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Abstract

We show by construction that every rhombic lattice I' in R? has a fundamental
domain whose symmetry group contains the point group of I" as a subgroup of index
2. This solves the last open case of a question raised in a preprint by the authors on
fundamental domains for planar lattices whose symmetry groups properly contain
the point groups of the lattices.

Mathematics Subject Classifications: 52C05, 52C20, 05B45

1 Introduction

A lattice T in R? is the Z-span of d linearly independent vectors in IR¢. The lattice T’
forms a group that is isomorphic to the free abelian group of rank d. The point group
P(T) of T is the set of Euclidean isometries in R? fixing both T" and the origin. That
is, P(I") is a subgroup of the orthogonal group O(d) consisting of those transformations

that fix I'. A fundamental domain for I is a complete set of representatives of the orbits

. 2.
of R under the action of the group I'. For example, F = [— %, %) is a fundamental
domain for the lattice I' = 72 ¢ R?2. We are interested in the geometric properties of
fundamental domains, in particular, their symmetries. For a given X ¢ R?, the symmetry

group Sym(X) of X is the group of Euclidean isometries in R? that leave X invariant. In
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our example, Sym(F') consists of the identity and the reflection in the line y = z. Now, F’

differs from the square region ) = [— 1 1]2 only by a set of Lebesgue measure zero, and

() is more symmetric compared to F 2Wizth Sym(Q) = P(I"). Note that throughout this
paper, Lebesgue measure is used.

In order to discuss symmetries or geometric properties of fundamental domains, it is
convenient to allow repetitions of representatives on sets of measure zero. In particular,
we restrict ourselves to consider compact fundamental domains. Thus, in this paper, a
fundamental domain for a lattice I is a compact set F' such that (i) the Minkowski sum
F+T ={p+v|pe F,v eI} equals R? and (ii) for any nonzero v € I', int(F ) nint(F+v) = @.

The following fact generalizes the earlier example: For any lattice I', the Voronoi
region V' of the origin is a fundamental domain for I such that Sym(V") equals P(T") [3].
Recall that the Voronoi region of a point v of a lattice I" in IR is the collection of points
in R9 closest to v than to any other point in I'. The following question then naturally
arises: Is there a fundamental domain F' for I' that has a symmetry group larger than
P(T"), in the sense that Sym(F') properly contains P(I")?

About the year 2000 Veit Elser constructed a fundamental domain for Z? exhibiting
eightfold dihedral symmetry rather than the expected fourfold dihedral symmetry and a
fundamental domain for the hexagonal lattice in R? possessing twelvefold dihedral symme-
try [6, 5]. Interestingly, this latter fundamental domain appears in different contexts in [1]
and [2], where it serves as a window and an atomic surface, respectively, for mathematical
quasicrystals.

The procedures in [5] were refined and generalized in [3] to obtain fundamental domains
for rectangular lattices having the symmetries of a square. It was also shown that for
oblique lattices, one can use a rectangular fundamental domain with one edge length equal
to that of a basis vector, and a suitably chosen height. In fact, for a certain subclass of
oblique lattices, this rectangular fundamental domain may be a square. Thus, if a bound
for [Sym(F) : P(I")] for planar lattices exists, it must be at least 4.

Summarizing, for each planar lattice I' mentioned so far, there is a fundamental domain
F for I for which [Sym(F) : P(I')] =2 (Theorem 1.1 in [3]). Hence, the only missing case
for planar lattices is that of rhombic lattices and this paper is dedicated to fill this gap.

A rhombic lattice is a planar lattice for which there exists a basis consisting of two
vectors of equal length such that the angle between the vectors is not 7 (square lattice), or
Z or 2% (hexagonal lattice). For any rhombic lattice I', P(I") is isomorphic to the dihedral
group Dy of order 4. In this paper, we construct for each rhombic lattice a fundamental
domain F' with fourfold dihedral symmetry. Some of these fundamental domains are
illustrated in Figures 4 and 10. Our procedure differs substantially from the methods
used in [3], as these methods do not seem to be applicable to rhombic lattices. Whereas
the constructions in [3] involve removing subregions and adding different ones at each
step, the construction we employ here simply adds regions at each step.

