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Abstract

Berenshtein and Zelevinskii provided an exhaustive list of pairs of weights (A, )
of simple Lie algebras g (up to Dynkin diagram isomorphism) for which the multi-
plicity of the weight p in the representation of g with highest weight A is equal to
one. Using Kostant’s weight multiplicity formula we describe and enumerate the
contributing terms to the multiplicity for subsets of these pairs of weights and show
that, in these cases, the cardinality of these contributing sets is enumerated by
(multiples of) Fibonacci numbers. We conclude by using these results to compute
the associated ¢-multiplicity for the pairs of weights considered, and conjecture that
in all cases the g-multiplicity of such pairs of weights is given by a power of q.

Mathematics Subject Classifications: 05E10
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1 Introduction

Throughout this manuscript we let g be a simple complex Lie algebra and h a Cartan
subalgebra with dim b = r. Following the notation of [4], we let ® denote the set of roots
corresponding to (g,h), T C ® be a set of positive roots, and A C & be the set of
simple roots. The set of integral and dominant integral weights are denoted by P(g) and
P, (g) respectively. The Weyl group is denoted by W and recall that W is generated
by the reflections si,...,s,., where s; is the root reflection corresponding to the simple
root a; € A. For any w € W we let £(w) denote the length of w, which represents the
minimum nonnegative integer k£ such that w is a product of k reflections.

The theorem of the highest weight states that every irreducible (complex) represen-
tation of g is a highest weight representation L(\) with highest weight \. If y is a weight
of L(A) then one can compute the multiplicity of this weight using Kostant’s weight
multiplicity formula [13]:

m(\p) = _ (1) Do(a(X+p) = (n+p)), (1)

oceW

where p = %Zae(ﬁ a, ¢ denotes Kostant’s partition function @ : h* — Z, which is the
nonnegative integer-valued function such that for each £ € h*, p(&) counts the number of
ways £ may be written as a nonnegative linear combination of positive roots.

Although Equation (1) provides a way to compute weight multiplicities, its practical
use is limited. For example, since the order of the Weyl group (which indexes the sum)
increases factorially in terms of the rank of the Lie algebra, the number of terms in the
sum presents a complication in its practical use. The second complication arises due to
the lack of general closed formulas for the value of the partition function involved. One
thing that has been noted in past research, is that many of the terms contribute trivially
to the sum, i.e. the value of the partition function is zero, and hence these terms do not
contribute to the overall multiplicity. This latter point has motivated work in determining
the Weyl alternation set (corresponding to the integral weights A and ), defined by

A\ p) ={o e W:p(o(A+p) — (n+p) >0} (2)

Note that a Weyl group element o is in A(\, ) if and only if the expression (A + p) —
(1 + p) can be written as a nonnegative Z-linear combination of positive roots.

Determining Weyl alternation sets provides a way to describe the complexity in com-
puting weight multiplicities. Since its definition in 2011, there are only a few cases where
a concrete description of the elements of these sets exists. This includes the case where
A denotes the highest root of the classical Lie algebras and, hence, L(\) corresponds to
the adjoint representation. In this case, Harris, Insko, and Williams established that
the cardinalities of the Weyl alternation sets A(\, 0) are given by linear recurrences with
constant coefficients [7,11]. In 2017, Chang, Harris, and Insko described the sets A(S, u),
where (3 is the sum of all of the simple roots in a classical Lie algebra and p is an integral
weight, and showed that the cardinality of these sets are given by the Fibonacci numbers
or multiples of the Lucas numbers [3].

In this work we extend this body of knowledge by considering pairs of weights (A, i)
for which it is known that m(\, ) = 1, but whose Weyl alternation sets are unknown.
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For the simple Lie algebras, a complete list of pairs of weight (A, ) satisfying m(\, pu) = 1
(up to isomorphism of Dynkin diagram) were provided in the work of Berenshtein and
Zelevinskii [1, Theorem 1.3 and is given as follows.

(LlSt A) Type Ar (T > 1) A= Ewl, n= Zléigr m;T;, where m; € Z+ and
(f - Zlgigr Zmz) S (7’ + 1)N.

(List B) Type B, (r = 2): A = lwy, p =) 1, miw;, where m; € Z, is even and
(f - 1) = (Zl<i<r Zml) + rmr/2.

(List G) Type Ga:
o \ = (lwy, it = My + Mmows, where my,my € Z, and 3¢ — 1 = 2my + 3my
e \=w,u=0

where in all cases w; and wy denote fundamental weights of the respective Lie
algebra.

In Sections 2 and 3 we provide a description of the elements of Weyl alternation sets
A(X\, ) in the Lie algebra of type A, and B,, respectively, for certain pairs of weights
(A, 1) by establishing the following main results.

Theorem 1. In type A, withr > 1 and { € Z, :

1 If A=ty p= )1, miwi, where £,m; € Zy and (€ — ) im;) =0 mod (r+1),
then sy & A(\, p) for any choice of ¢ and r.

2. If N\ =lwy, p= 21<i<7’ m;to;, where m; € Z, and (¢ — ZKKT im;) =0, mj =0
for all 3 < j < r, then A\, pu) = {1}.

3 Af N =tlwy, pp =) i, Mmiw;, where m; € Z, and (Z—ZKKT im;) =0 and m; =0
for all4 < j <r and ms # 0, then A\, n) = {1, s2}.

4. If X =Alwy, =) i, mims, where m; € Zy and (0 — Y, im;) =0, mj =0
for all5 < j <r and my # 0, then

{1, s9, 53, S253, 5352, Sas3S2}, if M4 = 2.

A\ ) = {{1752,8375233}> if mg =1

Theorem 2. In type B, with r > 3:

1. Let ¢ be a positive odd integer. Then o € A(lwy, ({ — 1 — 4k)wy + 2kwsy) where
k € Z=q if and only if o is a product of nonconsecutive s;’s with 1 <1 < r.

2. If {,r € 2Z= under the condition { —1 =), im; + 5= with m; € 270, then
A(lwoy, ) = 0.

3. All o € A(lw,(t — 1 —4j — 6k)wy + 2jwy + 2kws) where j,k € Zso and k #
0 are products of nonconsecutive s;’s with 1 < i < r or products of the form
{54, ... 84,5283} with nonconsecutive s;;’s for 4 <i; <.
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Note that specializing Theorem 2 to ¢ = 1 and p = 0 recovers the result presented
in [3, Theorem 3.1], which shows that the cardinality of the associated Weyl alternation
set is given by a Fibonacci number. Extending our results to the remaining pairs of
weights listed in List A and List B is much more difficult since the Weyl group action
on the highest weight of these representations is not as straightforward to describe. The
complications that arise in describing these Weyl alternation sets are twofold. First, for
a given A there is a finite set of possible weights p, which are linear combinations of
fundamental weights satisfying the needed conditions. Second, whenever p includes a
fundamental weight with high index, one must consider many more conditions in order
to determine whether certain Weyl group elements appear in the corresponding Weyl
alternation set.

In the Lie algebra of type G5, we provide a complete description of the Weyl alterna-
tion sets A(A, ) for all pairs of weights (A, 1) given in (1). In Section 4, we present the
proof of the following.

Theorem 3. Let A\ = lwy with £ > 1 be a weight of the Lie algebra of type Go. If
W= mywy + mots, where my,ma € Zsg and 3¢ —1 = 2my + 3may, then A\, p) = {1, 1}
when XA # 0 and A(0, u) = 0.

Our last set of results is concerned with the g-multiplicity for pairs of weights (A, ) in
the lists provided above. To make this precise, recall that for a weight &, the value of the
g-analog of Kostant’s partition function is the polynomial p,(£) = c¢o + c1q + - - - + crgF,
where ¢; denotes number of ways to write £ as a nonnegative integral sum of exactly j
positive roots. Then the g-analog of Kostant’s weight multiplicity formula is defined, in
[14], as:

mg(A, p) = ;V(—l)“")m(a(A +p) — (1 +p)).

We provide the g-multiplicity for the pairs of weights considered in Theorems 1, 2, and
3. We state these results below and provide their proof in Section 5.

Theorem 4. In type A, withr > 1 and { € Z, :

1 If AN =tlwmy, =) e, miwi, where m; € Zy and ({ — ), im;) =0, m; =0
for all 3 < j <r, then my(X, 1) = ¢™.

2. If N ="lw, b= ) i, Mi@i, wherem; € Zy and ((—3 ;. im;) = 0 and mj = 0
for all 4 < j <1 and m3 # 0, then my,(\, u) = gm2+3ms.

8 Af N =lwy, p =), miwi, where my € Zy and (€=, .im;) =0, mj =0
for all 5 < j < r and my # 0, then my(\, ) = ¢™23™3%6 when my = 1 and
my(\, ) = g™ 3T yhen my > 2.

Theorem 5. In type B, with r > 3:

1. If £ is a positive odd integer and k € Zsq, then my(lwy, (0 — 1 — 4k)wy + 2kw,) =
2k+r
.

2. If U,r € 2Z~o under the condition { —1 = ZKKT im; + 75 with m; € 22, then
mg (b, 1) = 0.
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3. If 0 is a positive odd integer and j, k € Zso with k # 0, then m,({wy, ({ —1 —4j —
6k)o, + 2jtg + 2kwos) = ¢ THHER=2

Theorem 6. Let A = (wy with £ > 1 be a weight of Go. If u = mywy + mows, where
my,mg € Zso and 30 — 1 = 2my + 3ma, then my(\, ) = ¢"*2 where m; = 3n + 1.

Section 6 ends the manuscript by providing ample evidence for the following.

Conjecture 7. If \, u are a pair of weights for which m(\, i) = 1, then m,(\, ) = ¢/,
where f(r) is a function of 7, the rank of the Lie algebra.

This conjecture is rather curious, as there are infinite ways that the g-multiplicity
when evaluated at ¢ = 1 would yield a value of one. Yet what we see is that the only
term remaining, after a tremendous amount of (polynomial) cancellation, is simply a
power of g. Unfortunately, the techniques we present do not lend themselves well to
provide a direct proof of the above conjecture, and we would welcome a new approach to
such a problem.

Lastly, in Section 6, we present a new direction for research related to a construction
of a poset we call the Weyl alternation poset. This poset is created by computing all
Weyl alternation sets A(A, ) of a specified simple Lie algebra, and considering the set
containment of these Weyl alternation sets. We present the cases of the Lie algebras of
types As, Bs, and G, in which we fix 4 = 0 and vary A in the integral weight lattice.
Studying these posets would be of interest in general, but would require techniques beyond
the scope presented here.

2 Type A

In this section, we consider the Lie algebra of type A, for r > 1. The set of simple roots
is given by A = {ay, as, -+, a, }, and the set of positive roots is given by

(I)+:AU{()61+()[1+1++OéJ1<Z<j<7’}
For 1 < i < r, the fundamental weights are defined by

r+1—2
r+1

1
(a1+2a2—|—---—|—(2’—1)ai,1)+r

+1((r—z’+1)ai+(r—i)ai+1+---+a,,).

w; =
The weight p is defined as the half sum of the positive roots, p = %Zaeqﬁ «, which is
equivalent to p = wy + @y + - - - + w,. As noted previously, the Weyl group elements are
generated by reflections about the hyperplanes that lie perpendicular to the simple roots.
We denote these simple reflections by s;, where 1 < ¢ < r, whose action on the simple
roots is defined by s;(cj) = o if |i — j| > 1, s;(oj) = —ay; if i = 7, and s;(q;) = a; + ¢ if
li — j| = 1. We also recall that the Weyl group elements act on the fundamental weights

by
w; —a; ifi=j
Sz‘(WD:{ ’

W, otherwise.

One technical result we heavily use in what follows is a result of Harris, Insko, and
Williams [11, Proposition 3.4]. We restate this result for ease of reference.
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Proposition 8 (Proposition 3.4 in [11]). Let s; denote the simple root reflection corre-
sponding to «; € A. Write the weights o(p) — p, 0s:(p) — p, and s;o(p) — p as linear
combinations of positive roots as follows:

® 0(p) = p=—2aen ¢y withc; >0,
e gsi(p)—p=— ZajeA djo; with d; > 0, and
o s;.0(p)—p=-— ZajeA e;a; with e; > 0.
Then:
1. If U(os;) > (o), then d; > ¢; for all j and dy, > ¢, for at least one ay, € A.
2. If U(s;0) > L(0), then e; > ¢; for all j with e; > ¢;.

Note that Proposition 8 implies that if s; is not in some alternation set A, then no
Weyl group element w in A can have a reduced word involving s;. Moreover, this result
is not Lie type specific, hence we will be able to make use of it in the section considering
the Lie algebra of type B as well.

We proceed to provide a proof of Theorem 1 by establishing the following technical
results.

Proposition 9. If A = (@, =), ., miw;, where {,m; € Zy and (( =, im;) =
0 mod (r+ 1), then sy ¢ A(\ p) for any choice of ¢ and r in 7.

Proof. Note that ¢ = (r + 1)n + > im,; for some n € Z-o and that s;(\) = s1(¢wwy) =
l(wy — o). Hence,

siA+p)—p—p=lm—)+(p—) —p—p

14
:T+1(7“0‘1+(7"_1)a2+--'+04r)—(5"‘1)041—(m1w1+m2wQ+--~+mrwr).

Note that the coefficient of a; in the last displayed equation is

Or " mi(r 4+ 1 —1) C+r4+14+>0 mi(r+1—1)
—(l+1)— =— =1
r+1 (£+1) 22:1: r+1 r+1

Since 1 <7 < r and ¢, r, and m; are all nonnegative integers, this coefficient is negative
for all choices of r and ¢. Thus, p(s1(A+p) —p—p) =0 and s; ¢ A\, ). O

The following result establishes part 2 of Theorem 1.

Proposition 10. Consider the Lie algebra of type A, with r > 1 and let ¢ € Z,. If
A= lwi, =Y i, Miwi, where my € Zy and (€ — 3, .. im;) = 0, my = 0 for all
3< g <, then A\ p) = {1}.

Proof. We begin by establishing that under the given conditions, s; ¢ A(\, u) for any
1 < < r. Hence, it suffices to show that if 1 < i < r, then

siA+p)—p—p=ca+ - +ca
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and there exists 1 < j < r such that ¢; < 0. For 1 < ¢ < r note

siA+p)—p—p=Lmw +p—a;—p—pu

2
= rT21(ra1+<T_1)a2+"'+041ﬂ)—0(7;

- 2

T:_ni((r—l)al)— T:_rlzl((r—1)0&2—|—<T—2)a3+...+ar)
= Mol — .

