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Abstract

A geometric construction of one-factorisations of complete graphs Kg_1) is
provided for the case when either ¢ = 2% + 1 is a Fermat prime, or ¢ = 9. This
construction uses the affine group AGL(1, ¢), points and ovals in the Desarguesian
plane PG(2, ¢%) to produce one-factorisations of the complete graph K, alg—1)-

Mathematics Subject Classifications: 05C70, 51E21, 05B25

1 Introduction

Let K, be the complete graph with an even number n of vertices. A one-factor is a
set of edges of K, such that every vertex of K, meets exactly one of its edges. A one-
factorisation of K, is a partition of its edge set into n — 1 disjoint one-factors.

One-factorisations of complete graphs have been studied in connection with Steiner
triple systems and—more generally—Design theory [22]. They also have practical applic-
ations such as scheduling single round robin tournaments.

The systematic study of one-factorisations begun with the pioneering work of Rosa,
Mendelsohn, Wallis and others; see for instance [4, 5, 6, 7, 13, 16, 17, 20, 22]. In some re-
cent papers [10, 14, 18], Gy. Kiss, G. Korchmdros and the authors used geometry in order
to set up a procedure for the construction of (possibly new) families of one-factorisations
based on nice geometric objects. The idea of using geometry for the construction of fac-
torisations dates back to 2001 when it was first exploited on multigraphs; see for instance
[1, 9, 11, 15, 19]. In this paper, we construct one-factorisations from ovals in a Desar-
guesian projective plane of odd square order, the order of which is either 92, or the square
of a prime of the form 2¢ + 1.

Our notation and terminology are standard. In particular, the term partial one-
factorisation stands for a set of one-factors of K, such that no two of them share an
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edge. Obviously, any subset of one-factors in a one-factorisation of K, is a partial one-
factorisation. Background on one-factorisations of complete graphs is found in [21], and
[17]. For a detailed account on ovals in finite projective planes; see [8].

The main result of this paper is a (mostly geometrical) construction of one-factorisations
of the complete graph K1), where ¢ = 2¢ + 1 is a prime power.

Theorem 1. Let ¢ = 2% + 1 be a prime number. Let ¥ = AGL(1,q) be the affine
group represented by its sharply transitive action on the points of an oval C in PG(2,¢?)\
PG(2,q). There exists a one-factorisation

f: {F17F1/7...Fq(q2—3),F;<q,3),Sl7...,Sq_l,R17...,Rq}

2
of the complete graph K41y such that

e the union F; U F] corresponds to a X—orbit of length q(q — 1), fori=1,..., @;

e S; corresponds to a Y—orbit of length @, foro=1,...,q—1;

e R; corresponds to a set consisting of points in 3-orbits of length q(q— 1) and points
in PG(2,q) that are external to C, fori=1,...,q.

Theorem 2. Let ¢ = 9 and ¥ = AGL(1,q) the affine group represented by its sharply
transitive action on the points of an oval C in PG(2,81) \ PG(2,9). Then there exists a
one-factorisation

F={F,F,...Fo;,Fy,L1,...,Lg,Ry,..., Ry}
of the complete graph Koo such that
o the union F; U F! corresponds to a X—orbit of length 72, fori=1,...,27;
e L; corresponds to a vertical line in PG(2,81), fori=1,...,8;

e R; corresponds to a set with 32 points in ¥-orbits of length 72 and 4 points on the
vertical line X =0 in PG(2,81), fori=1,...,09.

Note that if ¢ = 2¢ 4 1 is a prime power, then either ¢ = 9, or ¢ is a so-called Fermat
prime, where d is a power of 2. Although number theoretic implications are out of the
scope of this paper, it is worth mentioning that only finitely many Fermat primes are
known, and whether Fermat primes form a finite or an infinite family is still an open
question.

