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Abstract

Ciucu proved a simple product formula for the tiling number of a hexagon in
which a chain of equilateral triangles of alternating orientations, called a ‘fern,” has
been removed from the center (Adv. Math. 2017). In this paper, we present a
multi-parameter generalization of this work by giving an explicit tiling enumeration
for a hexagon with three ferns removed, besides the central fern as in Ciucu’s region,
we remove two new ferns from two sides of the hexagon. Our result also implies a
new ‘dual’ of MacMahon’s classical formula of boxed plane partitions, corresponding
to the exterior of the union of three disjoint concave polygons obtained by turning
120 degrees after drawing each side.
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ical condensation.
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1 Introduction

MacMahon’s classical theorem on plane partitions fitting in a given box (see [37], and
2,6,10,11,19,23,26,27,47,48] for more recent developments) is equivalent to the fact that
the number of lozenge tilings of a centrally symmetric hexagon of side-lengths a, b, ¢, a, b, ¢
(in clockwise order, starting from the north side) on the triangular lattice is equal to

H(a) H(b) H(c)H(a + b + ¢)

Pla,b,c) := H(a+b)H(b+c)Hc+a)

(1)

where the hyperfactorial function H(n) is defined as H(n) :=0!-1!-2!--.(n —1)!. Here a
lozenge is union of any two unit equilateral triangles sharing an edge; a lozenge tiling of
a region on the triangular lattice is a covering of the region by lozenges without gaps or
overlaps.

The striking tiling formula of MacMahon motivates us to find similar ones. In partic-
ular, we would like to investigate lozenge tilings of hexagons with certain ‘defects,” and
the most popular defect is the removal of a collection of one or more equilateral triangles.
Strictly speaking, one would like to classify this defect based on the position where the
triangle has been removed as follows. If a triangle is removed inside the hexagon, we call
it a (triangular) hole; if the triangle is removed along the boundary of the hexagon, we
call it a (triangular) dent.

The tale of tiling enumerations of hexagons with holes (also known as ‘holey hexagons’)
originally came from an (ex-)open problem posed by James Propp. In 1999, James Propp
published an article [40] tracking the progress on a list of 20 open problems in the field of
exact enumeration of tilings, which he presented in a lecture in 1996, as part of the special
program on algebraic combinatorics organized at MSRI. The article also presented a list
of 12 new open problems. Problem 2 on the list asks for a tiling formula for a quasi-regular
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hexagon of side-lengths® n, n+1,n, n+1,n, n+1 with the central unit triangle removed (see
Figure 1(a)). Ciucu [3] solved and generalized this problem to (a,b+ 1,b,a + 1,b,b+ 1)-
hexagons with the central unit triangle removed (shown in Figure 1(b)). Gessel and
Helfgott later obtained this result independently by a different method [16]. S. Okada
and C. Krattenthaler [39] have solved an even more general problem for a 3-parameter
family of holey hexagons, (a,b+1,¢,a+1,b,c+ 1)-hexagons with the central unit triangle
removed (illustrated in Figure 1(c)).

One readily sees that, in the above results, the central triangular holes have all size
1. A milestone in this line of work is when Ciucu, Eisenkélbl, Krattenthaler and Zare [7]
showed that the tilings of a hexagon are still enumerated by a simple product formula if we
remove a triangle of an arbitrary side-length in the ‘center’?, called a ‘cored hexagon’ (see
Figure 1(d) for an example). In 2013, Ciucu and Krattenthaler [10] extended the structure
of the central triangular hole in the cored hexagons to a cluster of four triangular holes,
called a ‘shamrock hole.” The explicit enumeration of a hexagon with a shamrock hole
in the center (called an ‘S-cored heragon’ or a ‘shamrock-cored hexagon’) also yields a
beautiful asymptotic result that they mentioned as a ‘dual’ of MacMahon’s theorem (see
Figure 1(e) for an S-cored hexagon). Ciucu [6] later considered a new structure, called
a ‘fern,” a string of triangles with alternating orientations, and a hexagon with a fern
removed in the center is called an ‘F'-cored hexagon’ or a ‘fern-cored hezagon’ (illustrated
in Figure 1(f)). This new structure also yields a nice tiling formula and another dual of
MacMahon’s theorem. We refer the reader to [11,28-30] for more recent work on the fern
structure.

For a sequence a := (a;)},, we denote 0, := >, .qq@ and e, ;==Y . a;. Let S(a) =
S(ay,as,...,an) denote the upper half of a hexagon of side-lengths ey, 04, 04, €4, 04, 04 i
which k := | 7] triangles of side-lengths a1, as, as, . .., ase41 removed from the base, such
that the distance between the i-th and the (i 4+ 1)-th removed triangles is ay; (see Figure
2 for an example). We call the region S(ay,as,...,a,) a dented semihezagon. Cohn,
Larsen, and Propp [12] interpreted semi-strict Gelfand—Tsetlin patterns as lozenge tilings
of the dented semihexagon S(ay, as,...,an), and obtained the following tiling formula

s(al,ag,...,agl,l) :S(Cll,ag,...,agl) 2)
1 [Ti<i<j<z—1H(a; + a1+ ... +a

j — i odd
H((Il +asz+as+ ...+ an_l) H1<i<j<2l—1 H(al + a1 +...+a

J —1even

- 9

J

(
i)
)
(3)

where s(ay,as, ..., a,) denotes the number of tilings® of S(ay,as, ..., ay).

'From now on, we always list the side-lengths of a hexagon in the clockwise order, starting from the
north side.

2Strictly speaking, the triangular hole is only located exactly at the center when all sides of the
hexagon have the same parity; in the other cases, it is 1/2 unit off the center.

3We include here the original formula of Cohn-Larsen—Propp for convenience. Let Ton(T1,. .. 2p)
be the region obtained from the semihexagon of side-lengths m, n, m 4+ n, n (clockwise from the top)
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Figure 1: Several hexagons with central holes whose tilings are enumerated by simple
product formulas (ordered in chronological order). The black triangles indicates the tri-
angular holes.
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Figure 2: The dented semihexagon S(2,2,2,3,1,2,4).
Even though there are numerous elegant enumerations for hexagons with holes and for

hexagons with dents, there are not many known results for hexagons in which both holes
and dents are apparent. In this paper, we consider a number of such ‘rare’ families of

by removing the n up-pointing unit triangles from its bottom that are in the positions x1, xs,...,x, as
counted from left to right. Then the number tilings of the resulting region is given by

= J—1
1<i<jsn
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Figure 3: Two hexagons with three ferns removed. The black triangles indicate the ones
removed.

regions. In particular, our region can be considered as a multi-parameter generalization
of Ciucu’s F-cored hexagons in [6], besides a fern removed in the center of the hexagon,
we remove two new ferns at the same level from two sides of the hexagons. See Figure 3
for two examples. The precise definition of our regions will be given in the next section.
We would like to emphasize that the side-lengths and the number of triangles in each
of the three ferns are all arbitrary. Our main theorems (Theorems 2-9) show that the
numbers of tilings of the new regions are always given by a certain product of the tiling
number of a cored hexagon, the tiling numbers of two dented semihexagons determined
by the ferns, and a simple multiplicative factor. When the two side ferns vanish, our work
implies exactly Ciucu’s main result in [6, Theorem 2.1]. As a consequence, our results
generalize almost all known enumerations of hexagons with central holes listed above
(the only exception is the enumeration of the S-cored hexagons in [10]). Especially, our
theorems also imply a new ‘dual’ of MacMahon’s classical theorem on plane partitions,
that generalizes the striking asymptotic result of Ciucu in [6, Theorem 1.1].

We organize the rest of this paper as follows. In Section 2, we give exact tiling
enumerations for eight families of regions corresponding to the ‘central case.” The new
dual of MacMahon’s theorem is also presented in the same section. We provide the proofs
of these theorems in Section 3. We wrap up the paper by several remarks and open
questions in Section 4.
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2 Precise statements of the main results

2.1 Cored hexagons and Ciucu—Eisenkolbl-Krattenthaler—Zare’s Theorems

Continuing the line of work about hexagons with a unit triangle removed from the center in
3], [16] and [39], Ciucu, Eisenkolbl, Krattenthaler and Zare enumerated the cored hezagon
(or punctured hexagon) C,, .(m) that are obtained by removing the central equilateral
triangle of side-length m from the hexagon H of side-lengths z,y +m, z,x +m,y,z +m
(see Figure 4 for examples). We define this region in detail in the next paragraph.

Figure 4: (a) The cored hexagon Cs¢4(2). (b) The cored hexagon Cs6.4(2). (c) The cored
hexagon Cy54(2). (d) The cored hexagon Cs¢3(2).

We start with an auxiliary hexagon Hy with side-lengths z,y, z, x, y, z (indicated by
the hexagons with the dashed boundary in Figure 4). Next, we push the north, the
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northeast, and the southeast sides of the hexagon m units outward, and keep other sides
staying put. This way, we get a larger hexagon H, called the base hexagon, of side-lengths
r,y +m,z,x+ m,y,z+ m. Finally, we remove an up-pointing m-triangle such that its
left vertex is located at the closest lattice point to the center of the auxiliary hexagon H.

Precisely, there are four cases to distinguish based on the parities of z,y, z. When z, y,
and z have the same parity, the center of the hexagon is a lattice vertex, and our removed
triangle has the left vertex at the center. One readily sees that, in this case, the triangular
hole stays evenly between each pair of parallel sides of the hexagon H. In particular, the
distance between the north side of the hexagon and the top of the triangular hole and
the distance between the base of the triangular hole and the south side of the hexagon
are both yTJrZ; the distances corresponding to the northeast and southwest sides of the
hexagon are both xTJFZ; the distances corresponding to the northwest and southeast sides
of the hexagon are both 3. (See Figure 4(a); the hexagon with the dashed boundary
indicates the auxiliary hexagon.) Next, we consider the case when x has parity different
from that of y and 2. In this case, the center of the auxiliary hexagon Hj is not a lattice
vertex anymore. It is the middle point of a horizontal unit lattice interval. We now
place the triangular hole such that its leftmost is 1/2 unit to the left of the center of the
auxiliary hexagon (illustrated in Figure 4(b); the larger shaded dot indicates the center
of the auxiliary hexagon). Similarly, if y has the opposite parity to x and z, we place
the triangular hole 1/2 unit to the northwest of the center of the auxiliary hexagon Hj
(shown in Figure 4(c)). Finally, if z has parity different from that of z and y, the hole is
located 1/2 unit to the southwest of the center of Hy (see Figure 4(d)).

Next, we extend the definition of the hyperfactorial function to the case of half-integers:

n—1 oL .
_I'(k+1) for n a positive integer;
Hn) = { oyt P : (@)

1
[T,_2 T(k + $) for n a positive half-integer.

where I' denotes the classical gamma function. Recall that I'(n+1) = n!l and T'(n+1) =

2
Elfn, /7, for a nonnegative integer n.

We can combine Theorems 1 and 2 in [7] as follows:

Theorem 1 (Ciucu-Eisenkdlbl-Krattenthaler-Zare [7]). Assume that m,x,y,z are non-
negative integers, such that y and z have the same parity. Then the number of lozenge
tilings of the cored hexagon Cy, .(m) is given by
Hm+z)Hm+y)Hm+ z)Hm +x +y + 2)
H(m+x+y)H(m+y+z)H(m+z+x)
H(m + LMJ) "z+y+z"
X H(m+ (x-i-y"‘)H( + y-i-z L
H(%5)* H(|3 J [ ] H(
+ 5D HEG + [5DHEG + 3]
s + s
H(™ + VﬂzﬁzJ)H(% T

M(Cyy.(m)) =

XH(
H(

8 N8

SERSE
wL

X

0|3
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Here, we use the notation M(R) for the number of lozenge tilings of the region R.

By the symmetry, if x and y have the same parity, then the number of tilings of
Cyy.-(m) is exactly the expression on the right-hand side of (5), with x replaced by z, y
replaced by z, and z replaced by y. Similarly, if z and z have the same parity, then the
number of tilings of C,, .(m) is precisely the expression on the right-hand side of (5),
with x replaced by y, y replaced by z, and z replaced by z.

T+ o, +e,+ee

T +e,+op+ o

Figure 5: Construction of the region R%A(l, 1,1,1; 2,2,1; 2,1,1,2).

Inspired by the cored hexagons above, we will define our eight families of hexagons
with three collinear ferns removed in the next subsection. Depending on the height of
the horizontal lattice line ¢ along which our three ferns are lined up, there are two cases
to distinguish: ¢ leaves the west and east vertices of the hexagon on opposite sides (see
Figure 3(a) for an example), or ¢ leaves the two vertices on the same side (see Figure
3(b)). From now on, by the symmetry, we can assume that the east vertex of the hexagon
is always below the line /.
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y+a-b

xr+e,+0op+ 0o

Figure 6: Construction of the hexagon with 3 ferns removed R3; 4(2,2,2; 1,1,1,1; 2,1,1).