We prove our main result (Theorem 1) as follows: First, we prove that it is enough
to consider rhombic lattices whose diagonals have ratio at most 3 (Lemma 2). We then
show that in order to construct F' it suffices to select a suitable subregion of a rectangle
that satisfies certain conditions (see Rh1-Rh3 below). It turns out from Lemma 4 that
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it is enough to consider rectangles with edge ratio at most 3. We then establish in
Lemma 7 that after taking care of a particular subregion of the rectangle, the remaining
portion of the rectangle may be dealt with by considering a smaller rectangle and finding
a corresponding subregion satisfying analogues of conditions Rh1-Rh3, thereby creating
an iterative process. Finally, we argue that the limit obtained by this iteration gives rise
to a fundamental domain for I' satisfying the desired properties.

2 Main result

Theorem 1. Let I' be a rhombic lattice. Then there exists a fundamental domain F for
[ such that [Sym(F) : P(I')] = 2, in particular, Sym(F') = Dy.

Proof. Let T' be a rhombic lattice. Because the properties we will be dealing with
are invariant under similarities, we assume without loss of generality that [' has basis
{(3), (")}, where 0 < m < n. Here, a basis for " consisting of vectors of equal length is
{(), (M)} Let « be the reflection in the y-axis and 3 be the half-turn about the origin
(or central symmetry in R?). Then, P(T") = (a, 5) 2 Ds.

Suppose first that n < 3m. Let Q be the triangular region with vertices (J), X = (79),
and W = (2). The union S of the images of @ under P(T") forms a region with symmetry
group Dy4. Translates of § by distinct vectors in I' are either disjoint or intersect on sets
of measure zero. See Figure 1.

Figure 1: First step in constructing a highly symmetric fundamental domain for a rhombic
lattice.

Now, consider the rectangular region R with vertices W, X, Y, and Z, where Y Z lies
on the line through (%) and V' = (,,7%,,). We claim that there is a subset of R such that
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if £ is the union of the images of this subset under P(T"), then the closure F = cl(Su &)
is a fundamental domain for I'. If in addition the subset of R is preserved by the mirror
reflection o in the perpendicular bisector of WX, then F' has symmetry group («, o) = Dy.

Since n < 3m, the ratio % = (f_ﬁln) is at least 1. Partition R into the two sets: A,
the square XY VU, and B = cl(R \ A), the rectangle WUV Z (see Figure 1). Note that if
n =3m, then V = Z and B is empty.

Consider the images of A and B under P(I") and their translates by I'. Equivalently,
the union of these images and translates give Sym(I')(A u B). The only element of
Sym(T").A that overlaps with A is a(A) + (3). In fact, the two are equal. Similarly,
B =p3(B)+(7), and B is disjoint with its other copies in Sym(I")B. Thus, it suffices to
find closed sets K ¢ A and £ ¢ B such that Ku (a(K) + (%)) = A, Lu (B(L)+ (7)) =B,
and K v £ is invariant under o, where u denotes a union of sets whose intersection has
measure zero. We take the aforementioned £ to be the union of the images of v £ under
P(T).

The required conditions above can also be expressed in terms of symmetries of A and
B. Denote by T, the translation by the vector v. Let 7 = T(%m)ozT(‘%lq) and p = T%(W)BT%_EW)'

That is, 7 is the mirror reflection in X'V and p is the half-turn about the center of B which

is %(Tﬁ) Using the fact that for any vector v and orthogonal linear transformation ,

YTy = Ty holds, we find that indeed, 7 = T(gm)a and p = T(m)ﬁ. Thus, our main
0 n

problem reduces to finding K € A and £ ¢ B satisfying the following properties.
Rhl. Kur(K)=A

Rh2. Lup(L)=B

Rh3. o(KuL)=KuL

In the degenerate case n = 3m, since B = &, the problem reduces to finding K ¢ A that
satisfies Rh1 and that is invariant under o.