The case ¢ prime (Theorem 1) is dealt with in Section 3, and the special case ¢ = 9
(Theorem 2) is considered in subsection 4.2.
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2 Preliminaries

For an odd prime power ¢ = p", let € be an oval in the projective plane m = PG(2, ¢?)
and 1y = PG(2,q) a Baer subplane of 7 such that 7o N Q # (). From [12, Lemma 4] we
know that

o [1oNQ|=qg+1and Qy=mNQis an oval of .
e every line of my meets () at some point, and those missing )y are secants to (2,
e no point of 7y is internal to 2.

There are exactly @ points of PG(2, ¢?) which are external to €2, each of them
lying on two tangents to {2. We denote the set of all external points to Q with F(£2).

Let S be a set of points in PG(2,¢?) and T be a set of tangents to Q. Then S is said
to have the tangent property with respect to T if and only if for every ¢ € T the condition
|¢ S| < 1 holds. Remark that this definition generalises the notion of tangent property
introduced in [14].

The action of the group PGL(2,q) on € yields two orbits: one of them is €y itself,
while the other is Q* = Q\ Qy. We call real tangents the tangents to € at points in {2,
and complex tangents the others.

Our aim is to construct a geometric one-factorisation of the complete graph K,,, with
n = ¢*> — q, whose vertices are represented by the points, and edges by the chords of Q*.

Following to [14], we are looking for a partition of the points of E' = E(Q2)\ 7 into subsets

consisting of fT_q points, each of them with the tangent property, henceforth with respect
to the set of complex tangents to 2.

Consider an affine frame where the oval €2 is a parabola C of affine equation
Y = X?

in AG(2,4?). One can label the affine points P(£,£%) in AG(2, ¢?) with the corresponding
element £ € GF(¢?) and denote it with P;. Then, the equation of the tangent to Q at one
of its points P is

Y = 26X — &2

Hence, the points of £’ are in one-to-one correspondence with pairs {£1, &>}, where &, & €
GF(q?) \ GF(q). Namely, the pair {&,&} corresponds to the external point (51;52 , 5152)
and vice versa.

One can look at the action of the affine group ¥ = AGL(1,¢) on the points of C and
E’ realised in the following way. For a € GF(q), define the map ¢, as

Ca(z,y) = (T + a,y + 2ax + a)

and the group ® = (p, | a € GF(g)). Similarly, for A\ € GF(q) \ {0}, define

Ua(z,y) = (Ax, A\%y)
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and the group ¥ = () | A € GF(q) \ {0}). Then let

% = (pathr | @ € GF(g), A € GF(g) \ {0}).

It is not hard to see that ¥ = ¥ x & = AGL(1, q), and its action on the points of C in
AG(2,¢%) \ AG(2,q) is sharply transitive. Furthermore, the group X partitions the set
E’ in Y-orbits of length n = ¢(¢ — 1) or n/2 = q(q — 1)/2, which are called long and
short orbits, respectively; see Lemma 5 for a formal proof. Note that the notion of long
and short orbit is consistent with the notion of short and long edges used in the usual
constructions with starters; see for instance [2].

A geometric characterisation of the points of £’ and the Y—orbits is provided by the
following sequence of lemmas.

Lemma 3. Fvery external point in E' belongs to a unique parabola C, of affine equation
Y = X% —t, where t = s* is a nonzero square in GF(q?).

Proof. Let P, (£1,€}) be a point of C, where & € GF(¢?) \ GF(¢). The tangent to C at
P, has affine equation

te, 1Y =26 X — &
The intersection ¢, N C; is constituted by points of type (z,2? —t), where z is such that

(r — &)?* = t. Thus, t = s> must be a nonzero square and the points of intersection are
the points (&1 — s,&F — 2561), (& + 5,67 + 2861). 0

Lemma 4. Let C; be an external parabola. Then the following hold:
1. pa(Cy) =Cy, for all a € GF(q);

2. U\(Cy) = Cyzg, for all X € GF(q) \ {0}.

Lemma 5. The group 3 partitions the set E' in X—orbits of length either q(q — 1), or

—‘I(q;). Furthermore, the following hold:

1. short 3-orbits have the tangent property, i.e. they correspond to one-factors;

2. long X-orbits have the 2-tangent property, that is, every tangent to C at a point P,
for € € GF(¢?) \ GF(q), intersects a X-orbits in exactly two points.