Hence, as desired, the coefficient ¢; = —1 and s; ¢ A(\, ). To complete the proof it
suffices to note that since y = myw; + mows, and £ = my + 2msy, we have

IA+p)—p—pu=X—pu={—mq)w; — maws = Ma. (3)
Thus A(X, u) = {1}. O
The following result establishes part 3 of Theorem 1.

Proposition 11. Type A, (r > 1): If A = b1, p = Y1, miw;, where m; € Z, and
(0= 1cicrimy) =0, my =0 for all 4 < j <1 and mz # 0, then A(X, ) = {1, s2}.

Proof. We begin by establishing that under the given conditions s; ¢ A(\, u) for any
2 < i < r. Hence, it suffices to show that if 2 < 7 < r, then

siA+p)—p—p=cra1+-+ca,
and there exists 1 < j < r such that ¢; < 0. For 2 < ¢ < r note

Sl()\ +p) —pPp— U= (f — ml)wl — MoT9o — M3W3 — O
(2mg + 3mgz)r — mo(r — 1) — mg(r — 2)

- r+1 “
N (2mg + 3mgs)(r — 1) ;i—le(r —1) —2mgs(r — 2)@2 ol
= (m2 =+ 2m3)041 + msQo — Q. (4)

Hence, as desired, the coefficient of «; is negative, and s; ¢ A(\, 1), whenever 2 < i < r.
To complete the proof it suffices to show that 1 and sy are both in A(\, p). First
note that since u = myw; + mewy + myws, we know ¢ = my + 2ms + 3ms, hence
{ —mq = 2my + 3ms. Then
LA+ p) — p—p = (2mg + 3ms)ag + mgas and
so(A+p) —p—p=(2ma+ 3mz)oq + (m3 — 1)as.

Since mg > 1, we have established that 1, sy € A(X, p). ]
The following result establishes part 4 of Theorem 1.

Proposition 12. Type A, (r > 1): If X = w1, p = ), ;, miw;, where m; € Z, and
(U= 1cicymi) = 0, m; =0 for all 5 < j <1 andmy # 0, then A(X, 1) = {1, 52, 53, 8253}
when my =1 and A\, 1) = {1, 59, S3, $283, $352, S25352} when my > 2.
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Proof. For 1 > 2, we compute

siA+p)—p—p=Llw+p—a;—p—p
= (f — ml)wl — MTMoT9 — M3W3 — MyTiy — O
(2mg + 3mg + 4my)r — ma(r — 1) — mg(r — 2) — my(r — 3)

B r+1 “
(2mg + 3mg + 4my)(r — 1) — 2mo(r — 1) — 2mg(r — 2) — 2my(r — 3)
+ 1 Q2
(2mg + 3mg + 4my)(r — 2) — 2ma(r — 2) — 3mg(r — 2) — 3my(r — 3)
* r+1 @

= (mg + 2m3 + 3m4)a1 + (m3 + 2m4)a2 + myaz — ;.

Note that, in this case £ = my + 2msg 4+ 3ms + 4my; hence £ — my = 2my + 3ms + 4my.
If i > 4, then s; (A + p) — p — u has a negative coefficient for «;, and hence s; ¢ A(\, p).
Thus, A(\, i) can only contain Weyl group elements formed by the simple reflections so
and ss.

Using the similar calculations for i # j where 7,5 > 2 and |i — j| = 1, note that

sisj(A+p) —p—p=ALw +p—20; —a; —p—p
= (E—ml)wl —m2w2—m3w3—m4w4—2ai—aj

= (m2 + 2m3 + 3m4)041 + (m3 + 2m4)042 + myoz — 20(1' — Q.

where the same conversion from fundamental weights to simple roots applies. Notice that
if my = 1, s9s3 is the only element of this form in the Weyl alternation set. If my > 2,
then s3so is also in the Weyl alternation set. Also, we have

S98359(A+p) —p—pu=Llw +p—2a3 —2a3 —p—p
= <£ - ml)wl — Moo — M3TW3 — My Ty — 2042 — 20&3

= (mg + 2m3 -+ 3m4)a1 + (m3 -+ 2m4)a2 + myoiz — 2(1/2 — 2(1/3.

SO S98389 is also in the Weyl alternation set when my > 2. O

2.1 Low rank examples: types As; and Ajs

In this section, we consider the Lie algebra of types A, and Aj. By fixing the weight p
and varying the weight A\, we can make a diagram over the fundamental weight lattice
of the Lie algebra by coloring two weights with the same color when they have the same
Weyl alternation set.

Figure 1 presents Weyl alternation diagrams in the Lie algebra of type Ay where we
fix a weight u in the root lattice and vary A over the fundamental weight lattice. The case
of p = 0 (Figure 1a) first appeared in [7] and later, Harris in collaboration with Lescinsky
and Mabie, generalized these results to all integral weights p of sl3(C) [8]. Figures 1b
and 1c illustrate the cases where p = w; + @, and p = 2w, + 2w,, respectively.

As depicted in Figure 1, the colored regions represent the intersection of specific hy-
perplanes (within the fundamental weight lattice) arising from the action of the elements
of the Weyl group on the input of the partition function in (2). That is, each element o of
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Top-axis

00 0o rwiaxis

Cetet et e e

(a) p=0 (b) p=w1+ w2 (¢) p=2w; + 2wy
o= {515251} o= {51527515251} ®-= {5152} 0= {5275152} o= {52} o= {1,52}
={1} ®={1,s} ={s1} = {51,551} ® = {5251} ® = {5251, 515251}
(d) Key

Figure 1: Weyl alternation diagram for the Lie algebra of type Ay for a fixed g and
A = mw; + nwy with m,n € N.

the Weyl group gives rise to a region on the fundamental weight lattice arising from the
intersection of some hyperplanes, from which one can create Weyl alternation diagrams.

To illustrate how to create Weyl alternation diagrams we fix r = 3. For each pair
(0w, p) for which m(fwy, u) = 1, we have that p = myw; + mews + maws and so
0 — (my + 2mg + 3mg) = 4p for p € Z~y. We also have that

1A+ p) — p— p =l — (Mg + Moy + m3ws)
= (mg + 2ms + 3p) a1 + (m3 + 2p) ay + pas.

Hence, if ¢ > 2, then

siA+p)—p—p=A—p—a,
$iSit1(A+p) —p—p=A—p—20; — iy,
Sit15i(A+p) —p—p=A—p—a; — 241,
$iSit1Si( A+ p) —p—p=X—p—20; — 2041

The above equations imply that

e s € A(A, ) if and only if mg +2p > 1,

s3 € A(A, ) if and only if p > 1,

S283 € A(\, p) if and only if mg +2p > 2 and p > 1,

s389 € A(\, p) if and only if m3 +2p > 1 and p > 2, and

$28382 € A(\, ) if and only if mg+2p > 2 and p >

2.
Hence, if p = 0, then A\, u) = {1}; if p = 1, then A(\, u) = {1, s9, 83, $283}; and if
p =2, then A\, p) = {1, s2, S3, 5283, S3S2, S25352}.
From the inequalities above, the inclusion of ¢ € W in the Weyl alternation set
A(X, ) as prescribed relies only on the value of the nonnegative integer p. We note
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- . -

(a) Standard view in 3D (b) View from positive w-axis in 3D

S . - §

(c) View from positive wy-axis in 3D (d) View from positive ws-axis in 3D

Figure 2: Diagrams highlighting weights in the Weyl alternation sets A(\, ) when A =
(w1 in the Lie algebra of type As.

that the diagrams illustrating the allowable u is either one of the highlighted weights in
Figure 2 or there is no such g, meaning that A(\, u) = 0.

These low rank computations illustrate the complexity in determining whether an
element o of the Weyl group is in a specific Weyl alternation set A(\, ). Deciding
whether or not o is in A(A, ) requires determining if (A + p) — p — u lies in a specified
region of the integral root lattice. Although this may sound simple, the number of such
regions as we vary over all pairs of weights of a Lie algebra is currently unknown.

3 Type B
In this section, we consider the Lie algebra of type B, for r > 2. Let €1, ¢9,...,¢, be the
standard basis vectors for R". The set of simple roots is given by A = {ay, ..., a,}, where

for 1 <i<r—1wehave a; =¢; —¢g;,1 and o, = ¢, and the set of positive roots is given
by &t = {e;—¢j,6;+¢; 0 1 <i<j<n}pU{e :1<i<r}. The fundamental weights are
defined by w; = 1+ --+¢;for 1 <i<r—1and w, = %(51+52+- -++¢,). The weight p is
defined as half the sum of the positive roots, which is equivalent to p = w;+- - -+w,. The

Weyl group elements are generated by the simple root reflections si, s, . . ., s, which act on
the simple roots and fundamental weights as follows. If 1 <i < r—1, then s;(a;) = —ay,
si(io1) = a1 + g, si(@iy1) = a; + @iy, and s,.(,.) = —ay, Sp(a—1) = 1 + 2a,.. For
any 1 <i4,j <,
w; —a; ifi=j
si(w;) = ’ ' .
w, otherwise.

We provide a proof of Theorem 2 by establishing the following technical results.
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Lemma 13. In type B, with {,r € 2Z~y under the condition { —1 = ZKKT im; + T3
with m; € 27, then A(lwy, 1) = 0.

My

Proof. Suppose ¢ is even. If r is even, then is even since m, is even. Thus,
D icicr imi + 757 is also even. Then £ = 1+ >, im; + "= must be odd. Since
¢ is even, then there are no values of the m;’s (1 < ¢ < r) which satisfy the condition.

Hence, A(lw, p) = 0. O

Proposition 14. Let o = s;,8;, - - - 55, where the indices of the simple reflections form a
collection of nonconsecutive integers 2 < iy, ..., i, < 1. If N =Vl and p= ({ —1—2b—
3¢)wy + by + cws, for £,b, ¢ nonnegative integers such that € > b and ¢ > ¢, then we
have o(A + p) — p — p is a nonnegative Z-linear combination of positive roots.

Proof. Let 0 = s;,5;, - - - 5;, for some collection of nonconsecutive integers 2 < 4y, . .., <
r. Note that () = X and o(p) = p — Z?:l ;. Hence, if A = fooy and p = (£ — 1 —
2b — 3c¢)wy + by + cws, for ¢, b, ¢ nonnegative integers such that ¢ > b and ¢ > ¢, then
we have c(A+p) —p—p=A—p— 2?210%. =w; + (b+2c)aq + cag — 25:1‘%- O

Proposition 15. In type B, withr > 3 and an odd, positive integer {, all o € A(lwy, ({—
1 — 4k)wy + 2kwoy) where k € Zq are products of nonconsecutive s;’s with 1 < i < r.

Proof. Let A = fwy and p = (¢ — 1 — 4k)wy + 2kws for some k € Z> 0. First, we note
that ¢ — 1 =10 —1—4k + 2(2k) so £ > 2k and X\ > p.

For r > 3, note that fwy = l(ag + - - - + ). We claim that the only elements o € W
for which p(o(¢wy + p) —p — (0 — 1 — 4k)wy — 2kws) > 0 are 0 = s;,8;, - - - S;,, such that
i1,12,. .., 1y are nonconsecutive integers between 2 and r (inclusive).

(<) Let ¢ = 1, then 1(A+p) — (u+ p) = X — p = @y + 2kay is a nonnegative Z-
linear combination of positive roots. Thus 1 € A(A, u). Proposition 14 implies that if
0 = 8, Si, S, for some nonconsecutive integers 2 < iy, ..., i, <, then o € A(\, p).

(=) Suppose o € A(A, ). We proceed by induction on ¢(o). If ¢(c) = 0, then o = 1,
which satisfies the needed condition. If (o) = 1, then o = s; for some 1 < ¢ < r. If
i =1, then sy(A 4+ p) — (u + p) = w1 + 2kag — (¢ + 1)y, which implies s; ¢ A(X, p).
Thus, o € A(\, 1) cannot contain s; in its reduced word expression. If 1 < i < r, then
siA+p) — (u+ p) = w1 + 2kag — oy, and s; € A(\, ) and s; is of the required form.

If /(o) = 2, then o = s;s; for distinct integers ¢, j satisfying 1 < ¢, j < r. Without loss
of generality, assume ¢ < j. If 7, j are consecutive integers, then i = j—1, with 1 <i,j <7
ori=r—1landj=r. Forthecasel < i,7 < r,note s;_15;(Ap)—(pu+p) = A—p—20;_1—
a;. For the case i =r — 1 and j = r, note s,_15,(A+p) — (u+p) =X —p— 20,1 — ..
None of these can be written as a nonnegative Z-linear combination of positive roots.
Thus, s,_1Sr, SrSr—1, Sj—15;, S;sj—1 ¢ A(A, p). Moreover, any o € W containing s;s,_1
or s;_1s; in its reduced word expression cannot be in A(\, p) for all 2 < j < r. The case
where 7, 7 are nonconsecutive was already considered in Proposition 14. O]

Before stating our next result we recall that the Fibonacci numbers are defined by
the recurrence relation F,, = F,,_; + F,,_o for alln >3 and F}, = F, = 1.

Corollary 16. In type B, with r > 3, if £ is an odd positive integer and k € Zq, then
|A(€’W1, (@ —1- 4/{;)w1 + 2k'WQ)‘ = FT‘+1'
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Proof. We show | A (\, p)| = F,41 for B, using induction. First, if r = 2, then |A (A, u)| =
{1,820} =2 = Fs. If r =3, then |[A(\, pu)| = [{1, 59,83} =3 = Fy. Assume for all r,
4 <r<m, A\ p)| = F.y1, the (r+1)* Fibonacci number. We consider the case when
r=m+ 1. All elements 0 € W consisting of nonconsecutive products of the generators
S9,83,...,S, will either contain s,,,1 or not. If they don’t contain s,,.1, then by our
inductive hypothesis, the number of Weyl group elements consisting of nonconsecutive
products of so,s3,...,8, is given by F,,1. If the Weyl group elements contain s,,.1,
then we must count the number of nonconsecutive products of s, s3,...,S,_1, which by
our inductive hypothesis is given by F,,. Therefore, |[A (A, u)| = F + Frnp1 = Frpgo. O

The following result establishes part 3 of Theorem 2.