We now argue that the case where the ratio =~ of the diagonals is greater than 3 may
be dealt with similarly.

Lemma 2. It suffices to consider the case when n < 3m.

Proof of Lemma 2. If n > 3m, let t be the largest integer such that n—2mt > m. For each
i from 1 to t, construct the square [m(i —1),mi] x [m(i - 1), mi]. Obtain the union C of
the images of these squares under P(I'). We note that Sym(C) = D4. By the choice of
t, C does not intersect with any of its translates by non-horizontal vectors in I'. See for
example the squares in Figure 2(a), where ¢t = 3 and C is the union of the red squares.
Note that the encircled dots represent lattice points. The points not encircled mark the
furthest corners of the I'-translates of C.

Furthermore, C does not overlap with its horizontal I-translates because the squares of
the form [m(i—1+2k), m(i+2k)]x[m(i—1), mi], where k € Z, are precisely the horizontal
[-translates of [m(i—1),mi] x [m(i—1),mi], while those of the form [m(i+2k),m(i+1+
2k)]x [m(i-1),mi] are the horizontal I'-translates of [m(-i),m(—i+1)]x[m(i-1),mi] =
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Figure 2: The case when the ratio of the diagonals is greater than 3. Here, the smaller
encircled dots represent lattice points while larger dots represent the furthest corners of
copies of C.

a([m(i-1),mi]x[m(i-1),mi]). Thus, C does not overlap with its translates by nontrivial
vectors in I'. Moreover, the portion of the plane left uncovered by C + I' is a union of
horizontal strips of width n — 2mt.

Consider the points marked by dots on the boundary of one such horizontal strip,
say the white strip in Figure 2(a). Each point on the lower boundary is both an upper-
right corner and an upper-left corner of two horizontally-separated copies of C, while
each vertex on the upper boundary is both a lower-right and lower-left corner of two
horizontally-separated copies of C. The upper layer of points is the translation of the
lower layer by (,,2%.¢), and so the points on these two layers are spaced in the same way
that the points of a rhombic lattice with basis (%) and (,,%,,;) are spaced. Note that by
the choice of t, m <n—2mt < 3m.

In Figure 2(b), D = (™) is the upper-right corner of C, F = (m%Q)) is the upper-left
corner of C + (t+1) (%), and G = ("**D) is the lower-left corner of C + (%) + ¢ (%). This
time, let @ be the triangular region with vertices D = (™), W = (mfﬁl)), and X = (mrf;gl)).
Since m < n —2mt, Q lies entirely in the strip. Let S be the union of the images of Q
under P(T"). Extending the argument used for C, S does not overlap with its horizontal
translates. Furthermore, because m < n—-2mt, S does not overlap with its non-horizontal
translates. Let R be the rectangle W XY Z with YZ on the line through (,”%,) and
V= (nr_nrgt(i)l) ) Again, we can partition R into A, the square XY VU, and B = cl(R\ A),
the (possibly empty) rectangle WUV Z.

Consider the images of A and B under P(I") and the translates of these by I". Similar
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to the case when n < 3m, A =a(A)+ (t+1)(3) and B = B(B) + () + t (3). Thus, if
there exist L ¢ A and L ¢ B satisfying conditions Rh1, Rh2, and Rh3, and £ is formed
accordingly, then the set F'=cl(CuSu¢) is a fundamental domain for I' with symmetry
group Djy.

This confirms that it suffices to consider the case when the ratio 7+ of the diagonals of
the rhombic lattice is at most 3. In fact, we use the same Q, K, and £ (up to similarity) for
two rhombic lattices if the difference between their diagonal ratios is an even integer. =

We now construct the sets K and £, where we assume 1 < > < 3. Let a and b, with

a > b, be the edge lengths of R so that i—mm = ¢. For convenience, we reorient R such
that U is at the origin, A = [0,b] x [0,b], and B = [b—a,0] x[0,b] if a # b. Recall that B is
empty when a = b, which happens when n = 3m. Recall also that o is the reflection in the
perpendicular bisector of WX, 7 is the reflection in the line through XV and p is the
half-turn about the center of B. In the present orientation of R the axis of o is vertical

and the axis of 7 has slope —1.

