Improved bounds for induced poset saturation
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Abstract

Given a finite poset P, a family F of elements in the Boolean lattice is induced-
P-saturated if F contains no copy of P as an induced subposet but every proper
superset of F contains a copy of P as an induced subposet. The minimum size
of an induced-P-saturated family in the n-dimensional Boolean lattice, denoted
sat*(n, P), was first studied by Ferrara et al. (2017).

Our work focuses on strengthening lower bounds. For the 4-point poset known
as the diamond, we prove sat*(n, D) > \/n, improving upon a logarithmic lower
bound. For the antichain with k 4 1 elements, we prove

1 kn
£ >(1-— )
sat”(n, A1) ( log, k> log, k

for n sufficiently large, improving upon a lower bound of 3n — 1 for k > 3.
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1 Introduction

A partially ordered set, or poset, P = (P, <) consists of a set P with a binary relation
“=<” which is reflexive, antisymmetric, and transitive. For x,y € P, we say x and y are
comparable provided x < y or y =< z. Otherwise, we say = and y are incomparable, writing
x || y. For posets, P = (P, <) and P’ = (P',='), we say P’ is a (weak) subposet of P
if there exists an injection f : P’ — P that preserves the partial ordering, i.e. whenever
u <" v, we have f(u) < f(v). The n-dimensional Boolean lattice, B, = (2"}, C) is the
poset consisting of all subsets of [n] := {1,...,n}, ordered by inclusion.

For a poset Q@ = (@, <) and a family F C @, we often refer to F = (F, <) as the poset
induced by F in Q which is obtained by restricting the binary relation < to F x F. For
any poset P, we say that F is P-free provided P is not a subposet of F. The maximum
size of a P-free family in B,, is denoted La(n,P).

The study of P-free families dates back to Sperner’s [8] proof that the maximum size
of an antichain (a poset in which no two distinct elements are comparable) in B,, is (WT/L2 J).
In particular, this is the quantity La(n, P2) where Py = ({z,y}, <) such that z < y. See
Griggs and Li [6] for an extensive survey of P-free results.

Extremal questions about sizes of P-free families are only interesting as maximization
problems, however the notion of saturation allows us to formulate corresponding mini-
mization questions. Before defining saturation for posets, we first give some background
on the much older problem of graph saturation.

Let G and H be graphs. A spanning subgraph F' of G is (G, H)-saturated if F
contains no copy of H as a subgraph but, for any edge e € E(G) — E(F), the graph
F+e= (V(F),E(F)U{e}) contains a copy of H as a subgraph. Let sat(G, H) denote
the minimum number of edges in a (G, H)-saturated graph.

Saturation was introduced by Zykov [10] and Erdés, Hajnal, and Moon [2] indepen-
dently, when they considered sat(K,,, H), for K, being the complete graph on n vertices.
Erdés, Hajnal, and Moon showed that for n > k > 2, sat(K,,, Kx) = (kK — 2)n — (kgl)
Since its introduction, saturation has been studied extensively. Faudree, Faudree, and
Schmitt [3] provide a dynamic survey of saturated graphs.

Saturation for posets was first introduced by Gerbner, et al. [5].

Definition 1. Given a host poset Q = (@, <), a target poset P = (P, <p), and a family
F C @, we say that F is P-saturated in Q if the following two properties hold:

e the poset induced by F in Q is P-free, and

e for any S € Q — F, the poset P is a subposet of the poset induced by F U {S} in
Q.

Given n > 0 and a poset P, the saturation number, denoted sat(n, P), is the minimum
size of a P-saturated family in B,. Let P, denote the chain consisting of k elements in
which each pair is comparable. Gerbner et al. proved the following;:

Theorem 2 (Gerbner et al. [5]). For n sufficiently large,

k271 Csat(n, Prgq) < 2871
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Morrison, Noel, and Scott [7] improved the upper bound when they found a smaller
construction for a Pr-saturated family and used an iterative process to obtain the following
upper bound:

Theorem 3 (Morrison, Noel, Scott [7]). There exists € > 0 such that for all £ > 0 and n
sufficiently large,
sat(n, Pryp) < 2079,

In particular, € = (1 — 10%%15) ~ 0.023277 suffices.