Proof. Let P(%, &&) € E' be the intersection of the tangents t¢, and t¢,, where
&1,& € GF(¢?) \ GF(q) and & # &.

Let 0 = 1) 0 ¢, € ¥ be such that o(P) = P. Then A(§; +a) = &,AM (& +a) = &
and this implies that either o = 1y, or 0 = ¥_; 0 ¢, and & + & = —a. The latter case
occurs only when P* is a short orbit and every short orbit contains some point of the
form (0, —t), where ¢ # 0 is a square in GF(¢?).

Since the group AGL(1,q) is transitive on the elements of GF(q¢?) \ GF(q), every
complex tangent intersects a Y-orbit P* in at least one point. Furthermore, there are
q(q — 1) complex tangents and every point of P* is on at most two tangents.

Then, since the length of a short orbit is @, every complex tangent intersects it
in exactly one point. Similarly, the length of a long orbit is ¢(¢ — 1) and every complex

tangent must intersect it in exactly two points. 0
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Finally, the following lemma is needed for the proof in the next section.

Lemma 6. Let n be a positive integer. There exist 2n distinct integers
0< 2, ., Tn, Y1y, Yn S 20

such that x; —y; =1, foralli=1,...,n.

Proof. For k =1,...,[%], take the pairs
p,(f) =n—-—k+1k—1];
and for k = [§] +1,...,n, take the pairs

pg) =[n+k2n—k+1].
Note that, if n is even (resp. odd) then the pairs pl({l) produce all even (resp. odd)

differences: n

n—2k+2 fork=1,..., {5—‘ .
Similarly, if n is even (resp. odd) the pairs p,(:) produce all odd (resp. even) differences:

2k —n —1, for k = [g—‘qu,...,n.

The result follows. O]

3 Proof of Theorem 1

In this section, we provide a construction for ¢ = 2¢ 4+ 1, ¢ prime. We start from the
partition of £’ in ¥-orbits. By Lemma 5, the short orbits have the tangent property
and there is nothing to prove. Furthermore, each long orbit has the 2-tangent property
and can be partitioned into polygons—that is, cycles in the underlying graph—where two
vertices are adjacent if and only if the corresponding points are on the same tangent line.
If the number of vertices is even, then we can colour the vertices with two colours—red
and green—and each of these good orbits produces two one-factors.

Let P(%, £1&2) be a point in a long orbit and o = ¥y 0p, be such that & = A(§1+a).
Then the polygon that contains P has exactly k = |o| vertices and it can be represented
by the following ordered sequence of pairs:

{&, (&)} {o (&), o* ()} {o" 1 (&) &}

The condition ¢ = 2¢ + 1 implies that P* is a “good orbit” if and only if A\ # 1. Then k
is even and the polygon can be easily coloured as follows:

g :{{517 0(51)}7 {0-2(51)7 03(51)}7 KR {O-k_Q(gl)v Uk_l(ﬁl)}h
R ={{o(&),0* (&)} {o*(&), 0’ ()}, -, {Uk_l(fl)a 3132
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Note that, if P* is a long orbit and the order of ¢ is even, then P is necessarily on a conic
Ci, where t = s? and s € GF(¢?) \ GF(q). In this case, it can be easily checked that every
orbit P® has the tangent property.

The orbits that split into polygons with an odd number of vertices cannot be coloured
with two colours and are called bad orbits. These orbits exist because of the subgroups of
¥ of odd order. If ¢ is a prime number such that ¢ = 2¢ + 1, then each of the bad orbits
is the union of exactly (¢ — 1) ¢g-gons. Each of these ¢g-gons corresponds to a set of pairs
of the type

{{z,x + b}, {x +b,x + 2b},...,{z — b, x}},

where € GF(¢?) \ GF(q) and b € GF(q) \ {0}. From a simple counting argument, we
can also note that there are exactly qg—l bad orbits.

