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Abstract

In our previous work [2, 3], we introduced the random k-cut number for rooted
graphs. In this paper, we show that the distribution of the k-cut number in complete
binary trees of size n, after rescaling, is asymptotically a periodic function of lgn —
lglgn. Thus there are different limit distributions for different subsequences, where
these limits are similar to weakly 1-stable distributions. This generalizes the result
for the case k =1, i.e., the traditional cutting model, by Janson [12].
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1 Introduction

1.1 The model and the motivation

In our previous work [2,3], we introduced the k-cut number for rooted graphs. Let k be
an integer. Let G,, be a connected graph of n nodes with exactly one node labelled as the
root. We remove nodes from the graph using this random procedure (note that in our
model nodes are only removed after having been cut k times):

1. Initially set every node’s cut-counter to zero, i.e., no node has ever been cut.

2. Choose one node uniformly at random from the component containing the root and
increase its cut-counter by one, i.e., we cut the selected node once.

*This work was partially supported by two grants from the Knut and Alice Wallenberg Foundation, a
grant from the Swedish Research Council, and the Swedish Foundations’ starting grant from the Ragnar
Soderberg Foundation.
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3. If this node’s cut-counter hits k, i.e., it has been cut k times, then remove it from
the graph.

4. If the root has been removed, then stop. Otherwise, go to step 2.

We call the (random) total number of cuts needed for this procedure to end the k-cut
number and denote it by K(G,,). The traditional cutting model corresponds to the case
that k = 1.

We can also cut and remove edges instead of nodes using the same process with the
modification that we stop when the root has been isolated. We denote the total number
of cuts needed for this edge removing process to end by K¢(G,,).

The k-cut number can be seen as a measure of the difficulty for the destruction of
a resilient network. For example, in a botnet, a bot-master controls a large number
of compromised computer (bots) for various cybercrimes. To counter attack a botnet
means to reduce the number of bots reachable from the bot-master by fixing compromised
computers [5]. We can view a botnet as a graph and fixing a computer as removing a
node from the graph. If we assume that each compromised computer takes k-attempts to
clean, and each attempt aims at a computer chosen uniformly at random, then the k-cut
number is precisely the number of attempts of cleaning up needed to completely destroy
a botnet.

The case k = 1, i.e., the traditional cutting model has been well-studied. It was
first introduced by Meir and Moon [17] for uniform random Cayley trees. Janson [12,13]
studied one-cuts in binary trees and conditioned Galton-Watson trees. Addario-Berry,
Broutin and Holmgren [1] simplified the proof for the limit distribution of one-cuts in
conditioned Galton-Watson trees. The cutting model has also been studied in random
recursive trees, see Meir and Moon [16], Iksanov and Mohle [11], and Drmota, Iksanov,
Moehle and Roesler [7]. For binary search trees and split trees, see Holmgren [9, 10].

In our previous work [3], we mainly analyzed (P, ), the k-cut number for a path of
length n, which generalizes the record number in a uniform random permutation. In this
paper, we continue our investigation in complete binary trees, i.e., binary trees in which
each level is full except possibly for the last level, and the nodes at the last level occupy
the leftmost positions. If the last level is also full, then we call the tree a full binary tree.

1.2 An equivalent model

Let TP™ be a complete binary tree of size n. Let X, déflC(T}L)i“) and X? o Ke(TPm) with

the root of the tree as the root of the graph. There is an equivalent way to define
X,. Let (E,.,,r > 1,0 € TP") be i.i.d. exponential random variables with mean 1. Let

T def 25:1 E; .. Imagine each node in T)fi“ has an alarm clock and node v’s clock fires at
times (7)., > 1). If we cut a node when its alarm clock fires, then due to the memoryless
property of exponential random variables, we are actually choosing a node uniformly at
random to cut.

However, this also means that we are cutting nodes that have already been removed
from the tree. Thus for a cut on node v at time T, , (for some r < k) to be counted in

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(4) (2019), #P4.43 2



X, none of its ancestors can have already been cut k times, i.e.,

T, < min Ty, (1.1)

u:u<v

where u < v denotes that u is an ancestor of v. When the event in (1.1) happens, we
say that T, (or simply v) is an r-record and let I,.,, be the indicator random variable for

this event. Let X" be the total number of r-records, i.e., X o > Irv. Then obviously

X, £ Zle X". We use this equivalence for the rest of the paper.
By assigning alarm clocks to edges instead of nodes, we can define the edge version of

L —k
e,r e & e,r
r-records X" and have X =% "" | X"

1.3 The main results

To introduce the main results, we need some notations. Let {x} denote the fractional part
of z, i.e, {z} ©y - |z]. Let I'(a) be the Gamma function [6, 5.2.1]. Let I'(a,z) be the
upper incomplete Gamma function [6, 8.2.2]. Let Q(a,z) d:efF(a,x)/F(a). Let Q7 '(a,z)
be the inverse of Q(a, z) with respect to z. Let lg(z) of log, ().

Theorem 1.1. Assume that {lgn —lglgn} — v € [0,1] as n — oo. Then
lg(n)i*!

T dq_ 1.2
CQ(T)TL n /Lr,n — C13 (T)Wr,k;ya ( )
where
k b ;
prn = —g(n) + ) Ca(r ) 1g(m)'F +1g(1z(n)), (1.3)
i=1

Ci(+,-), Cs(-,+), and Cs(-) are constants defined in Proposition 4.1, and W, . has an
infinitely divisible distribution with the characteristic function

Elexp(itW, x~)] = exp (ifr,;mt +/ (e —1—itx- 1z < 1]) durv;m(x)), (1.4)
0

where f,p~ is a constant defined later in (5.39) and the Lévy measure v,y has support
on (0,00) with density

dVr,k,»y_F(i)Z {r+g(2/T(5))}—s ~1(T 5{rtig(z/r(£))}-s
dr a2 ;4 exp<Q (k’z >) (1.5)

0! <£7 2{w+lg(f/F(%))}—s> 17?

Theorem 1.2. Assume the same conditions as in Theorem 1.1. Then

n)E+l k L ()N
lggg(i)n (X” - %M) 1= C3(1)Wa s, (1.6)

r=1

The same holds true for X .