Lemma 3. There exist K and L satisfying Rhi, Rh2, and RhS whenever the ratio 3 is
an integer.

Proof of Lemma 3. In each of the rectangles in Figure 3, the rightmost square is A. For
2 =1, B is empty and it suffices to find K ¢ A = R such that Cu7(K) = A and o(K) = K.
One way to do this is to draw the two diagonals of A to divide it into four congruent
triangles, and choose IC to be the union of any two non-adjacent triangles, say the triangles
marked red in Figure 3(a).

+0 T r4+0O g4 T +0 T r
M w A' 'A M
N N N N
N N vU N v U N N U N

=T
U

(a) (b) () (d)
Figure 3: Choices for K and £ when (a) $ =1, (b) $=2, (c) =3, (d) § =4.

If £ =2, Bis also a square, and B equals 0(A). This together with Rh3 implies that

o(K) must be £. Note that the chosen K for § = 1 cannot be used, because its image
under o violates Rh2. Rather, one can take K to be one of the triangles into which the
axis of 7 divides A, as illustrated in Figure 3(b).

We now consider the case when ¢ > 3. Because § is an integer, we can divide R into
a row of 7 congruent squares each of edge length b. If 3 is odd, color triangles in each
square as in the case when § = 1, such that no two red triangles share a common edge
(orientations of red triangles alternate). If ¢ is even, group the squares into adjacent
pairs and color triangles in each pair as in the case when § = 2. This is illustrated in
Figures 3(c) and 3(d) for § = 3 and § = 4, respectively. In either case, if we let the red
portion in A be K and the union of the other red portions be £, then the sets K and £

satisfy conditions Rh1, Rh2, and Rh3. ]
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Figure 4 shows the fundamental domains formed for the rhombic lattices with () = (2)
and (3), which correspond to ¢ =3 and 4, respectively.

(a) (b)

Figure 4: Some fundamental domains where (a) ¢ =3 and (b) § = 4.

We shall use the same idea for more general rectangles R, that is, we subdivide R
into squares and take suitable subregions. If the rectangle has irrational edge ratio, the
number of squares is necessarily infinite [4]. The method we develop below works for any
real value of the ratio, terminating after a finite number of steps precisely when the edge
ratio is rational. First, we reduce the cases we have to consider.

Lemma 4. It suffices to construct K and L for rectangles R with edge ratio § not exceeding
3.

Proof of Lemma 4. Suppose R = Au B has edge ratio § > 1, and K and £ satisfy Rhl,
Rh2, and Rh3. To prove the lemma, we show that for R’ = Au B’ with edge ratio § + 2
and corresponding p’ and o', one can construct £’ € B’ from K and £ such that K and £’
satisfy the corresponding analogues of Rh1, Rh2, and Rh3.

Note that 7(A) = A, p(B) = B, 0(AuB) = AuB. Refer to Figure 5. Consider the
rectangle R u p(A) = AuBup(A). We have

p(AuBup(A))=AuBup(A).

Let ¢’ = pop~! = pop, that is, o’ is the reflection in the line formed by applying p to
the axis of . Then,

o' (Bup(A)) =pop(Buwp(A)) =po(BuA)=p(BuA)=Bup(A).

Set B’ =Bup(A)uoc’(A) and R’ = Au B’. Observe that the rectangle R’ has edges
with ratio § +2. Let p’ = 0’p(0’)™! = 0'po’, that is, p’ is the half-turn about the image of
the center of p under o’. It is easy to verify that

p'(B")=8B"and ¢'(R") =R’
Set L'=Lupr(K)wo'(K) < B'. We claim that
d(KuLl)y=KuL and L'up'(L")=85"
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Figure 5: Constructing rectangle R’ from rectangle R with edge ratio increased by 2.

