unmixed. O

Definition 43. Let H be a simple graph whose vertex set is V(H) = {x1,...,2x} and
edge set E(H). The graph with whiskers of H is the graph G whose vertex set is V(G) =
V(H)U{y1,...,yr} and whose edge set is E(G) = E(H)U{{z1,u1}, -, {®r, ye} }-

Definition 44. Let D and H be weighted oriented graphs. D is a weighted oriented graph
with whiskers of H if H C D and the underlying graph of D is the graph with whiskers
of the underlying graph of H.

Theorem 45. Let D be a weighted oriented graph with whiskers of H, where V(H) =
{z1,...,21} and V(D) = V(H)U{w1,...,yx}, then the following conditions are equiva-
lents:

1) I(D) is unmized.
2) If (z;,y;) € E(D) for some 1 < i < k, then w(z;) = 1.

Proof. 2) = 1) We take a strong vertex cover C' of D. Suppose z;,y; € C, then y; €
Ls(C), since Np(y;) = {z;} C C. Consequently, (z;,y;) € E(G) and w(z;) # 1, since C
is strong. This is a contradiction by condition 2). This implies, |C' N {z;,y;}| = 1 for each
1 <i< k. So, |C| = k. Therefore, by Theorem 31, I(D) is unmixed.

1) = 2) By contradiction suppose (x;,y;) € E(D) and w(x;) # 1 for some i. By Remark
18, there is x; € V(D) such that (z;,z;) € E(D), since w(z;) # 1. We take the vertex
cover C' = {V(D) \ z;} U{y;, v}, then by Proposition 5, L3(C) = {y;}. Furthermore
Np(z;) \ C = {z;} and (zj,z;) € E(H), then z; € Ly(C). Hence C is strong, since
Ls(C) = {vyi}, (zi,y:) € E(G) and z; € Ly(C) N VT, On the other hand, V(H) is a
minimal vertex cover of D. By Corollary 9, V(H) is strong. A contradiction by Theorem
31, since I(D) is unmixed and |C| # |V (H)|. O

Theorem 46. Let D be a bipartite weighted oriented graph, then I(D) is unmized if and
only if D satisfies the following conditions:

1) G has a perfect matching {{x}, 23}, ..., {z}, 22}} where {z1,... 21} and {23, ... 2*

S? S S

are stable sets. Furthermore if {x}, 27}, {z}, 27} € E(G) then {x}, 23} € E(G).

jrti

2) If w(zh) # 1 and Nf(ah) = {ak', . a2k} where {k,k'} = {1,2}, then Np(at) C

i1 My

Np () and Np(af) NV =0 for each 1 < £ < r.

Proof. <) By 1) and [4, Theorem 2.5.7], I(G) is unmixed. Now, we take a strong vertex
cover C' of D. Suppose L3(C) # (), thus there exist 2% € L3(C). Then, 2¥ € Np(zF) C

C. Since C is strong, there is % € VT such that (z¥,2F) € E(D), 2¥ € C'\ Li(C)
1

and {k,k'} = {1,2}. Thus, Ng(xf/) C O, since ¥ ¢ L,(C). Furthermore, by 2),

J
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Np(2F) C N (b ) C C. So, z¥ € Ly(C) implies there is (z,2¥) € E(D) with z € V+.
A contradiction, since by 2) N (#¥)nV* = (). Hence, L3(C) = (. Therefore, by Theorem
31, I(D) is unmixed.

=) By Theorem 31, I(G) is unmixed. Hence, by [4, Theorem 2.5.7], G satisfies 1).
Now, assume w(zh) # 1. We take C' = N (%) U {z} | Np(z}) € Nj(«})} and k" such
that {k, &'} = {1,2}. Thus, C N {z} ... 2¥} = N (zh).

If {zF 2} € B(G) with 2F ¢ C, then Np(zF) C N+( %). Furthermore, z% € Np(zh)
and N} (x j) C C. Hence, xf/ € C. This implies, C is a vertex cover of D.

Now, if af € L3(O), then Np(z}) € C. Consequently Np(zf) C Nj(z}), since
Np(zf) C {xl e } This implies, x¥ gé C. A contradiction, then L3(C') C N (a%).