Proposition 17. In type B, with r > 3 and an odd, positive integer ¢, all o € A(lww, ({—
1 —4j — 6k)wy + 2jws + 2kws) where j € Zso, k € Z~o, { > 2j, and { > 4k are either
products of nonconsecutive s;’s with 1 < i < r or products of the form s;, ...s; s253 with
nonconsecutive s;, s for 4 <, <.

Proof. (<) Let 0 = 1. Then 1(A+ p) — p — u = w1 + (2j + 4k)aq + 2kas, which
is a nonnegative Z-linear combination of positive roots. Thus 1 € A(X ). Note
that by Proposition 14, ¢ = s;,8;, - s;,, € A(A u). We need only show that o =
SiySiy *** i, S283 € A(X, ). Note that s;, -+ s;, $283(A+p) = 84, - -+ 8, (At p—2a0—a3) =
A4 p— Z’;Zl i, + 8i; -+ 54, (=20 — ag). Since the s;,’s are a collection of nonconsec-
utive integers between 5 and r, inclusive, s;, ---s; (=200 — a3) = —2a9 — a3. Hence,
iy Si,, S983( A+ p) —p—p=w1+ (2] +4k)as + (2k — 2)ae — g — Z’;zl a;, € A\, )
if k#0.

(=) Suppose o € A(\, ). Note that A — p = wy + (2j + 4k)ay + 2kas. We proceed
by induction on ¢(o). If ¢(c) = 0, then o = 1, which satisfies the needed condition.
If (c) = 1, then 0 = s; for some 1 < i < r. Ifi =1, then s;(A+p) —p—p =
wy + (2) +4k)ag +2kag — (04 1)ag ¢ A(N, ). Thus o € A(A, 1) cannot contain s; in its
reduced word expression. If 1 < i < r, then s;(A+p)—pu—p = w1+ (2j+4k)os +2kas —q;
and so s; € A(\, p) and s; is of the required form.

Now suppose £(0) = 2. Then o = s;s,, for distinct integers i, m such that 1 <
1,m < r. Without loss of generality, assume ¢ < m. If i = 2 and m = 3, then we have
$283( A+ p) — p—p = wy + (2j + 4k)as + 2kas — 25 — ag, which means so83 € A(\, p) if
k # 0 and sys3 is of the required form. Note that sgso(A+p) —p—p = A —pu— as — 2as,
which is not in A(A\, ) and is not of the required form. If ¢,m are any other consecutive
pair of integers, then ¢ = m — 1 with either 2 < ¢,m < rori=r—1and m = r.
Suppose 2 < i,m < r. Then s, 15, (A+p) —p—p=A—p— 20, 1— Q. fi=r—1
and m = r, then s,_15,(A+p) —p—p = X —p — 20,1 — «,. Note that neither
of these cases can be written as a nonnegative Z-linear combination of positive roots.
Thus, Sy_15r, SrSr—1, Sm—15m, SmSm—1 ¢ A(X, 1) for all cases except sps3. Moreover, any
o € W containing 8,8, 1 OF Sp—15, in its reduced word expression cannot be in A(\, i)
for all 2 < m < r, except s9s3. If i, m are nonconsecutive, then by Proposition 14,
SiSm € A(X, ). O

Corollary 18. In type B, withr > 3, if { is an odd positive integer and j € Z=q, k € Z~o,
with € > 2j, and ¢ > 4k, then |A({wy, ({ — 1 — 4j — 6k)wwy + 2jwy + 2kws)| = 2F,.
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= {1 ® -}
@ - (12} @ - (525150}
= {(s192)} @ - (515051}
={s2s1} ={s1}
@-(Ls} @ - (s15251, (s152)°)
={Lsi} = {s2s152, (s152)°}
@ -5} @ -{Lsis2)
< (82,5192} @ - (515251515081}
@ - (5251, 51501} @ - (5251, 515051, (s152)°}
= {15251, 525152, (s152)°} @ = {5152, 508152, (5152)°}
@ - (5152, 52515} @ - (525152, 52512}
- @- (L5515}

Figure 3: Weyl alternation diagram for the Lie algebra of type By when p = 0 and
A = mw; + nwy with m,n € N.

Proof. With A, v as given, we show | A (\, )| = 2F, for B,. As in Corollary 16, we know
there are F) ;1 elements coming from the products of nonconsecutive s;’s, 1 <7 < r. By a
similar argument, there are F,._, elements 0 = s;,S;, - - - S;,, 5253 for some nonconsecutive
integers 4 < 41,49, ...,0, < r. Thus, [A(\u)| = Frp1 + Fro = B+ Fooy + F 5 =
2F,. n

The condition for B, such that ¢ is even and r is odd is quite different from the
three conditions we posed in Theorem 2. When r is odd and ¢ is even, the constraint
(-1 = ZKKT im; + 3= forces m, = 2(2k 4 1), since m; is even for all i. The Weyl
alternation sets A (A, u) for Bz are easy to compute and remain quite small. But when
r = b, the Weyl alternation sets grow very quickly. In the three conditions discussed in
Theorem 2, the elements of the Weyl alternation sets had a nice pattern of being products
of mostly nonconsecutive simple reflections; however, we don’t see similar patterns for
the case when r is odd and /¢ is even, as seen in the tables in Appendix A. As the
coefficient m, increases, the elements in the Weyl alternation set A(\, 1) become even

more complicated.

3.1 Low rank examples: By and Bj

In this section we consider the Lie algebra of types By and Bs. By fixing the weight u
and varying the weight A we can make a diagram over the fundamental weight lattice of
the Lie algebra by coloring two weights with the same color when they have the same
Weyl alternation set.

Figure 3 presents the Weyl alternation diagram when p = 0. Observe that there
are 24 distinct colored dots and the integral weights without a colored dot represent
those weights that have empty Weyl alternation set. This illustrates the 25 distinct Weyl
alternation types given in [7, Theorem 2.3.1].

Now we fix » = 3. For each pair ({wy, ) for which m(fw, u) = 1, we have that
b= My + Moy +mgwws and my, me, M3 € 2Z=q 0 £ = mq + 2msq + %mg. We also have
that

LA +p) = (u+p)=A—p
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2
:(m2+m3+1)a1+ <m3+ )Odg—i-@g,
ss(A+p)—(H+p)=A—p—a
:(m2+m3+1)a1+ <m3> 062+C¥3,
ss(A+p)—(p+p)=A—p—as

ms + 2
:(m2+m3+1)a1+( 32 )Oég,
5283()\+p)—(,u+p):)\—u—2a2—a3
ms — 2
:(m2+m3+1)0z1+( 32 )&2,

3382()\+,0)—(M+p)=>\—u—0z2—3a3
m
:(m2+m3+1)0z1+< 3>CY2—2013,
528352 (A +p) — (u+p) =X — 1 — 3ag — 3a3

:(m2+m3+1)0z1+

838283()\+p)—(,u+p):)\—LL—QOéQ—40{3

(3352)2()\4-,0)—(,&—0—[)):)\—/L—3052—4043

=(m2~|—m3—|—1)a1+

-2
:(m2+m3+1)041+ <m3 >a2—3a3,

Therefore, if mg = 0, then A\, u) = {1,s2,83}. If mg € 2Z-y, then A\ p) =
{1, s2, 3, 8253 }. To display when o € W is an element of A(\, 1), we provide Figure 4,
which show different views of the allowed choices for pu.

4 Type G,

The positive roots of Gy are &7 = {ay, ag, a1 + a9, 201 + ag, 301 + @2, 31 + 200} and
the fundamental weights in terms of the simple roots are given by w; = 2a; + ap and
Wy = 3041 -+ 20{2.

Theorem 19. Let A\ = lwy with { > 1 be a weight of Gs. If p = myw; + maws,
where my,my € Zso and 3¢ — 1 = 2my + 3ma, then A\, ) = {1,s1} when A # 0 and
A(0, ) = 0.

Proof. Let A = lwy with £ > 1 be a weight of Gs. If u = myw; + mows, where
my,mo € Z, and 3¢ — 1 = 2my + 3ms, then we can parametrize m; = 3n + 1 and

m2:£—1—2n,with0<n<v’72j. Then

p=Bn+1w; +({—1—2n)w,
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(c) View from positive wy-axis in 3D

(d) View from positive ws-axis in 3D

Figure 4: Diagrams highlighting weights in the Weyl alternation sets A(\, ) when A =

(w; in the Lie algebra of type Bj.

= (3n+1)(201 + a2)

+ (0 —1—2n)(3ay + 2a)

=B0—1)a; + (20 —n—1)ay

and some simple computations establish

LA+p)—p—p=0o1+(n+1ay,
siA+p) —p—p=(n+1)as,
s2(A+p) —p—p=ar+(n—L)as,
$251(A+p) —p—p =301 + (n — £+ 2)an,
(52512 (A +p) —p—p = (=30 —5)ay + (=30 +n — 4)as,
(5251)° (N +p) —p—p = (=60 — 11)a; + (—4¢ +n — 5)ay,
(595)* AN+ p) —p—p = (=60 — 8)ay + (=30 +n — 3)a,
(s951)°(A+p) = p— = (=3¢ = 3)an + (—€ +n)as,
s18251(A+p) —p—p= (=30 —=5)a; + (=l +n — 1)as,
51(8251)°( AN+ p) —p— = (=60 — 9y + (=30 +n — 4)ay,
51(8251)° (A +p) — p— = (=60 — 8)ay + (—4L +n — 5)ay,
s1(5281) N+ p) —p—p = (=30 —3)ay + (=30 +n — 3)as.

Based on these computations and the fact that 0 < n

< |52 22J we have that the coefficient

of at least one of the simple roots is negative for the Weyl group elements that are not 1
or s1. This means that all Weyl group elements, aside from 1 and s;, will not contribute
to the multiplicity m(A, u). Thereby implying that A(\, 1) = {1, s} whenever ¢ > 1 and
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Figure 6: Diagram highlighting weights in the Weyl alternation sets A(\, 1) when A = (o,
and p = myw; + mows satisfy the conditions of Theorem 19 in the Lie algebra of type

Go.

= 3n+1)w; + ({ —1—2n)ws. In the case where ¢ = 0, then there are no u satisfying
the required condition, hence A(\, ) = 0. ]

Figure 5 gives the Weyl alternation diagram of G5, when we take p = 0 and vary
A over the Z-linear combinations of the fundamental weights of G5. Observe that there
are 60 distinct colored dots and the integral weights without a colored dot represent
those weights that have empty Weyl alternation set. This illustrates the 61 distinct Weyl
alternation types given in [7, Theorem 2.6.1]. Figure 6 displays the allowable choices of
w1 that result in the Weyl alternation set as stated in Theorem 19.

5 A g—analog

Recall that for a weight &, the value of the g-analog of Kostant’s partition function is the
polynomial @,(£) = ¢o + c1q + - - - + c1¢*, where ¢; denotes number of ways to write £ as
a nonnegative integral sum of exactly j positive roots. Then the g-analog of Kostant’s
weight multiplicity formula is defined, in [14], as:
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my(\ 1) = ;V(—l)“")pq(ff(A +p) = (1 +p)).

Of course, for multiplicity one pairs of weights evaluating m, (X, 1) at ¢ = 1 recovers
the fact that m(\, ) = 1. In what follows we provide the g-multiplicity for the pairs of
weights considered in Theorems 1, 2, and 3.

In Appendix B we provide tables for the value of m,(¢w, p1), for multiplicity one pairs
in type A, (with 1 < r < 10) and B, (with 3 < r < 10) in the cases where 1 < ¢ < 100
and with all possible u so that m(¢w, u) = 1. These tables provide ample evidence in
support of the following.

Congjecture 7. If \, u are a pair of weights for which m(\, ) = 1, then m,(\, u) = ¢/,
where f(r) is a function of 7, the rank of the Lie algebra.

Unfortunately, the techniques we present, do not lend themselves well to provide a
direct proof of the above conjecture and we would welcome a new approach to such a
problem.

51 Type A

In this section we provide formulas for the ¢g-multiplicity of the pairs of weight described
in Theorem 1. To do so we first recall that for any nonnegative integers n, m,

©q(noq +mag) = qm(w(n’m) + qmax(n,m).H + gt (5)

see [9, Proposition 3.1] for a proof. Our work will also require the following technical
result.

Proposition 20. If m,n, k are nonnegative integers, then

©q(may + nas + kag) = gtk Z Z Z
F=0 d=0

e=0 q

Proof. Tt is known that p(ma;+nas+kas) = Z?i%(m’n’k) min(m=fn=f) grmin(n=f=dk=f) 1
where

e d accounts for the number of times the positive root oy + ap appears
e ¢ accounts for the number of times the positive root as + a3 appears and
e f accounts for the number of times the positive root oy + oy + a3 appears

in the partition of the weight ma; + nas + kag, [6, Proposition 2]. Note that it is enough
to count these instances as they uniquely determine the number of times we must use
the positive roots oy, as, and ag. That is we must use m — d — f of the positive root a,
n —d — e — f of the positive root as, and k — e — f of the positive root as3. It suffices to
keep track of the total number of positive roots used in each of these partitions. This is
givenbyd+e+f+(m—d—f)+(n—d—e—f)+(k—e—f)=m+n+k—d—e—2f
from which the result follows. m

Theorem 4. In type A, withr > 1 and ¢ € Z,:
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L If N =Ly, o= )2 i, miwi, where m; € Zy and (0 — ), im;) = 0, m; =0
for all 3 < j < r, then my(\, p) = ¢™

2. UN=Vlw, p= Zl<z‘<r m;w;, where m; € Z, and (E—ZKKT im;) =0 and m; = 0
for all 4 < j < r and mg # 0, then my(\, p) = ¢"m2H3ms,

3. If A =Vlwy, up = Zlgi@ m;w;, where m; € Zy and (¢ — Zl<z‘<r im;) =0, mj; =0
for all 5 < j < r and mg # 0, then my(\, p) = ¢m2¥+6 when my = 1 and
mg(\, ) = gm2T3mstma when my > 2.

Proof. To establish part (1), recall from part (2) of Theorem 1 that A(X, u) = {1} and
LA+p) —p—p=X—p=meoy (see equation (3)). Hence my(\, 1) = pg(macy) = ¢™>.