2.2 The case £ separates the west and east vertices of the hexagon

We now define our four families of hexagons with three collinear ferns removed, in the
case when the horizontal lattice line £ separates the east and west vertices of the hexagon,
as follows. Our definitions are illustrated in Figures 5-8. However, we ignore the in-
ner hexagons and the arrows in these figures at the moment (these details will be used
later in the alternative definitions of our regions in Subsection 2.4). We call them R-
families. Assume that z,y,z are nonnegative integers and that a = (ay,as,...,an),
b := (by,bs,...,b,), c = (c1,ca,...,cx) are three (may be empty) sequences of nonneg-
ative integers. The three sequences a, b, c determine the side-lengths of triangles in the
left, the right, and the central ferns, respectively. Set

€, = E a;, e, = E bj, ec:= E C

i even Jj even t even
0q 1= E a;, Op:= E bj, 0.:= E Cts (6)
i odd j odd t odd

anda:=a;+as+ -+ an, b:=b+by+---+by,c:=c1+co+ -+ .
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T+ o, ten+ e

T+ e, + o+ o

Figure 7: Construction of the region R’2\7172(1, 1,1,1; 2,2,1; 2,2,1,1).

Assume that x and z have the same parity, we definition of our first R-family of regions
R?, .(a;c;b) in the next paragraph.

We start with the base hexagon H of side-lengths = + o, + e, + e, 2y + z + e, + 0y +
ectla—0b|, 2404+ e+ e, T+ea+0op+ e, 2+ 2+ 04+ e+ e+ |a—0b|, 2+ eq+ o, + e
(see the outermost hexagon in Figure 5). Suppose first that the total length of the left
fern less than the total length of the right fern, i.e., a < b. Next, we remove at the level
y above the east vertex of the hexagon H three ferns as follows. The left fern consists
of m triangles of alternating orientations with side-lengths aq, as, ..., a,, as they appear
from left to right, and starts with a down-pointing triangle. The right fern consists of
n alternating-oriented triangles of side-lengths b1, bo,...,b, as they appear from right to
left, and starts with an up-pointing triangle. It is easy to see that the distance between
the rightmost of the left fern and the leftmost of the right ferns is ¢ + x + z. The middle
fern of length ¢ consists of alternating-oriented triangles of side-lengths ¢y, co, ..., ¢ and
starts with an up-pointing triangle. We next put this fern equally between the left and the
right ferns as indicated by three strings of black triangles in Figure 5 (i.e., the distances
between two consecutive ferns are both £32, which is an integer as = + z is even in this
case). If a > b, we define the region similarly, the only difference is that we now remove

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(1) (2020), #P1.61 10



the three ferns at the level y + (a — b) above the east vertex of the hexagon (as opposed
to removing at the level y as in the previous case).

T+ 0, + €+ e.

€a+ 0y + 0,

“a )\ c3

0, + e, + e,

T+ ey + 0p+ 0

Figure 8: The region R{m(?, 2,1,2; 1,1,1,2;2,2,1).

Next, we define the second R-family consisting of regions R£y7z(a; c;b), in the case

when z has different parity from that of z. We follow the same process as in the case of
the R®-type regions above, the only difference is that, since x + z is now odd, we place
the middle fern 1 unit closer to the left fern than the right one, i.e., the distance between
the left and the middle ferns is V;FZJ, and the distance between the middle and the right

ferns is P;ﬂ (see Figure 6 for an example in the case a > b).

The third and the fourth R-families are defined little differently, as we allow y to take
the value —1 in certain situations.

Our third R-family is for the case when x and z have the same parity and is defined
as follows. We now start with a slightly different base hexagon, that has side-lengths
THosteyt+e,2yt+z+e,+opt+e.+la—bl+1,z24+0,+e,+ e, T+ e, + 0y + e,
2u+z+o,+e,+e.+la—bl+1, 2+ e, + o, + e, (indicated by the outermost hexagon

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(1) (2020), #P1.61 11



in Figure 7). Next, we repeat the process in the definition of the first R-family, the only
difference is that we are now removing the three ferns at the level y + 1 above the east
vertex of the hexagon if a < b, and at the level y + (a — b) + 1 if a > b. Moreover, in the
case a < b, the parameter y may take the value —1. Denote by R;}yyz(a; c; b) the resulting
region.

Our fourth R-family consists of the regions RQ{ ,.-(& ¢;b) when z has different parity
from that of z. In this case, our base hexagon H is the same as that in the third R-family;
however, we now remove the three ferns in the same way as in the second R-family. In
particular, we remove the three ferns at the level y or y+a—»b, depending on whether a < b
or a > b, such that the distance between the left and middle ferns is | Z2] (illustrated in

Figure 8). Similar to the third R-family, we allow y to take the value —1 when a > b.

T+e,+ept+ e

S
+
g
+
S v
)
Y X
",(32 ITF;’
&1 C3

...............................................

T+ 04+ 0p + 0

Figure 9: How to construct the region Q55 ,4(2,2; 2,2,1; 2,2,2).
The simple specialization of our regions when a = b = () gives exactly the F-
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cored hexagons in [6], and if we specialize further with ¢ = (m), we get the cored
hexagons in [7]. This is visually apparent when the y-parameter of the F-cored hexagon
(or cored hexagon) is greater than or equal to the z-parameter. In the other case,
when the y-parameter less than the z-parameter, we get back the F-cored hexagons
Fy, yra.(€), Fi 1o (c), F;ZQ%Z“(C) and F:é’zerl(c) (as denoted in [6]) by reflecting

the region RS, .(0;%¢;0), RS, .(0;%¢;0), RE, .(0;°¢;0) and R}, (0; c;0) over a horizon-
tal line, respectively. Here, we denote by %s the sequence obtained by including a 0 term

in front of the sequence s, i.e, s = (0, s1, 82,...,5,) if s = (51, 892,...,8n)-
Theorem 2. Assume that a = (a1,as,...,a,), b = (b1,bs,...,b,), ¢ = (¢1,¢,...,¢k)
are three sequences of nonnegative integers and that x,y, z are three nonnegative integers,
such that x and z have the same parity.
(a) If a > b, then
M(R, .(a; ¢; b)) = M(Cl2y+2424.:(c))

m7:.1172:
xr—+z xr—+z
9 7017"'7Ck+T+bn7bn—17"‘7bl)

Xs(y7a17"'7am7

Ttz —1—01,...,ck,x——{—z,bn,...,bl,y—i—a—b)
2 2
y H(c+ £2) H(a+y+ %2)
H(e) H(#5%) H(a + ¢ + y + %)
" Ha+y+2)H(a+c+y+2)
H(eq +0p +0c+y+2)H(a+ 04 —0p +ec +y + 2)
XH(ea+0b+oc+y)H(a+oa—ob—i-ec—l—y) (7)
H(a +y)?
ifm,n, k are even. The other cases, when one or more numbers among m,n, k are odd, can

be reduced to the even case by including an empty triangle at the end of the corresponding

ferns.
(b) If a < b, then

xg(al,...,am_l,am—l—

M(Rg, .(a; ¢ b)) = M(Chayv2n.:(c))

aj7y7z

T+ z T+ =z
XS(y+b—a,a1,...,am, —2'— ,Cly .o, Cp + + +bn,bn_1,...,bl>
T+ z T+ z

Xs(ala"‘7am—1aam+ 2 +Cl7-"7ck7T)bnw"ablay)

y H(c+ 22) H(b+y+ “2)
H(c) H(ZE2) H(b+ ¢+ y + &%)
Hb+y+2)Hb+c+y+ 2)
H(b+ o0, — 04+ 0. +y+ 2)H(o, + e+ €. +y + 2)
H(b+ op — 04 + 0.+ y) H(o, + €, + €. + y)
H(b + y)? ’

X

X

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(1) (2020), #P1.61 13



for even m,n, k. The other cases follow the even case in the same way as in part (a).

We note that the formulas in Theorem 2 can be combined into a single formula as
follows:

M(Ra?,y,z (a; C; b)) = M(Cm,2y+z+2 max(a,b),z(c))

r+z T+ z
T,Cl,...,0k+

T+ z T+ z
—2F +cl,...,ck,L,bn,...,bl,y+a—min(a,b))

2
y H(c+ %) H(max(a,b) +y + =)
H(c) H(%:2) H(max(a, b) + ¢+ y + 22)
H(max(a,b) + y + z) H(max(a,b) + c+ y + 2)
H(max(a,b) — 04 + 0p + 0. + y + 2z) H(max(a, b) + 0, — 0p + €. + 4y + 2)
H(max(a,b) — o, + 0oy + 0. + y) H(max(a, b) + 0, — 0 + €. + y)

. H(max(a,b) + y)? ' (©)

><s<y—|—b—min(a,b),a1,...,am, +bn,bn_1,...,b1)

xs(al,...,am_l,am+

X

For the sake of brevity, we use similar combined formulas in our next main theorems.

Theorem 3. Assume that a = (ay,a9,...,0y), b = (b,by, ..., b,), ¢ = (c1,¢,...,Ck)
are three sequences of nonnegative integers and that x,y, z are three nonnegative integers,
such that x has parity opposite to z. Then

M(R;—,y,z(a; C; b)) = M(Cm,2y+z+2 max(a,b),z(c))

><s(y+b—min(a,b),a1,...,am, {x;zJ ,Cly. . Cp [w—;—z—‘ +bn,bn_1,...,bl>

xg(al,...,am_l,am—l— Lx;ZJ +Cly e, Chy [x—;_z—‘ ,bn,...,bl,y—l—a—min(a,b))

y H(c+ [%2]|) H(max(a,b) +y+ [Z=])
H(c) H(| 22 |) H(max(a,b) + ¢ +y + [ Z2])
H(max(a,b) + y + z) H(max(a,b) + c+y + 2)
H(max(a,b) — o, + 0p + 0. +y + z) H(max(a, b) + 0, — 0p + €.+ y + 2)
H(max(a,b) — 04 + 0p + 0. + y) H(max(a,b) + 0, — 0p + €. + y)

% H(max(a,b) + y)? (10)

X

if m,n, k are even. The other cases, when one or more numbers among m,n,k are odd,
can be reduced to the even case as in Theorem 2.

Theorem 4. Assume that a = (a1,as,...,a,), b = (b,be,...,b,), ¢ = (¢1,¢,...,Ck)
are three sequences of nonnegative integers and that x,z are two nonnegative integers,
such that x and z have the same parity. Assume in addition that y is an integer, such
that y > 0 when b < a and y > —1 when b > a. Then

M(Riy,z(a’; C; b)) = M(Cx,2y+z+2 max(a,b)Jrl,z(C))
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Tr+z T+ z
Tacla"'ack+

< T+ z T+ 2z

A1y v vy m—1, Ay 9 ...,Ck,T

s|y+b—min(a,b),ay,...,an,

+ bnvbnfla cee 7bl>

,bn,...,bl,y—i—a—l—l—min(a,b))

o Hle+ 5%) H(max(a,b) +y + %57)
H(c) H(%:2) H(max(a, b) + ¢+ y + 22)
" H(max(a,b) +y + z + 1) H(max(a,b) + c + y + z)

H(max(a,b) — 0, + 0y + 0. + y + z) H(max(a,b) + 0, —op + €. +y + 2+ 1)
H(max(a,b) — o, + oy + 0. + y) H(max(a,b) + 0, — op + €. +y + 1) (11)
H(max(a,b) + y) H(max(a,b) +y + 1) ’

for even m,n, k. The other cases, when one or more numbers among m,n, k are odd, can
be reduced to the even case as in Theorem 2.

X

Theorem 5. Assume that a = (ay,a9,...,0y), b = (b,by, ..., b,), ¢ = (c1,¢,...,Ck)
are three sequences of nonnegative integers and that x,z are two nonnegative integers,
such that x and z have different parities. Assume in addition that y is an integer, such
that y > 0 when a < b and y > —1 when a > b, and that m,n, k are all even (the cases,

when at least one of m,n, k is odd, follow by including a O-triangle to the end of the ferns
if needed). Then

M(Rx/y z(a'; C; b)) - M(Cx,2y+z+2 max(a,b)+1,z(0))

s<y+1—|—b—min(a,b),a1,...,am, VJ—I’ZJ ,Cly ey Cl [x;z-‘ —i—bn,bn_l,...,bl)

2
Xs(al,...,am_l,am—f—Lx;'zJ+cl,...,ck, [xgz-‘,bn,...,bl,y—i-a—min(a,b))
y H(c+ [%2])  H(max(a,b) +y + [Z=2])

H(c) H(| Z2|) H(max(a, b) + ¢+ y + [£2])
H(max(a,b) + y + z) H(max(a,b) + c+y+ 2z + 1)
H(max(a,b) — 0, + 0p + 0. + y + z + 1) H(max(a,b) + 0, — 0p + €. + y + 2)
H(max(a,b) — 04 + 0p + 0. +y + 1) H(max(a, )+0a—0b—|—ec+y)
H(max(a,b) + y) H(max(a,b) + y + 1)

X

X

(12)

2.3 The case when the west and east vertices of the hexagon are both below £

Besides the above four ‘ R-families,” we have four more ‘Q-families’ of regions in which the
line ¢ containing three ferns stays above the west and the east vertices of the hexagon (as
opposed to separating these two vertices as in the case of the R®-, R“-, R™-, R -type
regions).