THE ELECTRONIC JOURNAL OF COMBINATORICS 26(4) (2019), #P4.43 3



Remark 1.1. Let X,, denote the left-hand-side of (1.6). Another way of formulating The-
orem 1.2 is by saying that the distance, e.g., in the Lévy metric, between the distribution
of X, and the distribution of 1 — C5(1)W1 k fign—1g1gn} tends to zero as n — oo.

Remark 1.2. We do not have a closed form for C(-,-). But for specific k& they are easy
to compute with computer algebra systems. When k = r = 1, i.e., when X! = X,,, (1.6)
reduces to

lg(n)?

d
—lg(n) —1g(lg(n)) = — Wi, (1.7)
and since Q7!(1,z) = log(1/z), (1.5) reduces to

X

dyl,l,'y . 1

de a2

In other words, we recover the result for the traditional cutting model in complete binary
trees by Janson [12, Theorem 1.1]. When k = 2, (1.6) reduces to

8lg(n)? X, — 2lg(n) — %\/%g(n)

™ n

ollewty}, (1.8)

U _ 2Whaey
3 LS
Remark 1.3. In Remark 1.5 of [12], Janson mentioned that when k = r = 1, if W],

and WY, are independent copies of Wi, ., then Wi, + WY, é2Wl,1,w + 2, but the

corresponding statement for three copies of Wi, is false. In other words, Wi, is
roughly similar to a 1-stable distribution. This extends to general k in the sense that

NI

—lg(lg(n)) — (1.9)

2
by T W £ 2W ko + 2/ z dvy (), (1.10)
1
with ff zdvy4(z) = 1. This follows by computing the characteristic functions of both
sides using (1.4) and by noticing that

dvy .y
dz

1 dI/T,]677

= 1.11
_, 4 dx ( )

—u
=3

In the rest of the paper, we will first compute the expected number and variance
of r-records conditioning on T}, = y, where o denotes the root. Then we show that
the fluctuation of the total number of r-records from its mean is more or less the same
as the sum of such fluctuations in each subtree rooted at height LY L(2 — ﬁ) lglg nJ,
conditioning on what happens below height L. This sum can be further approximated
by a sum of independent random variables. Finally, we apply a classic theorem regarding
the convergence to infinitely divisible distributions by Kallenberg [15, Theorem 15.23] to
prove Theorem 1.1 and Theorem 1.2.

The proof follows a similar path as Janson [12] did for the case k = 1. However, the
analysis for k£ > 2 is significantly more complicated.

Holmgren [9, 10] showed that when k = 1, A}, has similar behaviour in binary search

trees and split trees as in complete binary trees. We are currently trying to prove this for
k> 2.
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2 Some more notations

We collect some of the notations which are used frequently in this paper.
Let I'(a) be the Gamma function [6, 5.2.1], i.e

[(a) = /000 e o dt, Re(a) > 0. (2.1)

Note that I'(k) = k! for k € N. Let I'(a, ) and 7y(a, z) be the upper and lower incomplete
Gamma functions respectively [6, 8.2], i.e.,

[(a, 2) :/ e o dt, v(a, 2) :/ et dt, Re(a) > 0. (2.2)
z 0

Thus ~(a, ) déff(a) — I(a,x). Let T'(a,zq,z1) déff(a,xo) — I'(a,z1). We also define
v(a, 00) M im, e ~v(a,x) =T(a).

Let Q(a, ) défl”(a, 7)/T'(a). Let Q7 '(a,z) be the inverse of Q(a, ) with respect to .
Note that Q(1,z) = e * and Q7 '(1,z) = log(1/x).

Let m be the height of a complete binary tree of n nodes, i.e., m llgn]. Let
(= lglgn]. Let L | (2 - &) lglgn].

For node v € TP™ let h(v) be the height of v, i.e., the distance (number of edges)
between v and the root, which we denote by o.

Let &), be X, — 1 conditioned on Ty, = y, i.e., the number of r-record, excluding the
root, conditioned on that the root is removed (cut the k-th time) at time y.

For functions f : A - R and g : A — R, we write f = O(g) uniformly on B C A to
indicate that there exists a constant Cj such that |f(a)| < Coylg(a)| for all a € B. The
word uniformly stresses that Cy does not depend on a.

We use the notation O,(-) and o,(-) in the usual sense, see [14].

The notations Cy(---),Ca(---),... denote constants that depend on k and other pa-
rameters but do not depend on n.

3 The expectation and the variance

Lemma 3.1. There exist constants (Cs(j, b));>1,>k+1 such that

jk+k

mwk
exp(T)Q Y S G £ O(mHa I g ng?) - (3.1)
' J=1 b=jk+j

uniformly for all x € (0, m_ko) where ko = def 1( + k—H)

Remark 3.1. We do not have a closed form for the constants C5(7,b), but they are the
coefficients of m7z® in (3.1). For fixed k, they are easy to find with computer algebra
systems. For example, when k =1, (3.1) reduces to

e™Q(1,2)" =1+ O(m*z* + ma?), (3.2)
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which is trivially true since Q(1,2) = e™*. When k = 2, (3.1) reduces to
2

1 1 1
exp (%) Q(2,z)™ =1+ gmxS - me“ + 1—8m2966 +O0(m’z” +ma®). (33)

Proof. Using the series expansion of Q(k,z) given by [6, 8.7.3|, it is easy to verify that

i : s z*(=z)’ z 2%k+1 "
(exp(g)@(k‘,x)) = (1 — Z = 1)(!j!(l)€+j) RETEE +O(2* )) . (34)

=1

uniformly for € (0,m~*). Taking the binomial expansion of the right-hand-side and
ignoring small order terms gives (3.3). O

Lemma 3.2. In the case that the tree is full, i.e., n = 2™ — 1, then

EX;, =27 (v (m,y,2) + O(m 1)), (3.5)
where
det TV K (kDE (17 mz* (k1)E o [(r+k mF
prlm 50 =7 ( O\ R ) T PR
k jk+k btr k
El) % , o (b+T mz
+Z<Z ( ,){: Ce(j, b)m’ W( 2 7)) (3.6)
=1 \b=jk+j
(—1)%(k!) " i (i+7r mzF
+; gt O\ Tk TR ) )

where the implicit constants Cs(j, b) are defined in (3.11).