To establish part (2), recall from part (3) of Theorem 1 that A(\ u) = {1,s2} and
LA+p)—p—p=A—pn = (mo+2m3)a; + mzas and sy(\, ) = (ma+2mg)ag + (mg—1)as
(see equation (4)). Hence

mg(A, 1) = pa((ma + 2ms)ag + maaz) — p,((ma2 + 2ms)ag + (mg — 1)an)
_ (qm2+2m3 + qm2+2m3+1 4t qm2+3m3)
. <qm2+2m3 4 qm2+2m3+1 et qm2+3m3—1)
ma+3ms3

=dq

To establish part (3), recall from part (4) of Theorem 1 that A(X, u) = {1, so, s3, 253}
when my = 1 and A(X\, p) = {1, s9, S3, $283, S352, S25352} when my > 2. From the proof of
Proposition 12 note that when m, = 1 we have

LA+p)—p—p=(ma+2m3+3)a; + (m3 + 2)as + as

s2(A+p) = p— p=(ma + 2mz + 3)ar + (m3 + D)oz + a3

ss(A+p) —p—p=(ma+2mz+3)os + (m3 + 2)as
$953(A+p) — p— = (m2 +2m3 + 3)a1 + Mz,

Hence, by Proposition 20 we have

©q((ma + 2ms + 3)ag + (M3 + 2)as + as)
1 ms+2—f min(mo+2m3+3—f—d,1—f) <1>d+e+2f

_ qm2+3m3+6 Z Z Z

e=0 q

m3+2 1 d+e m3+1 1 d+2

- ’”2”””3*6[22() S ()]
e=0 d=0

— qm2+2m3+3 [q 3+3 4 2qm3+2 +3qm3+1 4. +3q_|_2:| )
Using the same technique as above, we find that
©q((ma2 4+ 2m3 + 3)ag + (m3 + 1)ag + as)

_ qm2+2m3+3(qm3+2 + 2qm3+1 + 3qm3 4+ -+ 3q + 2)
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while using (5) yields
Pg((ma + 2ms + 3)an + (Mg + 2)ag) = ¢ 4 g 4 g gmatmats

and

©g((ma + 2ms + B)ay + maag) = ¢TI 4 g g g EmeES,

Therefore

mg(A, 1) = pqg((ma + 2ms + 3)aq + (M3 + 2)ae + as)
— 9q((ma + 2mg + 3)ay + (ms + 1)as + a3)
— ©q((m2 + 2m3 + 3)ay + (M3 + 2)an)
+ pq((mg + 2m3 + 3)0&1 + mgag).
_ [qm2+2m3+3(qm3+3 + 2qm3+2 + Sqm3+1 R 3q2 + 3(] + 2)]

. [qm2+2m3+3(qm3+2 + 2qm3+1 4 3qm3 4+t 3q2 4 3q 4 2)]
_ [qm2+2m3+3 + qm2+2m3+4 et qm2+3m3+5]

ma+2m3z+3 ma+2m3z+4 ma+3m3z+3
+g +q +tg J

_ ,ma2+3mz+6
=q .

In the case where my > 2 we know A(\, p) = {1, sq, $3, S253, 352, S25352 . From the
proof of Proposition 12 note that when my4 > 2 we have

LA+ p) — p — p = (ma + 2m3 + 3ma)ay + (mg + 2my) s + maas, (6)
So(A+p) — p— = (Mg + 2m3 + 3my)ay + (m3 + 2my — 1)ag + myas,
ss(A+p) — p— = (ma + 2m3 + 3my)ay + (ms3 + 2my)as + (mg — 1)as,

$283(A+ p) — p — 1 = (ma + 2m3 + 3my)aq + (mg + 2my — 2)as + (my — 1)as,
s352( A+ p) — p— = (Mg + 2m3 + 3my)ay + (m3 + 2my — )ag + (my — 2)azg,
$283S2(A+ p) — p — = (Mo + 2m3 + 3my)ag + (m3 + 2my — 2)ag + (Mg — 2)ag

By applying Proposition 20 to Equation (6) we have that

mg m3+2myg—f min(ms+2ma—f—d,ma—f) ( 1 > dte+2f
- (7)

Pa(L(A+ p) = p— p) = gm2rometomay = 3" >,
f=0  d=0

e=0 q

We now split the sum indexed by d in Equation (7) to reflect when the fact that mg +
2my — f —d < my— f if and only if ms +my < d. This implies that p,(1(A+p) —p — )
is equal to

ma m3+mg—1ma—f d+e+2f m3+2md—f m3+2md—f—d 1 d+e+2f
e BSOS )

d=m3—+my
(8)

In what follows we let

qm2+3m3 +6my

(@—1)°(g+1)

F(q) = -
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By applying the geometric sum formula to Equation (8) we find that

(LA +p) —p—p) =

()0 (()-)
() s () s o))

Using the same technique as above we find that

ou(s20+ p) — p— ) = F(@) ((é)m (T q3)

+ F(q) (l)mwm (1+4q) (G)m +aq(malg—1)+q— 2))

q

W) )(G) o)
(

o553+ p) — p— 1) = Flg) ((g)m - 1) ((g)m 1)«
w3 oo ()9

By taking the sum of the above terms, with their sign corresponding to the length of the
associated Weyl group element, we find that m, (A, p) = gm2T3mstoma, O

5.2 Type B

In this section we provide formulas for the ¢g-multiplicity of the pairs of weight described
in Theorem 2. We begin by proving the following technical results.

Lemma 21. If1 <t <j <, then

Pgloi + i+ -+ ay) = q(1 +¢) "
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Proof. The only positive roots that we can use are of the form oy + --- + a; where
1 <1 < 7 < j. We now proceed by induction on j —i. If j —i = 0, then we are
partitioning «;, which only has one partition with a single positive root. Thus p,(o;) =

=q(1+¢q)° If j —i =1, then we are partitioning o; + ;. The possible partitions
are the one consisting of only the single simple roots «; and «;,1, and the partition using
the positive root a; + a;41, which contributes a ¢* and ¢ to g (o + ;1) respectively.
Thus p,(a; + 1) = ¢ +q=q(1 4+ q)' = ¢(1+ ¢)* . Assume that the result holds for
j—1 < k—1. Now we count the the partitions of a; + ;41 +- - -+ + ;41 by considering
which positive root contains a;1;. These positive roots are of the form oy + -+ - 4+ a1,
with ¢ < ¢ < j+ 1. Thus

Pq(Qi + iyt -+ aj + ajy1)

J+1
:quq(ai+ai+1+"'+aj+06j+1 — (g + a1+ + aji))
=i
J+1
=49 <1+ Z @q(ai+ai+1+"'—|—az_1)> .
t=i+1

By the induction hypothesis, this yields

J+1
og(a; + i1+ Fa;+ajy) =q (1 + Z q(1 + q>21z>
t=i+1

o (523257)

=q(1+q),

as claimed. O

Lemma 22. If{ > 3 and x,y € Z~g, then
Pg(rar +yas +az+ o+ -+ ar) = q(1+q) [z = Ly — 1) + (,y — 1) + (2,9)],
where (m,n) := p,(maoq + naz) for all nonnegative integers m and n.

Proof. We will account for all partitions of xa; +yas + a3+ ay + - - - + a4 by considering
which positive root contains . These roots are of the form «; +- - -+ ay where 1 < i < /L.
Thus

@q($a1+ya2—l—a3+a4+...+az): (9)
l

quq(ffal+y042+a3+a4~|—---+a£_(ai+..._|_a£))’
=1

where the factor of ¢ is accounting for the use of the positive root a; + - - - + ap. We now
proceed by induction on ¢. Notice that when ¢ = 3, by Equation (10) we know

Pq(ran +yas + az) = qpa((r — D)oy + (y — 1)ag) + qpq(rar + (y — 1)az)
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+ qpq(Tar + yasz)
=q(1+¢)* [z =Ly = 1) + (z,y — 1) + (z,9)].

When ¢ = 4, by Equation (10) we know

Pq(rar +yas + a3 + ay) = qpq((r — 1)ag + (y — 1)ag) + qpy(rar + (y — 1)as)
+ qpq(zon + yas) + qpg(zar + yas + as)
=q(1+¢)" [z — 1,y — 1)+ (z,y — 1) + (z,9)].

Now assume that for any 3 < k < ¢ — 1 the result holds. Notice that when k& = ¢, using
the recurrence in Equation (10) and the induction hypothesis we have

¢ ¢
©q (xozl—l—yon—FZai) :qqu(xozl+ya2+a3—|—a4—l—---+o¢g— (i 4+ 4 ap))
i=3 i=1
= qlpe((z = D)ar + (y — 1az) + pg(xon + (y — Daa) + pg(ron + yoo)]
¢
—I—qqu(asal +yas+az+ag+ -+ i)
i=4
=qlle—Ly—-1)+(xy 1)+ (,9)]
¢
+q) ql+ )Pz -1y — 1) + (z,y — 1) + (z,9)]

:4574
=q <1+q2(1+qy> [(z=1y—1)+(z,y—1) +(z,y)]
:O_ 3
=g (1o () e - L= ) G 1+ (o)

q1—(1—-(1+q) ) z—-1y—1)+ (z,y — 1) + (z,y)]
q(1+q) Pz =1y — 1)+ (z,y — 1) + (z,y)],

as claimed. O
Theorem 5. In type B, with r > 3:

1. If ¢ is a positive odd integer and k € Z=g, then my(fwwy, (¢ — 1 — 4k)wy + 2kw,) =
2k+r
gt

2. If 0,r € 2Z~o under the condition ¢ — 1 = Zl<i<r im; + Y5 with m; € 2Z, then
mg(lwy, 1) = 0.

3. It j,k € Zsg and k # 0, then m,(¢co1, ((—1—4j—6k) o1 +2jwma+2ktms) = ¢ T2 H0k=2,

Proof. Part (1): By Lemma 15, we know 0 € A({wy, ({ —1—4k)w; +2kw,) with k € Zx,
it and only if 0 = s;,8;, - - - s;,, Where 2 < 41,49,...,%, < r are nonconsecutive integers.
Without loss of generality, we assume that 2 <1 < iy < ... <1, < r. We consider the
cases where s, is a factor in ¢ and when it is not.
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Case 1. Suppose 0 = s;, - -+ 8;,, Sy, Where 2 < 17 < iy < -+ < iy, < 7 — 2 are nonconsec-
utive integers. Then E(U) = 1+ m where m > 0. Notice

a()\+,0)—,0—,u:(2k‘+1)a1+a2+a3+---+ar—Zaij—ozr. (10)

Let T=0(A+p)—p—p=To+71+ "+ Tm_1 + T, where

o= 2k+1ar +ax+- -+ ;1
TL = Q41 + Q2 + -+ iy

Ty = Oéi2+1 + Ckiﬁ_g + -+ ()17;3_1

Tm—1 = Qi 41 T Q2 + 00+ Q1

Tm = Q41+ Q0+ -+ Qg

Partitioning 7 as a sum of positive roots reduces to partitioning each of the weights
Ti, ..., Tm. oince the sets of positive roots used to partition 7; and 7; are disjoint for all
i # j, we know that

0q(T) = 94(70)94(71) -+ - 94 (Tin)-
Then by Lemma 22 we have that
04(10) = q(1 4 ¢)" D [p(2kan) + g ((2k + D) + g (25 + D + as)]
=q(1+)" " (¢*(1+9)°).

By Lemma 21 we have that
m—1
0q(T1)0q(72) -+ 9g(Tm—1) = [ [ a(1 + @) 70700 = g7 (1 4 g)im i —20m=)
7j=1

and

pq<7_m) _ q(l + q)T—l—(im+1)'

Thus

0g(1) = (q(1 + @) D73 (g% (1 + ¢)2)) (¢ (1 + q)' 272D (g(1 4 g)r~ 1 ntD)

— q2kq1+m(1 _}_q)r—2—2m.
Now notice that there exist (T_i;m) elements 0 € A(\, ) such that o contains s, and
((0) = 1+m > 1, while max{¢(0) : 0 € A(), p) containing s,} = [5%]. So we may
compute that

> (D) Dpe(N+p) = p—p) (11)
oA 1)
containing s,
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=]
m r—2-—m m r—2—2m
— g 3 (- ( )ql+ Aty (12)

m

m=0
Proposition 3.3 in [5] established that if > 0, then

L J r+1

0(—1)m <r %m) g (1 +q)r Zq (13)

N3

Applying this result to Equation (12) yields

1752

r—1
r—2—m _9_9m i
S (T e =
=1

m=0

Case 2. Suppose 0 = s;, ---5;,, where 2 < 4y,49,...,%, < 7 — 1 are nonconsecutive
integers. Then ¢(0) = m where m > 0. Notice

oA+ p)—p—p=(2k+ D +az+as+ - ta,— Y a. (15)

Let T=0(A+p)—p—p=T0+ 71+ + Tm_1 + T, Where

To = (2k+1)0&1+042+"'+04i1_1
T1T = Q41 + (O790E)) + -+ Ay —1

Ty = Qiyq1 + Q0+ -+ Q1

Tm—1 = Qi 41 T Q2 + 00+ Q1

Tm = Qi1 T Q42 + -0+ Q.

As in the previous case, partitioning 7 as a sum of positive roots reduces to partitioning
each of the weights 79, 71, ..., Tm,. Since the sets of positive roots used to partition 7; and
7; are disjoint for all ¢« # j, we know that

©a(T) = 94(70)9q(T1) - -+ 94(Tim)-
Then by Lemma 22 we have that
04(10) = q(1 4 q)" D [p(2kan) + g ((2k + D) + g (25 + D + as)]
=q(1+9)" " (1 +0q)).
By Lemma 21 we have that

m—1

0q(T1)0q(72) -+ 0g(Tm1) = [ [ a(1 + @) 707D = g1 (1 4 g)im i —20mD
7=1

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(4) (2019), #P4.17 24



and

0q(Tm) = q(1 + q)"~m D),

Thus

0g(T) = (q(l +q>i1—4 <q2k(1 + q)Q)) (qm—l(l + q)im—i1—2(m—1)) (q(l +q)r—(im+1))

— q2kq1+m(1 + q)r—l—Qm‘
Now notice that there exist r—Tln—m) elements o € A(A, ) such that o does not contains
sy and {(c) = m > 0, while max{{(c) : ¢ € A(X, ) not containing s,} = |“5*]. So we
may compute that

> (D)o, (a(A+p) —p—p) (16)

o€A(N 1)
not containing s,

155+

SCa M e (R Vi (R

Applying (13) to Equation (12) yields

155+

NI (r w7 m) ¢ (14 q) T =g Z ¢ (18)

m -
m=0 =1

The result then follows from (14) and (18) since

mg(\, 1) = > (D) (0(A+p) = p— )

o€A(N 1)
not containing s,

+ > (D) Dpa(N+p) = p—p)

o€A(N )
containing s,

:qZkiqi _qzkrzlqi
i=1 i=1

—

Part (2) follows directly from the fact that in this case A(lwoy, p) = 0.