J

By Remark 18, Ny ( *) 7é (), since w( ¥) # 1. Then, ND( ¥) € Nj(z¥). Thus,
ah e C'\ Ly(C), since N+( )CC HenceC’ls strong, since x4 €V+

On the other hand {z¥ ... 2*} is a minimal vertex cover, then by Theorem 31, |C] = s,
since D is unmixed. Also, Ng(aﬁf) = {zF,...,2F}, then
{af |i & {ir,...,i}} CC,

since Cﬂ{x“,..., ot} = Nj(z ¥) and {zf, z} e E( ) for 1 < i< s. So,af ¢ C for
each 1 <m < r, since |C] = s. ThlS implies Np(zf ) C Nj(x )

Now, suppose z € N, (z; )ﬂ Vtwith1</<r Soz= xk for some 1 < ¢ < r, since
Np(z}) C Nj(aF). We take
C' = Np(a§) U{af |i ¢ {ir,....0}} UNS(af)),

then a: € NJ(z ) C C'. Hence, (" is a vertex cover, since {a%, ... 2%} is a vertex cover
and ND( k) C N*( %) for each i € {iy,...,%,}. Furthermore, by Remark 18, N (z¥) # 0
implying ND( ¥) &€ Nj(«F). Thus, j ¢ {zl, ..., i} then z¥ € C".

Now, if {z}, q}ﬂ Lg,(C’) 7é 0, then {zF, q} C C'. Soaf e Nf(ah) implies/ q €
{i1,...,1,}. Consequently, =} € Nj(z zﬂ)» since z} € C’. This implies, (a:f,mk ), (mfe,,x’;)
€ E(D) Furthermore NJ(z ze,) UNp(zh) C then af  ah € O\ Ly(C"). Thus, C" is
strong, since 2%, xz eVt

_ k k|, - . _ k
Hence, by Theorem 31, [C'| = s. But [N () U{a} | i & {i1,...,i,}}| = s and 2} €
N (zF ) A contradiction, so Nj (zf)nV* = (7) Therefore D satisfies 2). O

Lemma 47. If the vertices of V't are sinks, then D has the minimal-strong property.

Proof. We take a strong vertex cover C' of D. Hence, if y € L3(C'), then there is (z,y) €
E(D) with z € V. Consequently, by hypothesis, z is a sink. A contradiction, since
(z,y) € E(D). Therefore, L3(C') = () and C' is a minimal vertex cover. O

Lemma 48. Let D be a weighted oriented graph, where G ~ C,, with n > 6. Hence, D
has the minimal-strong property if and only if the vertices of V't are sinks.
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Proof. <) By Lemma 47.

=) By contradiction, suppose there is (z,y) € E(D), with z € V. We can assume
G = (x1,29,...,2n,11) =~ C,, with zo = y and z3 = z. We take a vertex cover C in the
following form: C' = {1, 23,..., 2,1} U{x2} if n is even or C = {xy,x3,...,2,_9} U
{z2,xp_1} if nis odd. If x € C and Np(z) C C, then © = z9. Hence, L3(C) = {z2}.
Furthermore, (r3,z5) € E(D). Since z3 € VT, by Remark 18, z3 is not a source. So,
(x4,23) € E(D) and x3 € Ly(C). This implies C' is a strong vertex cover. But Lz(C') # ().
A contradiction, since D has the minimal-strong property. O

DQ D4
w(z) #1 w(zz) #1 1 w(zg) # 1

@3) D @3)
w(zs) # 1 w(ws) # l\'/mzs) #1
()

1

Theorem 49. If G ~ C,,, then 1(D) is unmized if and only if one of the following
conditions hold:

1) n =3 and there is x € V(D) such that w(x) = 1.

2) n € {4,7} and the vertices of VT are sinks.

3) n =25, there is (x,y) € E(D) with w(z) =w(y) =1 and D & {D;, Dy, D3}.
4) D=~ D,.

