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Abstract
Let k > d > 3 be fixed. Let F be a k-uniform family on [n]. Then F is (d, s)-

conditionally intersecting if it does not contain d sets with union of size at most s
and empty intersection. Answering a question of Frankl, we present some structural
results for families that are (d, s)-conditionally intersecting with s > 2k +d — 3, and
families that are (k, 2k)-conditionally intersecting. As applications of our structural
results we present some new proofs to the upper bounds for the size of the following
k-uniform families on [n]:

(a) (d,2k + d — 3)-conditionally intersecting families with n > 3k°;

(b) (k,2k)-conditionally intersecting families with n > k?/(k — 1);

(c) Nonintersecting (3, 2k)-conditionally intersecting families with n > 3k(2kk).
Our results for (¢) confirms a conjecture of Mammoliti and Britz for the case d = 3.

Mathematics Subject Classifications: 05D05,05C65

1 Introduction

Let V be a set, and let S, T be two subsets of V. Then we use S — T to denote the set
S\ T, and use (Z) to denote the collection of all k-subsets of V. Let [n| denote the set
{1,...,n}. A d-cluster of k-sets is a collection of d different k-subsets A;,..., Ay of [n]
such that

Ay U+ U Ay <2k, and |A; NN Ayl =0.

Let F be a k-uniform family on [n|. Then F is (d, s)-conditionally intersecting if it does
not contain d sets with union of size at most s and empty intersection. In particular,
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a family F is (d, 2k)-conditionally intersecting if it does not contain d-clusters. We use
h(n,k,d,s) to denote the maximum size of a (d, s)-conditionally intersecting family F.
Note that a k-uniform family is (2, 2k)-conditionally intersecting if and only if it is
intersecting. The celebrated Erdds-Ko-Rado theorem [4] states that h(n, k,2,2k) < (7_})
for all n > 2k, and when n > 2k equality holds only if F is a star, i.e. a collection of
k-sets that contain a fixed vertex. In [5], Frankl showed that the same conclusion holds
for n > dk/(d — 1) when the intersecting condition is replaced by the d-wise intersecting

condition, i.e. every d sets of F have nonempty intersection.

Theorem 1 (Frankl [5]). Let k > d > 3 be fivred and n > dk/(d —1). If F C (W) is a
-1

Z,l); with equality only if F is a star.

d-wise intersecting family, then |F| < (

Later, Frankl and Fiiredi [7] extended Theorem 1 and proved that h(n, k, 3, 2k) < (Zj)
for all n > k? + 3k, and they conjectured that the same inequality holds for all n > 3k/2.

In [11], Mubayi settled their conjecture and posed the following more general conjecture.

Conjecture 2 (Mubayi [11]). Let k > d > 3 and n > dk/(d—1). Suppose that F C ([Z])
is a (d, 2k)-conditional intersecting family. Then |F| < (Zj), with equality only if F is a
star.

Conjecture 2 has been intensively studied in the past decade. Mubayi [12] proved this
conjecture for the case d = 4 with n sufficiently large. Later, Mubayi and Ramadurai
[13], and independently, Fiiredi and Ozkahya [8] settled this conjecture for all d > 3 with
n sufficiently large. In [2], Chen, Liu and Wang confirmed this conjecture for the case
d = k, and they also showed that h(n,k,d, (d + 1)k/2) < (}}) for all n > dk/(d — 1).
Very recently, Conjecture 2 was completely solved by Currier [3].

In this paper, we consider the structure of conditionally intersecting families, which is
motivated by a structural theorem for (3,6)-conditionally intersecting family proved by
Frankl [6].

Definition 3. Let H C 2", and let H € H. A subset G C H is called unique if there is
no other set in H containing G.

The following result of Bollobés [1] gives an upper bound for the size of a family in
which every set has a unique subset.

Theorem 4 (Bollobas [1]). Suppose that for every member H of the family H C 2" the
set G(H) C H is a unique subset. Then

1
Z n—|H—G(H)| <L
HeH ( \G(H)| )

Frankl [6] proved the following structural result for (3,6)-conditionally intersecting
families.

Theorem 5 (Frankl [6]). Suppose that F C ([g]) is a (3,6)-conditionally intersecting
family. Then F can be partitioned into two families H and B, and the ground set [n| can
be partitioned into two disjoint subsets Y and Z such that the following statements hold.
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(a) H C (g) and every set H € H contains a unique 2-subset.