Every point P in a bad orbit must lie on a conic C;, where t = s* and s € GF(q) \ {0},
and the union of all bad orbits is equal to the disjoint union of all sets £’'NC;. Furthermore,
unlike the previous case, the orbit P® does not have the tangent property.

Let w be a primitive element of GF(g?). Then, each of the sets E' N C; can be further

(g=1)
2

partitioned in pairs of g-gons as follows:

E'NC, = {(z, 22 —t) | z € GF(¢*) \ GF(q)}

(g—1)/2 (g—1)/2
= U P)\w,t ) P—)xw,t = U P)\w,t U P)\wq,ty
A=1 A=1

where every orbit P,; = (z,2% — t)® is one the ¢-gons embedded in C;. Note that every
set ' NC; is a q(q¢ — 1)-arc and has the 2-tangent property.

Take the short orbit Oy corresponding to the pairs {{z, 29} | * € GF(¢*) \ GF(q)}. In
the remainder of this section we show how to replace a point from each g-gon contained
in £ N C; with a point from Oy so that two @-sets with the tangent property are
obtained.

Let t = s* for s € GF(q) \ {0}, and P := (z + s, z(x + 25)), Q := (27 + s, 29 (27 + 25))
be the points corresponding to the pairs {z, z +2s}, {z?, 29+ 2s}. The points P, Q) belong
to two paired g-gons Py 1, Pyyat, Where

P)\w,t = [P, P = @2S(P)7 ceey Pq—l = ()0(25)‘1*1(P)]7
P/\wq,t = [Q> Ql = 9028(@)7 ce 7Qq71 = 90(25)‘1_1(@)]'

We replace P,(Q, that is, the pairs {x,z + 2s}, {29, 27 + 2s}, with two points Ry, Ry =
was(Ry) from Oy, where Ry and Ry correspond to the pairs {z,z9}, {x + 2s,29 4+ 2s},
respectively. In affine coordinates, we have

q q
R, = (x—l—x ,:z:‘IH) , Ry:= (x;x —|—25,(x—|—25)q+1> .

2

Then, we can colour R;, Ry and the remaining points of the ¢-gons with two colors G
(green) and R (red) as follows:

g:{Rl,Pl,P?n"'7Pq727Q17Q37"'7Qq72}7
R:SD%(Q) - {R27P27P47"-7Pq—17Q27Q47"'aQq—l};
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see Figure 1. Note that in our argument we heavily used the fact that (x4 2s)? = 27+ 2s.

P! /’P2
Pq\l\/ P
, \P
RQ.:/ \‘; Ry

Qg1 1
Qq—Q;/ \q Q2

Figure 1: A pair of ¢g-gons embedded in C}

We want to use this strategy for all “* conics Cy, for t = s? and s € GF(q) \ {0}.

We have a total of @ g-gons in bad orbits. For each pair of g-gons Py i, Pwey We
need to be able to find two suitable points Ry, Rs, corresponding to two pairs of the type
{z, 29}, {x + 2s,27 + 2s}. There seems to be enough points, more precisely, there are
@ of them in Oy. However, we have to make sure that once we use two points Ry, Ro,
they are not used with any other g-gon.