The definitions of our Q)-families are illustrated in Figures 9-12. For our definitions,
we ignore all the inner hexagons and the arrows in these figures at the moment. These
details will be used later in the alternative definitions of the regions in Subsection 2.4.
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Assume that z,y, z are nonnegative integers and a = (ay,...,ay,), b = (b1,...,b,),
c = (c1,...,cp) are three sequences of nonnegative integers as usual.

T +e,+ e+ e

0q + 0p + 0

................

o
...................................................

T+ 04+ 0p+ 0

Figure 10: How to construct the region Q35 4(2,2,1; 2,1,2; 2,1).

Our first Q-family is obtained from the base hexagon H of side-lengths x + e, + e +
e, Y + 2+ 04 + 0p + 0. + max(a — b,0),y + z + e, + €, + e. + max(b — a,0), x + 0, + 0p +
0,y + 2+ e, + ey +e.+max(a—b,0),y + z+ 0, + 0p + 0. + max(b — a,0), in which z
and z have the same parity (see the outermost hexagon in Figure 9). We remove at the
level y + max(a — b, 0) above the east vertex of the hexagon H three ferns with sequences
of side-lengths a, ¢, b, as in the case of the R®-type regions. The only difference here is
that all three ferns now have the first triangle up-pointing (note that the right fern still
runs in the opposite direction to the left and the middle ferns, i.e., from right to left).
We still arrange the three ferns so that the left and the right ferns touch the northwest
and the northeast sides of the hexagon, respectively, and the middle fern is located evenly
between of the latter ones. Denote this region by QY _(a; c; b).

x7y7Z
The second Q-family consisting of the regions QF, .(a; c; b) is similar to the first

.Z’,y7Z
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one. The only differences are: (1) x and z have different parities, and (2) the middle fern
is now l-unit closer to the left fern than the right one (see Figure 10).

We next define the third and the fourth @)-families, in which the parameter y is taking
the value —1 when b > a.

T+ e, + eyt e

0q + 0y + 0,

o
..........

T+ 04 + 0p + O

Figure 11: How to construct the region Q§2,4(17 2; 2,1,2; 2,2,2).

To define the third Q-family, we start with a slightly different base hexagon of side-
lengths x +e,+ep+e.,y+2+0, +0p+0.+max(a—b,0)+1,y+z+e, + e, +e. +max(b—
a,0),z4+0,+0p+0c,y+z+e,+ep+e.+max(a—b,0)+1, y+ 2+ 0, +0p +0.+max(a—b, 0),
in which z and z have the same parity (see the outermost hexagons in Figure 11). We now
remove our three ferns in the same way as in the first Q-family at the level y+max(b—a, 0)
above the east vertex of the hexagon. Denote by QY .(a; ¢; b) by the newly defined

x?sz

region. When x and z have different parities, the fourth Q-family is obtained similarly by
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removing the three ferns from the same base hexagon as in the definition of the Q™-type
regions. However, we now remove the middle fern 1-unit closer to the right fern. Denote
by Q{’W(a; c; b) the resulting region (illustrated in Figure 12).

T+e,+ep+ e

0q + 0p + 0,

X

RECLLTTYRY SYTTTH

5
CECTLELLIILLr

£ X ’
. Y L X
%, )
.
* +
- 0
< . <
X s N
%
« . +
X %, 3 N
< 0 o o
3 o
0 5
X s o
. &
o . o
e s R
0 o
X 0 o
o '-' R AN
=
-, R
. 5 b
. &
3 R
3 2y+b-a R
0 o
s R
0 5
0 o
s o
0 o
s B
0 o
. o
0 o
3 R
“snssnssssnalsansnnnnsnEEER s R R AR R R AR R n R’
T+ 04+ 0+ Oc

Figure 12: How to construct the region Q{QA(L 2; 2,1,2; 2,2,2).

Theorem 6. Assume that x,y, z are nonnegative integers and that @ = (ay,...,ay), b=
(b1,...,bn), ¢ = (c1,...,cx) are sequences of nonnegative integers. Assume in addition
that  and z have the same parity and that m,n,k are all even*. Then

M( :?,y,z(a’; C; b)) = M(Ca:,2y+z+2max(a,b),z(c))

4Similar to Theorems 2-5, for the next enumerations in this paper, we can assume that each of our
ferns consists of an even number of triangles (as other cases can be reduced to this case by appending a
O-triangle to the ferns if needed).
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Tr+z r+z
ai,...,0pm +——,C1,...,C, +

2 +bnabn17"'>bl)

X S <y +b—min(a,b),ar,...,an_1,0n, Ttz T,

2

X S

..,ck,mT—'—Z,bn,...,bl,y—l—a—min(a,b))

y H(c+ %%) H(max(a,b) +y + &%)
H(c) H(¥:2) H(max(a, b) + ¢+ y + 22)
H(max(a,b) + y + z) H(max(a,b) +c+y + 2)
H(o, +o0p + 0.+ 2)H(la — b| + €a + e, + €. + 2y + 2)
" H(o, + op + 0.) H(la — b| + e, + € + . + 2y) (13)
H(max(a, b) + y)? '

Theorem 7. Assume that x,y,z are nonnegative integers and that a = (ai,...,an),

b= (b,...,b,), ¢ = (c1,...,c) are sequences of nonnegative integers. We also assume
that x and z have different parities and that m,n,k are all even. Then

M( ::y,z(a’; C; b)) - M(Cx,2y+z+2 max(a,b),z(c))

T+ z T+ z
xs(al,...,amjt{ 5 J,cl,...,ck—l—[ 5 -‘+bn,bn1,...,bl>

><s(y+b—min(a,b),al,...,,am, V;ZJ + ¢,

., Ch, [x;—z ,bn,...,bl,y—l—a—min(a,b))
y H(c+ [#2]|)  H(max(a,b) +y+ [Z2])
H(c) H(|Z2|) H(max(a,b) + ¢+ y + | Z2))
H(max(a, b) + y + z) H(max(a,b) + c+y + 2)
H(og +o0p+ 0.+ 2)H(lJa —b| + eq + e, + €. + 2y + 2)
5 H(Oa‘i‘ob‘{'oc)H(‘a_b‘+ea+€b+ec+2y)' (14)
H(max(a,b) + y)?

Theorem 8. Assume that x, z are nonnegative integers of the same parity, y is an integer
at least —1, and y can only take the value —1 when a < b. Assume in addition that

a=(ay,...,an), b= (b1,...,b,), ¢ = (c1,...,cx) are sequences of an even number of
nonnegative integers. Then

M(Q;\,y,z(a’; C; b)) = M(Ox,2y+z+2max(a,b)—i—l,z(c))

x4+ z x4+ z

—2 ,Clyev o, Cp T+

XS<CL1,...,CLm+ +bn,bn17...,b1)

><s<y—|—b—min(a,b),a1,...,am,x;—Z—1—01,
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ITH,bn,...,bl,y—i—a—l—l—min(a,b))

H(c+ %2) H(max(a,b) +y + =)
H(c) H(%:2) H(max(a, b) + ¢+ y + 22)

H(max(a,b) +y + z + 1) H(max(a,b) + ¢+ y + 2)
H(o, +0p + 0.+ 2)H(Ja —b| + e+ ey +e.+2y+ 2+ 1)
H(o, + oy +0.) H(la — b| + e, + €y + €. + 2y + 1)

H(max(a,b) + y) H(max(a,b) + y + 1)

c oy Cky

X

(15)

Theorem 9. Assume that x,z are nonnegative integers of different parities, y is an
integer at least —1, and y can only take the value —1 when a < b. Assume in addition
that @ = (ay,...,am), b= (b1,...,b,), ¢ = (c1,...,cx) are sequences of an even number
of nonnegative integers. Then

M(Q{y,z(a; C; b)) = M(Cw,2y+z+2 max(a,b)+1,z(c))

r+z T+ z
xs(al,...,am%—[ 5 -‘,cl,...,ckjt{ 5 J+bn,bn_1,...,bl)

. +
><s(y+b—m1n(a,b),a1,...,am, [1;2 Z-‘ + ¢,

2
y H(c+ |#2]|)  H(max(a,b) +y + [Z2])
H(c) H(| %2 ]) H(max(a,b) + ¢ + y + [£Z])
H(max(a,b) + y + z) H(max(a,b) + c+y + 2z + 1)
H(o, +o0p+0.+2)H(lJa—b| + e, + e, +e.+2y+ 2+ 1)
H(o, + op + 0.) H(|a — b + €4 + €, + e + 2y + 1)
H(max(a,b) + y) H(max(a,b) + y + 1)

., Ch, {x%—zJ ,bn,...,bl,y—i—a—min(a,b)—|—1>

(16)

One readily sees that when the middle fern is empty, then our eight regions (four R-
regions and four @)-regions) become special cases of the ‘doubly-intruded hezagons’ in [11].
More precisely, the regions in [11] depend on four parameters z,y, z, t, besides the two
ferns, and our regions here only depend on three parameters x,y,z. Moreover, a nice
g-enumeration, like the one in [11], does not appear here in our regions

2.4 Alternative definitions for the R- and Q-families

The above direct definitions of the R- and Q-families are straightforward, however, to see
more clearly that our regions are common generalizations of the cored hexagons in [7] and
the F-cored hexagons in [6], we give an equivalent constructive definition as follows.

We start with an auxiliary hexagon Hj of side-lengths z,z, 2, z,z, 2z (see the inner
hexagon with the dashed contour in Figures 5 and 6). Next, we push out all six sides of
Hy as follows. We push the north, northeast, southeast, south, southwest, and northwest
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sides of Hy outward e, + o, + 0., b+ ¢, b+ ¢, 0, + €, + €., a, a units, respectively. We
obtain the hexagon H; with side-lengths x + o, + €, + €., 2+ €, + 0p + €, 2+ 04 + € + €,
T+e,+0p+ee, 2+0,+ €+ €c, 2+ e, + 0, + €. (indicated by the hexagon with the solid
bold contour in Figures 5 and 6).

If the total length of the left fern is greater than or equal to the total length of the
right fern, i.e., a > b, we push also the south, southeast, north, and northwest sides of
the hexagon H; respectively y +a — b, y + a — b, y, and y units outward; otherwise, if
a < b, we push out these sides y, y, y + b — a, and y + b — a units, respectively. In
the both situations, the hexagon H; is extended to the base hexagon H of side-lengths
T+ost+eptee, y+etopte.t|a—b|, z+o,+epte., x+e,+op+ee, y+0,+ep+e.+|a—b,
z+ e, + 0p + €. as in the direct definition of the regions above (the extension of Hj is
indicated by the portion with the dashed boundary).

Finally, we remove the middle fern, consisting of triangles of side-lengths ¢;’s, such the
leftmost of the fern is exactly at the center of the auxiliary hexagon Hy if z and z have
the same parity, or is 1/2 unit to the left of the center of Hy in the case when x and z
have opposite parities. On the same level as the middle fern, we remove left fern and the
right fern, such that the leftmost of the left fern and the rightmost of the right fern touch
the boundary of the hexagon. This gives us the regions RS, .(a;c;b) and R, (a;c;b),
respectively.

To define the third and the fourth R-families, we start instead with an auxiliary
hexagon of side-lengths =,z 4+ 1,2, x,z + 1,z (see the inner hexagons in Figures 7 and
8). We still perform the above 2-stage pushing process to obtain the base hexagon of
side-lengths x40, + €y + €c, y+ea+0op+ec+|a—bl+ 1, 2404+ €5 + €, T+ e, + 0y + €,
Y+ oa+e+e.+]a—b+1, 2+ e, + 0, +e.. As mentioned in the direct definitions in
Subsection 2.2, in the case when the region Ry, .(a;c;b) has b > a and in the case when

x,Y,z

the region Rg{ y.-(&¢;b) has b < a, we allow y ltjo take the special negative value, namely
—1. Here, we understand that pushing outward ‘—1 unit’ is equivalent to pushing inward
1 unit. We obtain the region Ry, _(a; c; b) or the region Rx{%z(a; c; b) if the middle fern is
placed 1/2 unit to the northwest or 1/2 unit to the southwest of the center of the auxiliary
hexagon Hj (corresponding to the case when x and z have the same parity or the case
when they have different parities).

We note that this constructive definition of our regions also explains the use of the
superscripts ®, <—,\, / in our notations. These superscripts clarify the relative position
of the leftmost of the middle fern to the center of the auxiliary hexagon Hy. We have

adopted these notations in [6].

Remark 10. In the above constructive definition of the second, the third and the fourth
R-families, there are actually three more families of regions corresponding to the case
when the leftmost of the middle fern is located 1/2 unit to the right, the southeast, or
the northeast of the center of the auxiliary hexagon Hy. However, we do not consider in
detail these regions here, as they can be viewed as 180° rotations of our three R-families.

Next, we provide constructive definitions for the four ()-families.