Part (3). In this case o € A(\, p) is of the form o = s;,8;, - - - 54, With 2 < iy, 49,. ..,y <

r are nonconsecutive integers or o = s;,8;, - - S;,, 5253 With 5 < 41,49,...,7, < 7 are

nonconsecutive integers. We consider cases depending on whether o € A(\, 1) contains

s, or not, and whether it contains one of sg, s3, or s»s3, or contains none of them. Then

using the same techniques as we did in Part (1) of this proof we can compute the value

of the g-multiplicity by taking the sum of the terms given in Table 1, where

f(q@) = 9,((2) + 4k)oq + (2k — 1)aw) 4+ 9,((2) + 4k + 1)aq + (2k — 1)aw)
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2k+1

9(q) = q2j+4k+1 Z qi
i=1
2k—1

p(q) = q2j+4k+1 Z qi
i=1

hq) = 9q((25 + 4k)ay + 2kag) + ©,((25 + 4k + D)oy + 2kay)
+ 04((2) + 4k + 1)ow + (2k + 1)ag).

Thus the ¢g-multiplicity can be computed by taking the sum of the terms in the Table 1
which establishes

meAp) = > (=)o o\ +p)—p—p)
ceA\ W)

= ¢ [q(h(q) — f(@)) + (p(q) — 9(q))]

— g3 [q <q2j+4k(q2k) 4 q2j+4k<q2k+1 4 q2k)) _ kL (q% n q2k+1)]
— g3 [q2j+6k+l}

— Ok 0

Z (=)o, (a(X+ p) — p— p) when | o contains s, | o does not contain s,

€A ) . 5
o contains ss f(q) Z qi —f(q) Z qi
= ]
o contains ss 9(q) Z qi —9(q) Z qi
= =
o contains s,S3 —p(q) Z q p(q) Z ¢
= =
o does not contain s, S3, Or S953 —h(q) Z qi h(CI) Z qi
i=1 i=1

Table 1: Computing parts of the ¢g-multiplicity on subsets of A(\, ).

5.3 Type G,

In this section we provide a formula for the g-multiplicity of the pairs of weight described
in Theorem 3.

Theorem 6. Let A = lwy with £ > 1 be a weight of Gs. If u = myw; + mows,, where
my, mg € Zso and 3¢ — 1 = 2my + 3ma, then my (A, p) = ¢" " where m; = 3n + 1.

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(4) (2019), #P4.17 26



{o1, o2}

/\ o

{Ul} — {0'07 0'1} o

VAP

{03} 0 {00} 09 1= 5152

AVAN o

{os, 0} — (5} {05} {05, 00} 04 = (8152)°

Figure 7: Hasse diagram of the Weyl alternation sets A(\, 0) of Lie algebra of type As.

Proof. Since the positive roots of Gy are T = {1, ag, a3 + g, 2011 + an, 31 + g, 3y +
2a5} and by Proposition 19 we have that if A = fws with £ > 1 and p = mywoy + maws,
where my,mg € Z>o and 3¢ — 1 = 2m; + 3my, then

mg(A 1) = (=1)°0g(1A + p) = p— ) + (=1)' 9y (s1(A + p) — p — 1)
= pg(a1 + (n+ D)ag) — pg((n + 1)as)
— (qn+2 4 qn+1) _ qn+1
— qn+2
as claimed. 0

6 Future Work

We provide a few directions for future study. The first direction would be to provide a
proof of Conjecture 7. Note that in Appendix B we provide ample evidence in support of
this conjecture, yet the complication remaining is that the Weyl alternation sets are very
complicated to compute for all remaining multiplicity one pairs of weights given in [1].

Another interesting direction for research is to study the Weyl alternation poset. This
is the poset arising from the set containment of the Weyl alternation sets A(\, p) for all
integral weights of a Lie algebra. By fixing u = 0 and varying X in the integral weight
lattice, Figures 7, 8, and 9 illustrate the Weyl alternation posets of the Lie algebras of
type A, By and Gs, respectively.

Studying these posets opens a new avenue for research in this field.
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A Tables of Weyl alternation sets

In this section we consider the Lie algebras of type B, (with 2 < r < 6) and provide
tables for the value of m, (A, ) for pairs of weights A = ¢y (with 1 < ¢ < 10) and g
such that m(\, u) = 1 along with the Weyl alternation sets. Note that for ¢ € Z-q the set
M, denotes the set of weights p for which m(¢cwy, u) = 1. These tables show the rapid
growth of the Weyl alternation sets and illustrate the complication in the description of
its elements.

£ = 0 q2 1, S9o
(=3 2w, ¢ |1
(= 2001 q 1,59
£=5 410, q* 1,59
(= 2w + 2w 7 1,59
=5 4w1 q2 ]-a 52
(= 6705 q 1, 89
(=7 | 2w + 4w, ¢ L, s9
(= 4@1 + 2@2 q3 1, So
(=7 6oy q2 ]-a 52
=9 8wy q° 1, 59
(=9 | 2w + 6w, ¢ 1,59
=9 4wy + 4oy q4 1, 59
(=9 | 6w + 2wy 7 1,59
=9 8wy q 1, 59
A = lwy we M, mg(A p) | o€ A\, w)
(=1 0 ¢ 1,89, 83
(=3 20, @ 1, 59,83
(=4 2w q° 1, 59, 53, 5283
(= 2w, 7@ 1, 89, 83
(=5 4w, @ 1, 59,83
=6 2w + 2w; q° 1, 59, 53, 5253
(=7 4o, 7 1, 59,53, 5283
(=7 200, + 209 7 1,59, S3
(=7 6o, @ 1,589,583
(=38 2wy + 2w; a 1, 59, 53, 5283
(=8 4oy + 2003 q° 1, 89, 53, 5253
/=9 2t + 4wos q° 1,89, 83, 8253
(= 4o, q 1,589,583
(=9 4wy + 2wy 7 1, 80, 83
(=9 8wy 7 1, 59, 53
=10 603 q“? 1, 59, 53, 5253
£=10 | 2w + 209 + 2003 7 1, 89, 53, 5253
¢ =10 6w + 2003 q° 1, 89, 53, 5253
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A=lw | peM, |my(\u)|oe A\ pu)
{= 0 q4 1"92783754’3432
= 2w, q* 1, 83, 83, 54, 5452
= 5 2’@4 qIO ].,82,83,84,3283,8482,8382,83847328382,823384
= 5) 2@2 q6 1,82,83,84,8482
=5 4oy q* 1, s, 83, S4, S452
(=7 | 2w + 2wy q" 1, 89, 83, 54, 5253, 5452, 5352, 5354, 525352, 525354
(=17 2@3 qlo 17827837S4a528375452
(=17 2@1 +2WQ q6 1,82,5378478482
(=17 6@1 q4 1782,83784,8482
= 9 4W4 q16 17 59,83, S4, S2853, S459, S3S2, 354, $95359, S25354, 535459, S2535452
(=9 | 2w+ 2wy q*? 1, 89, 83, 54, 5253, 5452, 5352, 5354, 525352, 525354
(=9 | 4w +2my q" 1, 82, S3, S4, $283, S4S2, $352, $354, 525352, 525354
=0 2wl + 2w3 qIO 1,32,53754,5283,8452
(=9 4@2 q8 1,82,83,5478482
= 9 4w1 aF 2’122 q6 1,82,83,84,8482
(=9 8w q* 1, $9, 83, S4, S452

A=Alw | peM, | my\pu)|oe AN u)
(=1 0 q° 1, 89, S3, 84, S5, 5452, 5552, 5553
=3 2wy ' 1, 89, 83, S4, S5, S452, S552, 5553

{=5 2t09 q 1, 89, S3, S4, S5, S452, S5S2, S5S3

! = 4w1 q5 1,52,53,54,55,5452,555275583

(=6 205 gt 1, 89, 83, 84, 55, 5253, 5452, 5552, 5352, 5354, 5553, 5453,
5485, 528352, 525354, 555283, 545253, 545552, 535452, $55352,
535453, 535455, 52535452, 55525352, 52535453, 52535455

=1 203 q"! 1, s9, 83, S4, S5, S283, S459, S5S2, S553, S55253

= 2w, + 2ty q’ 1, 55, 53, 54, S5, 5453, S552, 5553

= 6701 q° 1, 89, S3, 84, 55, 5452, 5552, 5553

(=8 | 2w + 2w; q'® 1, 89, 83, S4, S5, 5253, 5452, S552, S352, S354, 5553, 5453,
5455, 525352, 525354, $55253, 545253, 545552, 535452, 555352,
5354853, 535455, 52535452, 55525352, 52535453, 52535455

(=9 204 q'" 1, 55, 53, 54, 85, 5253, 5452, S553, 5352, 5354, 5553, 525352,
525354, 555253, 535452, 555352, 52535452, 55525352

/=9 2w1 +2w3 qn 1,52,53,54,55,5283,545275582,8583,858283

(=9 4o, q° 1, 89, S3, 84, 55, 5452, 5552, 5553

(=9 | 4w + 2w q 1, 89, 83, S4, S5, S4S2, S552, S5S3

=9 S, 7 1, 55, 83, S4, S5, 5452, S552, S553

? =10 2@2 + 2@5 q” 1,82,83,84,85,8253,848278582,8352,5354,5583,8483,8485,
525352, 525354, 555253, 545253, 545552, 535452, 555352, 535453,
535455, 52535452, 55525352, 52535453, 52535455

(=10 | 4wy + 2ws q'® 1, 89, S3, S4, S5, 5253, 5452, 5552, S352, S354, 5553, S453, 5455,
525352, 525354, 555253, 545253, 545552, $35452, 555352, 535453,
535485, 52535452, 55525352, 52535453, 52535455
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o€ A\ p)

1, 59, 83, 84, S5, 56, 5452, 5552, 5652, 5553, 5653, 5654, 565452

1, 59, 83, 54, S5, S6, 5452, 5552, 5652, 5553, 5653, 5654, S65452

1, 52, 83, 84, S5, 56, 5452, 5552, 5652, 5553, 5653, 5654, 565452

1, 59, 83, 54, S5, S6, 5452, S552, 5652, 5553, 5653, 5654, S65452

1, 82, 83, 84, S5, 56, 5253, 5452, 5552, 5652, 5352, 5354, 5553, 5653,
5453, 5455, S654, 5554, S556, 525352, 525354, 555253, 565253,
545253, 545552, 565452, 555452, 555652, 535452, 555352, 565352,
535453, 535455, 565354, $55354, 55653, S45352, 545553, 565453,
548554, 545556, 52535452, $5525352, S6525352, $2535453, 52535455,
56525354, 55525354, 55565253, 54525352, 54555253, 56545253,
54555452, $4555652, 53545253, 53545552, S6535452, §5535452,
55565352, 3545352, 53545553, $6535453, 53545554, 53545556,
56545352, $253545253, 5253545552, §652535452, 5552535452,
5556525352, 5253545352, 5253545553, 5652535453, 5253545554,
5253545556, 5654525352, 5354525352, S653545253, 5354555452,
5653545352, 525354525352, S65253545253, 25354555452,
565253545352, 565354525352, 5525354525352

(=17 QW3

1, 89, 83, 84, S5, S6, 5253, 5452, 5552, 5652, 5553, 5653, S654,
555253, S65253, S65452

(=17 2w1+2w2

1, 59, 83, 54, S5, S6, 5452, 5552, 5652, 5553, 5653, 5654, S65452

(=17 6131

1, 82, 83, 84, S5, S6, S452, S552, S652, 5553, 5653, 5654, S65452

(=9 2w1+2w6

1, 89, 83, 54, S5, 56, 5253, 5452, 5552, 5652, 5352, 5354, 5553, 5653,
5483, 8455, 8654, S554, S556, 525352, $25354, 55253, S65253,
545253, 545552, 565452, 555452, 555652, 35452, 555352, 565352,
535453, 535455, 565354, 555354, 555653, 545352, 545553, 565453,
548554, 545556, 52535452, 55525352, S6525352, $2535453, 52535455,
56525354, S5525354, 85565253, 54525352, S4555253, S6545253,
54555452, 54555652, 53545253, 53545552, 56535452, 55535452,
55565352, $3545352, 53545553, 56535453, S3545554, §3545556,
56545352, $253545253, 5253545552, 5652535452, 5552535452,
5586525352, 5253545382, 5253545553, 652535453, $253545554,
5253545556, 5654525352, 5354525352, 5653545253, 5354555452,
5653545352, 525354525352, S65253545253, 25354555452,
565253545352, S65354525352, 5525354525352

(=9 2@4

18

1, 59, 83, 54, S5, S6, 5253, 5452, 5552, 5652, 5352, 5354, 5553,
5653, 5654, 525352, 525354, 555253, 565253, 565452, 535452
5558352, 565352, 865354, 52535452, S5525352, S6525352,
56525354, 56535452, 5652535452

(=9 2w + 2ws3

12

1, 89, 83, 54, S5, 56, 5253, 5452, 5552, 5652, 5553, 5653, S654,
555253, S65253, S65452

(=9 4WQ
€=9 4@1+2W2

10

o R

1, 89, 83, 54, S5, S6, 5452, 5552, 5652, 5553, 5653, 5654, S65452
1, 59, 83, 84, S5, 56, 5452, S552, 5652, 5553, 5653, 5654, 565452

(=9 8w1

o)

1, 89, 83, 54, S5, S6, 5452, 5552, 5652, 5553, 5653, 5654, S65452
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B Tables in support of Conjecture 7

In this section we consider the Lie algebra of type A, (1 < r < 10) and provide tables
for the value of my(A, ) for pairs of weights A = ¢ (with 1 < ¢ < 10) and g such that
m(A, ) = 1. Note that for ¢ € Z~o the set M, denotes the set of weights p for which
m({wy, ) = 1. In all of these cases note that m,(A, i) is a power of g.