Proof. Let v be a node of height 7. For v to be an r-record, conditioning on 7}, = v,
we need 7,, < y and Ty, > T,, for every u that is an ancestor of v. Recall that

T, def 25:1 E; ., where Ej, are i.i.d. exponential 1 random variables. Thus T}, are i.i.d.
Gamma(k, 1) random variables and 7}, is a Gamma(r, 1) random variable, which are
independent from everything else. (See Theorem 2.1.12 of [8] for the relation between
exponential distributions and Gamma distributions.)

The Gamma distribution Gamma(r, 1) has the density function

xr—le—ac

ifx >0,
gr(x) =4 T(r) (3.7)
0 if x <0,

which implies P{Gamma(r,1) > 2} = Q(r, z). Thus,

Y R
E[l, 0| Tho = 1] = / or(x)P{Gamma(k, 1) > 2} da
0

ymr—le—x .
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When the tree is full, each level ¢ has 2° nodes. Thus in this case

r—1,—x

Mo Y erle )
Exr — 91 i—1
= | Q)

= /0 D <Z(2Q(k,x))“> do (3.9)

i=1

2m+1 Y mak ok m
= / xr_le_ThO(x)<eWQ(k;,x)> dz + O(1),
' Jo
where i
—x 2$k (_1)zxz
N — — 14+ Ok 3.10
e T s R < ; a toET), (310)
as x — 0 by [6, 8.7.3]. Thus uniformly for 0 < z < m™* with ko= 1 (1 + 17),
N " 9k E(_1)igi k Fk+k '
() (e Q) =1+ 2 3 T S (OS iy i)
ST J=1 \b=jk+; (3.11)

L0 (karl 1okl (2 mx2k+1>

for some constants C(j, b), where we expand the left-hand-side using (3.10) and Lemma 3.1,
and then omit small order terms.
Note that for b > 0 and j > 0,

Y maxF b ENF v (b4 my
I ) e Jdp = S T i Y
/0 exp( o )x x’m’ do = T g 7( P ) (3.12)

Thus if y < m~%_ by putting the expansion (3.11) into (3.9) and integrating term by
term, we get (3.5).

For y > m~* it is not difficult to verify that the part of the integral in (3.9) over
[m=" y] and the difference ¥, (m, y,2) — ¢, (m, m~%0 2) are both exponentially small and

can be absorbed by the error term. O
Lemma 3.3. If h(v) = m, then
[l Teo = 9] = Go(m,y, 1) + O (m™F71) = gi(my) +0(m™F),  (3.13)
where N .
. dqeem”k (KNE (1 my
= - . 3.14

Proof. When v is a node of height m, by (3.8),

Yy $r—le—x

Ell0|Tho =y] = /0 X0 Q(k,z)™ 'dx

s | ' xrl%w) (7 Qk.2)) " dr,
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where ha(x) dﬁf%. Expanding ho(z) by
formly for x € (0, m=*) with ko def%(% 4

[6, 8.7.3] and using Lemma 3.1, we have, uni-

L
k+

Z. .

hg(x) <e k! Q(k %))m =1+ F + Z Z( Z v mJCG j’ ) (3 16)

= b=jk+j
4 O( L kel (k1) 2k+1>.

Note that this differs from (3.11) only by the constant in the term x*/k!. Thus the first
equality in (3.13) follows as in Lemma 3.2. The second equality follows by keeping only
the main term of ¢,.(m,y, 1). O

The next lemma computes EX;]  when the tree is not full. The reason why it is

formulated in terms of m will be clear in the proof of Lemma 4.2.

Lemma 3.4. Let .(n,y) o EX) . Let

Ur(n,m, z) dof 2", (m, 2,2) — (2™ — n)ap.(m, 2, 1)

= 1+-—-,— .
welm 2 )+ T m (U e
If 2™ — 1 < n < 2™ — 1, then
or(n,y) = Yp(n,m,y) + O(nm_%_l). (3.18)

Proof. Assume first that m = m. When the tree is not necessarily full, the estimate
of ¢,(n,y) in (3.5) over counts the number of nodes at height m by 2™*! — n. The
contribution of the over counted nodes in (3.5) can be estimated using (3.13). Subtracting
this part from (3.5) gives (3.18).

The only other possible case is that m = m + 1 and the tree is full. The result follows
easily by adding an extra node v at height m, computing the total expectation of r-records
for this tree by the case already studied, and subtracting E[1,., |1}, = y] ~ ¥,(m,y, 1) from
(3.13). 0

Corollary 3.1. We have

Csy(r)n
T 7 ~2o1 \Mrn —lgl
lg(nﬁﬂ (b, glgn) +

where (i, is defined in (1.3).

Oy (r) 2+
lg(n)*!

r+1 -1

EXT = +0@gmr7*), (3.19)

Proof. Lemma 3.4 gives an asymptotic expansion of ¢, (n,y) o E[X)| Tk, = y]. To get rid
of this conditioning, first consider a full binary tree of height m’ = m+1, i.e., a tree of size
n' = 2m*2 — 1. Tt is easy to see that ¢,(n’,00) is exactly twice of EX" for n = 2™+ — 1.
This solves the case when the tree is full.
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The general case can be solved similarly. Consider a binary tree, with the right subtree
of the root being T"™ (possibly not full), and the left subtree of the root being Thn, |,
i.e., a full binary tree of height m. This tree has size n”” = n+2""!. Thus ¢,(n”, 00) is the
expected number of r-records in TP, plus the expected number of r-record in Tfﬁﬂlfl,
which is ¢(n’,00)/2 by the previous paragraph. Thus

1
EX" = o, (n",00) — §<,pr(n', 00), (3.20)

which implies (3.19) by Lemma 3.4. O

Remark 3.2. Comparing (3.19) and (1.2) in Theorem 1.1, we see that X is concen-
trated well above their means (at a distance of about nlg(lg(n))/lg(n)**"/*). Thus
P{X7 <EX!} — 0. See also Remark 1.4 of [12].

Remark 3.3. The simplest case that » = k and the tree is full can also be computed
directly by noticing that

— ;mjz ( + nz;( )" Hm +2)""Li_,(2) + O(m—N>> (Ve N) (3.21)
= 27 (m 4 2m ™% + 6m " +38m =7 + O(m ™)) (N =5),

where ®(z, s,a) denotes Hurwitz-Lerch zeta function [6, 25.14], Lis(z) denotes the poly-
logarithm function [6, 25.12], and the last step uses an asymptotic expansion of ®(z, s, a)
given in [4].