(b) B C (g) and B is the vertex disjoint union of |Z|/4 copies of complete 3-graphs on
4 wvertices.

First, let us show how to use Theorem 5 to get an upper bound for |F|. Let F C ([g])
be a (3, 6)-conditionally intersecting family, and let Y, Z, B and H be given by Theorem
5. Since every set in H contains a unique 2-subset, it follows from Theorem 4 that
|H| < (‘Y‘;l). On the other hand, it is easy to see that |B| = |Z|. Therefore,

Y| -1 —1
Fi=p+1r< (M iz < (M),

and equality holds only if Z = ().

In [6], Frankl also asked for a structural result for a (3, 2k)-conditionally intersecting
family F C ([Z}) which can imply the (Zj) bound for | F|. Here we consider a more general
question, namely the structures of (d, 2k + d — 3)-conditionally intersecting families for all
k > d > 3, and we obtain the following result.

Let Ly denote the collection of all k-graphs on at most 2k vertices.

Theorem 6. Let k > d > 3 be fized. Suppose that F C ([Z]) is a (d,2k + d — 3)-
conditionally intersecting family. Then F can be partitioned into three families H, B
and S, and the ground set [n] can be partitioned into two subsets Y and Z such that the
following statements hold.

(a) H C (%) and every set H € H contains a unique (k — 1)-subset.

(b) Z has a partition ViU- - -UV; with each V; of size at most 2k such that B  Ji_, (%),
i.e., the family B is the vertex disjoint union of copies of k-graphs in Ly,

(c) S C ([Z]) — (};), and for every set S € S and every V; C Z the size of SNV, is

either 0 or at least d.

Note that the constraint on |[S N V| in (¢) for S € S and V; C Z implies that the
family S is actually very sparse. Therefore, the term |S| contributes very little to |F|.
Our next result gives a structure for (k, 2k)-intersecting families for all k£ > 3.

Theorem 7. Let k > 3 be fized. Suppose that F C ([z}) is a (k,2k)-conditionally inter-
secting family. Then F can be partitioned into two families H and B, and the ground set
[n] can be partitioned into two subsets Y and Z such that the following statements hold.

(a) H C (}) and every set H € H contains a unique (k — 1)-subset.

(b) B C (f) and B is the verter disjoint union of ,l—ﬂ copies of complete k-graphs on
(k + 1) vertices.

Applying the structural results above we are able to give some new proofs to the
following theorems.
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Theorem 8. Let k > d > 3 be fized and n > 3k°. Suppose that F C ([Z]) is a (d,2k +

d — 3)-conditionally intersecting family. Then |F| < (Zj)

Note that Theorem 8 is true for every n > 3k/2 according to the result in [11], but in
our proof we need the assumption that n > 3k® to keep the calculations simple.

Theorem 9. Let k > 3 be fived and n > k*/(k — 1). Suppose that F < () is a
(k, 2k)-conditionally intersecting family. Then |F| < (7).

Theorem 10. Let k > 3 be fized and n > 31{(2:). Let F C ([Z]) be a family that is

(3, 2k)-conditionally intersecting but not intersecting. Then |F| < ("*1") + 1.

Theorem 10 shows that Mammoliti and Britz’s conjecture (Conjecture 4.1 in [10]) is
true for the case d = 3. Note that in [9] the author considered Mammoliti and Britz’s
conjecture for all d > 3, and showed that their conjecture is true for d = 3, but false for
all d > 4. However, the method we used here is completely different from the method
used in [9].

The remaining part of this paper is organized as follows. In Section 2, we prove
Theorems 6 and 7. In Section 3, we prove Theorems 8, 9, and 10.

2 Structural Results

Let F be a k-uniform family on [n| and B € F. We say B is bad if it does not contain
any unique (k — 1)-subset. Suppose that B = {by,...,b;} is a bad set in F, then there
exist k distinct sets Cf,...,Cy in F such that BN C; = B — {b;} for all i € [k]. Let
Ve=BUC)---UCy and Hg = {B,C4,...,Ck}. First let us prove Theorem 7.