A=twy | pe M mg (A, 1) | JA, @)l
w1 w1 1 1
2w1 0 q 1
2’@1 2@1 1 1
3w1 w1 q 1
3wy 3oy 1 1
4w1 0 q2 1
4oy 2w q 1
4oy 4oy 1 1
Sty w1 q° 1
5W1 3w1 q 1
51 5Yovit 1 1
601 0 q° 1
6w1 2@1 q2 1
6@1 4w1 q 1
6w1 6@1 1 1
7’W1 w1 q3 1
7w1 3w1 q2 1
Tty Yoot q 1
7w1 7@1 1 1
8wy 0 q* 1
8w1 2w1 q3 1
8’@1 4@1 q2 1
8w1 6W1 q 1
8wy 8wy 1 1
9w1 w1 q4 1
9o, 3w q> 1
94 5toq q2 1
94 T, q 1
9W1 9w1 1 1

10w 0 q 1
l(le 2@1 q4 1
10w1 4@1 q3 1
10w1 6@1 q2 1
10@1 8@1 q 1
10ty 10w 1 1

A=Vlwy | pe M, mg(A, 1) | A, p)
w1 w1 1 1
201 o q 1
2w 207 1 1
Jwoy 0 q3 2
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Type A, table
A=lw | pe M | mg(A i) [ JA, )]
3wy w1 + w2 q 1
3oy 3wy 1 1
4@1 w1 q3 2
4oy 2w09 q° 1
4o 2t01 + wo q 1
4oy 4oy 1 1
5% 7ot o q4 2
5@’1 2@1 q3 2
5Yoot w1 + 2w q2 1
5Yeoal 3w + wo q 1
5%eval 5w 1 1
6@1 0 q6 2
6@1 w1 + W2 q4 2
6@1 3w1 q3 2
6w 3wy 7 1
601 2wy + 2wy q° 1
6’@1 4@1 + o q 1
6@1 6w1 1 1
7’@1 w1 qG 2
7W1 QWQ q5 2
T 2w + wo q4 2
7w1 4w1 q3 2
T w1 + 3wy q3 1
T 3w + 29 q° 1
T, S5w1 + wa q 1
Tty Tw1 1 1
8‘(7)1 w2 q7 2
8w 2w q6 2
8w w1 + 2w q5 2
8@1 3@1 + e q4 2
8@1 5w1 q3 2
8@1 4@2 q4 1
8wy 2w + 3o q° 1
8’@1 4@1 + 2@2 q2 1
8wy 6w + wo q 1
8wy 8w 1 1
9@'1 0 q9 2
9’@1 w1 + w2 q7 2
9W1 3w1 q6 2
9@1 3’@2 q6 2
9oy 2w + 2009 q° 2
901 4ty + g qt 2
9, 601 q° 2
9w, w1 + 4tog qt 1
9@1 3@1 I 3WQ q3 1
9, 5wy + 2w q2 1
9@1 7@1 + g q 1
9@'1 9@1 1 1
10w, w1 q9 2
107, 209 q° 2
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A=l M e ME mq()‘a ,U’) |A()‘7 :u)|
10zo; 2w + wo q’ 2
10w, 4oy q° 2
100 w1 + 3wy q6 2
10w, 3w + 2wy q5 2
100 Sw1 + wo q* 2
10w, T, @ 2
10w, 5t q° 1
10w 2w + 4wy q4 1
10w, 4wy + 3wo q3 1
10w 601 + 29 q2 1
10w1 8w1 + oo q 1
10w1 10w1 1 1

A=l u € M, mq()\v /’l’) |'A()‘7 ,U,)|

w1 w1 1 1
2w o) q 1
2w1 2@1 1 1
3w w3 q3 2
3wy w1 + o q 1
3w1 3W1 1 1
4w1 0 q6 4
4@1 w1 + W3 q3 2
4o, 209 q° 1
4@1 2@1 + oo q 1
4w1 4@1 1 1
5W1 w1 q6 4
5ty wo + w3 q4 2
Swq 2t01 + w3 q3 2
5ty w1 + 2wo9 q2 1
S 3w + wo q 1
5w1 5w1 1 1
6w o q’ 4
6w1 2w1 q6 4
64 2wg q6 2
6o, w1 + s + w3 q* 2
604 3wy + w3 q3 2
601 3o q° 1
6t 2w + 2w q2 1
6@1 4w1 + o q 1
6w1 6w1 1 1
T w3 q9 4
T w1 + o q’ 4
T 3w q° 4
Two1 w1 + 2w03 q° 2
Ttoy 2wy + ws q5 2
T 2t01 + wo + w3 q4 2
Tooy 4oy + ws q3 2
Two, w1 + 3wos q3 1
Tooy 3w + 2o q> 1
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Type A3 table
A=lw | pe M | mg(A i) [ JA, )]
Tt 5w + wo q 1
7@1 7’@1 1 1
8wy 0 q12 6
8w w1 + w3 q9 4
8wy 2w9 q8 4
8wy 2w + wo q7 4
8w 4o, q6 4
8w wo + 23 q7 2
8wy 2w + 2w3 q6 2
8wy w1 + 2wy + w3 q5 2
8w 3w + ws + w3 q* 2
8wy S + ws q° 2
8@1 4@2 q4 1
8wy 21 + 3o q° 1
8’@1 4@1 + 2@2 q2 1
8wy 6w + wo q 1
8wy 8w 1 1
9701 w1 q*? 6
9’@1 wy + w3 q10 4
9o, 2w + w3 q° 4
9, w1 + 2w q8 4
9o 3w + wo q’ 4
9w1 5’@1 q6 4
9@1 3W3 qg 2
9w, w1 + wy + 2w3 q7 2
9w, 3w + 2w3 q° 2
9, 3ws + ws q6 2
9w 2w + 2wy + w3 q° 2
9, 4ty + wo + w3 q4 2
9W1 6@1 + w3 q3 2
9, w1 + 4wos q4 1
9w, 3w + 3wa 7 1
9w, 5wy + 2w q2 1
9W1 7@1 + g q 1
977]1 9w1 1 1
10@1 w9 q13 6
1001 2t01 q12 6
10@1 2@5 q12 4
100, w1 + o + ws g™ 4
10w, 3wy + ws q9 4
10w, 3o q9 4
10w 2w + 2w q8 4
10w1 4@1 + wao q7 4
10w 6w q6 4
10w1 w1 + 3@3 qg 2
10z 2ws + 23 ¢ 2
10w, 2w + wo + 2w3 q7 2
10t 4oy + 203 q° 2
10w, w + 3ws + w3 q° 2
10z, 3w + 2wy + w3 q5 2
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A=l M e ME mq(/\a ,U’) |A()‘7 :u)|
10zo; 5w + wa + w3 q* 2
10w Twy + ws q3 2
10w1 5WQ q5 1
10w, 2wy + 4wy q4 1
100 4oy + 3w q° 1
10w, 601 + 2w q2 1
10, | 8wy + w2 q 1
10w 10wy 1 1

A=l € M, mq()‘v /“l') |A()\’ :u)|

w1 w1 1 1
2w1 w2 q 1
2@1 2@1 1 1
3wy w3 q° 2
3w w1 + wa q 1
3W1 3w1 1 1
4oy Ty q° 4
4o w1 + W3 q3 2
4oy 2w09 q° 1
4@1 2@1 + oo q 1
4w1 4@1 1 1
5ty 0 q'° 10
5toq w1 + s q° 4
5w wo + w3 q4 2
5toq 2w01 + w3 q3 2
Swq w1 + 29 q2 1
5ty 3wy + o q 1
51 5t 1 1
601 w1 gt 10
64 Wy + Wy q7 4
6701 21 + wy q° 4
6o 2t3 q° 2
6701 w1 + we + w3 q* 2
64 3wy + w3 q3 2
6w1 3WQ q3 1
6o 21 + 2w, q° 1
6oy 4wy + we q 1
6w1 6@1 1 1
7w1 w2 q“ 10
Tooy 2001 q'° 10
Tty w3 + Wy q° 4
Too, w1 + Wy + Wy q’ 4
Twq 3w + wy q6 4
Two1 w1 + 23 q6 2
Ty 2wy + ws q5 2
T 2w + wo + w3 q4 2
Tooy 4wy + w3 q> 2
T w1 + 3w q 1
Tooy 3w + 2o q> 1
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Type A4 table
A=lw | pe M | mg(A i) [ JA, )]
Tt 5w + wo q 1
7@1 7’@1 1 1
8wy w3 q13 10
8w w1 + Wy q11 10
8@1 3@1 q10 10
8@1 2@4 q12 6
8w w1 + w3 + w4 q9 4
8w 2wy + wy q8 4
8wy 2w + wo + wy q7 4
8wy 4w + wy q° 4
8w wo + 2w03 q7 2
8wy 2w01 + 2w3 q° 2
8@1 w1 + 2’@2 + w3 q5 2
8wy 3w + we + w3 q4 2
8’131 5@1 + w3 q3 2
8@1 4WQ q4 1
8wy 2w + 3wg 7 1
8wy 4o + 209 q2 1
8@1 6@1 + e q 1
8@1 8w1 1 1
9, Ty q16 12
9o w1 + w3 gt 10
9w, 2009 q12 10
9t 2w + wo qll 10
9@'1 4@1 q10 10
9@1 w1 + 2@4 q12 6
9, wo + w3 + w4 q10 4
9w 2w + w3 + wy q9 4
9w, w1 + 2wy + wy q8 4
9W1 3@1 + o + w4 q7 4
9, S + Wy q° 4
9wy w3 q° 2
9w, | w1 + w2 + 23 q 2
9W1 3@1 aF 2@3 q6 2
91 3wy + w3 q6 2
9’@1 2@1 +2’WQ + w3 q5 2
9o, 4ty + wo + w3 q* 2
9@1 6@1 + w3 q3 2
9o, w1 + 4oy q4 1
9, 3wy + 3w q 1
9w, 5ty + 2o q2 1
9w, T + wo q 1
9y 9w 1 1
10w, 0 q*° 18
10w1 w1 + w4 qu 12
10w wo + w3 q14 10
10wy, | 2wy + w3 g™ 10
10w w1 + 2w q*? 10
10w, | 3wy + w2 gt 10
10z, 5w gt 10
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A = lw, 1S M, mq()‘hu) |~A( ,,u)|

A
10w, wy + 2wy g™ 6
10w, 2001 + 2004 q'? 6
10 2w03 + w4 qt? 4
10w, | @1+ w2 + w3+ q*° 4
Wy
100, 3w + w3 + ws q° 4
10wy 3wo + wy q° 4
10w, 2w + 209 + wy q8 4
10wy 4oy + wae + Wy q7 4
100y 6701 + w4 q° 4
100, w1 + 33 q° 2
10w, 2wy + 203 ¢ 2
100, 2w1 + o + 203 q’ 2
10w, 4wy + 2w; q° 2
1001 w1 + 3ws + w3 q° 2
10y | 3wy + 2ws + w3 q 2
100 Sw1 + wa + w3 q* 2
10w, T + ws q3 2
10w, 5t q° 1
10w, 2w + 4wy q4 1
1001 4wy + 3wo q3 1
10w 601 + 2w q2 1
10w, 8wy + wso q 1
10w1 10w1 1 1
A=lw | peMy mQ()‘v D) |'A()" )|
w1 w1 1 1
2w o q 1
2w1 2@1 1 1
3w w3 q3 2
3w w1 + wa q 1
3W1 3W1 1 1
4oy Ty q° 4
4W1 w1 + W3 q3 2
4w1 2@2 q2 1
4@1 2@1 + oo q 1
4w1 4@1 1 1
5’W1 (7% q10 10
Sty w1 + Wy q6 4
S wo + w3 q4 2
5t 2ty + w3 q 2
S w1 + 29 q2 1
Sty 3wy + wo q 1
S5to1 5t 1 1
601 0 g™ 26
6oy w1 + ws q'° 10
601 Wy + w4 q’ 4
6o 2t01 + wy q6 4
6701 2003 q° 2
601 w1 + wy + w3 q4 2
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Type As; table
A=lw | pe M | mg(A i) [ JA, )]
6701 3w + w3 q3 2
6w 3wy q3 1
601 2w + 29 q> 1
6701 4toy + e q 1
6oy 61 1 1
7@'1 w1 q15 26
T wo + ws gt 10
Two1 2w1 + ws q'° 10
T w3 + Wy q9 4
T, w1 + wo + w4 q7 4
7@1 3@1 + w4 q6 4
Twoq w1 + 23 q6 2
7@1 2@2 + w3 q5 2
Twoq 2w + woy + w3 q4 2
7@1 4@1 + w3 q3 2
Twoq w1 + 3ws q3 1
7’@1 3@1 aF 2@2 q2 1
Tt 5w + wo q 1
Tty T 1 1
8wy o q16 26
8@1 2’@1 q15 26
8wy w3 + ws g™ 10
8w w1 + wy + ws q11 10
8wy 3w + ws q10 10
8@1 2@4 q12 6
8wy w1 + w3 + w4 q9 4
8w 2wy + wy q8 4
8w 2w + wo + wy q7 4
8wy 4w + wy q° 4
8w woy + 2w03 q7 2
8wy 2w + 2w3 q° 2
8@1 w1 + 2’@2 + w3 q5 2
8wy 3w + we + w3 q4 2
8’131 5@1 + w3 q3 2
8@1 4WQ q4 1
8wy 2w + 3wg 7 1
8wy 4o + 209 q2 1
8@1 6@1 + o q 1
8@1 8w1 1 1
9, w3 q18 26
9o w1 + ws q'® 26
9w1 3’@1 q15 26
94 w4 + w5 gt 12
9w, w1 + w3 + w5 q13 10
9w, 2wy + ws o 10
9w, 2w + ws + ws q11 10
9@1 4@1 + s q10 10
9, w1 + 2wy q*? 6
9W1 Wy + W3 + W4 q10 4
9, 2w + w3 + Wy qg 4
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Type As; table
A=lw | pe M | mg(A i) [ JA, )]
9oy w1 + 2w + wy ¢ 4
9, 3w + @ + Wy q’ 4
9o, 5w + wy q° 4
9w, 3ws q9 2
9o, w1 + sy + 2w3 q7 2
901 3wy + 23 q° 2
9w1 3WQ + w3 q6 2
9w, 2w + 2w + w3 q5 2
9w, 4wy + wy + w3 q4 2
9, 6w + ws q° 2
9W1 w1 + 4@2 q4 1
9, 3wy + 3ws q° 1
9@1 5@1 aF 2@2 q2 1
9w, Tw1 + wa q 1
9oy 9w 1 1
10w, Wy q21 30
10, | @y + w3 q'® 26
10zo; 209 q17 26
10w, | 2o01 + w2 q'® 26
10zo; 4o q15 26
10w1 2’@5 q20 18
10w, w1 + w4 + ws q'o 12
10w wo + w3 + ws q14 10
10w, | 2wy + w3 + @5 g™ 10
10w w1 + 2wy + ws q12 10
10w, | 3wy + @ + @5 g™ 10
10w, 5wy + ws q10 10
10w, we + 204 g™ 6
10w 2w + 204 q"? 6
10@1 2@3 + w4 q12 4
100y w1 + s + w3 + q' 4
Wy
10w, 3w + w3 + wy q9 4
1001 3ty + oy qg 4
10w, 2w + 209 + wy q8 4
10w, 4oy + wo + wy q7 4
10w, 6w + wy q6 4
10w, w1 + w3 q9 2
1004 29 + 203 ¢ 2
10w, 2w + wo + 2w3 q7 2
10w 4woq + 203 q6 2
10w, w1 + 3ws + w3 q6 2
10w 3w + 2o + ws q5 2
10@1 5@1 -+ T2 -+ w3 q4 2
10w Twi + w3 q3 2
10@1 5@2 q5 1
10w, 21 + 4o q4 1
10@1 4@1 + 3@2 q3 1
1007 6t + 209 q2 1
10@1 8@1 + (D) q 1
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A=Vlwy | p€ My A ]
{= w1 1 1
{= w2 q 1
{= 2w 1 1