Lemma 3.5. We have

Var(X) ) = O <n2m’ S ) . (3.22)

Proof. Consider two nodes, v and w of heights s and ¢ respectively. Let u be the node
that is furthest away from the root among the common ancestor of v and w. Let ¢ = h(u).

We call the pair (v,w) good if i < ¥ and s,t > g?m Otherwise we call it bad. Assume
for now that (v, w) is good.

Let 0 = uy, ..., u; = u be the path from the root to w. Let Z = min;j<; Tk y,-

Note that conditioning on T, = y and Z = z, the events that v is an r-record and
that w is an r-record are independent. Thus by Lemma 3.3 and the assumption that
(v, w) is good,

E[Ir,vlr‘,w|Tk’,o =1, 7 = Z] = ?/):(S — 'i, FAVAN y)@[]:(t — 'L., FAVAN y) + O(m_%’:l) (323)

where a A b min{a, b}.
Since ¥ (a,w) is increasing in w, (3.23) implies that, after averaging over z,

Bl Ll Tho = ] < 075 — 6, y)0i (¢ — i,y) + O (m™ %), (3.24)
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On the other hand, again by Lemma 3.3 and the assumption that (v, w) is good,

B0\ Tho = 9IE Ll Tio = 4] = 075, 9)65 () + O (m ). (3.25)
Therefore, by the definition of ¢ (a,w) in (3.14), the first order term of the above is
_2r41
COV(Ln Ll Tho = ) <5 (s = i,y (E = i) = U3 s, )5 (s.9) + O (m ™)

{ (”” +)F(;’E<;y;1>)) )F(ZM)
. ro(t— i)y
- BT
15y ;in)r(%%)
<£ k+1)r(%%>)

[(a,z) — [(a,x9) = / e " tdr < e ™2l (2 — 1) < (E) . (3.27)

z1 L1

(3.26)
For 1 <29 and 0 < a < 1,

. _ _ . . _ a .
since e 2% ! is decreasing and e %2% < (%) . Thus when (v,w) is good,

orite) b o) e

Cancelling other terms in (3.26) in a similar way shows that

COV(L‘,U; [r,w|Tk,o = y) = O(mi “ + im717%> : (329)
Given 14, s, t, there are at most 27 choices of u, v, w. Thus

Z Cov(Iyp, Irw|Tho = y)
good (v,w)

mom om (3.30)

< Z Z Z 25+t’i0(im’17% + m*Lljl) =0 (nzmjrkﬂ) .

i=1 s=1 t=1

The number of bad pairs is at most

Sooetigy N 25“*1':0(2%*%):0(71%). (3.31)

P>, s, t<m i>0,t< 2 s<m
Using the fact that Cov(1,,, I;w|Tko = y) < 1, it follows from (3.30) and (3.31) that
Var(‘)(’rz,y) = Z COV(Ir,va ]r,w|Tk,o = y) = O<n2m_ QT’;H); (332)
as the lemma claims. O
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Recall that L% L(Q — i) Iglg nJ Let (v;,1 < i < 2%) be the 2% nodes of height L.
Let Y; be the minimum of the 7}, for all nodes v on the path between the root and v;.

Lemma 3.6. We have

2L
= Z ©r(ni,Yi) + O, (nm_l_ﬁ_a. (3.33)
=1

Proof. The proof uses the estimate of the variance in Lemma 3.5 and exactly the same
argument of Lemma 2.3 in [12]. We omit the details. O

4 Transformation into a triangular array

In this section, we prove Proposition 4.1, which shows that &, properly rescaled and
shifted, can be written as a sum of independent random variables. Three technical lemmas
Lemma 4.1, Lemma 4.2, Lemma 4.3 are needed.

Proposition 4.1. Let Oén = {lg n} and ﬁn {lg lgn}. Then

£+1

- .
TN 201 r,i)lg(n)' =% —lg(lg(n))
2 (4.1)
=21 fa, — By — L+ L+ 1—C5(r) D &u+toy(l)
v:h(v)<L
where .
def min, r mTk,v
ér,v - n F(%a ]{7' )7 (42)
and .
Ci(r,i) < Co(r i) + Y Cs(r,j, jk + 1),
j=1
kD)T/RT () def 1
ooy 2t BDTT(E) f - (4.3)
2(r) K2T(r) (r) r(1+1)
Calr,i) & (=1)'k(k)FT (57) Cs(r, 4, b) = k()Y Co (5, )T (55)
T rilT (L) S ()

Proof of Proposition 4.1. Expanding (4.29) in Lemma 4.3 bellow and dividing both sides
by nm ™% 1Cy(r) shows that

m£+1 . km om+1 k . i
nC’z(r)Xn =" 4+ L+ +1+ ;07(73 $ym!~w
- (4.4)
—1—2 Z Cs(r, j,b)m —RHIHL Cs(r Zfrv+0< ik).
J=1b=5(k+1)
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Subtracting

k
T T k 7
mi+g(n) =71 (; lg(n) + > Ca(r,i)1g(n)'~F + 1g<1g<n>>), (4.5)
i=1
from both sides of (4.4) gives (4.1). O
Lemma 4.1. Recall that Y] has the distribution of the minimum of L 4+ 1 independent
Gamma(k, 1) random variables. Let Mm% m — L. Let a > 0 be a constant. Then
[ ny L
Elr(a, 20| =0 = ifa>0,  (4.6)
i k! m
[ [ mYE mYPE 2 _
EF(CL, 0 =0 poec3 if 1 >a>0, (4.7)
Yy [ mYE L2 ,
E|m F(a, k!l)—m F(a, k:!l )] :O(ma+2> if1>a>0. (4.8)
Proof. Since
P{Y; > z} = P{Gamma(k,1) > 2} = Q(k, ), (4.9)
the density of Y] is
A+L) . Lo
—e "ax" ' Q(k,x ifx >0,
gvi(z) = q T(k) (k.2) (4.10)
0 if ¢ <0,

see [6, 8.8.13]. For 0 < a < 1 and z > 0, by the inequality [6, 8.10.11],

d
&Q(CL, Z) - -

D(a,2) < T(a)(1 — (1 — e™)%) < D(a)e™. (4.12)