The orbit Oy can be partitioned in the disjoint union of sets ToNC,, for r = 22 € GF(q)
and z € GF(¢?) \ GF(q). Note that 2 = —z. By Lemma 6, for every ¢ = s? with
s € GF(q), we can find u;, vy such that vy — u; = 2s and | J{ws, v }| = g — 1.

t
Let mg N C,. be one of these sets from Oy. The points from C,
Rl(“tau? —r), R2(Ut>vt2 —r),

corresponding to the pairs {u;+2, u—2} = {w+2, ug+2}, {vi+2z, vi—2} = {v+2z, v +27},
can be used to replace the points from C,

P(vt+s+z,(vt+s+z)2—t), Q(Ut+3+zqv(vt+s+zq)2_t>a

corresponding to the pairs {u; + z, v, + 2z}, {us + 29, v, + 27}. Remark that the points P, Q
lie on two paired g-gons, say Pyt U Pyyet = P,y U Poay. Furthermore, Cy can be written
as (52 , for A # £1, and the points

El(ut,uf —7), Rg(vt,vf —7) € Cr

replace two points in C; that must be in a different pair of ¢-gons. This completes the
proof.
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4 Examples

In 4.1 we illustrate the construction in Section 3 for the case ¢ = 5. We obtain a partition
into 10-sets with the tangent property that corresponds to a (rigid) 1-factorisation of the
complete graph with 20 vertices Kyg.

In 4.2 we consider the special case ¢ = 9, which is obtained by a slight modification
of the main construction.

4.1 Caseq=>5

Let w be a primitive element of GF(25) such that w? = w + 3.

Consider the conic C of equation Y = X? in PG(2,25). There are twelve Y-orbits: 5
short orbits, 5 good (long) orbits, and 2 bad (long) orbits. The points in bad orbits are
contained in the conics

Cllszz—l, C4 Y = X2 4.

The conic C; contains the following four pentagons:

Py = [(w,w?), (', 1), (', w?), (w*, w'®), (w2 ws)],
Py = [(w”,w?), (w?, 1), (0, w'®), (w', w®), (', w'®)],
Py = [(w",w?), (w', w), (w™,2), (w8 w”) (W™, w)]
Pyyoy = [(w' w), (w?, w'h), (w?, 2), (w'®,w), (', w?)].

Py = [(w,w'T), (w7, w"), (w?, w23) (0", 3), (w2, 19)]7
Pysp = [(w”,w"), (W', w'), (w',w'), ( %, 3), (w', w®)],
Pows = [(07, w?), (0, 4), (w?, w'®), (w? 4> (w®, w?)]

Paysp = [(w',w?), (w”,4), (w', w?), (™, ), (0, w")]

The short orbit Oy can be written as the disjoint union
O() = (7T0 N CQ) U (7'('0 N Cg),

where
o M Cy = {(07 3)? (174)7 (27 2)? (37 2)7 (47 4)}

and

TN Cs={(0,2),(1,3),(2,1),(3,1),(4,3) }.

Take u; = 4,v; = 3, us = 2,v9 = 0. Note that u; — vy =1 and us — v9 = 2. Then we
can consider the following pairs of points from Oy:

(i) (3,2), (4,4);
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(i) (3,1), (4,3);
(iii) (0,3), (2,2);
(iv) (0,2), (2,1).

The points from the pairs (i) and (ii) will be used to replace points from the conic Cy,
while the points from the pairs (iii) and (iv) will be used to replace points from C;.

The points Ry = (4,4), Ry := (3,2) = @4(R;) correspond to the pairs {w!?, w??},
Note that w?? + 4 = w and w'* + 4 = w°, hence R; and R, replace the points

P .= <w27w23>, Q — (wl(J?wlg)’

from the pentagons P2, P2 and corresponding to the pairs {w,w*},
{w®, w'}, respectively. Similarly, the points R} := (4,3), R, := (3,1) correspond to
the pairs {w!'? w?}, {w!, w?} and replace the points P’ := (w’,w?), Q' = (w, w')
from the pentagons Py 2, Pays o.

Then, following the procedure from Section 3, we obtain two 10-sets F; = G, Fo =R
with the tangent property:

g = {Rl’902(P)7(104(P)7902(Q>7904(Q)7R,17302<P,)7904(P/)v902(62,)7(104(@/)}7
R = ¢4(9).