First, by Rh1l and Rh2, Lu p7(K) and p(LuK) partition Buw p(A), which is invariant
under o’. Because o’p(LUK) = po(LuK) = p(L v ) by Rh3, we obtain that

d'(Lupr(K)) =Lupr(K).

It then follows that o/(Kw L) =K uwL'.
Finally, we deduce that

L'up(LY=Lupr(K)ud'(K)uwo'po'(Lupr(K)uwa'(K))
=o' (Lupr(K))uwo' (K)wo'p(Lupr(K)uwk)
=o' (AuBup(A)) =B

Thus, for R = AuB’, 7, p’, and ¢’, and K € A and L’ € B’ as above, the corresponding
analogues of conditions Rh1, Rh2, and Rh3 are satisfied. This shows how one can obtain
from a given construction for a given rectangle a corresponding construction for a rectangle
with edge ratio increased by 2. Hence, it does indeed suffice to consider those with edge
ratio at most 3. [ |

Remark 5. In Lemma 4, the edge ratio § may be an integer. The construction for the
integer edge ratio case discussed in Lemma 3 is precisely what is obtained when the
procedure in the proof of Lemma 4 is applied inductively starting with the constructions
for $ =2 and ¢ = 3.

The reasoning in the proof of Lemma 4 applies as well to subsets of A, B, K, and L
that satisfy analogous conditions. We note them in the following remark as they will be

useful later.
Remark 6.

(a) Suppose A* ¢ A and B* ¢ B such that 7(A*) = A*, p(B*) = B*, o(A*uB*) = A* u B*.
Then, A*uB*up(A*)uc’(A*) is invariant under o’ and B*uwp(A*)uo’(A*) is invariant
under p'.

(b) Suppose K* ¢ A* and L* ¢ B* satisfy analogues of Rh1l, Rh2, and Rh3, that is,
Krur(K*) = A%, L2up(L*) = B*, o(K*uL*) = K*uLl*. Then, K*uLl*wpr(K*)uo’ ()
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is invariant under o', and the region £* v pr(K*) wo’(K*) and its image under p’
partition B* b p(A*) wo’(A*).

We have seen how one can directly construct K and £ when 7 is an integer. For non-
integer values of ¢, we will construct  and £ in a finite or countable number of steps.
In particular, we will show that there are closed regions A?, B}, K, L for i e N with the

following properties.

D1. For every 1,
a. T(AY) = Ar, p(Bf) =B}, o(Af uB;) = Af uB?.

7

b. K c A* and L7 ¢ B, and they satisfy analogues of Rh1, Rh2, and Rh3.
D2. A= CI(UA;) and B = CI(UB;).

If so, let K :=cl U/C;’) cA, and L :=cl (U E;’) c B. Then if in addition, the unions

Kut(K) and LU p(L) are disjoint up to sets of measure zero, then K and L satisfy Rhl,
Rh2, and Rh3.

Set a; = a, by = b. Suppose 1 < % <2, that is, A is larger than B. Let vy = by—(a1-b1) =
2b; —ay and ¢ = “’)—iJ Recall that A = [0,b] x [0,b], and B = [b—a,0] x [0,b]. Consider
all the squares of the form [vyi1,v1 (i1 +1)] x[by —v1(j1 +1),b1 —v1j1], where 41 and j; are
nonnegative integers such that i; + j; < ¢; — 1. See for example Figure 6(a), where ¢; = 3.
The squares all have edge length vy, and they form a triangular array of squares propped
against the left and upper edges of A. We say that the array is anchored at the upper-left
vertex of A, and is of order ¢, with edge length v;. If in addition, ¢; > 1, construct a
second array of squares anchored at the lower-right vertex of A of order ¢; — 1 with edge
length vy. This is the largest order of a second array that can be constructed such that
the two arrays do not overlap. The union A} of the two arrays is invariant under 7. Next,
form two arrays within B, both of order ¢; — 1 and edge length v, one anchored at the
upper-right vertex, and another at the lower-left vertex of B. Let B} be the union of these
two arrays. Then p(B}) = B and o(A} uB}) = A} u B, so that A} and B; satisfy Dla.