E{F(G,T)} :/0 gyl(x)F(a, T) dz

Therefore,

- .k I (4.13)
<O(L Flexp( -2 Jdor = O =
( )/0 x exp( 1 x -
For a > 1 and z > 0, also by [6, 8.10.11],
r 1 —1/a,.k a
F(a,z)gf‘(a)(l— (1—exp(—m (&+k‘) ’ )) )
' (4.14)

mI'(a + 1)”‘%’“)

< al'(a) exp (— X
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where the last inequality follows from that (1 — b)* > 1 — ab for b € (0,1) and a > 1.
Therefore, similar to (4.13),

E[F(a, mk—xlflk)} < O(L) /OOO " exp (—mk—fr(aju 1)~ )d:c = O(%). (4.15)

Thus we have (4.6).
For (4.7), first by (4.10),

mYy mYy > ma® ma®
E[F (a, k!l : k!l )] :/0 gyl(x)F<a,T,T) dz. (4.16)

Since e *2% ! is decreasing when 0 < a < 1, for 0 < 71 <

T2
[(a, xq1,x9) :/ e "2 dr < (29 — mp)e 2§ (4.17)

1

Therefore,
k

ma® ma® 1 ma®
PR 50— nN—a,.ak
F(a, AN ) < Lm*(KY) % exp( N ) (4.18)

Substituting the above inequality into (4.16) and integrating gives (4.7).
For (4.8), note that

a Yi'm o mY{

F( a, I )—m F(a, o )

s 6, —a Y}l a Yim mYy
= (™" —m )F(%T) m F<a’ ROk

where I'(a, z¢, 1) déff(a, x9) —I'(a, x1). The result follows easily from (4.6) and (4.7). O

(4.19)

The next two lemmas first remove the m (see Lemma 3.4) hidden in the representation
(3.33) then transform it into a sum of independent random variables.

Lemma 4.2. Let n; be the size of the subtree rooted at v;. Then

. (k) ;) “hp(rmy
X :;Z)r(n,m,oo)nLT!k _Zkrv< > (E’ k! ) (4.20)

+0, (nm’lfﬁ’%)
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Proof. By Lemma 3.4, we have

na (k1) R W( , m]:k)

or(ni,y) = I
myF m T r m ik
N <k|)r/l~c ’y(k—l’j’ ]z/'z ) N 92 +1(/€') Ik ,y(k-li- , Ij >
kr! kr!
k (J+1)k b N (4.21)
—ver (b7 Y[

+Z Z nzcﬁ(j7b) J JIQPY( L 3 k! )

=1 b=j(k+1) ’

K (_1)zni(k!)7m*”%7(i+%,m]j;’“
2 il

=1

N

where m = m — L = m — O(logm). (This is why we need to formulate Lemma 3.4 in
terms of m—here m is either the height of subtree rooted at v;, or it is the height of the
subtree plus one and the subtree is full.)

We now convert this into an expression in m. Let

e kr! B kr!
n (k[)r/km_kzrr(k;rr) 2m+1(k|>r/k F(k:;crr)
+ +
kr! kr!
ko (G+1)k bir (4.22)
k!) b+r
£ <k>, wCali. 5T ()
j=1 b=jj(k+1)

+
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27 (kL) e D (B, )

kK
+ o (4.23)
ko (+Dk bir
k! b r b
+y > ),k mCa(j,b)<mJ—"7$ — I )P( ;:r>
7=1 b=j(k+1)
k (j+1)k b+r
k! - (b Y#
vy Y ()
j=1 b=j(k+1)
N (=1)mi(k!) F (s~ F = m )T (52)
: kilr!
=1
i itr it i YR
L (=)l Fn T (5, )
+Z i —i—Op(nl-m k )
i=1 o
The first term of the above expression is
ny (k)% (m k —m~E)T(2)  r(k)*T(E)nm k'L n;L* 194
| - 2001 +0 19 | ( : )
kr! k2r! mr

since ™% — m® = aLm~ %' + O(L*m~*"2%). The terms which do not contain Y; can be

bounded similarly. For terms involving Y;, we can use Lemma 4.1. For example, by (4.8),
the second term is
(k) (=T (7 75 ) - Fr (5

kr!

In the end, it follows from Lemma 4.1 and simple asymptotic computations that

>> _ Op(nim*%*QLQ)_ (4.25)

T(]d)r/kr T nim—r/k—lL o
or(ni,y) — o = (er‘ + O, <L2nz~m ' 1). (4.26)
Since Zfil ni=n—2—1)=n-— O(mQ’i»
2L —r/k—
r(E)RT (D) pm /R L el
S (6 (i) — @) = (,jﬁr, + 0, (L2nm= ). (4.27)
Thus by (3.33), we have
2L
X = Z ©or(ni,y) + Op <nm_1_ﬁ_£>
- (4.28)
2 r(k!)r/kf(i)nm_r/k_llz _i_r
:in—i_ 1271 —|—Op<nm ik k)’
from which (4.20) follows immediately. O
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Lemma 4.3. Let n, be the size of the subtree rooted at the node v. Then

r(k')r/kl“(i) _k+tr

Xy =r(n,m, 00) + gy wmo L
. 4.29)
ny, (mN\—%_(r mIf, q_1_r (
-3 () o)
v:h(v)<L

Proof. Recall that Y; is the minimum of L + 1 independent Gamma(k, 1) random vari-
ables (Ty,,v € P(v;)), where P(v;) denotes the path from the root o to v;. Let a =
(2k!log(m)/m)"*. The probability that at least two T}, are less than a is

1 — P{Gamma(k,1) > a}*"" — LP{Gamma(k,1) > a}"P{Gamma(k,1) < a}

=1-Q(k,2)""" = LQ(k, 2)" (1 - Q(k,)) (4.30)
= 0(a®L?) = O(log(m)*m2L?),

where we use the approximation of Q(k,z)" in (3.1) and the series expansmn of Q(k,x)
in [6, 8.7.3]. Thus the probability that this happens for some i is O (2% log(m)*m2L?) =

o(1).
With probability goes to 1, there is at most one T}, that is less than a on each path
P(v;). When this happens, by the inequality (4.12),

r mTy, r mY}F r mak Ly

vEP(v;)