=3 w3 q3 2

=3 w1 + w2 q 1
/=3 3w1 1 1

=4 wy q° 4
(=4 w1 + w3 q° 2
=4 2w q° 1
=14 2w1 + o q 1
/=4 4@1 1 1
=5 ws q'° 10
{=5 w1 + Wa q6 4
/=5 wsy + w3 q* 2
/=5 2w01 + w3 q3 2
=5 w1 + 2w q> 1
=5 3wy + wo q 1
=5 5Yeval 1 1
=6 we g™ 26
=6 | o +ws q'° 10
(=6 wo + Wy q7 4
=6 2t01 + wy q° 4
{=6 QW3 q6 2
{=6 | o +wy+ws qt 2
{=6 3w + w3 q3 2
=6 3ws @ 1
(=6 2w + 2w q° 1
/=6 4oy + wo q 1
/=6 6@1 1 1
=17 0 q*! 86
=17 w1 + We q15 26
L=17 w2 + w5 qll 10
L=1 2w + ws qlo 10
L=17 w3 + Wy q9 4
=17 w1 + o + Wy q’ 4
=17 3wy + wy q6 4
=7 | @ +2w;3 q° 2
=17 2w + w3 q5 2
=7 2ty + wo + ws q4 2
=17 4ty + w3 q3 2
=7 | w1+ 3w q 1
=17 31 + 2o q> 1
=7 Sy + wa q 1
=17 7w1 1 1
=38 w1 q21 86
=8 wo + wWe q16 26
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Type Ag table

A=lw | pe M | mg(A i) [ JA, )]
{ =28 2w + wg g 26
=8 w3 + w5 gt 10
{ =28 w1 + w2 + w5 q11 10
{=38 3@1 + ws q10 10
{ =28 2w04 g2 6
/=38 w1 + w3 + wy q9 4
=38 29 + wy q8 4
(=38 2w01 + we + s q’ 4
{=38 4@1 + Wy q6 4
/=38 wo + 23 q7 2
=38 2@1 + 2@3 q6 2
/=38 w1y + 2wy + w3 q5 2
{=38 3wy + we + w3 q* 2
/=38 Sy + ws q3 2
(=28 4oy q* 1
(=38 2w, + 3wos q° 1
(=28 4wy + 2w, q° 1
{ =28 6w + wo q 1
{=38 8w 1 1
/=9 g q*? 86
£=9 | 2w q*! 86
/=9 w3 + wg q'® 26
/=9 w1 + wo + wg q16 26
/=9 3w + wg q*? 26
/=9 w4 + w5 q'e 12
=9 w1 + w3 + w5 gt 10
/=9 20y + s q'? 10
/=9 2@1 + w2 + w5 qu 10
/=9 401 + ws gt 10
{=9 w1 + 2wy q'? 6
=9 wo + w3 + w4 q10 4
{=9 2t01 + w3 + wy q° 4
/=9 w1 + 2wy + Wy q8 4
(=9 3wy + wo + wy q’ 4
/=9 S5 + g q6 4
=9 3@3 qg 2
/=9 w1 + sy + 23 q7 2
£=9 3wy + 203 q° 2
£=9 3ws + w3 q6 2
=9 2t01 + 2o + ws q° 2
/=9 4oy + wo + w3 q4 2
/=9 6wy + w3 q 2
/=9 w1 + 4@2 q4 1
/=9 3w + 3o q 1
/=9 5wy + 2ws q° 1
/=9 T, + wo q 1
£=9 9o, 1 1
=10 | ws ¢t 86
¢ =10 w1 + w2 g2 86
=10 | 3w 21 86
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A =lw | pe M mqg(A,p) | [AQA p)|
=10 | w4+ wg g*" 30
=10 | wyi + w3+ ws q'® 26
f =10 2w9 + wg 7 26
=10 | 2wy + ws + wg q'® 26
6 =10 4w1 =+ We q15 26
=10 | 2w; q*° 18
¢ =10 w1 + wy + w5 q16 12
=10 | ws + w3+ ws g 10
(=10 | 2w + w3 + ws q 10
=10 | wq + 2ws + w5 q'? 10
6 =10 3w1 -+ p) -+ wWs qll 10
=10 | 5wy + ws q'° 10
=10 | wq + 2wy gt 6
=10 | 2wy + 2w, gt 6
/=10 2ws + wy q12 4
? =10 w1 + wo + w3 + w4 q10 4
=10 | 3wy + w3 + wa q° 4
? =10 3wy + wy qg 4
/=10 2w + 2w + wy 7 4
? =10 4ty + o + wy q7 4
=10 | 6oy + w4 q° 4
? =10 w1 + w3 qg 2
=10 | 2wy + 2ws3 7 2
¢ =10 2w + wo + 2w3 q7 2
=10 | 4wy + 2w3 q° 2
=10 | @i + 3wy + w3 q° 2
=10 | 3wy + 2w + w3 q° 2
(=10 | 5wy + wa + w3 q* 2
=10 | Twy + w3 @ 2
=10 | 5wy q° 1
f=10 2t01 + 4tos q* 1
ﬁ =10 4@1 -+ 3WQ q‘3 1
? =10 601 + 2w09 q2 1
=10 | 8w + ws q 1
=10 | 10wy 1 1

A= éwl 1S Mf mq()‘a ,U,) |A()‘7 :u)|
=1 w1 1 1
=2 w2 q 1
=2 2w1 1 1
(=3 w3 o 2
/=3 w1 + w2 q 1
£ =3 3W1 1 1
=4 Wy q6 4
=4 w1 + w3 qd 2
=4 2w, q° 1
{ =14 2t01 + wa q 1
=4 4o, 1 1
=5 ws q'° 10
=5 w1 + w4 q° 4
=5 | wy+ w3 q* 2
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A=lwy | p €M mg(A,p) | A, B
=5 2w + w3 q3 2
/=5 w1 + 23 q> 1
/=5 3o + wo q 1
=5 Sy 1 1
{=6 we g™ 26
(=6 | o +ws q'° 10
(=6 e + w4 q’ 4
/=6 2t01 + wy q6 4
/=6 2w?, qG 2
/=6 w1 + Wy + w3 qt 2
=6 | 3w +ws 7 2
(=6 3@2 q3 1
{=6 2wy + 2ws q° 1
/=6 4ty + g q 1
=6 6o 1 1
=7 Ty q*t 86
=7 | @ +ws g 26
=7 oy + s gt 10
=7 2w + ws qu 10
=17 w3 + Wy q9 4
£=7 | w1+ s+ s q’ 4
=17 31 + wy q6 4
=7 | @ + 23 q° 2
=17 2wy + w3 q° 2
=7 2w + wo + ws q4 2
L=17 4ty + w3 q° 2
=7 | @+ 3w q 1
=17 3wy + 29 q> 1
L=17 Sy + wa q 1
£ =7 7W1 1 1
/=8 |0 i 286
=38 w1 + w7t q21 86
/=38 wo + We q16 26
=38 2@1 + we q15 26
/=38 w3 + Ws q13 10
=28 w1 + wo + ws gt 10
/=38 3wy + ws q'o 10
(=8 | 2wy q'? 6
=8 w1 + w3 + Wy qg 4
=8 2t09 + wy q8 4
(=38 201 + o + Wy q’ 4
=8 4oy + wy q6 4
=28 wy + 2w3 q’ 2
=8 2w + 2tw3 q6 2
/=38 w1 + 2w + w3 q5 2
/=38 3wy + wo + ws q4 2
(=38 5w + w3 q° 2
(=38 4WQ q4 1
=38 2w1 + 3wa q° 1
/=38 4toy + 209 q2 1
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Type A7 table

)\Zéwl ‘ [LEM@

‘ mq(/\vﬂ) ‘ |A(/\7N>|
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{ =28 6w + wo q 1
{=38 8w 1 1
/=9 Al q*8 286
/=9 wy + wr q*? 86
£=9 2w1 + wry q21 86
/=9 w3 + we q'® 26
/=9 w1 + sy + wg q'® 26
/=9 3w + wg e 26
£=9 | w4+ ws q'® 12
£=9 w1 + w3 + w5 gt 10
(=9 2@2 + w5 q12 10
/=9 2t01 + wa + w; gt 10
=9 4@1 I @5 qlo 10
/=9 w1 + 2ty q*? 6
(=9 wy + w3 + wy q'° 4
(=9 201 + w3 + wy q° 4
=9 w1 + 2wg + oy q° 4
/=9 3w + wa + wy q7 4
£=9 5ty + Wy q° 4
=9 3W3 q9 2
£=9 w1 + ws + 2w3 q’ 2
(=9 3w + 23 q° 2
/=9 3wy + w3 q° 2
/=9 2@1—|—2W2+W3 q5 2
/=9 401 + wa + w3 qt 2
=9 | 6w +ws q 2
/=9 w1 + 4tos q4 1
/=9 3w + 3ws 7 1
=9 S5y + 29 q° 1
{=9 Ty + wo q 1
=9 9w1 1 1
=10 | wo g 286
=10 | 2w g8 286
£=10 w3 + wr q24 86
? =10 w1 + wey + wy g2 86
/=10 3wy + wr q21 86
? =10 w4 + g gt 30
=10 | wy + w3+ wsg q'® 26
? =10 2wy + wg g 26
/=10 2t + we + ws q'e 26
(=10 | 4w + ws q® 26
=10 | 2w; q*° 18
/=10 w1 + w4 + ws q'e 12
{ =10 wo + w3 + w5 q14 10
¢ =10 2w + w3 + ws g™ 10
=10 | wy + 2w9 + ;5 q'? 10
¢ =10 3wy + wo + ws g™ 10
{ =10 dw1 + ws q10 10
¢ =10 we + 204 g™ 6
f =10 2ty + 2wy q*? 6
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A =lw | pe M mqg(A,p) | [AQA p)|
f =10 2w3 + wy q12 4
=10 | i + @y + w3+ w4 q'° 4
/=10 3wy + w3 + wy qg 4
=10 | 3wy + wy q° 4
¢ =10 2w + 2w + wy q8 4
/=10 4oy + wa + wy q7 4
(=10 | 6wy + w4 q° 4
{ =10 w1 + 3ws q9 2
=10 | 2wy + 23 @ 2
{ =10 2w + we + 2w3 q7 2
=10 | 4w + 203 q° 2
f=10 w1 + 3wy + w3 q6 2
=10 | 3w + 2wy + w3 q° 2
f =10 5w + wo + w3 q4 2
(=10 | 7w + w3 e 2
=10 | 5wo q° 1
/=10 2w + 4wy q* 1
f =10 4wy + 3o q3 1
=10 | 601 + 2w q° 1
¢ =10 8wy + wao q 1
/=10 1001 1 1

A=Vlwy | p€ M, mg (A, 1) | JA, @)l
=1 w1 1 1
{=2 w2 q 1
/=2 2wy 1 1
=3 w3 q3 2
=3 w1 + wa q 1
=3 3w1 1 1
=4 Wy q6 4
=4 w1 + w3 q3 2
=4 2w q° 1
(=4 2w + wo q 1
=4 4@1 1 1
=5 ws, q™° 10
/=5 w1 + wa q° 4
=5 we + w3 q* 2
=5 2w01 + w3 q3 2
/=5 w1 + 29 q> 1
/=5 31 + wo q 1
£ =5 5W1 1 1
(=6 we g 26
(=6 | o +ws q' 10
=6 wo + Wy q7 4
{=6 2w01 + w0y q° 4
=6 2@3 q6 2
=6 w1 + wo + w3 q* 2
=6 3wy + w3 q3 2
=6 3@2 q3 1
(=6 2w + 2w q° 1
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Type Ag table
A=lw | pe M, | mg(A\ i) | A 1)

/=6 4ty + wo q 1
=6 6701 1 1
=T wy g*t 86
L="17 w; + we ae 26
=17 wy + w5 gt 10
L=17 2t01 + ws q'° 10
=7 | w3+ ws q° 4
{=17 w1 + wa + Wy q7 4
=17 3wy + wy q° 4
L=17 w1 + 2w3 q6 2
L=1 2wy + w3 @ 2
L=17 2w + woy + w3 q4 2
L=1 4w + w3 o 2
L=17 w1y + 3wa q3 1
=17 3w + 2wy q> 1
=17 5w + wo q 1
=17 Ttoq 1 1
{=38 ws g8 286
(=28 w1 + w7 q21 86
{ =28 wo + g q'o 26
=8 2ty + wg g 26
(=8 | w3+ ws g™ 10
{=38 w1 + Wy + w5 gt 10
{ =28 3w + ws g™ 10
=8 2004 q'? 6