Ferrara et al. [4] found that the saturation number sat(n,P) was constant in n for
many posets P, so they introduced the notion of induced-saturation.

A poset P’ = (P',=') is an induced-subposet of P = (P, <) if there exists an injective
function f : P’ — P such that u <’ v if and only if f(u) < f(v).

Definition 4 (Ferrara et al. [4]). Given a host poset Q = (Q,<g), a target poset P =
(P,<p), and a family F C @, we say that F is induced-P-saturated in Q if the following
two properties hold:

e the poset induced by F in Q does not contain an induced copy of P, and

e for any S € Q — F, the poset induced by FU{S} in Q contains an induced copy of
P.

Given n > 0 and a poset P, the induced saturation number, denoted sat*(n, P), is the
minimum size of a family F that is induced-P-saturated in B,,.

To summarize some of the results of Ferrara et al. [4], we first define several posets.
Let A, denote the antichain with k elements. The Hasse diagrams for V,, the butterfly
>4, and the diamond D, are given in Figure 1.

V b %

Vs the butterfly, the diamond, Ds

Figure 1: Hasse diagrams for three named posets.

Ferrara et al. proved the following regarding induced-P-saturation for particular
posets.

Theorem 5 (Ferrara et al. [4]).

(a) If n > 2, then sat*(n,Vy) =n+ 1.
(b) If n > 3, then [log,n] < sat*(n,>) < (3) 4+ 2n — 1.

(c) If n > 2, then [log,n| < sat*(n, D) < n+ 1.
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(d) If n >k > 3, then

1 1
3n —1 <sat*(n, Ag1) < (n— 1)k — <§ log, k + 3 log, log, k + O(l)) :

In this paper, we improve lower bounds for induced saturation numbers for the k-
antichain and the diamond. In particular, Theorem 6 improves the lower bound in The-
orem 5(c) and Theorem 7 improves the lower bound in Theorem 5(d).

Theorem 6. For n > 0, sat*(n,D2) = [v/n].

Theorem 7. For k > 3 and n sufficiently large, sat*(n, Ag 1) > (1 - log12k> 10§Zk'

We note at the end of Section 3 that n > (log, k + 1) suffices to satisfy the bound in

Theorem 7.
In Section 2 we prove Theorem 6 while Section 3 contains the proof of Theorem 7.

2 Induced-Ds-saturated results

Theorem 5(c) gives a lower bound of [log, n] for sat*(n, Ds), which is far from the upper
bound of n + 1. As presented in [4], this logarithmic lower bound holds for sat*(n,P)
for a much larger class of posets, however they did obtain the following partial result for
sat*(n, Dy) which is specific to the diamond:

Theorem 8 (Ferrara et al. [4]). Let F be an induced-Dsy-saturated family in B,. If ) € F
or [n] € F, then |F| > n+ 1.

This led to the conjecture sat*(n, D) = O(n) [4].
We prove that any induced-Ds-saturated family must have size at least \/n. To estab-
lish this, we first need the following technical lemma.

Lemma 9. For n > 1, let F be an induced-Ds-saturated family in B, and let F* be an
arbitrary member of F.

(1) For each i € F™*, there exist F;, G; € F such that F; C F** and F; — G; = {i}.
(2) For each j & F*, there exist G;, F; € F such that G; O F* and F; — G; = {j}.

Proof. We will prove (1) and the proof for (2) follows by applying part (1) to {F°: F € F}
which is also an induced-Ds-saturated family in 5,,.

For (1), first observe that if F* = (), then the statement is trivially true. Assume
F* £ 0 and fix i € F*.

If there is F' € F such that {i} C FF C F* and F — {i} € F, then F; = I and
G; = F — {i} have the desired properties to satisfy the lemma.

Now suppose no such pair exists in F. Choose F' to be a set of minimum size in
{FeF:{i} CFCF*} Since F—{i} ¢ F and F is an induced-Ds-saturated family,
the family F U{F — {i}} must contain an induced copy of a diamond. This diamond will
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have F' — {i} as a top element, a bottom element, or a side element. We examine each
possibility separately.

In the case where F' — {i} forms the top element of a diamond, there exist distinct
S, Ty, T, € F such that T} and 75 are incomparable while S C T; C F' — {i} for each j €
{1,2}. Thus, F' € F forms the top element of the diamond {S, T}, Ts, F'}, a contradiction
to F being diamond-free.