Proof. =) By Theorem 31, I(G) is unmixed. Then, by [4, Exercise 2.4.22], n € {3,4,5,7}.
If n = 3, then by Remark 39, D satisfies 1). If n = 7, then by Lemma 48, D satisfies
2). Now suppose n = 4 and D does not satisfies 2), then we can assume x; € V7
and (x1,z5) € E(D). Consequently, by Remark 18, (z4,21) € E(G), since w(x1) # 1.
So, C = {x1, 29,23} is a vertex cover with L3(C) = {x2}. Also, (x1,22) € E(D) and
x1 € Ly(C)NVT. Thus, C is strong. A contradiction, since C is not minimal. This implies
D satisfies 2).

Now, assume n = 5. First, we will prove Dy, Dy and D3 are mixed. We take C; =
{1, 29, 23,25}, then C; is a vertex cover of Dy with L3(Cy) = {z1,x2}. Also (x5, 1),
(x3,x2) € E(Dy) and x5, x3 € Lo(C1)NV*. Then, C; is strong. Consequently, D; is mixed,
since L3(Cy) # 0. Now, Co = {x1, 2, x4, x5} is a vertex cover of Dy where L3(Cy) = {x1, x5}
and (x2, 1), (x1,25) € E(Dy) with zo, z1 € V. Hence, Cy is strong, since 2, 21 ¢ L1(Cs).
So, Dy is mixed, since L3(C3) # 0. On the other hand, C3 = {xo, x3, 24,25} is a vertex
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cover of Dy where L3(C3) = {x3, x4} and (x4, x3), (x5, 24) € E(D) with 24,25 € V. Thus,
Cs is strong, since 4,75 ¢ L1(C3). Hence, Ds is mixed, since L3(C3) # (). Therefore,
D & {D1, Dy, D3} since D is unmixed.

Now, suppose D does not satisfies 3), i.e. there are not two adjacent vertices with weight
1. Consequently, there are two adjacent vertices in VT, since n = 5. Without loss of
generality, we can assume (z2,23) € F(D) with 29,23 € V. By Remark 18, (z1,22) €
E(D), since z2 € V™. Now, we take two cases:

Case 1. Suppose there are not 3 vertices z1, 22, z3 in VT such that (21, 22, 23) is a path in G.
Then w(xy) = w(xy) = 1. Furthermore, w(xs) # 1, since there are not adjacent vertices
with weight 1. So, Cqy = {2, x5, x4, x5} is a vertex cover of D, where L3(Cy) = {3, x4}.
Also (z2,23) € E(G) and xy € Lo(Cy) NV, Assume, (z3,24) € E(D) or (x5,24) € E(D).
If (z5,24) € E(D), then by Remark 18, (z1,25) € E(D) and x5 € Ly(Cy), since z5 €
V. This implies, C4 is strong, since z3,25 € VT and x3 € L3(Cy) or x5 € La(Cq). A
contradiction, since C, is not minimal. Hence, (x4, x3), (4, 25) € E(D) and D ~ Djy.
Case 2. Assume there is a path (z1, 29, 23) in G such that 21, 29,23 € V. Since there
are not adjacent vertices with weight 1, we can suppose there is 2z, € V' such that £ =
(21, 22, 23, 2z4) is a path. We take {25} = V(D) \ V(L) and we can assume (29, 23) € E(D).
So, by Remark 18, (z1, 22), (25,21) € E(D), since 21,29 € V. Thus, C5 = {21, 22, 23, 24}
is a vertex cover with L3(C5) = {22, z3}. Then, C5 is strong, since (z1, 22), (22, 23) € E(D)
with 21 € Ly(C5) NV and 25 € L3(C5) N V. A contradiction, since Cs is not minimal.

<) If n € {3,4,5,7}, then by [4, Exercise 2.4.22] G is unmixed. By Theorem 31, we will
only prove that D has the minimal-strong property.

If D satisfies 2), then by Lemma 47, D has the minimal-strong property. If D satisfies 1)
and C is a strong vertex cover, then by Proposition 15, |C| < 2. This implies C is minimal.

Now, assume n = 5. By contradiction, there is a strong vertex cover C’ of D with |C'| > 4.
If D ~ Dy, then zy, 25 ¢ L3(C'), since (Np(z2) U Ny (z5)) N VT = 0. So, Np(xs) € C’
and Np(x5) € C'. Consequently, x; ¢ C’, since |C'| > 4. Hence, C’ = {9, x3, x4, 25}. But
x4 € L3(C') and Np(z4) = 0. A contradiction, since C’ is strong.