Therefore,

Sur(f2) -3

Tk
(f’ mkk > —I—O(nm L)
= vEP(v;) ’

_ Z F(r mTIQ“U) > i+ O0(nm™2L) (4.32)

1:vEP(v;)
<

where in the last step we use n, — 2

?rlﬂ

>nv + O(nm 2L),

tveP(or) T < n. Thus

2" m(%)_% r mYF nv(%)_% r mTF, e
2 F(? K ): 2 TF<E k!’>+0(”m’“ L).  (433)

h(v)<L

The lemma follows by putting this into (4.20). O
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5 Convergence of the triangular array

By taking subsequences, we can assume that ozn {lg n} — « and Bn {lg lg n} — [, as
n — oo Thus lgn =m+a+o(1), lgm =lglgn+o(1) = I+ 3+ o(1), where = Uglgnj.
Moreover, lgn —lglgn =m — [+ a — 5+ o(1) and
a—f if a > 3,
{lgn—1glgn} > vy=Ca—-B+1 ifa<§p, (5.1)
Oorl if =0,
which implies v = o —  (mod 1).
Lemma 5.1. Let hdef25f"T(£). Assume that a,, — « and S, — 5. Then as n — oc:
(i) For all fixed x > 0, sup, P{&., >z} — 0.

(ii) For all fixed = > 0, Zv:h(v)gL P{&.v > 2} = g (2, 00), where v, , is defined in
(1.5).
(iii) We have

> Elllén. < bl - r(1 + %) (2" +a—B—(+L)

v:h(v)<L

) (5.2)
= ot = [ 2o (o)
where f, - is a constant defined later in (5.39).
(iv) We have
> Var(lléw < %/ 22 vy (z (5.3)

v:h(v)<L

Before getting into the somewhat complicated proof of Lemma 5.1, we first show why
Theorem 1.1 and Theorem 1.2 follow from it.

Let & défl“(l +I)(2'"*+ a — 8 — £+ L)/n, which are deterministic. It follows from
Lemma 5.1 that we can apply Theorem 15.28 in [15] with a = 0, b = f,; , to show that
the triangular array Zh(v)g 1 &+ D & converges in distribution to W, (defined in
Theorem 1.1). Thus by Proposition 4.1, Theorem 1.1 follows immediately.

For Theorem 1.2, note that the right-hand-side of (1.6) equals

lg(n)  Cy(r)n
W(XZW“)

=1

lg(n)it! Co(r)  (lg(m)it!
( Ca(L)n i n) +Z 7 ( Ca(r)n e um) o4

lg(n)*

lg(n)*t
— (%_X‘l 1 n) —I—Op(l)gl — C3(1)Wi gy,
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where the last two steps follow from Theorem 1.1.

It remains to show that the result for A}, holds for X)’. By identifying cutting an edge
with cutting its lower (closer to root) endpoint node, we see that X¢ is distributed as
X, — k conditioned on T}, = co. Thus to apply the same argument for &, to X7, we only
need to make Y; the minimum of L, instead of L 4 1, independent Gamma(k, 1) random
variables, and to exclude &, ,, i.e., to exclude the root, in the sum of the triangular array
in (4.1). This minor change certainly does not matter. See also the argument for k£ = 1
at the end of [12].

5.1 Proof of Lemma 5.1 (i)
Recall that in (4.2) we define

def TNy, r mTlf,v
5?‘,’0 = r (Eu k' ) 3 (55)

n

where (Ty,,v € TP") are i.i.d. Gamma(k,1) random variables. Thus P{T}, > z} =

Q(k,x), where Q(k,z) d:efF(k,:c)/I‘(k), see (3.7). Assume for now that e S L
Then, for all fixed x > 0.

r mT}f, nx
P{& ., >a} = P{F<E7 o ) > mnv}
k! r nx i
=P T v < —Q! PR
b <mQ (k F(%)mnv>> (5.6)

y 1/k
1 _ Ao e i I L
B (mQ (k’ F(%)mnv>>

The function Q@ '(a,2) is only defined for z € (0,1]. However, we can extend its
domain to (0, 00) by letting @~ *(a, z) = 0 for z > 1. This extension makes (5.6) also valid
for W > 1, since in this case every expression in (5.6) equals 0.

By [6, 8.10.11], for z > 0,

1— <1 —exp (—F(l + %) _k/Tz)>r/k < Q(%z) <1-(1-e3)"" (57

Letting y = Q(%,2) € (0,1], (5.7) implies that

— 1 1
C(0) s () <) e

where log_ (2) o max{log(z),0}. Similarly, it follows from (5.7) that

Q—l(%y) > r<1 n %)k/ 1og<kiy>. (5.9)
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Note that (5.8) and (5.9) also hold for y > 1 by our extension of Q' (a, z). Thus uniformly
for all v with h(v) < L,

B 7 nT k! F(ﬁ)mnv log, =
> I g | AV VAN otz 1
mQ <k’ F(%)mnv> m 0g+< nx 0 m )’ (5.10)

where the last step uses that n, < n. Thus we can apply the series expansion of Q(k, 2)
near z = 0 in [6, 8.7.3] to (5.6) to get

_ gt e R )
P{ér,v>l’}—m(°2 (k’F(%)mnv> 1+O<mQ (l{;’F(%)mnv)> (5.11)

1 nx log, ™ % log, ™
—— A A 25+ @ —of o=}
mQ (k’F(%)mn,,)( +O< m © m

Therefore this probability tends to zero for all fixed x.

5.2 Proof of Lemma 5.1 (ii)

We reuse the notion of good and bad nodes defined in [12, pp. 250]. A good node v has
n, = 2™t — 1 for some ¢t with [/2 <t < L. All other nodes with height at most L are
called bad. Janson [12, eq. 20] showed that

2ten 1 O(1)
vgood:n, =2"""—11 =
#ive } {(2—2%)2L+0(1)
and that the number of bad nodes is O(L + 21/2) = O(m1/2).
As we have shown in (5.11) that P{¢,, > 2} = O(m~'log, ). By the same argument
as in [12, Eq. 21, 22], the bad nodes can be ignored in the proof of (ii), (iii) and (iv) of
Lemma 5.1.