Following the same procedure, we can replace the points (w?, w®) € P, and (w'®, w'®) €
P51 with (0,3) and (2,2); then the points (w”,w®) € Pay,1 and (w'',w) € Py,s, with
(0,2) and (2,1). We obtain two further 10-sets F3, F, with the tangent property:

]:3 :{(0’ 3) (w’ w15)7 (’LU17, w3>, (wS’ w3)’ <w137 wlS)’
(07 2)’ w47 ,w7)7 (U)S, wll)) (w20’ w11>7 (w167 w?)},

(
Fu =p2(F3).
Another four 10-sets with the tangent property consist of the following short orbits:
Fs = (0,wh)*, Fo=(0,w)* Fr=(0,u®)* Fs=(0,w?>
The five (long) good orbits
O = (w,2)%, 0y = (w,w)*, O3 = (w,w®)* Oy = (w,w*)*, O5 = (w,w'?)

split into polygons with an even number of edges.
The orbit O; splits into five quadrangles:
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Then, O; can be partitioned into two 10-sets F9 and Fjg with the tangent property:
Fy = {(w,2), (w, w?), (0, w?), (0", 2), (w’,w’),
8

(w, ,
(w227w23)’ (w5 wlﬁ) ( 17 16)’ (w 10) (w19 3)}
fl() — {(w167w11) <w21 wl?) ( 11) ( 13 2) (w ’3>7

(W, w'®), (', wh), (W*, w?), (W', w®), (W', w’)}.

In the same way, the orbits Oy, O3, O, and Os; split into quadrangles and produce the
following 10-sets with the tangent property:

Fi = {(w,w), (w’,w®), (w?, w?"), (w? w?), (w? 4),
w15’4) (’LU8 w9) (w16’w2) (w14 w ) (w227w9>}’
w4 w?l) (w20 wg) (w7’w13) (wll w17) (w9’1)7
7(w13’w) (w17 w5) (w19 wlS) (w23 wl?)}7
(W', w®), (w?, w"), (w’, w), (w*,w?),
(w572 (w w14) (wm w14) ( 17 2)}

)

(w197w20)’<w 6 w ) w23 3) <w14 wlg)

8 7 13

7(w 7w

9 (w20 w?) (w21 w13)}
(w?, 1), (w°

)
), (1), (0 ), (0, w?),
) (' wt), (', '), (0, '), (', ),
,w8 4 ’ (wll’wll ’ (wlg,U)Q ’ (w217w21 ( 14 1)
3 22 2)

),

) Jw?), (w?2, w?), (w?,4), (wW?, wn)}
(’LUlO, 1)7 (wZ’ wl[)), 11)14, wlO)’ (w ’w )7
)7 (’LUS, u]22)7 (U}15, w21>’ (wll wlO)’ <u}217 wQ)}’
w9 9 (w237 wlO)’ (wéé7 w22)7 (w20 w22>’ (U)4, 4)7

Y w Y
w'? wh), (wh,w’), (', 4), (W', w'?), (w? 1)},
The last 10-set Fig is uniquely determined by the previous ones:

Fig = {(17 3)7 (17 4)7 (w27 w23>7 (w27 wg) <w7 w3> (U)7, w5)7
(', '), (", "), (', w), (", w*)},
Note that all points removed from pentagons in C; and C4 are in Fi9. A direct computation

with Magma [3] shows that the corresponding 1-factorisation of the complete graph Ko
is rigid, that is, its only automorphism is the trivial one.

4.2 Case ¢ =9 (Theorem 2)

Let w be a primitive element of GF(81) such that w* = w? + 1. Note that every nonzero

element of GF(9) is a power of w'?, that is, w'® is a primitive element of GF(9).
Consider the conic C of equation Y = X? in PG(2,81). There are 40 Y-orbits: 9

short orbits, 27 good (long) orbits, and 4 bad (long) orbits. The points in bad orbits are
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contained in four conics C, : Y = X2 —r, where r = 1,2, w?*®, w®. We need to adjust the
construction from Section 3 because 9 is not a prime, the bad orbits split into 96 triangles
(24 triangles from each bad orbits) and we do not have enough points in a unique short
orbit. We provide an alternative construction that overcomes this difficulty.