Now suppose D satisfies 3). We take two cases:

Case 1. Suppose there is a path £ = (z1, 9, x3) in G such that w(z1) = w(zy) = w(zs) =
1. Since w(zy1) = w(xsz) = 1, we have that o ¢ L3(C') and |C'| = 4. If 25 ¢ C',
then C' = {z1,23,24,25}. We can assume (z4,25) € E(D), then Np(zy) NV = 0.
But x4, € L3(C’), a contradiction, since C’ is strong. Hence xo € C’. We can suppose
xg3 ¢ C', since xo ¢ L3(C'). This implies C' = {x1, 29, 24,25} and L3(C') = {x1,x5}.
Thus, (x5,21),(z4,25) € E(D) and z5,24 € VT, since C' is strong. By Remark 18,
(x3,x4) € E(D), since x4 € V. A contradiction, since D % Ds.

Case 2. There are not three consecutive vertices whose weights are 1. Since D satisfies
3), we can assume w(z;) = w(zy) = 1, w(xz) # 1 and w(xs) # 1. If w(xy) = 1, then
x3, x5 ¢ L3(C') since Np(x3,25) N VT = (. This implies Np(x3) € C" and Np(x5) L C'.
Then, x4 ¢ C" and C' = {xy, x9, x3, 25}, since |C'| = 4. Thus, (x5,21), (x3,22) € E(D),
since L3(C') = {x1,z2}. By Remark 18, (x4, z5), (x4,23) € E(D), since x5,23 € V7.
A contradiction, since D % D;. Hence, w(xy) # 1 and by Remark 18, we can assume
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(x5,24) € E(D), since x4 € V. Similarly (z1,z5) € E(D), since x5 € V. Consequently,
(x3,24) € E(D), since D % Ds. Then (x9,23) € E(D), since 23 € V. This implies
Ty, Ta, T3, T5 ¢ L3(C'), since Ny (x;) " VT =0 for i € {1,2,3,5}. A contradiction, since
IC'| > 4. O

5 Cohen—Macaulay weighted oriented graphs

In this section we study the Cohen—Macaulayness of I(D). In particular, we give a
combinatorial characterization of this property when G is a path or GG is a complete
graph. In this case we prove that Cohen—Macaulay property and unmixed property are
equivalent. On the other hand, we show the Cohen—-Macaulay property of I(D) depends
of the characteristic of K.

Remark 50. If G is the underlying graph of D, then rad(I(D)) = I(G).
Proposition 51. If I(D) is Cohen—Macaulay, then I(G) is Cohen—Macaulay and D has

the minimal-strong property.

Proof. By Remark 50, I(G) = rad(I(D)). Then, by [9, Theorem 2.6], I(G) is Cohen—
Macaulay. Furthermore, by [1, Theorem 2.1.2], I(D) is unmixed, since I(D) is Cohen—
Macaulay. Hence, by Theorem 31, D has the minimal-strong property. O]

Example 52. In Example 27 and Example 28, (D) is mixed. Hence, I(D) is not Cohen—
Macaulay, but I(G) is Cohen-Macaulay.

Conjecture 53. I(D) is Cohen-Macaulay if and only if I(G) is Cohen-Macaulay and
D has the minimal-strong property. Equivalently, /(D) is Cohen-Macaulay if and only if
I(D) is unmixed and I(G) is Cohen-Macaulay.

Proposition 54. If G' is a path, then, the following conditions are equivalent:

1) R/I(D) is Cohen—Macaulay.

2) I1(D) is unmized.

3) [V(G)| =2 or |V(G)| =4. In the second case, if (x9,x1) € E(D) or (v3,24) € E(D),

then w(xe) = 1 or w(xz) = 1 respectively.

Proof. We assume G is the path (z1,...,2,).
1) = 2) By [1, Theorem 2.1.2].