The construction of the regions Q3 , .(a; ¢; b) and QF, _(a; c; b) are shown in Figures
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9 and 10, respectively. We start with an auxiliary hexagon Hj of side-lengths x, z, 2, x, 2, 2
(illustrated by the inner hexagons with the dashed boundary), and we push out all the
sides (in clockwise order from the north side) of this hexagon by o, + 0, + 0c, b + ¢, b +
¢, e, +ep+ e, a,a units, respectively. This way, we get a larger hexagon H; of side-lengths
THe,+epteq, 240, +0p+0c, 24+€+€p+€c, T+0,+0p+0c, 2+e+ep+ec, 2+ 045+ 0p 40,
(shown as the hexagon with the bold solid boundary). The second pushing depends on
whether a > b or b > a. If a < b, we push out the southeast, the south and the southwest
sides of the hexagon H; respectively v,y + b — a,y + b — a units; otherwise, we push these
sides respectively y +a — b,y + a — b,y units (these are indicated by the portion with the
dashed boundary outside the solid contour). If x and z have the same parity, i.e., the
center of the auxiliary hexagon Hj is a lattice vertex, we arrange the middle fern so that
its leftmost point is exactly at the center, the left and the right ferns are located at the
same level, such that they touch the northwest and the northeast sides of the hexagon,
respectively (see Figure 9). The resulting region is exactly the region QS .(a; c; b)
defined above. In the case when = has parity opposite to z, we arrange the middle fern
1/2 unit to the left of the center of the auxiliary hexagon Hy (the left and right ferns are
still lined up in the same way as in the definition of the R-type regions) and obtain the
region Q5 (a; ¢; b) (see Figure 10).

Next, the construction of the regions Q;\y’z(a; c; b) and Q{ ,.-(a; ¢; b) are shown
in Figures 11 and 12, respectively. We are allowing y to take the value —1 when b > a
with the convention that: pushing outward ‘—1 unit’ is exactly pushing inward 1 unit.
We now start with a different auxiliary hexagon Hy of side-lengths z, 2+ 1,2, 2+ 1, 2. We
still perform the same 2-stage pushing process as above to obtain the base hexagon H.
We now choose the middle fern, such that its leftmost point is 1/2 unit to the northwest
of the center of the auxiliary hexagon if x and z have the same parity; otherwise, we
put the middle fern 1/2 unit to the northeast of the center of the auxiliary hexagon Hy.
(The other two ferns are still chosen in the same way as in the Q®- and Q* -type regions
above.) We have here the regions Q> .(a; c; b) and Q/, .(a; c; b), respectively.

LY,z T,Y,z

2.5 Dual of MacMahon’s theorem on plane partitions

MacMahon’s classical theorem on boxed plane partitions [37] yields the beautiful prod-
uct formula (1) for the number of lozenge tilings of the interior of a convex hexagon on
the triangular lattice obtained by turning 60° after drawing each side (see Figure 13(a)).
In [10], Ciucu and Krattenthaler considered a counterpart of MacMahon’s theorem, corre-
sponding to the exterior of a concave hexagon by turning 120° after drawing each side. In
particular, they consider the asymptotic behavior of the ratio between the tiling numbers
of a regular S-cored hexagon and a normalized version of its (see Figure 13(b)). Based
on their explicit tiling formula of an S-cored hexagon, Ciucu and Krattenthaler showed
that the later ratio tends to the product of two instances of MacMahon’s product (1) (see
Theorem 1.1 in [10]). They called this striking asymptotic result a ‘dual’ of MacMahon’s
theorem. Ciucu later obtained another dual of MacMahon’s theorem (see Theorem 1.1
in [6]), corresponding to the exterior of a concave polygon obtained by turning 120° after
drawing each side (see Figure 13(c)). More precisely, Ciucu showed that the similar tiling
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Figure 13: (a) The boundary of the hexagon in MacMahon’s theorem [37]. (b) The
boundary of the concave hexagon in the dual of MacMahon’s theorem [10]. (
boundary of the concave polygon in the dual of MacMahon’s theorem [6].

L
=
=
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ratio of F-cored hexagons tends to the product of two instances of Cohn—Larsen—Propp’s
product formula (2).

In this subsection, we use our tiling formulas for the R®- and R* -type regions above
to obtain a new dual of MacMahon’s theorem that generalizes Ciucu’s work above. Our
dual corresponds to the exterior of the union of three concave polygons.

Let z,z be fixed positive real numbers, and let a = (ay,...,ay,), ¢ = (¢1,..., k),
b = (by,...,b,) be three fixed sequences of nonnegative integers, such that a = ) . a;, =
>_;bj = b. We consider the behavior of the ratio between the numbers of tilings of the
two R-regions R|,n|0,-n](a;c;b) and Rzn|0,1-N](€a: 0a; €c,0c; €b,05), Where

R? _(a;c;b) if x and z have the same parity

el = { s (17)

R, .(a;c;b) if x has parity opposite to z.

I7y7z

We show that this ratio tends to a product of siz instances of Cohn—Larsen—Propp’s
product formula, as N gets large.

Theorem 11. For three given sequences of nonnegative integers a = (ay,...,ay,), € =
(c1y...c), b=(b1,...,b,), such that a = b, and for two positive numbers x, z, we have
M(R|2en).0,2v) (@ ¢ )
li — = _ ey Q) S(by, . by
Nggo M(RLINJ,O,\_ZNJ (eaaoa; €¢, Oc; ebvob)) S(ah Hfm I)S(GQ’ ¢ >8( ' " 1)
X 8(bg, ..., by)s(cr, ...y cp1)s(ca, ..., Cr).
(18)

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(1) (2020), #P1.61 23



Figure 14: The dual of MacMahon’s theorem for three ferns.

Recall that s(ay, . . ., a,) denotes the tiling number of the dented semihexagon S(ay, ..., ay,)
defined in (2). The above theorem can be visualized as in the Figure 14.

Proof. First, by Theorems 2 and 3, we have
M(S™) M(S™)

. M(R|zn 0,2~ (a5 ¢; b)) T
lim = lim — —
N—o0 M(RLINLO,LZM(@(I,OQ; €c, Oc; eb,ob)) N—o0 M(S )M(S )

(19)

Here ST and S~ are the two dented semihexagons whose dents obtained by dividing the
region R|.n|0,1-n](a; c; b) along the line that our three ferns are resting on (ST denotes the

upper semihexagon, and S~ denotes the lower semihexagon). Similarly, S and S~ denote
the two dented semihexagons corresponding to the region R,y |0,[-n|(€as 0a; €c,0c; €p; 0p)-

For two ordered sets E = (s1,...,8,) and E' = (s),...,s)), we define the operator A
as A(E) = [[,.;(s; — si), and A(E, E') = [, ;(sj — si). We also use the notation [a, b] to
indicate the set of all integers x, such that a < x < b, and y+][a, b] := [a+y, b+y]. Finally,
we use the notation 7;(a) for the i-th partial sum of the sequence a = (ay, as, ..., an), i.c.
ma) = Y,

We only need to show that the ratio on the right-hand side of (19) tends to the
product of the tiling numbers of the six dented semihexagons on the right-hand side
of (18), as N gets large. To do so, we use Cohn-Larsen—Propp’s original formula for
the number of tilings of a semihexagon with dents, as mentioned in the footnote on
page 4. In particular, each semihexagon S(a,as,...,a,) is obtained from the region
Towea (Uisi1lmi1(a) +1,72(a)]) by removing several forced vertical lozenges (see Fig-
ure 15). Therefore, the two regions have the same number of tilings. Recall that
Tnn(z1, 29, ..., x,) is the region obtained from the semihexagon of side-lengths m, n, m+
n,n (clockwise from the top) by removing n up-pointing unit triangles from its bottom
that are in the positions z1, xs, ..., z, as counted from left to right, and that the number
of tilings of Ty, (1, Ta, ..., @,) is given by the product [[,,_;, xj:f’

We first consider ST. It has the same number of tilings as the semihexagon

Tx+ea+ob+oc,z+oa+eb+ec (A UBU 0)7

where

A — U[TQi‘1<a) + 1, mi(a)],

i1

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(1) (2020), #P1.61 24



as + aq + ag

Figure 15: Obtaining the region S(2,2,2,3,1,2,4) (the shaded region with the bold con-
tour) from 77g(1,2,5,6,10,13,14,15) by removing several vertical forced lozenges; the
black triangles indicate the unit triangle removed in the region 77 5(1, 2, 5, 6, 10, 13, 14, 15).

xN |+ |[zN
c=U(o+ |[EEE ) b 4 1l
. 2
i1
B=|J(a+c+|aN]+ [2N]) + [r2i_1(b) + L, 72i(b)].
i>1
It means that A, B, C' are the position sets corresponding to the up-pointing triangles
in the left, the right and the middle ferns, respectively. For convenience, assume that
ai, ..., q, are the positions in set A, (a + ¢+ [¢N| + [zN])+ 51,...,(a+c+ |zN]| +
|2N|) + B,, are the positions in B, and (a+ LMJ )+m (a+ LMJ )+
Op ) 2 ’r 2 Oc
are the positions in C. Similarly, we denote by

A =11,e,],

C'=a+[1,0.,
B'=a+c+ 1,04

the position sets corresponding the semihexagon S, By Cohn-Larsen—Propp’s original
formula, the ratio of the tilings number between the above two dented semihexagons can
be written as

M(S*)  A(AUBUC)
M(SH)  AAUBUC)
A(A) A(B) A(C) A(A,B) A(A,C) A(B,C)
= : (20)
A(A) A(B) A(C") A(A, B') A(A',C") A(B', C")
The first three ratios give us the first, the third, and the fifth s-functions on the right-hand

side of (18). We can write the ratio —X‘((j’g?)

AAC) o+ | =) 9 —
A(A,C) o <a+ LLxNJ;LzNJJ) v ag.

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(1) (2020), #P1.61 25

(21)



For given i, j, each factor in the above product tends to 1, as N gets large (because

V5 — il |v; — i < a+ ¢, for any 4, 7). This means that

lim —A(A’ ¢) =
N—o0 A(A’, C’)
Similarly, we have
lim A(A,C) ~ lim A(B,C) _
N—oo A(A,C")  N—oo A(B',C")
This implies that

o M(St
1\;5{130 ME?% =s(ay,...,am-1)s(b1,...,bp_1)s(c1,...,Cr_1)-
Similarly, we get
: S7)
Ngnmﬁ = 5(as, ..., am)s(ba, ..., bn)s(ca, ..., cp)

This finishes our proof.

(22)

(25)

]

This theorem implies the dual of MacMahon’s theorem introduced by Ciucu (Theorem

1.1 in [6]) by specializinga=b =0 and z = z = 1.

T+ e,

Figure 16: A symmetric hexagon with (not necessarily symmetric) fern removed along

the symmetric axis.
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2.6 Combined theorems and symmetric F-cored hexagons

We start this subsection by noticing that one can combine Theorems 2, 3, 6, and 7 into
a single theorem as follows.

Let x, z be nonnegative integers, and a, b, ¢ be three sequences of nonnegative integers,
such that a =Y. a;, = > ;bj =b. Consider three ferns whose side-lengths of the triangles
are the terms of the sequences a, b, c. Unlike the definition of the R- and Q-families, we
now have no requirement on the orientations of the first triangle of the three ferns.

Consider a symmetric hexagon of side-lengths = + d, + dp + d, z + ug + up + Ue, 2 +
de +dy +deyx + ug +up + e, z + dy + dyp + dey 2 + ug + up + u., where u, and d, denote
the sums of the side-lengths of all up-pointing triangles and down-pointing triangles in
the a-fern, and wuy, dy, u., d. are defined similarly. On the lattice line containing the west
and the east vertices of the hexagon, we remove three ferns such that the sequences of
side-lengths of the left, right and middle ferns are a, b, ¢, and that the leftmost of the left
fern is touching the west vertex of the hexagon, the rightmost of the right fern is touching
the east vertex of the hexagon. For the middle fern, we place it evenly between the left
and the right ferns in the sense that the distance between the left fern and the middle fern
is | %] and the distance between the middle fern and the right fern is [£32]. Denote by

2
H, .(a;c;b) the resulting region.

Theorem 12 (Combination of Theorems 2, 3, 6 and 7). Assume that x, z are nonnegative
integers and that a = (a1,...,ay), b = (b1,...,b,), ¢ = (c1,...,cx) are sequences of
nonnegative integers, such that a = b. Assume in addition that m,n,k are all even (as
the case when at least one of them are odd can be reduced to the even case by appending
a 0-triangle to the corresponding ferns). Then

M<Hw,2<a; C; b)) = M( acz+2az( )) <S+> (
Hie+ [52]) + 5
H(c)H(LIT“J)H(a%—c%— | = J

H(a+ z)H(a + ¢+ 2)
H(ug + up + ue + 2) H(dy + dp + de + 2)
H(u, + up + ue) H(dy + dp + d.)
H(a)? ’

)

X

X

(26)

where ST and S~ are the two semihexagons with dents obtained by dividing the region
along the line ¢ (the lattice line containing all bases of triangles of the three ferns); the
dents of ST and S~ are defined by the configurations of the three ferns.