The points on the 9 short orbits can be rearranged in the following 36-sets—again
with the tangent property:

Li=En¢, i=01,...8,

where {y is the vertical line of equation X = 0 and /¢; is the vertical line of equation
X=w%fori=1,...,8.

The sets Ly, ..., Lg give rise to the first eight one-factors F},..., Fg. The points in
Lo will be used, together with all the points from bad orbits, to form nine one-factors
Fg, ceey F17.

The set Ly can be partitioned into nine W-orbits:

Sl = (0,’(1)2)‘1]7 SQ = <07w4)\IJ, S3 - (07w6>\117
S4 = (07w8>‘117 S5 = (O’wl[))\I!’ Sﬁ = (07w12)‘lj7
57 — (0,21)14)\1}, 58 _ (O, wlﬁ)‘ll’ Sg _ (0, wlS)\I/

Each of these W-orbit is a 4-set with the tangent property.
Similarly, we can partition the points on bad orbits into W-orbits

Ol — (w’w%)\ll, 02 — (wQ’w?,)\I/’ 03 — <w3’w75)\117

04 — (w4’ w74)\117 05 — (w57 w?O)\IJ7 06 _ (w67w9>\1/7

07 _ (w7’ w6)\1/7 OS _ (w87 w23)\1/7 09 _ <w97w65)\11’

010 — (w117w64)\1', Oll (w12’ ,w62)\1/’ 012 _ (w13’ w21)l117
013 _ (’LUM,U))\I', 014 _ (’LU15, w50)\1/’ 015 — (w16’ w61>\If’
O = (w177w48)\117 Oy = <w18’ w27)‘1’, Os = (,w19’ w16>\117
019 — (w217w18)\117 020 — <w227 w31)\1/7 021 — (w237 w54>\1/7
022 — (w2477“069)\117 023 — (’UJ25, w60)\11’ 024 — (20267 w13>\117
025 _ (w277w35 \117 026 _ (w28’ w?S)\I/’ 027 — (w29’ w2)\11’
028 = (”LU31,U)7)\I], 029 = <w327 ’LU47)\I,, 030 = (U)33, w32>\D7
031 — (w347w37)\117 032 — <w357 wQO)\I/7 033 — (w36’ wQG)\IJ7
034 — (w37’w29)\117 035 — <w387 w39)\1/7 036 _ (w397 w63>\1!'

Note that each of these W-orbit is a 8-set with the tangent property.
We can construct nine 36-sets with the tangent property, each constructed as the union
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of four orbits O; and one orbit S;. For instance, we can take:

Fy =51 U0;UOg U Og U Oy,
Fip = S U0y U 03U Oq; UOsg,
Fip = 53U 07U 018U Oy U Oz,
Fia = 54U O17U O U O31 U Oss,
Fi3 = 55 U012 U O14 U Og7 U Oy,
Fi4 = 56 UOg UO15 U Oz U O3y,
Fi5 = 5;U04 U019 U O3 U O3y,
Fig = S3 U O5 U016 U O19 U Oy,
Fi7 = S9UO13U Oz U Ogg U Osy.

Note that the sets Fi,..., Fi; are left invariant by the group ¥ and cover all points in
bad and short orbits. The last 54 one-factors can be obtained from good orbits using the
construction from Section 3.

The full automorphism group of the one-factorisation so obtained can be easily com-
puted with the aid of Magma [3]. It should be noticed that many of the good orbits
split into two one-factors in several different ways, and thus produce different automorph-
ism groups. Nevertheless, supported by some experiments, we expect the resulting one-
factorisations to be rigid. For a matter of space, we are not providing all the details about
this.
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