2) = 3) By Theorem 46, G has a perfect matching, since D is bipartite. Consequently
n is even and {z1,xo}, {3, 24},. .., {Tn_1,x,} is the perfect matching of D. If n > 6,
then by Theorem 46, we have {zs,25} € FE(G), since {xq,x3} and {z4, 25} € E(G). A
contradiction, since {xq9,z5} ¢ E(G). Hence, n € {2,4}. Furthermore if n = 4, then
G is a graph with whiskers. Hence, by Theorem 45, w(xs) = 1 or w(z3) = 1 when
(x9,21) € E(D) or (x3,24) € E(D), respectively.
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3) = 1) We take [ = I(D). If n = 2, then ht(I) = ht(rad(/)) = ht(/(G)) = 1. Thus,
dim(R/I) = n—1= 1. By Proposition 15, V(D) is not a strong vertex cover of D. So, by
Remark 26, (z1,x2) ¢ Ass(l). Then, depth(R/I) > 1. Hence, R/I is Cohen—-Macaulay.
Now, if n = 4, then ht(I) = ht(/(G)) = 2. Consequently, dim(R/I) = n — 2 = 2.We take
s = |E(D)N{(xe,z1), (x3,24)}. If s =0 or s =2, then we can assume (23, z3) € E(D).
If s =1, then we can suppose (2, 1), (24, 23) € E(D). This implies,

1) I(D) = (xlgj;"(:v 2) o x;’v( 3) x;t/(:rs) D, X = {2, — 2" (x2)7x4 B xg,(%)}
2) (D) = (qu( 1)I2,$2$3,JZ3IZ($4))7 X = {z, — ! (m), vy — xf(“)},
3) 1(D) = (o™ wn, o™, 23 ), X = { = 0", 24 — ')
4) I(D) (:(;11”(001)x27 Tas, x”g’( )]:4)’ X = {z, — 2" (zl), w(m?’)}

The first two cases when s = 0 and s = 2, respectively. The two last cases when s = 1.
Using Macaulay2 [5], we show that X is a regular sequence of R/, in each case. Hence,
depth(R/I) > 2. Therefore, I is Cohen—-Macaulay. O

Theorem 55. If G is a complete graph, then the following conditions are equivalent:
1) I(D) is unmized.
2) I(D) is Cohen—Macaulay.

3) There are not Dy,..., Dy oriented unicycles of D such that V(Dy),...,V(Ds) is a
partition of V(D)

Proof. We take I = I(D). Since I(G) =rad(/) and G is a complete graph, we have that
ht(I) = ht(I(G)) = n — 1, where n = |[V(G)].

1) = 3) Since [ is unmixed and ht(/) = n — 1, we have that (zy,...,2,) ¢ Ass(I). Thus,
by Remark 26, V(D) is not a strong vertex cover of D. Therefore, by Proposition 15, D
satisfies 3).

3) = 2) By Proposition 15, V(D) is not a strong vertex cover of D. Consequently,
by Remark 26, (z1,...,2,) ¢ Ass(/). This implies, depth(R/I) > 1. Furthermore,
dim(R/I) =1, since ht(/) = n — 1. Therefore I is Cohen-Macaulay.

2) = 1) By [1, Theorem 2.1.2]. ]

Hence, if G is a complete graph or G is a path, then unmixed and Cohen-Macaulay are
equivalent properties in (D). Furthermore, in these cases Cohen—Macaulay property not
depend of the field K. It is not true in general, see the following example.

Example 56. Let D be the following weighted oriented graph:
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Hence,

I(D) = (23z4, 2375, 2378, T3T9, T3T5, T3T6, ToTs, TaT10, T9T11, T3T6, T3T7, T3To,

$§$10,$45B7, T4Tg, T4T11, T5T9, T5T10, T5T11, T6Ts, T6T9, T6T11, T7T10, T7T11, TT11)-
By [10, Example 2.3], I(G) is Cohen-Macaulay when the characteristic of the field K is
zero but it is not Cohen-Macaulay in characteristic 2. Consequently, (&) is unmixed and
I(D) is not Cohen—Macaulay when the characteristic of K is 2. Furthermore, by Lemma
47, I(D) has the minimal-strong property. Thus, by Theorem 31, I(D) is unmixed. Finall,
using Macaulay2 [5], we show that I(D) is Cohen-Macaulay when the characteristic of K
is zero.
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