One readily sees that after removing the forced lozenges in H, .(a; c;b), the remaining
region is an Q- or Q -type region if the left and right ferns both have the first triangles
up-pointing, and we obtain an R®- or R -type region when the left fern starts by a down-
pointing triangle, and the right fern starts by an up-pointing triangle. This means that
Theorem 12 implies all four Theorems 2, 3, 6, and 7, say after some appropriate changes
of variables.
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One can obtain similarly a combination of Theorems 4, 5, 8 and 9.

Next, we consider an interesting special case of the Q®-type region when a = b = ().

Theorem 13. Let x,y, z be nonnegative integers and let ¢ = (¢1, ¢, . .., k) be a sequence
of nonnegative integers. Assume in addition that x and y have the same parity. Let
By y..(c1,¢2,...,c5) be the region obtained from the symmetric hexagon of side-lengths
T+e,y+2z+o0,y+z+e,r+0.,Yy+ 2+ e,y + 2+ o by removing a fern consisting
triangles of side-lengths cq,co, ..., c, at the level z above the west vertex of the hexagon,
so that the distances between two endpoints of the fern and the northwest and northeast
sides of the hexagon are the same. The number of tilings of By, .(c1,¢2, ..., cx) is given

by
M<B$,yyz<cl’027 B 7ck>) - M(Cz7y+2z7y(0))

Xs(cl,...,ck_l)-s(z,cl+

r+vy . r+vy .
2 g ooy bk 92 )
H(c—l-xQﬁ) H(z+xT+y) H(y + 2)H(c+vy + 2) H(o.) H(e. + 22)

“ H(O)H(Z) H(z + ¢+ Z) H(o, + y) H(eo + y + 22)  H(2)?

(27)

Recall that, in general, if we the removed fern in an F-cored hexagon is far from
the center, the tiling number is not given by a simple product anymore. However, this
theorem says that in the case of symmetric hexagons, we always have a nice tiling formula
when removing a fern at any position perpendicularly to the symmetry axis. Moreover,
the fern does not need to be symmetric®. This theorem generalizes the author’s previous
work in [29], in which we required that the fern must be symmetric.

3 Combined proof of Theorems 2—9

3.1 Organization of the proof

Recall that our 8 regions, RS, _(a; ¢; b), R{, (a; ¢; b), Rg{,w(a; c; b), Rm\jy’z(a; c; b),
g’y’z(a; c; b), Zw(a; c; b), Q;\,y’z(a; c; b) and ny’z(a; c; b), are all obtained from

a certain base hexagon H by removing three ferns along a common lattice line £.
The base hexagons of the regions RY, _(a; ¢; b) and R, .(a; c; b) are both of side-

lengths x + o, + €, + €., 2y—|—z—|—ea+0£,y7+ec—|— la — b, z+g;+eb—|—ec, T+ e, +0p+ €,
20+ z+ 04+ e+ e.+ la—b|, z+ e, + o, + e.; while the base hexagons of the regions
Rx/’y,z(a; c; b) and R}, _(a; c; b) are of side-lengths x + 0, 4 € + €c, 2y + 2 + €4 + 05 +
et la—bl4+1, z4+0,+ €+ €, T+ €4+ 0p+ €c, 2y + 2+ 0, + €+ e+ |a— bl + 1,
24 e, +o0p+e.. The perimeter of the base hexagon is then 2x + 4y + 4z +3a+ 3b+2|a — b|
or 2z + 4y + 4z + 3a + 3b + 2|a — b| + 2, respectively. Similarly, the base hexagons of the
regions QY , _(a; ¢; b) and QF, .(a; ¢; b) always have perimeter equal to 2z + 4y + 4z +
3a + 3b+ 2|a — b|, and the perimeters of the base hexagons of the regions Q, .(a; c; b)

x’y?’z

5This phenomenon was first observed without a proof by Ciucu (private communication).
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and Q7, .(a; c; b) are both 22 + 4y + 4z + 3a + 3b + 2[a — b| + 2. We call the perimeter
of the base hexagon the quasi-perimeter of our regions, denoted by p in the rest of the
proof.

One readily sees that

Claim 14.
p = 2x+4z.

Proof. If y > 0, then by the explicit formula of the quasi-perimeter above, we have
p = 2x + 4z. We only need to consider the case y = —1. However, y = —1 only happens
in the R™-, R -, @Q™-, and Q/"-type regions with |a — b| > 1. In these cases, we have

p=2r+4y+42+3a+30+2)a—b+2>2x—4+42+2la—b|+2>2x+4z. (28)

]

We aim to prove all eight Theorems 2-9 at once by induction on h := p+ x + z, where
p is the quasi-perimeter of the region. Our proof is organized as follows. In Subsection
3.2, we quote the particular versions of the Kuo condensation that will be employed in
our proofs. Next, in Subsections 3.3-3.10, we will present carefully 18 recurrences for our
eight families of regions obtained by applying Kuo condensation. Each family of regions
will have two or three different recurrences, depending on whether a > b, a = b, or a > b.
We want to emphasize that, due to the difference in the structures of our regions, the
universal recurrence seems not to exist. Subsection 3.11 is devoted to the main arguments
of the inductive proof. Finally, in Subsection 3.12, we handle the algebraic verification
that completes our main proof.

3.2 Kuo condensation and other preliminary results

In general, the tilings of a region R can carry ‘weights.” In the weighted case, the notation
M(R) stands for the weighted sum of all tilings of the region R, where the weight of a
tiling is the product of weights of its lozenges.

A forced lozenge in a region R on the triangular lattice is a lozenge contained in any
tilings of R. Assume that we remove several forced lozenges 1,15 ..., 1, from the region
R and get a new region R’. Then

M(R) = M(R) H wit(l;), (29)

where wt(l;) denotes the weight of the lozenge ;.

A region on the triangular lattice is said to be balanced if it has the same number of
up- and down-pointing unit triangles. The following useful lemma allows us to decompose
a large region into several smaller ones.

Lemma 15 (Region-splitting Lemma [26,27]). Let R be a balanced region on the triangular
lattice. Assume that a sub-region (Q of R satisfies the following two conditions:
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(i) (Separating Condition) There is only one type of unit triangles (up-pointing or
down-pointing) running along each side of the border between () and R — Q.

(i1) (Balancing Condition) @ is balanced.

Then
M(R) = M(Q) M(R - Q). (30)

Let G be a finite simple graph without loops. A perfect matching of G is a collection
of disjoint edges covering all vertices of G. The (planar) dual graph of a region R on
the triangular lattice is the graph whose vertices are unit triangles in R and whose edges
connect precisely those two unit triangles sharing an edge. In the weighted case, the edges
of the dual graph carry the same weights as the corresponding lozenges. We can identify
the tilings of a region and perfect matchings of its dual graph. In this point of view, we
use the notation M(G) for the sum of the weights of all perfect matchings in G, where
the weight of a perfect matching is the product of weights of its constituent edges. In the
unweighted case, i.e., when all edges of the graph have weight 1, M(G) is precisely the
number of the perfect matchings of the graph G.

The following two theorems of Kuo are the keys of our proofs in this paper.

Theorem 16 (Theorem 5.1 [21]). Let G = (V1, V4, E) be a (weighted) bipartite planar
graph in which |V1| = |Va|. Assume that u,v,w,s are four vertices appearing in a cyclic
order on a face of G so that u,w € Vi and v,s € V5. Then

M(G)M(G —{u,v,w,s}) = M(G —{u,v}) M(G —{w, s}) + M(G — {u, s}) M(G — {v, 1(03}1)>

Theorem 17 (Theorem 5.2 [21]). Let G = (V1, V4, E) be a (weighted) bipartite planar
graph in which |Vi| = |Va|. Assume that u,v,w,s are four vertices appearing in a cyclic
order on a face of G so that u,v € V} and w,s € V5. Then

M(G —{u, s}) M(G —{v,w}) = M(G) M(G —{u,v,w, s})+M(G —{u,w}) M(G — {0,53}2))

Theorems 16 and 17 are usually mentioned as two variants of Kuo condensation.
Kuo condensation (or graphical condensation as called in [21]) can be considered as a
combinatorial interpretation of the well-known Dodgson condensation in linear algebra
(which is based on the Jacobi-Desnanot identity, see, e.g. [1], [13] and [38], pp. 136-
148, and [51] for a bijective proof). The Dodgson condensation is named after Charles
Lutwidge Dodgson (1832-1898), better known by his pen name Lewis Carroll, an English
writer, mathematician, and photographer.

The preliminary version of Kuo condensation (when the for vertices u, v, w, s in The-
orem 16 form a 4-cycle in the graph G) was initially conjectured by Alexandru lonescu in
context of Aztec diamond graphs and was proved by Propp in 1993 (see, e.g. [41]). Eric
H. Kuo introduced Kuo condensation in his 2004 paper [21] with four different versions,
two of them are Theorems 16 and 17 stated above. Kuo condensation has become a
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powerful tool in the enumeration of tilings with many applications. We refer the reader
to [5,14,18,22,46,49,50] for various aspects and generalizations of Kuo condensation, and
e.g., [8,10,11,17,24-29, 34, 35,43,44] for recent applications of the method.

3.3 Recurrences for R®-type regions

Recall that we are assuming that z and z have the same parity and that the leftmost
vertex of the middle fern is precisely at the center of auxiliary hexagon Hy of side-lengths
X 2,2, X, 2, 2.

If @ < b (i.e., the total length of the left fern is less than that of the right fern), we
apply Kuo condensation (Theorem 16) to the dual graph G of Ry, (a;c;b) with the four
vertices u, v, w, s corresponding to the shaded unit triangles with the same label in Figure
17(b). The u-triangle is the up-pointing shaded unit triangle in the northeast corner of the
region, the v-triangle is the down-pointing shaded unit triangle in the southeast corner,
the w-triangle is the up-pointing shaded unit triangle attached to the rightmost point of
the left fern, and the s-triangle is the down-pointing shaded unit triangle in the northwest
corner. The six regions in Figure 17 correspond to the six terms in identity (31). Strictly
speaking, Figure 17 shows the regions corresponding to the graphs in this identity.

Let us consider the region corresponding to the graph G — {u,v,w, s} shown in the
picture (b). The removal of the unit triangles with labels u, v, w, s gives forced lozenges
along the north, the northwest, and the south sides of the hexagon, as well as the side of
the last triangle of the left fern. By removing these forced lozenges, we get a new region
with the same number of tilings (see the region, restricted by the bold contour). This
new region is exactly an R -type region with the z-parameter reduced by 1 unit and the
side-length of the last triangle in the left fern extended by 1 unit. (More precisely, if the
left fern ends with an up-pointing triangle, then the removal of the forced lozenges extends
its side-length by 1; in the case when the left fern ends with a down-pointing triangle,
then the removal of the w-triangle forms a new up-pointing triangle of side-length one at
the end of the left fern. However, in the latter case, we regard the fern as having m + 1
triangles, the last of which is of side-length 0.) Moreover, the center of the new auxiliary
hexagon (now with side-lengths z,z — 1,z — 1,2,z — 1,2z — 1) is 1/2 unit to the right of
that of the original auxiliary center. This means that the leftmost point of the middle
fern is now 1/2 unit to the left of the center of the auxiliary hexagon. That explains why
the type of region was changed.

We denote by a*! the sequence obtained from the sequence a by adding 1 to the last
term if a has an even number of terms, otherwise, including a new term 1 to the end of
a. We have just established the identity:

M(G — {u,v,w, s}) = M(R,

z,y,z—1

(at!; ¢; b)). (33)

Working throughout the next four regions in the Figure 17(c)—(f), we get respectively:

M(G = {u,v}) = M(RZ,, . (a5 ¢ b)), (34)
M(G —{w,s}) = M(R;_,,.(a™"; ¢; b)), (35)
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VAVAVAVAVAAVAVAVAVAAVAV = VAJAVAVVAAVAVAVAVAAVAV
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VAVAY VAVAVAVAY
AVAVAVAVA AVAAYA AVA
\VAVAVAVAVA, AVAVAVAVA. AVAY/
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Figure 17: Obtaining the recurrence for the regions R, .(a;c;b), when a < b. Kuo
condensation is applied to the region RSLQ(L 1; 1,2,1; 1,2) (picture (a)) as shown on
the picture (b).
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M(G = {u,5}) = M(Ry,_1.(a; ¢ b)), (36)
M(G — {v,w}) = M(R<, ._,(a*"; ¢; b)). (37)

T,y,z—1
One should note that the change of the parameters x, vy, z, and the sequence a leads
to the change in the position of the center of the auxiliary hexagon. As a consequence,
the types of regions are also changed.
Plugging the above identities into identity (31) of the Kuo condensation, we get the
recurrence:

M(RS, .(a; c; b)) M(RE, . ,(a™!; ¢; b))

T,Y,2 x,y,z—1
= M(Rg?+1,y,z—1(a; ¢ b)) M( ;_—l,y,z(a—‘rl; c; b))
+ M(Rpy (a6 b)) M(RZ, .\ (a*'; ¢ b)), (38)

when a < b.
We also note that the above recurrence also works well in the case a = 0, by regarding
that the sequence a consists of a single triangle of side-length 0.
By applying the Kuo condensation with the same choice of the vertices u, v, w, s in
the case a > b, we get a slightly different recurrence (see Figure 18):
M(Rg, .(a; ¢ b)) M(Ry, ;. (2"’ ¢ b))

=M(R, . (a; ¢ b)) M(R; (@™ ¢ b))

z—1,y—1,z
+ M(R;\,y—l,z(a; C; b)) M(Ra:)/,y—l,z—1<a+1; C; b))? (39)
when a > b.