Note that for ¢t > L, m2m—t < 2HHm—L < F(Z”/Ek) for n large enough, which implies

Q1 (%7 W) = 0 by our extension of Q@ !(a,z). Thus, it follows from (5.11) and

(5.12) that

3 P, > a)~ (2o +0<1>>ic2—1<7“ "—) +o(1)

7
m k z
v good t=1/2 F(k)mnv

— Z 2t+0&n—l—ﬁnQ_1 <£7 2t—l+an_ﬁn+o(1)rir> + 0(1)
= (%)

= Z 271%04*,3@71 <f,21+aﬂ+o(1) r > +o(1) (5.13)
i< g r(x)

Eoli]
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s Fu(x) def Z g-ita—fy-1 (%, 2—i+a—ﬁr(xr) > _

k

(By the inequality (5.8), the function F.(z) is well-defined on (0, c0).)
Let j(x)déf llg(z/T (%)) + o — B]. Then 2@+~ L /T (1) < 20@+F=2=1 In other
words Q1 (5,27 P /T'(%)) = 0 for i < j(z). Thus

—ita—B-1[ T o—ita—p_ T
Z 9= (k’2 F(ﬁ)>

i>j(z)+1 k
_22 s—j(x)+a— 5@ ( 9~ s—j(z)+a—p T )

i ;) (5.14)
=3 lr (C> pla=A+g(a/T(F))=s )1 (f, 2{a—ﬁ+lg<x/F(%))}—s)

s>1 k k
_ 1 (T otrHg(e/T(£)) —s =1 (T olvHs(z/T (L))}

;x r(3)2 (e ).

where the last step uses (5.1). Note that F,.(z) is continuous and decreasing on (0, 00),
with F,.(x) — 0 as x — oo. By the derivative formula (4.11), the derivative of F,.(x) is

> g:(s,2), (5.15)

s>1
where
r(z)?
ooy D) ttg(o/m (515 oy (01 (7 o+ ie(a/m(5))1—s
9-(5,7) 5 p(@Q ,
z o k (5.16)
Qﬂ(f 2{7+lg(w/1“(£))}—8> F
k’ '
Comparing with (1.5), we see that
% =Y gils,2) < O(20 (N2, (5.17)
i

s>1

and F,(z) = vy~ (2, 00), where the inequality follows from (5.8). Thus Lemma 5.1 (ii) is
proved.

5.3 Proof of Lemma 5.1 (iii)

Assume for now that hdﬁfZWOT(%) < 1. Let j; = La— lgf(i)J, L, 2hh <1 <

271+1. By the upper bound of dv.x,/dz = 3 ., g-(s,2) in (5.17), fl

h I’dl/r ko (x) < o00.
Thus we are allowed to write this integral as

h2i 1AL

1 h2ttIAlL
/ xdvy, o (2 Z/ xdv, - (x ZZ/ xgr(s, ) d. (5.18)
h h2i

s=1 i=0 h2t
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For z € (2'h,2°1h), by the definition of g,.(s,z) in (5.16),

gr(5,2) = g (s, m, i) L a-imstap

1—T
‘ . G (5.19)
X -1 f —i—sta—p_ T -1 Z —i—sta—B_ 7T

Using the derivative formula (4.11), one can verify that

%é(s, x,1) = xg.(s,x,1), (5.20)
where
A .\ def r (T 27i7t+a7’8$
o1+ = et
s (5.21)
. 2 vira—by
o x2a—ﬁ—z—tQ—1 <£7 > ]
EOT(E)
Therefore,

h2iF1 h2iF1
/ rg,(s,x)dr = / 2§, (s, 2,4) dr = G(s, h2"1 i) — G(s, h2",4). (5.22)
h

2t h2t

Summing (5.22) over ¢ and s as in (5.18) and simplifying through [6, 8.8.2]

F(a+1,2) =al(a,z)+ z%7, (5.23)

/hl rdvyy (7) = F(l + %)]1 + M({V - lgf(£) }) — u(0), (5.24)

def r (T (T N\T/E
S ) s e (- (p2))e (72
() + 4 +;exp Q5 Q' (;
. T—s z -1 (f x—s)
>orer(p)e (1),
s=>1
By a similar argument, (5.24) also holds when A > 1. (When r = k, (5.24) reduces to
o — B] +2{e=A — 1 asin [12].)
We next compute >, .4 E[§01[§0 < R]]. By definition, if v is good, then n, =

2m=t — 1 with [/2 < t < L. Let u.4(x) be the probability density function of &,,.
Differentiating (5.11) shows that uniformly for all ¢ < L and z > m™°,

Upy(z) = (1 +0 (loim) ,i) Uyt (7), (5.26)
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we have

where

(5.25)




where

>3

Uy () = i P (Q—l (% W))Q—l (E W) , (5.27)

Using again the derivative formula (4.11), one can verify that

d -~ .
gUm(x) = 2l (T), (5.28)
where
2 def Thy o [T ne nT
Uralw) = 220 (14 1 U L Sl 5.29
i (G -5 (Fr ) 0
Note also that 4, ,(z) =0 if 7, = 1 Thus

h
El6,0L[6, < A]] = / vue(2) de + E[6ol[6rn < m™]

m—5

(o)) (o (E00) ) ot
(o) Yo (T ) g,

where we use U,;(m™®) = o(m~2), which follows from the inequalities (5.7), (5.8) and
(5.9).
Ift>1+1, then

nh 25—GF(%) gm-+a-+o(1)

_ 9l4o(1)
F(Qmm © T(5)  Fmangert — 2 7k (531)

for n large. Thus (5.30) reduces to

— (1+0(1)) nr<1+ k) +o(m™?).

If t <1, then

Qﬁ—ar T m+a+o(1)
nh < (k) 2 — 11%*0(1)7 (533>
@, < T() TP
and (5.30) reduces to
1
1 AW
El¢,. (6., < h]] = (1 + 0( Oim) )Um(h) +o(m™?). (5.34)
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So we distinguish three cases, [/2 <t <[,l <t < L, and t = L, which we refer to as the
low part, the high part, and the last part.