Suppose 2 < Z—ll < 3. This time, B is larger than A and we set vy = (a1 —b1) —by = a1 —2b;
and ¢ = [%J See Figure 6(b). Within A, construct two arrays of edge length vy, one
with order ¢; anchored at the lower-right vertex of A, and the other with order ¢; — 1 (if
positive) anchored at the upper-left vertex of .A. We denote the union of these arrays by
Aj. Then form two arrays within B, both of order ¢; and edge length v;, one anchored
at the upper-right vertex of B, and another at the lower-left vertex of B. Let B} be the
union of these two arrays. Again, Dla is satisfied.

To construct K} and L}, draw the diagonals of each square in each array, thereby
dividing each square into four congruent triangles (as done in the odd-integer-ratio case).
Consider the arrays in 4; and B; anchored at a shared vertex of A and B. For each square
in these arrays, color the upper and lower triangles red. For the remaining two arrays,
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b2 T UT ay — b1 b1 GT T

}ba

U1 | R v1

(a) (b)
Figure 6: First steps in constructing X and £ for (a) 1< § <2 and (b) 2< ¢ <3.
color the left and right triangles of each square red as in Figure 7. Let K} and £} be the

union of the red regions contained in A} and B}, respectively. By construction, K} and
L7 satisty D1b.

(a) (b)

Figure 7: Subregions K} and £} of A} and By for (a) 1< ¢ <2 and (b) 2< ¢ <3.

Let by = by —v1q;. This is the uniform width of the “path” &; left uncovered by Aj
and B} in R. Thus, if % is an integer, then A = A} and B = B}, and so we are done if
we set K = K} and £ = £]. Otherwise, consider the central column of squares, that is,
the column ﬁxed by o. The squares in this column cover a vertical strip of R of width v,
except for a rectangle R with dimensions by x v1, where by < v1. Partition R into a square
A of edge length b, and a rectangle B as in Figure 8. Let p be the half-turn about the
center of B and 7 be the reflection in the line containing the diagonal of A that passes
through one corner of the central column of squares.

Lemma 7. It suffices to find KcA and £ < B that satisfy the corresponding analogues
of Rh1, Rh2, and Rh3.

Proof of Lemma 7. Suppose 1 < Z—: < 2. Then, R ¢ A. Consider the sequences {R;} and
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Figure 8: The rectangle R = Au B.

{F;} defined by Ry =R =AwB, F; =KuZ, and for 1 <j <4q,

T(R;), j=1 (mod4) T(cl(R; N F})), j=1 (mod4)
Rjs1=40(R;), 7=0 (mod2) and Fj = o(F;), j=0 (mod 2)
p(R;), j=3 (mod4) p(cl(R; N F})), j=3 (mod 4).

The rectangles R; generated are labeled in Figure 9 by their indices. Note that the
orientations of the last rectangles in the sequence are not necessarily the same as those
in the figure. The longer edges of R4y -3 and R4 -2 may be horizontal and vertical,
respectively. Regardless of the orientations,the following properties hold.

(a) For 0 < k <q; -1, Ry and Rygyo are non-overlapping 7-images of each other, and
Fyri1 9 Fypyo and its image under 7 partition Ryp,q W Rypio.

(b) For 0 < k < ¢ — 2, Ryry3 and Rypyq are non-overlapping p-images of each other, and
Fypi3 0 Fypyq and its image under p partition Rygy3 W Ragya.

(c) The regions Ry, -1 and Ry, overlap on a rectangle congruent to B. By the choice of
L, the portions of Fy, 1 and Fy,, inside this rectangle coincide completely.