In the case where F' — {i} forms the bottom element of the diamond, there exist
distinct 71,75, U € F such that T} and T3 are incomparable while F' — {i} C 17; C U for
each j € {1,2}. Since F,T},T5,U does not form a diamond, we conclude i ¢ T} for some
j € {1,2}. Without loss of generality, F' — {i} C Ty but F' ¢ Ti. So, we can set F; = F
and G; = T3 to satisfy the conclusion of the lemma in this case.

Finally, in the case where F' — {i} forms a side element of a diamond, there exist
distinct S,T,U € F such that T and F' — {i} are incomparable while S C T" C U and
S C F—{i} CU. Now we consider two subcases based on the relationship of F' to U.

If F Z U, then we can set F; = F and G; = U since F' — {i} C U while FF ¢ U.

Otherwise F' C U. Since F is induced-Ds-saturated, S, F,T, U does not form a dia-
mond, so F' and T" must be comparable. Since F' — {i} and T" are incomparable, we must
have T C F and thus {i} C T C F C F*. But this contradicts the choice of F' as a
minimum-sized subset of /™ in F that contains ¢. ]

Now we have the tools to prove our main result for induced-D,-saturation.

Proof of Theorem 6. Construct a simple directed graph D as follows: The vertex set
will be F and we include arc (4, B) if and only if |[B — A| = 1. Thus D has at most one
arc for each ordered pair of vertices.

On the other hand, Lemma 9 gives a lower bound on the number of arcs in our digraph.
Fix any F* € F.

For each i € F* there is an arc (G, F};), and for each j € [n] — F* there is an arc
(Gj, F;). Consequently, there are at least n distinct arcs in D.

Because the total number of arcs in this digraph is at most |F|(|F| — 1), it is the case
that |F|(|F| — 1) = n and so |F| = [/n]. O

We can obtain a much better lower bound when the induced-Ds-saturated family
exhibits certain properties. Let F be an induced-Ds-saturated family. If ) € F or
[n] € F, then Theorem 8 gives a lower bound of n + 1 for |F|. On the other hand,
Proposition 10 shows that |F| is also large whenever F contains a large minimal element
or a small maximal element.

Proposition 10. Let F be an induced-Ds-saturated family in B,,.

(1) If S* is minimal in F, then |S*| + 1 < | F|.

(2) If U* is maximal in F, then n — |[U*| +1 < |F]|.

Proof. For (1), the result is trivial if () € F, so assume otherwise and fix a non-empty,

minimal S* in F and i € S*. Because S* is minimal in F, we know S* — {i} ¢ F and
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F U {S* — {i}} must contain an induced diamond. In particular, there exist distinct
U, Ty, T, € F such that T} and T3 are incomparable while S* — {i} C T; C U for each
Jje{L,2}.

Since U, Ty, T3, S* € F do not induce a diamond, ¢ ¢ T} for some j € {1,2}. Without
loss of generality, i ¢ T;, and thus S* — T} = {i}. In particular, for each i € S*, there
exists a T'(1) € F such that S* — T'(i) = {¢}. The set {T'(i) : i € S*} is a set of size
S* because T'(7) is distinct for each distinct 7. These sets in F, together with S*, imply
|F| > |S*| + 1.

Part (2) follows from poset duality and Part (1). O

3 Induced-.A;;-saturated results

Now we turn our attention to antichains. The values sat*(n, As) = n+1 and sat*(n, A3) =
2n are proven in [4]. While the first is clear, the lower bound for the second requires a
non-trivial proof. Theorem 5(d) gives that 3n — 1 < sat*(n, A4) < 3n+ O(1). For k > 4,
Theorem 5(d) gives a lower bound of sat*(n, A;) > 3n — 1 which is far from the upper
bound of approximately kn.

To establish sat*(n, Axy1) = (1 — @) b’;ﬁ for n sufficiently large, we prove a more

technical statement in Theorem 11 below, using two different counting arguments, and
Theorem 7 will follow as a corollary. While two bounds are proven, at the end of this
section a discussion is included about which of them is best for fixed k£ and sufficiently
large n.