The only differences between the above two recurrences (38) and (39) are the y-
parameters in the second, the fourth, and the sixth regions.

It is not hard to verify that the h-parameters (the sum of the quasi-perimeter, the -,
and z-parameters) of all the five regions, which are different from R, (a; c; b) in the
recurrences (38) and (39), are strictly less than h.

Indeed, let p denote the quasi-perimeter of the region ng(a; c; b). The quasi-
perimeters of the other five regions in each of the above recurrences are respectively p — 3,
p—2,p—1, p—2, and p—1. Moreover, the sum of the z- and z- perimeters are respectively,

r+z—1l,z+z,z+z—1,x+z,z+2z—1.

3.4 Recurrences for R -type regions

We are now obtaining recurrences for the R -type regions. We note that the same
application of Kuo condensation in Theorem 16 as in the case of R®-type regions does
not work here. The reason is that the removal of the unit triangles u, v, w, s, as in Figures
17 and 18 may ‘push’ the center of the auxiliary hexagon too far away from the leftmost
point of the middle fern, and the forced lozenges removal yields a new region that are not
one of the eight types: R®-, R -, R<-, R™-, Q®-, Q -, Q-, and Q™ -types.
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Figure 18: Obtaining the recurrence for the region R, (a;c;b), when a > b. Kuo
condensation is applied to the region R ,(1,2; 2,1, 1; 1,1) (plcture (a)) as shown on
the picture (b).
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Figure 19: Obtaining the recurrence for the region RS, .(a;c;b), when a < b. Kuo

condensation is applied to the region R, ,(2,1,1; 2,2; é, ’1, 2) (picture (a)) as shown on
the picture (b).
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We now apply Kuo condensation as in Figure 19 instead. The u-triangle is still in the
northeast corner of the region. However, the positions of the other three unit triangles
are changed, as shown in Figure 19(b).

Figure 19 tells us that the product of the numbers of tilings of the two regions in the
top row is equal to the product of the tiling numbers of the two regions in the middle row,
plus the product of the tiling numbers of the two regions in the bottom row. The figure
shows the case when b has an odd number of terms, the removal of the v-triangle gives
a new triangle of side-length 1 to the right fern. In the case when b has an even number
of terms, this removal increases the side-length of the last triangle of the right fern by 1
unit. By considering forced lozenges as shown in the figure, we get

M<RZ%Z(a; G b))M(R:CI?,yfl,zfl(a; C; b+1>)
=M(Ry, . (a; ¢; ™)) M(RY, , (a; ¢ b))

z,y—1,z—1 z,y—1,z

+M(R{ .1 (a; ¢; b)) M(RY (a; ¢; b)), (40)

r—1,y—1,2z

for the case a < b.
Similarly, Figure 20 tells us that

M(R;, .(a; ¢; b)) M(RY, . i(a; ¢; b™))

T,Y,2 x,y,z—1
= M(R;\,y,z—l(a; C; b+1)) M(Ra;)/,y—l,z(a; C; b))
+M(R, . (3 ¢ b)) M(R;,  (a; ¢; b)), (41)

for the case a > b.

Similar to the case of the R®-type regions, the h-parameters of all regions, except the
first one, in the above two recurrences are strictly less than the h-parameter of the region
R, .(a; ¢; b).

m7y7Z

3.5 Recurrences for R< -type regions

We apply Kuo condensation in Theorem 16 to the dual graph G of R{ y}z(a; c; b) with
the four vertices u, v, w, s chosen as shown in Figure 21(b) in the case a < b. In particular,
the u-triangle corresponding to the vertex u is now in the northwest corner of the region,
the v-, w-, s-triangles are the shaded ones appearing on the boundary of the region as we
go in the clockwise order from the u-triangle. By removing forced lozenges in the regions

corresponding to the graphs G — {u,v,w, s}, G — {u,v}, G — {w, s}, and G — {u, s}

(as shown in Figures 21(b)-(e), respectively), we get the regions Ry ,, , .(a; c; b,
R§y7z_1(a; c; b“), Rx/_ljy_LzH(a; c; b), and R‘;y,z(a; c; b), respectively.

Unlike the situations in the R®- and R -type regions considered above, after removing
forced lozenges from the region corresponding to the graph G — {v, w}, we do not get any
regions of one of the four R-types (see Figure 21(f)). We next rotate this resulting region
by 180° and get the region R;\_Ly_Lz(bH; C; a). Here ¢ denotes the sequence obtained
from the sequence c by reverting the order of the terms if we have an even number of
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Figure 20: Obtaining the recurrence for the region R (a; c; b), when a > b. Kuo

condensation is applied to the region R$,,(2,2,1; 2,2; 2,1,1) (picture (a)) as shown on
the picture (b).
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Figure 21: Obtaining the recurrence for the region R

xyz(a; C; b), when a < b. Kuo
condensation is applied to the region R372,2(2, 1; 2,2; 2,2) (picture (a)) as shown on the
picture (b).
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terms; otherwise we revert the sequence and include a new 0 term in front of the sequence.
This way, we get the following recurrence for the R< -type regions, when a < b:

M(R,.(a; ¢ b)) M(R;,, ;.(a; ¢ b))
= M(R:?,y,zfl@i; C; b+1)) M(R:lr/fl,yfl,z+1(a; C; b))
+M(R;—,y,z(a’ C; b))M(Rz\fl,yfl,z<b+17 Ev a)) (42)

Similarly, when a > b, we apply Kuo condensation to the dual graph G of the region
Rm{ y-(&¢;b) in the same way as shown in Figure 22. The removal of forced lozenges

yields a slightly different recurrence:

M(RZ, .(a; ¢; b)) M(RY_, . (a; c; b*))

= M(Rﬂ?,y+l7z—l(a; C; b+1))M(Rg{—1,y—1,z+1(a$ c; b))
+ M(RS, (a; ¢; b)) M(RY,,.(b™; T a)). (43)

T,Y,% z—1,y,z
Here the second factor of the second term on the right-hand side is also obtained by
rotating 180° the region restricted in the bold contour in Figure 22(f).

3.6 Recurrences for R™-type regions

We now consider the recurrences for the last R-type regions, the region R;\yyyz(a;c;b).
We apply Kuo’s Theorem 16 to the dual graph G of the region for the case a < b. The
four vertices u, v, w, s correspond to the four shaded unit triangles of the same labels, as
illustrated in Figure 23(b). The difference from the cases treated above is that only two
of these four unit triangles are on the boundary of the base hexagon; the other two are
at the ends of the left and right ferns. By considering forced lozenges arising from the

removal of the four shaded triangles, we get

M(G = {u,v,w,s}) = M(RY_, . ,(a*; ¢; bT)), (44)
M(G —{w, s}) = M(Ry ;1 .1(a™"; ¢; b)), (45)
M(G — {u, 1) = M(RY,,_y(a™; ¢ b*)), (46)
M(G — {v,w}) = M(R7, .(a; ¢; b)), (47)

(see Figures 23(b), (d), (e), and (f), respectively). For the region corresponding to G —
{u,v}, we rotate 180° the leftover region after removing the forced lozenges to obtain the
region Rm/_1,y_1,z<b+1§ C; a) (see Figure 23(c)). This means that we get the following
recurrence for a < b:

M(R;\,yvz(a; C; b)) M(Rg—l,y,z—1(a+1§ C; b+1))

= M(RY. (b™; & a) M(R; .. ,(a™; ¢ b))

z—1,y—1,z
+M(Ry . (@™ e b)) M(RS, .(a; ¢; b)). (48)
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picture (b).
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picture (b).
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picture (b).
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By working similarly as in Figure 24 in the case when a > b, we get

M(Ry, .(a; ¢; b)) M(RS., . (a*"; ¢; b™))
=M(RZ,,.(b"; & a)) M(RS,. ,(a%"; ¢; b))
+M(Rm\—1,y,z—1(a+l; C; b+1))M(R§y,z(a; C; b)) (49)

Finally, our choice of the four vertices u, v, w, s causes an additional case when a = b
(the corresponding picture for Kuo condensation is not shown here). Processing similarly
to the two cases treated above gives us:

M(Rx\,y,z(a; C; b))M(R?—l,y,z—l(a+1; C; b+1))
:M(R:)c/—l,y—l,z(b—i_l; 67 a))M( Zy,z—l(a—’_l; C; b))
+ MR, (% ¢ b)) M(RS, (a; ¢ b)) (50)

when a = b.

3.7 Recurrences for Q®-type regions

We now set up recurrences for the Q®-type regions.

We apply again Kuo’s Theorem 16 to the dual graph G of the region Qﬁw(a; c; b)
as in Figure 25 with the four vertices u,v,w, s chosen as in picture (b). The six regions
in Figure 25 correspond to the six terms in the equation of Theorem 16. Again, the
figure says that the product of tiling numbers of the two regions in the top row equals
the product of the tiling numbers of the two regions in the middle row, plus the product
of tiling numbers of the two regions in the bottom row. By considering forced lozenges
as shown in the figure, the above identity is converted into the following recurrence for

Q®-regions:

M(Qgy.(a; ¢ b))M(Qr,._1(a*"; ¢ b))

z,y,z—1
= M(Qg—l-l,y,z—l(a; ¢ b))M( ;v_—l,y,z(a—‘rl; C; b))
+M(Q7, .1 (bs €75 a™)) M(Qpy -y .(a5 & b)), (51)

for the case a < b. Strictly speaking, the region obtained by removing forced lozenges
from the region corresponding to the graph G — {u, s} is not an Q®-, Q<-, Q™-, or
Q7 -type region. We need to reflect this region over a vertical line to get back the region
Qf y,z—1(b3 c;a™l), where ¢ denotes the sequence obtained by reserving the sequence
c if ¢ has an odd number of terms, and by reversing and adding a 0 term at the beginning
of ¢ in the case of even number of terms. The reader should distinguish the sequence c*
from it ‘dual,’” €, in the recurrences for the regions R, .(a; ¢; b) and R¢, (a; c; b)
above.
Working in the same way as in the case a < b, we obtain:
M(Qg, (2 ¢ b)) M(QL, 1. 1(a™; ¢; b))

T,Y,z z,y—1,2—1
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:M<Q§+1,y,z (a5 ¢; b)) M( <z_1,y 1z(a+1§ c; b))
(Qxy 12— 1(b; €75 a )) (me lz(a; c; b)) (52)

for a > b.

One may realize that the application of Kuo condensation to the Q®-type regions
is similar to that in the case of R®-type regions treated before. However, the resulting
recurrences in the two cases are not the same.

3.8 Recurrences for Q< -type regions

We now apply Kuo condensation (Theorem 16) to the dual graph G of Qf, . (a; c; b) with
the choice of the four vertices u,v,w, s similar to that in the case of R -type regions
(illustrated in Figure 26(b)). Again, we do not show these vertices directly, and we show
here the unit triangles corresponding to them instead. The removal of the u-, v-, w-,
s-triangles yields several forced lozenges along the boundary of the region and at the end
of the left fern (see Figure 26 for the case a > b; the case a < b can be treated in the
same manner). In all cases, after removing the forced lozenges, we recover a new region
of the Q®-, Q*, or Q™ -type, except for the case of G — {w, s}. After removing the forced
lozenges from the region corresponding to G — {w s}, we need to reflect the resulting
region along a vertical line to get the region Q b; ¢c“;a). In particular, we obtain
the following recurrences:

z,y— lz(

M( ;%z(a; c; b)) M( a(?y 1,2— (& ¢ bH))

= M(Qpy1.1(a; b)) M(Q7,_,.(b; ¢;a))
+M(Qaz+1yz l(a ¢ b))M(Qchfl,yfl,z<a; C; b+1))7 (53>

for the case a < b, and

M(Q5,.(a; ¢ b))M(QS, . 1 (a; ¢;b™))

Z,Y,2 x,y,z—1
_M(Qxyz 1(3; C;b+1)) (Q T,y— lz( C(—);a))
+M( z+1,y,2— 1(3.; C;b)) M( ?fl,y,z(av C; b+1>)7 (54>

for the case a > b.