The number of good nodes v with n, = 2™~* — 1, is given by (5.12). Thus for the low
part, i.e., when v is a good node with n, = 2™ and /2 <t <,

M1 d:ef Z E[ﬁr,vl[g’/‘,v < h]]

v good and low

= 3 (@ +0() ((1 - O(loim> }C) Ure(h) + 0(m2)>

1/2<t<l

where the result has been simplified using (5.23). (The convergence of this sum follows
from (5.8) and (5.9).) For the high part, i.e., when v is a good node with n, = 2™ and
l<t< L,

1 25) déf Z E[Er,vl[fr,v < h]]

v good and high
Ty

::Z:@m”+OGD01+dD%4%1+£)+dm”D (5.36)

n
I<t<L

:r(y+£yL—5—U+muy

And for the last part, i.e., when v is good node with n, = 2%,
ef
ps= > ElGdfg, <A
v good and last
— ((2 — 902l ) r -2 (5.37)
((2 2)2+0Q»Qyuﬂ»nr@+k>+dm ))
—Q _ (0% f
—279(2 2)F@+k)+dn.
Together with (5.24),
> ElGwllén < Bl
v good
= 1 + pg + piz + o(1) (5.38)
, 1
— frkry+ F(l + E> (21_‘1 +a—-0B—-1+ L) - / zdv, (),
h
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where

>3

e T _ Ny _ r
frkydeeXP< (E olr-18T(})} t))Q 1<k o{r—18T(£)}~ )
+Z ol —1gT($)}- tr(£>Q71<£72{fyflg1‘(%)}ft) (5.39)

+r<1+E)<2{7 BT} 1gr(£)}—1gr<£)—1).

(The fact that f, ;. < oo follows from the inequalities (5.7), (5.8), (5.9).) When k = r,
the above is simply 27 — v — 1, as in Theorem 1.1 of [12].

5.4 Proof of Lemma 5.1 (iv)

By the upper bound of dv,,/dz = > ., g.(s,z) in (5.17), foh 22dv, »(z) < oo. Thus
we are allowed to write this integral as

h
/ :L’de,k’7 (x) =
0

Recall that for z € (2°h,2"7'h), g.(s,z) = §.(s,x,1) (see (5.19)). Using the derivative
formula (4.11), one can verify that

a ~ N 24 .
%GT(S,x,z) = x°g,(s,x,1), (5.41)

~ def o 9—i—t+a—F, A g—i—t+a—p, r/k
Gy(s,2,i) =2zexp| -Q ' -, —=—~— | |Q7 | -, —+~+—
BOT(R) FOT(R)
2- i—t+a— Bm
22a B—i— tQ <T )
EOI(3)
2re [ r r Qittta=f,
+ —7r PR Q_l (_7 —T>> (542)
K (k ET(3)
2a+5+2+k 2r+tr<_ 2@ (7“ 21t+roc ﬁx>>
L'(x)

. . 2
B 7.2—a+,3+z+t1_‘ Z Q—l Z 2—z—t+a—ﬁx
k k’ EooT(5) '

hoit1 h2it1 ~ ~
/ 2%g,(s,r)dx = / 22, (s, 1) dr = G,(s,h2" i) — G (s, h2",4).  (5.43)
h

21 h2t

—0o0

h2tt1 h2i+1
Z/ 2? dv, g A ( Z / 7%g,(s, ) dz. (5.40)
h2i h2i

i=—17h2 s>1 i=—1

where

Thus
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Summing (5.43) over ¢ and s as in (5.40)

/Oh Pdvy s (x) = 25 (37’2{(}) B 41_£F(2%) _ ZQ_T<£>2Q_1<£’ 2—t)

S R (T ) L
—21—2:5§:2tr(2%,2c2 )
9).)

(The convergence of this sum follows from (5.8) and (
3.2~ for k =r, as in Lemma 2.5 of [12].
We next compute -, .04 Var(&,v1[é,, < h]). Using the estimation (5.32) and (5.34),

we see that
S ElE1lg. < R = o(1). (5.45)

v good

Thus it suffices to compute >, .4 E[&,1[&.0 < B]].
Let v be a good node with n, = 2™* and [/2 < t <. Then using (5.26),

Note that this is simply

E[€2 116, < H]] = / 22uy(x) dz + o(m~?)

m -5

log m 1 L (5.46)
:<1+O( > )/ 2ty () dz 4 o(m™?).
m m—5
Using again the derivative formula (4.11), one can verify that
O ) = i) (5.47)
—U,(x) = 27U, 4(2), )
ax ,t ,t

Q
L RPN T Pofr e
kn? k’ k’ mI‘(%)nU k’ mF(%)nv (5.48)
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Recall that ,,(z) = 0 if & > 1. Thus

l/k mn.y

h
[ b <hl) = [ aule) do +EfG 1l < m 7]

m—5

- (1+0(22) ) (7 (M2 ) - ) o) s
(1 + O(logm> 1) Uy (W A h) +o(m™?),

where we use U,;(m™) = o(m™2), which follows from the inequalities (5.7), (5.8) and
(5.9).

The number of good nodes v with n,, = 2% —1, is given by (5.12). We again separate
good nodes into the low part ({/2 < t < [), the high part (I <t < L) and the last part

(t = L) as in subsection 5.3. For the low part, i.e., when v is a good node with n, = 2™~*
and 1/2 <t <,

01 déf Z E [5371;1[57”,1) < hH

v good and low

= ¥ (@ 4 0(1)) (1 + O<1O§1m) ) <5},t(h) + 0(m72)>
1/2<t<l

(Sl G QeGe)” e
P et () - S () o ()
—gz—%ﬁsﬂr (% 20! (% 2—5))> .

For the high part, i.e., when v is a good node with n, = 2"t and I <t < L,

09 déf Z E [fzyyl[gr,v < hH

v good and high

= 3 @ o) (1 +0(10im>i) <5<M> +0<m2)) (5.51)

==

I<t<L

_ of—a (%%y — y%fr(%)) + o(1).
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And for the last part, i.e., when v is good node with n, = 2%,

oy > E[& A6 < )

v good and last

— ((2-2"")2" + 0(1)) (1 N O<loim) k) ((NIM (F(iimnv> N O(m_2)> (5.52)

=o(1).

Therefore,

h
Z Var (&, .1, < h]) =01+ 02+ 03+ 0(1) — / z? dvy g (), (5.53)
0

v:h(v)<L

where the limit is given by (5.44). Thus we have completed the whole proof of Lemma 5.1.
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