Theorem 11. Let k > 3 be an integer and let A1 be an antichain of size k + 1. Then
for all n > k,

(1) sat*(n, Agt1) > k ’7Llog2nkj+1—‘ —k+2.

k
(2) sat*(n, Agy1) = 2n+j§3 {d*’éj)-‘ — k+2 where d*(j) is the largest d such that (de/lzj) <

j—1.

Proof. We will use the following classical theorem of Dilworth:

Theorem 12 (Dilworth [1]). Let P = (P, <) be a (finite) poset. If k is the size of the
largest antichain in P, then there exists a family of disjoint chains {Cy,Cs,...,Ci} such
that P261UCQU"'UCk.

Let F be an induced-Ay i-saturated family in B,,. Because adding either () or [n] to a
nonempty family will not increase the size of the largest antichain, F must contain both
() and [n]. In addition, the largest antichain in F — {{), [n]} has size k. By Dilworth’s
theorem, F — {0, [n]} can be partitioned into k disjoint chains Cy,C,...,Ck. There may
be many such partitions, we choose an arbitrary one. We then add both () and [n] to each
of the chains. Therefore, for all distinct 4, j in [k], it is the case that C; N C; = {0, [n]}.
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For i € [k] and X,Y € C;, we call the open interval (X,Y)={Z¢c2: X cZcY}
a gap provided there is no Z € C; with X C Z C Y. We define the size of the gap (X,Y)
to be |Y — X|.

For all i € [k], the following observations will be needed in both parts of the proof:

(i) If d is the maximum size of a gap in C;, then the number of elements in C; is at least
[n/d] + 1.

(i) If (X,Y) is a gap in C;, then every Z € (X,Y) must be in F.

Item (i) follows from the observation that {0, [n]} C C; and item (ii) follows from the fact
that if this were not the case, then FU{Z} can be partitioned into k chains, which means
that the largest antichain has size k, a contradiction to induced saturation.

Part (1): For any i € [k], we say a gap (X,Y) in C; is wide if |Y — X| > log, k + 1. Note
that such a condition ensures that 2V =Xl —2 > 2(k — 1) and, by (ii), there is at least one
J for which C; has at least three elements.

If there is at least one wide gap, let d be the maximum size among all wide gaps
which is realized by gap (X,Y) in C; with S,T,U € C; N (X,Y) for j # i. Without
loss of generality, assume (S,7) and (T',U) are gaps in C;. By removing 7" from C; and
assigning it to C;, we obtain a new set of k chains that partition F — {0, [n]} such that
the maximum size among wide gaps has not increased. In particular, the gap (X,Y’) has
been replaced with gaps (X,T) and (T,Y), each with size at most d — 1. On the other
hand, gaps (S,7T) and (T, U) have been replaced with (S, U) which has size at most d — 2
since X C S C U CY. All other gaps remain the same size.

So since d was the maximum size of a wide gap, the number of wide gaps with size d
has decreased by at least one. Consequently, performing this operation on wide gaps of
maximum size, one at a time, the process eventually terminates with a chain partition of
F —{0,[n]} in which no gaps are wide.

Now we may assume there are no wide gaps in any of the &k chains, so log, kK +1 > d
where d is the maximum size of a gap. By (i) and the fact that () and [n] are in every
chain, we have

WV

st (n, o) 2 k([ 5] = 1) +23 b | o |~k 2

completing the proof of part (1).

Part (2): Return to the original chain partition Cy, ... ,Cy of F — {0, [n]} guaranteed by
Dilworth’s Theorem. Now we use a recursive process to obtain a coloring of F — {0, [n]}
with k colors. To begin, all elements of F — {{), [n]} are considered to be uncolored. Build
a maximal chain in F — {0, [n]} by starting with C; and add elements of F — {0, [n]},
one at a time, provided the result is still a chain. Continue until no more elements of
F —{0,[n]} can be added. The elements in the final chain will form color class 1. Now
for some 1 < j < k, suppose that we have already defined color classes 1, ..., 7. To obtain
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color class j + 1, start with C;;;, remove any elements that have already been colored
from F — {0, [n]} and add uncolored elements from F — {(), [n]}, one at a time, provided
the result is still a chain. Continue until this process terminates. The elements in the
resulting chain will form color class j + 1. Finally add () and [n] to every color class.