(d) For 1 <k <2q, Ror and Rogyq are o-images of each other. The same holds true for
Fo, and Fopy.
4q1
(e) The union | J R; covers R~ (A} u By) except for a square region H. The rectangle
j=1
R4, 41 covers this. By the choice of K, the portion of Fj,, . inside this square and the
image of this portion under 7 partition the square.

Define A3=  |J RjcAK;= U FicA,B= |J RjcB, and
j7=1,2 (mod 4) 7=1,2 (mod 4) 7=0,3 (mod 4)
Ly = U F; ¢ B;. We see that these, with 7, p, and o, satisfy analogues of Rh1,
7=0,3 (mod 4)

Rh2, and Rh3. Moreover, A*, B, K, and L} for i = 1,2 satisfy conditions D1 and D2.
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S :R 6

B ! A

Figure 9: Filling up the uncovered path S in R by applying a sequence of o, 7, and p on
R. The two vertices of rectangle R; marked by big dots are the corresponding images of
the two vertices marked in R;_;.

The case when 2 < 3 < 3 is treated analogously. In this case, R < B. Define the
sequences {R;} and {F};} by Ry = R=AuB, F;=Kul, and for 1 < j <4dq +2,

p(R;), j=1 (mod4) p(cl(Rj N Fy)), j=1 (mod4)
Riy1=30(R;), j=0 (mod2) and Fj = o(F;), j=0 (mod2)
T(R;), j=3 (mod4) T(cl(R; N Fj)), j=3 (mod4).
This time, take A3 = |J R;jcA K= | FjcA,B= U R;c
j=0,3 (mod 4) j=0,3 (mod 4) j=1,2 (mod 4)
B, and L3 = U FiehBs.
j=1,2 (mod 4)

Remark 8. Asin Lemma 4, the properties enumerated in the proof of Lemma 7 are true
for suitably chosen subsets of Aand B. In particular, suppose A* ¢ A and B* ¢ B such
that 7(A*) = A*, p(B*) = B*, o(A* wB*) = A* wB*. Suppose K* ¢ A* and L* ¢ B* satisfy
analogues of Rh1, Rh2, and Rh3. Obtain the sequences {1} and {F}} analogously, and
form ,Zt;, B;, I@;, ﬁ; accordingly. Then, these also satisfy analogues of Rh1, Rh2, and
Rh3.
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We thus have the following procedure.
Step 1:

e Without loss of generality, assume that the rectangle R; := R has a non-integer edge
ratio between 1 and 3. Otherwise we can use Lemma 3 or Lemma 4.

e Lill Ry with A}, By, K7, and L] as described above, leaving the unfilled path Sy,
with central rectangle Rs.

Step 2:

e Without loss of generality, assume that the central rectangle Ry in S =8 has a
non-integer edge ratio between 1 and 3. Otherwise we can use Lemma 3 or Lemma 4.

o Fill Ry with /l;, B;, l@;, and /j; as described above, leaving the unfilled path Ss.

e Fill portions of S; using the sequence defined in the proof of Lemma 7 to create A3,
B, K5, and L, leaving copies of S;. The big dots in Figure 9 are at the ends of

the aforementioned copies of 5‘2, thus the union Sy of these copies is a connected
unfilled path.

Step n, n > 3: This is treated analogously as Step 2.

e Without loss of generality, assume that the central rectangle R, in Sn_l has a non-
integer edge ratio between 1 and 3. Otherwise we can use Lemma 3 or Lemma 4.

e Fill R, with .fl;;, lg’;;, I@;, and ﬁ,*l as described above, leaving the unfilled path S,..

e Fill portions of §,,_; using the corresponding sequences of those in the proof of
Lemma 7, filling out portions of, in order, Sn_l, Sn_Q, - S’g, and S’l = &1, to create
Axo By Kr, and L£f. Arguing as before, this leaves an empty path S,, which is
composed of copies of S,,.