=38 w1 + w3 + Wy qg 4
/=38 29 + iy qS 4
{=38 2@1+W2+’W4 q7 4
/=38 4ty + oy q6 4
=38 wo + 2w3 q 2
(=38 2w + 2w3 q° 2
{=38 w1 + 2wy + w3 q° 2
/=38 3w + we + w3 q4 2
=38 oty + w3 A 2
{=38 4WQ q4 1
(=28 2t + 3o 7 1
{ =28 4wy 4 2w q° 1
(=28 6wy + wo q 1
/=38 8w1 1 1
=9 0 q>6 1074
/=9 w1 + wg q*8 286
/=9 wy + wr q*? 86
=9 2w1 + wry q21 86
/=9 w3 + we q'® 26
/=9 w1 + s + wg q'® 26
/=9 3w + wg e 26
£=9 | w4+ ws q'® 12
=9 w1 + w3 + w5 gt 10
(=9 2@2 + w5 q12 10
/=9 2t01 + wo + ws gt 10
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Type Ag table
A=lw | pe M | mg(A i) [ JA, )]
/=9 4ty + ws q' 10
=9 w1 + 2wy q'? 6
/=9 wo + w3 + Wy qlo 4
/=9 2t01 + w3 + wa q° 4
(=9 w1 + 2009 + wy q° 4
/=9 3wy + wo + wy q’ 4
/=9 501 + w4 q° 4
(=9 3@3 qg 2
/=9 w1 + wsy + 2w3 q’ 2
=9 3wy + 2w3 q° 2
=9 3wy + w3 q° 2
/=9 2w + 2wy + w3 q5 2
{=9 4wy + wa + w3 q* 2
/=9 6w + ws q3 2
(=9 w1 + 4wa q* 1
/=9 3w + 3w q3 1
=9 o5ty + 2oy q° 1
/=9 Tw1 + wo q 1
=9 9w, 1 1
? =10 VAl q°0 1074
=10 | o+ wsg q*° 286
? =10 2t01 + wg 78 286
=10 | w3+ wr >t 86
¢ =10 w1 + wey + wy 72 86
{ =10 3wy + wr gt 86
=10 | w4+ wg gt 30
=10 | wy + w3 + ws q'® 26
=10 | 2w9 + wg q'" 26
{ =10 2t01 + wo + wg q'® 26
(=10 | 4w + ws q"® 26
=10 | 2w; g0 18
¢ =10 w1 + w4 + ws q'o 12
=10 | wy + w3 + ws g™ 10
£=10 2@1 + w3 + ws q13 10
? =10 w1 + 29 + ws q*? 10
/=10 3wy + we + ws gt 10
? =10 5w + ws q™0 10
/=10 wo + 204 q13 6
? =10 2ty + 204 g2 6
/=10 2t03 + wy q'? 4
(=10 | i + o+ w3+ w4 g™ 4
{ =10 3wy + w3 + wy q° 4
/=10 3wy + wy q° 4
{ =10 21 + 2w + wy q8 4
¢ =10 4oy + wo + wy q’ 4
=10 | 6wy + w4 q° 4
(=10 | wy + 3ws q° 2
=10 | 2wy + 2w3 q° 2
¢ =10 2w + wo + 2w3 q’ 2
¢ =10 4w1 + 2@3 q6 2
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A=Vlwy | pe M (A A, 1)
f =10 w1 + 3ws + w3 q6 2
=10 | 3wy + 2wy + w3 q° 2
/=10 S5w1 + wa + w3 q4 2
(=10 | 7w + w3 e 2
=10 | 5o q° 1
/=10 2w + 4wy q4 1
(=10 | 4wy + 3wy q° 1
{ =10 601 + 2w q2 1
=10 | 8w + wo q 1
¢ =10 10w, 1 1

A=twy | p€ My A,
=1 w1 1 1
{=2 w2 q 1
=2 2w 1 1
(=3 w3 i 2
=3 w1 + wa q 1
f =53 3w1 1 1
=4 wy q° 4
{=4 w1 + W3 q3 2
{=4 2@2 q2 1
=4 2w1 + oo q 1
=5 | ws q'° 10
/=5 w1 + Wy q6 4
(=5 wo + w3 q* 2
/=5 2w + w3 q3 2
=5 w1 + 23 q° 1
/=5 3wy + ws q 1
=5 51 1 1
=6 we q™ 26
=6 | o +ws q'° 10
= wo + Wy q’ 4
! = 201 + wy q6 4
=6 | 23 q° 2
{=6 | o +ws+ w3 qt 2
(=6 3wy + w3 q° 2
{=6 3wo @ 1
{= 2@1 + QWQ q2 1

=6 4wy + wo q 1
{= 60 1 1
=17 wr q*! 86
{ = w1 + wg g™ 26
=17 w9y + s q't 10
=7 | 2w + ws q'° 10
! = w3 + Wy q9 4

=7 | w+wy+ s q’ 4
=7 3wy + wy q6 4
=7 | @ + 23 q° 2

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(4) (2019), #P4.17




Type Ag table
A=lw | pe M, | mg(A\ i) | A 1)

(=7 2wy + w3 q° 2
=7 201 + wo + w3 q* 2
(=17 4t + w3 q° 2
L="17 w1 + 3wa q 1
=17 3w1 T 2@2 q2 1
=7 5to1 + o q 1
=17 Ttoq 1 1
(=38 ws g3 286
(=38 w1 + wr gt 86
/=38 wo + wWe q16 26
(=38 2w + wg g 26
/=38 w3 + wWs q13 10
{=38 w1 + wy + ws g™ 10
/=38 3wy + ws q' 10
=8 | 2w, q"? 6
{ =28 w1 + w3 + wy q9 4
(=28 2t09 + wy q° 4
{ =28 21 + wo + wy q’ 4
(=28 4wy + wy q° 4
(=38 wy + 2w3 q7 2
=8 2w + 23 q° 2
{ =28 w1 + 29 + w3 q° 2
{=38 3wy + wa + w3 qt 2
(=38 5@1 + w3 q3 2
(=38 4oy q* 1

=38 2w + 3o q3 1
(=38 4oy + 2009 q° 1
{=38 6wy + wo q 1
=8 8@1 1 1
(=9 g q°6 1074
/=9 w1 + Wy q28 286
=9 wo + Wt q22 86
/=9 2to1 + wr g*t 86
=9 | w3+ ws g™ 26
/=9 w1 + s + wsg q'® 26
=9 3wy + we g 26
(=9 Wy + Wh q16 12
£=9 w1 + w3 + ws g 10
/=9 2wy + ws q*? 10
=9 201 + wo + ws g't 10
/=9 4oy + ws q' 10
/=9 w1 + 2wy q'? 6
/=9 wo + w3 + Wy qu 4
=9 2t01 + w3 + Wy q° 4
/=9 w1 + 209 + @y q° 4
/=9 3wy + wo + wy q7 4
/=9 5ty + wy q° 4
=9 3@3 qg 2
{=9 w1 + wsy + 2w3 q’ 2
=9 3wy + 23 q° 2
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A=tlw | peM mq(A p) | A, 1)l
/=9 3wo + ws q6 2
=9 2w1 + 25 + w3 q5 2
/=9 4ty + wo + w3 q4 2
=9 | 6w+ ws @ 2
/=9 w1 + 4wog q* 1
=9 | 3w + 3wy q 1
/=9 S5y + 2w q> 1
=9 T + ws q 1
é =9 9w1 1 1
/=10 |0 e 4242
=10 | wy + wy q>° 1074
=10 | woy + g g 286
g = 10 2@1 —+ ws q28 286
=10 | w3+ wr >t 86
=10 | wy + wy + wr q*? 86
{ =10 3wy + wr gt 86
=10 | wy+ wg gt 30
=10 | wy + w3 + wg g™ 26
=10 | 2wy + ws i 26
f =10 2wy + wo + wg q'® 26
(=10 | 4w, + ws q'® 26
(=10 | 2w; q*0 18
=10 | wy + w4+ ws q'e 12
¢ =10 wo + W3 + wWs q14 10
(=10 | 2w + w3 + ws gt 10
/=10 w1 + 2ww9 + ws qt? 10
{ =10 3wy + we + ws qll 10
(=10 | 5wy + ws q'° 10
{ =10 wo + 204 q13 6
/=10 2@1 + QW4 q12 6
f=10 2w3 + w4 q12 4
=10 | wi + ws + w3 + wy q' 4
f =10 3w + w3 + w4 q9 4
=10 | 3wy + w4 q° 4
f =10 21 + 2o + wy q8 4
=10 | 4wy + wa + Wy q’ 4
f =10 6w + wy q6 4
(=10 | wy + 3ws q° 2
f =10 2@2 + QW3 q8 2
/=10 2w + wo + 2w q7 2
{=10 4w1 + QW3 q6 2
=10 | @y + 3wy + w3 q° 2
(=10 | 3wy + 2wy + w3 q° 2
=10 | 5wy + @y + w3 qt 2
(=10 | 7wy + w3 q° 2
=10 | 5wo q 1
/=10 2@1 + 4WQ q4 1
{ =10 4wy 4 3o q3 1
=10 | 6wy + 2wy q° 1
f =10 8w1 + wa q 1
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A= éwl 12 S Mﬁ mq()\a ,U’) |A()‘7 :u)|

[7=10 [ 10w, 1 ] 1

A= éwl 1S Mg mq()‘mu’) |A()‘mu’)|
/=1 w1 1 1
(=2 w2 q 1
(=3 w3 q3 2
=3 w1 + w2 q 1
=3 3w 1 1
=4 Wy q6 4
=4 w1 + w3 ik 2
(=4 2w09 q° 1
=4 201 + wo q 1
/=4 4woq 1 1
=5 ws q'° 10
/=5 w1 + s q° 4
=5 | wy+ w3 q* 2
/=5 2t01 + w3 q° 2
/=5 w1 + 2ws q° 1
/=5 3wy + wa q 1
=5 Y7ot 1 1
{=6 We q15 26
/=6 w1 + Ws q10 10
{=6 ws + Wy q’ 4
/=6 201 + wy q6 4
7=6 | 203 P 2
{= w1 + wo + w3 q4 2
(=6 3wy + w3 ik 2
(=6 3WQ q3 1
=6 2w + 2wy q° 1
/=6 4ty + o q 1
=6 6o 1 1
=17 wr ¢! 86

=7 | w1+ ws g 26
(=7 | wy+ws gt 10
=7 | 2w + ws q'° 10
=T w3 + Wy q° 4
=7 | 1+ + s q’ 4
! = 3wy + wy q° 4
/= w1 + 2w3 q6 2
= QWQ + w3 q5 2
L=17 2t01 + wo + w3 q4 2
{= 4wy + w3 7> 2
=17 w1 + 3wy q3 1
=17 3wy + 2w, q> 1
{= 5w + wo q 1

=7 7ZU1 1 1
=28 ws g8 286
=38 w1 + wr gt 86
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Type Ay table
A=lw | pe M | mg(A i) [ JA, )]

{ =28 wo + g q'° 26
=8 2ty + wg g 26
(=8 | w3+ ws g™ 10
{=38 w1 + Wy + w5 gt 10
{ =28 3w + ws g™ 10
=8 2004 q'? 6

=38 w1 + w3 + Wy qg 4
/=38 29 + iy qS 4
{=38 2@1+W2+’W4 q7 4
/=38 4ty + oy q6 4
=38 wy + 2w3 q 2
(=38 2w01 + 2w3 q° 2
{=38 w1 + 2wy + w3 q° 2
/=38 3w + we + w3 q4 2
=38 oty + w3 @ 2
{=38 4WQ q4 1
(=28 2t + 3o 7 1
{ =28 4wy + 2w, q> 1
(=28 6wy + wo q 1
/=38 8w1 1 1
£=9 o q>6 1074
/=9 w1 + wg q*8 286
/=9 wy + wr q*? 86
£=9 2w1 + wry q21 86
/=9 w3 + we q'® 26
/=9 w1 + sy + wg q'® 26
/=9 3w + wg e 26
£=9 | w4+ ws q'® 12
£=9 w1 + w3 + w5 gt 10
=9 2@2 + w5 q12 10
/=9 2t01 + wa + ws gt 10
=9 4@1 I @5 qlo 10
/=9 w1 + 2ty q*? 6
(=9 wy + w3 + wy q'° 4
(=9 201 + w3 + wy q° 4
=9 w1 + 2wg + oy q° 4
/=9 3w + wa + wy q7 4
£=9 5ty + Wy q° 4
=9 3W3 q9 2
=9 w1 + wsy + 2w3 q’ 2
(=9 3w + 23 q° 2
/=9 3wy + w3 q° 2
/=9 2@1—|—2W2+W3 q5 2
/=9 401 + we + w3 qt 2
=9 | 6w +ws q 2
/=9 w1 + 4tos q4 1
/=9 3w + 3ws 7 1
=9 S5y + 29 q° 1
{=9 Ty + wo q 1
=9 9w1 1 1
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A =lw | pe M mqg(A,p) | [AQA p)|
f =10 w10 q45 4242
=10 | w1+ wy q>6 1074
=10 | ws+ ws g 286
(=10 | 2o + g 3 286
=10 | w3+ wr >t 86
(=10 | wy + s + @y g2 86
¢ =10 3wy + wr q21 86
{ =10 w4 + We q21 30
£=10 w1 + w3 + wg (]18 26
{ =10 2tog + wg q17 26
/=10 2w1 + o + g q16 26
=10 | 4wy + ws g 26
(=10 | 25 ik 18
f =10 w1 + w4 + w5 q16 12
(=10 | wy+ w3+ ws gt 10
{ =10 2to1 + w3 + ws gt 10
(=10 | wy 4 2w2 + w;s q'? 10
=10 | 3wi + wsy + w; gt 10
=10 | 5wy + ws q'° 10
=10 | wo + 204 gt 6
(=10 | 2001 + 2004 q'? 6
{=10 2ws + wy q12 4
=10 | wi + @y + w3+ w4 q'° 4
¢ =10 3wy + w3 + wy q9 4
=10 | 3wy + wy q° 4
(=10 | 2wy + 2wy + s @ 4
{ =10 4oy + wa + wy q7 4
(=10 | 6wy + w4 q° 4
{ =10 w1 + 3ws q9 2
=10 | 2wy + 23 q° 2
f=10 2w1 + wa + 23 q7 2
£=10 4@1 + 21D3 qb 2
f =10 w1 + 3ws + w3 q6 2
=10 | 3wy + 2wy + w3 q° 2
f =10 5wy + wo + w3 q4 2
=10 | Twi + w3 @ 2
=10 | 5wo q° 1
/=10 2w + 4wy q* 1
{=10 4w + 3wy q3 1
=10 | 6w + 2wy q° 1
? =10 8wy + wo q 1
¢ =10 100, 1 1
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