By item (ii), each element of B, in a gap must be in F. Consider a gap (X,Y)
such that X and Y each have color j. The structure of our color classes guarantees that
each element in (X,Y) has a color from the set {1,...,7 — 1}. Since each color class
forms a chain, every element in the largest antichain in (X,Y’) must have a different
color. For a gap (X,Y) which has size d, note that (X,Y) U {X,Y} is isomorphic to
B,. Sperner’s theorem [8] gives that the maximum size of an antichain in By is <L dc/lz J),
therefore (Ld‘/i%) <j-—1L

For each j € N, let d*(j) be the largest integer d for which (Ld(/iQJ) < j — 1. Therefore,
each gap in the chain for color class j has size at most d*(j) and by item (i), color class
J has at least [n/d*(j)] + 1 elements. Correcting for () and [n] being in every color class
and noting that d*(1) = d*(2) = 1, we obtain the desired bound:

i n b n
sat™(n > — =1 2 =2n — | —k+2. O
(mnAein) 2 3 (7] 1) r2=ns 2 Fonl R

A table of values of k, 1 < k < 300, is given in [9] which determines whether Theo-
rem 11(1) or Theorem 11(2) is the better lower bound for sat*(n,.Ax+1) when n is suffi-
ciently large.

For n sufficiently large and k < 243 the lower bound provided by (2) is larger than the
bound provided by (1). However, for large k (k > 254 suffices), (1) is larger than (2). Some

straightforward calculations show that (1) is at least (1 — @) 10’;’; - forn > (logy k+1)?

and that suffices for our main result. For further discussion of the comparison between
(1) and (2) see [9, Section 3.2].

4 Conclusion

Despite the significant improvement of the results in [4], we still believe that sat*(n, D) =
n+ 1 and sat*(n, Ag.1) = kn — ¢, where ¢ is a constant that depends only on k.
For the case of sat*(n, Ag1) for k& > 3, we note that Theorem 5(d) shows that
sat*(n, Agy1) < (n—1)k—(1/2+0(1)) log, k, so a lower bound of (n — 1)k is not possible.
As seen in Theorem 5, there are still many open questions with induced saturation
and other poset families to be explored.

Acknowledgements

The authors are indebted to an anonymous referee. Due to the referee’s comments, we
corrected an error and generally improved the presentation.

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(2) (2020), #P2.31 8



References

1]
2]
[3]

R. P. Dilworth. A decomposition theorem for partially ordered sets. Annals of
Mathematics, 51(1): 161-166, 1950.

P. Erdés, A. Hajnal, and J. W. Moon. A problem in graph theory. The American
Mathematical Monthly, 71(10): 1107-1110, 1964.

J. R. Faudree, R. J. Faudree, and J. R. Schmitt. A survey of minimum saturated
graphs. The Electronic Journal of Combinatorics, Dynamic Survey, DS19, accessed
14 March 2019.

M. Ferrara, B. Kay, L.. Kramer, R. R. Martin, B. Reiniger, H. C. Smith, and E. Sul-

livan. The saturation number of induced subposets of the Boolean lattice. Discrete
Mathematics, 340(10): 2479-2487, 2017.

D. Gerbner, B. Keszegh, N. Lemons, C. Palmer, D. Palvolgyi, and B. Patkds. Satu-
rating Sperner Families. Graphs and Combinatorics, 29(5): 1355-1364, 2013.

J. R. Griggs and W.-T. Li. Progress on poset-free families of subsets. In Recent
Trends in Combinatorics, pages 317-338. Springer, 2016.

N. Morrison, J. A. Noel, and A. Scott. On saturated k-Sperner systems. The FElec-
tronic Journal of Combinatorics, 21(3): #P3.22, 2014.

E. Sperner. Ein satz iiber untermengen einer endlichen menge. Mathematische
Zeitschrift, 27(1): 544-548, 1928.

S. Walker. Problems in extremal graphs and poset theory (2018). Graduate Theses
and Dissertations. 16482.

A. A. Zykov. On some properties of linear complexes. Matematicheskii Sbornik,
66(2): 163-188, 1949.

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(2) (2020), #P2.31 9



	Introduction
	Induced-D2-saturated results
	Induced-Ak+1-saturated results
	Conclusion