If ¢ is irrational, it is clear that the procedure has infinitely many steps. Note that

if 2 = 9 js rational, then the ratios & = 2 d b2 =% _ g are also rational. In
b b1 ’ U1 [2b1-a1| V1 V1
the next step, we construct arrays for a rectangle with edge ratio 32 which differs from

Z—; by an integer. It follows that the edge ratio of a rectangle in each succeeding step
is rational. Furthermore, the divisor v, used at step n is smaller than the remainder b,
of the preceding step, so that the sequence of divisors terminates faster than that of the
Euclidean algorithm applied to a and b. Thus, there are only finitely many steps in this
case.

It is clear from the construction that condition D1 is satisfied. Note also that at each
step, the squares used to pack the rectangle R overlap with squares used in previous steps
only along sets of measure zero. Thus, () A and |*)B; are disjoint unions. Furthermore,

(] 1
because the width of the unfilled path approaches zero, indeed, condition D2 is satisfied.
In fact, if ¢ is rational, then the width and area of this path becomes zero after a finite
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number of steps. This implies that the unions in condition D2 are finite unions, and it
follows that K uT(K) and £ u p(L) are disjoint unions up to sets of measure zero. It
remains to show that this last condition also holds if § is irrational.
Note that for each ¢ € N, the path that remains unfilled after step t consists of
t t t
cl (A\ U.Af) and cl (B \ UB;) Moreover, we obtain that A;,; < cl (A A
i=1

i=1 i=1

t t
B, < CI(B\UB;). Thus, £ = CI(UK:) = UIC; ucl( ) IC*) and L = CI(UL;) =
i=1 i=t+1 7
t o 0o t
Uﬁfucl( ) L;), where cl( J IC*) c CI(A\UA*) and cl( J E:) c CI(B\UB;).
i=1 1=t+1 i=t+1 i=t+1 i=1

Because of condition D1b, it suffices to show that the measure of the unfilled path ap-
proaches zero to justify why K u 7(K) and £ u p(L) are disjoint unions up to sets of
measure zero.

Consider first the ratio of the measure of Aj u B* to the measure of R.
Case 1: Suppose 1 < 7+ < 2. In this case, q; < 2b1 - <q+1, and so ;’qll—++11 < % T
From the constructlon the aforementioned ratio of measures is equal to

(201 —a1)? (251 —ay )2 by q1(2q1 - 1) 1
21 - 1) = 2q -1 (A=) 2 -
Q by a1+l

(11 =
Case 2: Suppose 2 < 3+ < 3. In this case, ¢1 < = 26 < q+1, and so 50T < ar < i3

From the constructlon the aforementioned ratio of measures is equal to

((1,1 - 2b1)2 (CL1 — 2b1 )2 b1 ( a1 )2 1
21 +1) Vg (2g + 1 L =
@1(2q: +1) s @(2q: +1) h o \oe1) 7

We note that in the procedure outlined in the proof of Lemma 7, each of the last two
rectangles overlap with some previous rectangle except on a square region congruent to
A. Thus, we also look for a lower bound for the ratio of the measure of A} to that of A.
In either of the two cases above, this ratio is

2by — aq)? 21
q%| 12a1| >( il ) > —.
bl q+1 4

These computations show that at each step of the construction, the ratio of the measure
of the portion that will remain unfilled is at most % of the measure of the unfilled portion
in the previous step. Thus, the measure of the unfilled portion approaches zero as the
construction is carried out. It follows that K and £ satisfy Rh1, Rh2, and Rh3.

Forming S as in Figure 1 and £ = P(I")(K w L), we have that F' = cI(Suf) is a
compact fundamental domain for I" with [S(F') : P(I')] = 2. This completes the proof of
Theorem 1. O

In Figure 10, we show a portion of the tiling by the fundamental domain for the
rhombic lattice I with basis {(22), (3)} generated by the procedure described.
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Figure 10: Fundamental domain for the rhombic lattice I' with m = 11, n = 25, constructed
using the procedure, together with some of its I'-translates.
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