3.9 Recurrences for Q™ -type regions

Like the cases of the Q®- and Q¢ -type regions treated above, the application of Kuo
condensation to the Q™ -type regions is similar to its R-counterpart, the R™-type regions.
In particular, we apply Kuo’s Theorem 16 to the dual graph G of the region Q) . .(a; ¢; b),
as shown in Figure 27 for a > b (the cases a > b and a = b are similar). By considering
forced lozenges, we get

M(Qoy.-(a5 ¢ b)) M(Q7 .1 (@™ e b))
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Figure 26: Obtaining the recurrence for the region QF, (a;c;b), when a > b. Kuo
condensation is applied to the region Q5,,(2,2; 2,1; 1,2) (picture (a)) as shown on the
picture (b).
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:M(Qx/‘ly 1z(a' C; b+1))M( ;:y—s—l,z—l(a—’_l; C; b))
(Qm 1,y,2— 1( +1; C; b+1))M( . (a7 C; b))’ (55)

Z,Y,z

for the case a < b,

M(Q,-(a; ¢; b)M(QS_, . ,(a™; ¢; b™))
=M(Q{,,.(a; ¢; BT))M(QS, . 1 (a™"; ¢; b))

zy,2—1
+M(Q . 1(a%h; b“))MZ(/ Sye(a ¢ b)), (56)
for the case a > b, and
M(Qyy (a5 ¢ b)) M(QF, . (a™h; ¢; b))
=M(Q7 1, 1.(a; ¢ BT))M(QL,. 1(a’; ¢ b))
+M(Q2 1,1 (@™ ¢ b)) M(QS,.(a; ¢ b)), (57)

when a = b.

3.10 Recurrences for Q-type regions

We now need to use a different Kuo condensation from that in the previous cases. In
particular, we apply here Theorem 17 (as opposed to Theorem 16 as in the previous
cases) with the four vertices selected as in Figure 28(d). The regions in Figures 28(a)—(f)
correspond to the terms in the equation of Theorem 17.

We first consider the case a < b. The removals of forced lozenges in the regions corre-
sponding to G—{u, s} and G—{u, w} give us respectively the regions Q3 , . ,(a™; c; b)
and Q:ﬁLy’Z_l(a; c b). However, for the regions corresponding to G — {v,w}, G —
{u,v,w,s}, G—{v, s}, we do not end up with a Q-region after removing forced lozenges.
We need to use the symmetry of Q- reglons by reflecting the leftover reglons over a vertical
line to get the regions QF, .(b; ¢ a), szz ((b; ¢; at!), and Q> 1yz(b; €75 ath),
respectively (see Figure 28). This Way, we get the recurrence

M(ng+1,z—1(a+1; c; b)) M( a:yz(b c”; a))
—M(Qxyz(a' ¢; b)) M(Qyy,.—1(b; €73 a™h))
+M(Qz+1yz 1(3 C; b)) (Qaz lyz( CH; a+1))7 (58>

for the case a < b.
Working similarly for the case a > b, we have

M( a?,y,z—l(a+1; C; b))M( zyz(b C ))
= M(Q7,.(a; ¢ b))M<Q;\,y—1,z—1(b; c”; ath))
+ M(Q7 1o (@ € D)) M@y, .(b; €75 a™h)). (59)
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Figure 28: Obtaining the recurrence for the region Q7 .(a;c;b), when a < b. Kuo
condensation is applied to the region Q37272(1, 2; 1,2; 2,2) (picture (c)) as shown on the

picture (d).
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3.11 Two extremal cases

In this subsection, we deal with two extremal cases when certain parameters of our eight
families of regions achieve their minimal values.

r+e,+op+ o T+ €q + 0+ 0

AN FAVAY . AVAVAVAVAVAV
xAVAVA’VAVAVAVAVA AVAVA. .
AYAVAVAVAVA

T+ 04 + € + € T+ 0.+ e+ e

@ ®)
Figure 29: Eliminating triangles of side-length 0 from the ferns.

We first consider the case when one or more triangles in one of the three ferns have
side-length 0. The following lemma intuitively says that we can simply skip this case
when working on our inductive proof on h = p+ x + z.

Lemma 18. For any regions of one of the eight types: R®, R<, R\, R<, Q°, Q<, Q™
and Q7, we can find a new region of the same type (1) whose number of tilings is the
same, (2) whose h-parameter is not higher, (3) whose left and right ferns consist of all
triangles with positive side-lengths, and (4) whose middle fern contains perhaps the first
triangle of side-length 0.

Proof. We only consider the region R = R?
similarly.

We will show how to eliminate O-triangles in the three ferns without changing the tiling
number or increasing the h-parameter. We consider the following three 0O-eliminating
procedures for the left fern:

(1) If a; = ag = ... = ag; = 0, for some ¢ > 1, we can simply truncate the first 2i
zero terms in the sequence a. The new region is ‘exactly’ the old one; however, strictly
speaking, it has fewer O-triangles in the left fern.

(2) If a; = 0 and ay > 0, then we can remove forced lozenges along the southwest side
of the region R and obtain the region Ry, (as,...,am; ¢; b) (see Figure 29(a)). The
new region has the same number of tilings as the original one. Moreover, its h-parameter
is h — ap, and its number of O-triangles in the left fern is reduced by 1.

oy.-(& c;b), the other 7 regions can be treated
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(3) If a; = 0, for some i > 1, then we can eliminate this O-triangle by combining the
(¢ — 1)-th and the (i + 1)-th triangles in the fern (as shown in Figure 29(b)).

Repeating these three procedures if needed, one can eliminate all O-triangles from the
left fern. Working similarly for the right fern, we obtain a region with no O-triangle in
the left and right ferns. For the middle fern, we apply the procedure (3) to eliminate all
O-triangles, except for the possible first 0-triangle. This finishes our proof. O

The next lemma helps us handle the extremal case concerning the y-parameter of our
main proof.

Lemma 19. For any region of one of the eight types with the minimal y-parameter (i.e.,
y = 0 for the R®-, R -, Q%, Q* -type regions; y = 0 or —1 for the other four types of
regions), we can find a new region of one of the eight types, whose number of tilings are
the same and whose h-parameter is strictly less than that of the original one.

T+ o0, tepte T+ 04+ e+ e

" VAVAY VAVAVAVAVAVAY
VAVAVA A’VAVAVAVA AVAVA. " AVAV

INONONONINININES A
AVAVAVAVAVAVAVAVAVAVAVA VAV

A AL

i AVAVAVAVAVAVA \VAVAVA
NN

AVAN
AVA

%

T+ e, + o+ o, T+ eq+op+ 0

(b)

Figure 30: Obtaining a Q®-type (resp., @ -type) region from a R®-type (resp., R* -type)
region by removing forced lozenges.

Proof. We first recall that the y-parameter can only obtains the value —1 in the following
four cases: (1) the case of R™-type regions with a < b, (2) the case of R<-type regions
with @ > b, (3) the case of Q™\-type regions with a < b, and (4) the case of Q”-type
regions with a < b.

By Lemma 18, we can assume, without loss of generality, that all a;’s, b;’s, and ¢;’s
are positive fort > 1,5 > 1,t > 2.

If our region is of type R® or type RT and having the left fern not longer than the
right fern (i.e., a < b) and y = 0, then there are several forced lozenges along the southeast
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T+ 04+ e+ e THoatete

(a) (b)
Figure 31: (a) Obtaining a Q”"-type region from the region R:{ﬁl’z(a; c;b) when a > b.

(b) Obtaining a Q™ -type region from the region R (a;c;b) when a < b.

r,—1,z

side. By removing these lozenges, we get an upside-down Q®-type region or a Q- type
region with A-parameter 1-unit less than h. In particular, we have:

M(RS, .(aie; b)) = M(QF in oy b - (25 Oc; by, ...,by)); (60)
M(R::y,z(a; C; b)) - M( :min(bl,bfa),z(a; OC; b27 R bn)) (61)

(see Figure 30(a) for the case of R®-type regions; the case of R -type regions is analogous).
Recall that %c denotes the sequence obtained by including a new 0 term in front of
the sequence c. Similarly, if @ > b and y = 0, then the removal of forced lozenges
along the northwest side of the region R, _(a;c;b) (resp., RS, .(a;c; b)) gives the region
f’min(aha_b)’z(ag, cos A € b) (resp, QF iniarap)2(@2: - - amic; b)), See Figure 30(b)
for the case of R®-type regions; the case of R -type regions is similar.
Next, let us consider the case of the R< -type regions. If @ < b and y = 0, then after

removing forced lozenges as in the cases of the R®- and R -type regions above, we obtain

M(RY, (¢ b)) = Q7 inn pay - (85 €5 Doy bn). (62)
If a > b and y = —1, then we have forced lozenges along the northwest side of the

region R{_Lz(a; c;b). By removing these forced lozenges, we get the region

e . .
Qx,min(a1,a—b)—1,z(b’ CH, a27 e ,am>

(see Figure 31(a) for an example). Recall that ¢ is the sequence obtained from c by
reverting its order if the number of terms is odd; otherwise, it is obtained by reverting
order and including a 0 term in front of the resulting sequence.
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Figure 32: (a) Obtaining a R”-type region from the region Q5 .(a;c;b), when a < b.

(b) Obtaining a R™-type region from the region QN (a;c;b) when a < b.

z,—1,z

The case of the R™-type regions can be treated similarly to the case of the R< -type
regions above. If a > b and y = 0, then, by removing forced lozenges along the northwest
side as in the case of R®- and R -type regions, we get

M(R}, (2 b)) = Q) inaracp).- (825 - Gmi € D). (63)
If a < band y = —1, after removing forced lozenges along the southeast side of the region,

we get the region Qm min (b1 b—a) 1,2 (& Oc; by,...,b,) (shown in Figure 31(b)).
Next, we consider the four Q-regions. The region Q7 .(a; c; b) has forced lozenges

along its southeast (resp., northwest) side when a < b (resp a > b). By removing these

forced lozenges, we get the region RY min(brb—a), (a5 ¢ ba, ..., by)
(resp., RY min(aza—b),2(@25 - -5 @m; € b)), Similarly, the removal of forced lozenges in
the region Q% .(a; c; b) gives us the region R, minsy - a)z(a; Oc; by,...,b,) (up to a

reflection) if a < b (see Figure 32(a)), or the region Ry . oy .(a2,...,a;m; ¢; b) if
a = b. Moreover, this lozenge-removal always reduces the h- parameter of the region.

If a > b, then the same thing happens for the regions Qm 0.-(a; ¢; b)and Q7. 0.(a; ¢ b).

In particular, we have
M(Qy.(a5¢:b)) = MR 01 ampy (02, - @i €5 D)); (64)
M(Q7,.(a;¢;b)) = M(RY o (az, ..., am; € b)), (65)
Finally, if a < b and y = —1, we get the region Rm mm (b1b—a)—1 L& Oc; by,...,b,) and

R{,min(bl,b—a)—m(b?’ ..., by; €75 a) from the regions Q 1Z(a c; b) and Q/ L Z(a c; b)
by removing forced lozenges, respectively (see Figure 32(b) for an example of the region

Qr_1.(a; c; b)). O
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3.12 The main proof of Theorems 2—-9

We are now ready to prove our theorems by induction on h = p + = + z. Recall that
p denotes the quasi-perimeter of the region (the perimeter of the base hexagon that our
region is obtained by removing three ferns).

By Lemma 18, we can assume, without loss of generality, that a;’s, b;’s, and ¢;’s are
all positive (for i > 1,7 > 1,t > 2) in the rest of the proof.

The base cases are the situations when at least one of the parameters z, z is equal to
0, and the case p < 6.

We consider the first base case when z = 0. We can divide the region R, ((a;c;b)
into two balanced subregions satisfying the conditions in Regions-Splitting Lemma 15 by
cutting along the lattice ¢ that the three ferns are resting on. The upper and lower halves
are respectively the dented semihexagons corresponding to the two s-terms (with z = 0)
in the formula of Theorem 2. This means that Theorem 2 follows from Cohn-Larsen—
Propp’s formula (2). Similarly, we can verify the tiling formulas (in the case z = 0) for
all other seven regions in Theorems 3-9.

If z = 0, we also apply Region—Splitting Lemma 15 to our eight regions by cutting
along the lattice line ¢ containing the bases on triangles in the three ferns. The only
difference is that we now add two ‘bumps’ of lengths L%J and [ﬂ to the cut at the positions
of the ‘gaps’ between two consecutive ferns. The upper part is a dented semihexagon,
while the lower part is also isomorphic to a dented semihexagon after removing several
vertical forced lozenges at the places corresponding to the bumps above. Again, by Cohn—
Larsen—Propp’s formula (2), we can verify our theorems for the case x = 0.

If p < 6, by Claim 14, we have 2z 4+ 4z < 6. It means that at least one of x and z is
0, this is reduced to the base cases treated above.

For the induction step, we assume that x and z are positive, that p > 6, and that
Theorems 2-9 all hold for any R®-, R*-, R< -, R™-, Q®-, Q< -, Q- and Q™ -type regions
whose h-parameter is strictly less than h =p+ x + 2.

If y achieves its minimal values (which is 0 or —1), then by Lemma 19, our region has
the same tiling number as another region whose h parameter is strictly less than A. Then
our theorem follows from the induction hypothesis.

We now assume that y does not achieve its minimal value. In this case, all of our
18 recurrences in Sections 3.3-3.10 work. Let R be either the region RY (a; c; b),

z7y12
. . . © . D
Ragw(a, c; b), R{yvz(a, c; b), Rx\,_yvz(a’ c; b), Q7 .(a; ¢; b), QF, .(a; c; b),
Q7,.(& c; b), or stjz(a; c; b) in the 18 recurrences. We also denote Ry, R, ..., Rs

the other five regions appearing in the recurrences corresponding to R, from left to right.
In the next two paragraphs, we show that R;’s have h-parameter strictly smaller than
h=p+x+z.

In particular, in each of the recurrences, the sums of the z- and z-parameters of the
regions R; are not excess to x + z. Moreover, the quasi perimeters of R;’s are p, p — 1,
p—2, or p—3 (depending on how many of the four triangles u, v, w, s are on the boundary
of the base hexagon). In particular, if the lozenge-removal pattern along one side of the
base hexagon is not overlapping with any other, then the portion of the old boundary
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Figure 33: Partitioning the region R, ,(a;c;b) into two dented semihexagons.
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Figure 34: Dividing the region ng’z(a; c; b) into two regions.
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Figure 35: Reduction of the length of the quasi-boundary after the removal of forced
lozenges.

adjacent to the forced lozenges is replaced by a 1-unit shorter portion, this reduces the
length of the boundary of the base hexagon by 1 (see the pictures in the first row of
Figure 35). In the case when two lozenge-removal patterns along two consecutive sides of
the base hexagon are overlapping, the portion of the old boundary corresponding to the
combined pattern is replaced by a 2-unit shorter one indicated by the dotted line (see the
two examples in the lower row of Figure 35). This means that the quasi-parameter of R;
is p — k, where k is the number of triangles u, v, w, s, which are on the boundary of the
base hexagon.

This means that, if at least one of the removed unit triangles u, v, w, s lies on the
boundary, then the corresponding R; region has the h-parameter strictly less than h =
p+ x + z. The other case only happens when the region R; corresponds to the graph G
with two removed unit triangles appended to the end of the left and to the right ferns
(as in the second region in the recurrences (48), (49) and (50) of the R™-type regions,
or recurrences (55), (56) and (57) of the Q™-type regions), then the quasi-parameter of
R; is exactly p. However, in this case, the sum of x- and z-parameters of R; is always
x + z — 2. This implies that its h-parameter is p + x + 2z — 2 = h — 2, which is still less
than h.

In total, we can always write the number of tilings of our region in terms of tiling
numbers of other regions with A-parameter strictly less than, and the latter regions have
tiling numbers given by explicit product formulas by the induction hypothesis. Our final
work is now to verify that the tiling formulas in Theorems 2-9 satisfy the same recurrences.
This verification will be left to the next section.
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3.13 Verifying the formulas in Theorems 2—-9 satisfy the recurrences (38)—
(56)

We only show here the verification for the recurrences for R®-type regions, as the other
16 recurrences can be treated in the same manner. Without loss of generality, we can
assume that each of the three ferns consists of an even number of triangles, i.e., m,n, k
are all even.
Let us denote by g%, .(a;¢;b), g5, .(a;¢;b), g1, .(a; ¢; b), and gz/’yvz(a; c;b), the tiling
formulas in Theorems 2-5 (for Theorem 2, we consider here the combined formula (9)).
We first work on the case when a < b. We need to verify that

9oy-(a; ¢ b)gh, (@ ¢ b)=g7,, . 1(a; ¢ b)gis,,.(a™; ¢ b)
+ gy 1.(a ¢ b)gl, . 1(a™h; ¢ b). (66)

z,y—1,z
Equivalently, we need to show that

gg—&-l,y,z—l(a; C; b) g;l,y,z(aJrl; C; b) ng\,y—l,z(a; C; b) ga:‘/,y,z—l(a+1; C; b)

—1. (67)
95y(a ¢ b) gi, (@ e b) g, (a6 b) g5, (2t ¢ b)

We first simplify the first fraction of the first term on the left-hand side of (67) as

9$+1,y,z—1(a5 c; b) _ M(Cit1,2y+2+20-1,.-1(¢))
gﬁ?,y,z(a; c; b) M(Ox,2y+z+2b,z(c))
Hb+y+2z—1)Hb+c+y+2-1)
Hb+y+2) Hb+c+y+2)
" H(b— 0, +0p+ 0.+ 1y + 2) H(b+o0, —op+e.+y+ 2)
Hb—o04s+0op+0.+y+z—1)H0b+0, —0op+e.+y+2z—1)
(68)

Similarly, we get

ga:l,y,z(a+1; c; b) o M(Cz—1,2y+z+2b,z(0))
giy.1(@t ¢ b)) M(Craytztan-1z—1(c))
Hb+y+2) HOb+c+y+2)
Hb+y+z—1)Hb+c+y+2-1)
Hb—o0,+0p+0.+y+z—1)Hb+0,—0p+€.+y+2—1)

Hb—o0,+o0p+0.+y+2) Hb+o0,—0p+e.+y+2)
(69)

By (68) and (69), we have the first term on the left-hand side of (67) simplified as

gg:DJrl,y,zfl(a; C; b) g;l,y,z(a+1; C; b) _ M(Cx+172y+z+2b—1,z—1(0)) M(Cz—1,2y+z+2b,z(c>)
ggy,z(a; c; b) g::y,z—l(a+1§ c; b) M(Oxﬂy-&-z—f—?bz(c)) M(Cﬂﬁ,?y-I—Z—l—Qb—l,z—l(C))'
(70)
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We now work on the second term on the left-hand side of (66). By definition, the first
fraction here can be written as

gr\,y—l,z(a; G b) _ M<Cw,2y+z+2b71 z( ))
ggy,z(a; C; b) M(Cx,2y+z+2b,z( ))
sly+b—a—1,a1,...,0,,%

X

+ +
QZacly-"aCk+%"—bn:bn—la"wbl)

S(y+b_a7al7"'7am7m;—zvcla"'vck—i_m—;z—i_bnabn—l?"wbl)
b+y—1!  (bt+c+y+ZE - b—0os+0o+o.+y+z—1)
b+c+y+z-—1! (b+y+E2-1)!  (b—o0a+op+o.+y—1)

(71)

Similarly, we have

gx{y,z—l(a+1; C; b) - M(Cx,2y+z+2b,271(c))
g;y,z—l(aJrl; c; b) a M(Cy2y42420-1,2-1(C))

(y—l—b—mm(a b),an, ... Gy + 1,52 —1,01,...,ck+xT’LZern,bn_l,...,bl)
s(y+b—m1n (a,b) = Lar, ..., am+ 1,22 — 1oy, o o+ 22 + by, by, ..., )
(b+c—|—y+z—1). (b+y+ =2 —1)! (b—o04+0p+0.+y)!

(b+y)! b+ct+y+22 - b—os+o+o.+y+z—1)

(72)

By (71) and (72), we have the second term on the left-hand side of (67) simplified as

Ioyrz(a5 € D) gl (@5 6 ) M(Canyraimni(6) M(Crayrsianma(c))
g?,y,z(aé c; b) ggiy,zfl(a“; ; b) N M(Cr,2y+z+2b,z(0)) M(Cr,2y+z+2b—1,z—1(0))
s(y+b—a—1,a1,...,a0, 5= ¢, 0+ 52+ by by, by)
s(y—l—b—a,al,...,am,x;Z,cl,...,ck+xTJFZ+bn,bn_1,...,b1)
y s(y+b—a,ar,...,an+1,52 =1 ¢, . 00+ 52 + by, by, ... by)
s(y+b—a—1,an,...,am + 1,52 — 1 er, oo+ 22 4 by, byr, .. b))
b—o04+0p+0.+Yy

C
C

73
b+y (73)
We have the following claim as a direct consequence of Cohn—Larsen—Propp’s formula (2):
Claim 20. Let ty,ts,...,ty be non-negative integers. Then
s(t1,ta, -y tan—1, tons tont1, tanya, - - - tar)
3(t17t27"'at2n—17t2n+17t2n+1_17t2n+27"'7t2l) _ t1+t2++t2n (74)
S(tl - ]-7t27"'7t2n—17t2n7t2n+17t2n+27'"7t2l) O — 1 '
S(tl — 1, tg, . ,tgnfl, t2n + 1, t2n+1 — 1, t2n+2, e ,tQZ)
Applying the claim to the s-terms on the right-hand side of (73), we get
gz,\,y—l,z(a; C; b) gm\/,y,z—l(aJrl; C; b) o M(Cx,2y+z+2b71,z(c)) M<Cx,2y+z+2b,zfl(c)) (75)

ggy,z(a; C; b) g;y,z—1<a+l; C; b) N M<C$,2y+z+2b,z(6)) M(C$72y+z+2b—l,z—l<c)).
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We now only need to show that

M (Cx+1,2y+z+2b71,z71 (C) ) M(Cmfl,2y+z+2b,z (C) )
M(Cx,2y+z+2b,z(c)) M(Cx,2y+z+2b71,zfl ()
M(Cx,2y+z+2b—1,z(c)) M(Cx,2y+z+2b,z—1(0))

=1, 76
M(Crayre22(0)) M(Coyeerar121(0)) (76)
or equivalently
M(Cx,2y+z+2b,z(c>) M<Cx,2y+z+2b—1,z—1(c>) -
M(Cx+1,2y+z+2b71,zfl(c>> M(Cx71,2y+z+2b,z(0))
+ M(O:v72y+z+2b—1,z () M(Cx72y+z+2b,z—1(0))' (77)

This is straightforward from the tiling formulas of the cored hexagons in [7]. However,
one can verify (77) without using tiling formulas of cored hexagons by observing that it
is actually a consequence of the recurrence (38) as follows.

Apply recurrence (38) to the region RS+1,y+b71,z((0’ 0); (¢); (0,1)), we get

M(R s 41410-12((0,0); (0); (0, 1) M(Ry yyp1--1((0,1); (e); (0,1))) =
M(Ra?+2,y+b—1,z—1((070); C); (071))>M(R:j,y+b*1,z((071); (C); <071>>>
+ MRy p22((0,0)5 ()i (0,1)) MR,y pp1,.oa((0,1); (); (0,1)). (78)

After removing forced lozenges along the northeast side from each region in the above
recurrence, and removing forced lozenges along the southwest side of the the regions
whose left fern corresponds to the sequence a = (0, 1), we get back the cored hexagons in
(77). This finishes our verification for (66).

Similarly, we can verify that our tiling formulas satisfy the recurrence (39) for R®-type
regions when a > b. It means that we need to show

ggy,z(a; C; b)g;:y—l,z—l(a—‘rl; C; b) :ga?—l—l,y,z—l(a; C; b)g;_—l,y—l,z(a—‘rl; C; b)

+gy_1-(a ¢ b)gd, 1. (@'t ¢ b). (79)
for a > b. However, this verification is essentially the same as that of the case a < b
treated above and is omitted.

4 Concluding Remarks

As pointed out by Fulmek in [14], Kuo’s graphical condensation is simply a special case of
the determinant-permanent method. However, this paper shows a particular advantage of
Kuo’s method comparing with the classical determinant-permanent method when dealing
with regions with complicated structures.

The main results in the series of papers [28-30] imply an explicit enumeration of
a reflectively symmetric tilings of the Q®-type regions (i.e., tilings which are invariant
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under a refection over a vertical symmetry axis). These results also extend Proctor’s
enumeration of transpose-complementary plane partitions [42] and the related work of
Ciucu [4] and Rohatgi [43]. We are also interested in the centrally symmetric tilings of
the R®-type regions (i.e., tilings which are invariant under 180° rotations). Our data
suggest that the number of these symmetric tilings would have nice prime factorizations.

Conjecture 21. The number of centrally symmetric tilings of the region RS, (a; c; b)
is always given by a simple product formula.

This (if verified) gives a generalization of Stanley’s enumeration of self-complementary
plane partitions [47, Eq. (3a)—(3c)].

In [7], Ciucu, Eisenkdlbl, Krattenthaler, and Zare posed two striking conjectures for
the tiling formulas of a hexagon when the triangular hole is 1 or 3/2 unit off the center.
The conjectures were recently proved by Rosengren [45] using lattice path combinatorics
and Selberg integral. In the sequel of the paper, we will enumerate an extensive list of
thirty different hexagons with three ferns removed, in which the middle fern is slightly
off the center. Two of our enumerations have Ciucu-Eisenkolbl-Krattenthaler—Zare’s
conjectures as two very-special cases (when the two side ferns are empty, and the middle
fern consists of a single triangle). This provides new proofs of the conjectures.

Our main theorems (Theorems 2-9) intuitively say that the number of tilings of a
hexagon with three ferns removed can always be factorized into the tiling number of a
cored-hexagon and a simple multiplicative factor. One would ask for a similar factorization
for the general case of an arbitrary number of collinear ferns removed. Such a factorization
exists and will be generalized in separate papers [31,32,36].

It would be interesting to investigate whether Rosengren’s weighted formula in [45]
can be generalized to our hexagons with three ferns removed. This and several new duals
and ¢-duals of MacMahon’s theorem will also be considered in a separate paper.
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