Proof of Theorem 7. Suppose that F is a (k,2k)-conditionally intersecting family, and
suppose that B = {by,...,bx} is a bad set in F. Let Cy,---,Cy, Vg, Hg be defined as
above. Since |Vp| < 2k, by assumption we have C; N --- N Cj # (). It follows that
|Vg| = k+ 1 and, hence, the family Hp is a complete k-graph on Vg. Let by, denote the
vertex in Vg — B, and let F' € F — Hg. Then we claim that F'N Vg = (). Indeed, suppose
that F'NVp # 0. We may assume that £ N Vg = {by,..., b} for some ¢ € [k — 1]. Now,
rename the edges in Hg as B; = Vg—b; for all i € [k+1]. Since |FUB;U- - -UBj_| < 2k and
FNBiN---NBy_1 =0, the k sets F, By, ..., By_; form a k-cluster in F, a contradiction.
Therefore, F'N Vg = (). To finish the proof we just let B be the collection of all bad sets
in F, and let H = F — B. H

Before proving Theorem 6 let us present a useful lemma. Let s =2k + d — 3.

Lemma 11. Suppose that F is a (d, s)-conditionally intersecting family and B is a bad
set in F. Then for every F € F either |FNVg| =0 or |[FNVp| > d.

Proof. Let B is a bad set in F and let Vg be the set as we defined before. Suppose that
F € F has nonempty intersection with V. It suffices to show that |[FF N Vg| > d. For
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contradiction, suppose that |FNB| =z, |[FFN (Vg — B)| =y and z +y < d — 1. Suppose
that F'N B = {bpm,,...,bm, } and F N (Vg — B) = {cny, ..., Cn, }-

If x =d—1, then y = 0 and, hence, the d sets F,C,,,,...,Cp,_, satisfy |[FUC,,, U
o UCh, | £2kand FNCp N---NCyy, , = 0, a contradiction. If x = d — 2, then
the d sets F,B,Ch,,,...,Cp,_, satisty [FUBUC,, U---UC,,, .| <2kand FNBN
Cmny N---NCp, , =0, a contradiction. Therefore, we may assume that x < d — 3. Let
p = d—(x+2). Choose psets Cy,,...,Cq from {Cy,...,Cr}—{Cp,...,Cp,}. Then thed
sets ', B, Cpys .., Ciy s Cy s - ., Gy, satisfy [FUBUC,,, U- - -UC,, UC, U- - -UC, | < 2k+p
and FNBNCpyN---NCp, NCy N---NCy, = 0. By assumption we have 2k +p > s
and, hence, v =0 and y > 1.

Let p’ = d—(y+2), and choose p’ sets Cy,, . . ., Cy,, from {Cy,...,Co}—{Chy, ..., O, }
Then the d sets F, B,Cy,,...,Cy,,Cyy, ..., Cy , satisfy |[FUBUC,, U---UC,, UC, U
U0, | <2k+p <sand FNBNC, N---NC,, NCy N---NCy , =0, a contradiction.
Therefore, we have |[F'NV,| > d. O

Now we are ready to prove Theorem 6.

Proof of Theorem 6. Let F be a (d, s)-conditionally intersecting family. Choose a collec-
tion of bad sets { By, ..., B;} for some t from F such that the sets Vg, , ..., Vp, are pairwise
disjoint, and any other bad set in F has nonempty intersection with Vp, for some i € [t].
Note that this can be done by greedy choosing each B; from F such that B; is disjoint
from (J,_; V,;, and by Lemma 11 the set Vp, is also disjoint from (J;_; V-

Now let V; = Vg, and H; = Hp, for i € [t]. Let Z = J;cyVi and Y = [n] — Z. Let
B = Uiem H, H=Fn (2) and § = F — B — H. Suppose that S € S. Then by Lemma
11, either [SNV;| = 0 or |SNV;| > d for every i € [t], and this completes the proof of
Theorem 6. [

3 Applications

In this section we show some applications of Theorems 6 and 7 by giving new proofs to
Theorems 8, 9, and 10. First let us prove Theorem 9.

Proof of Theorem 9. Suppose that F is a (k, 2k)-conditionally intersecting family on [n].
Let Y, Z, B and ‘H be given by Theorem 7. By Theorem 4, H < (‘?_711) On the other
hand, it is easy to see that |B| = (k+1) x |Z|/(k+1) = |Z|. Therefore, |F| = |H|+ |B| <
(M1 +12] < (771), and equality holds only if Z = 0. O

Now we apply Theorem 6 to prove Theorem 8.

Proof of Theorem 8. Let F be a (d, 2k+d—3)-conditionally intersecting family on n > 3k°
vertices. Let Y, Z, B,’H and S be given by Theorem 6. Let v; = |V| for i € [t]. Let Yo =Y
and Y; =Y, 1 UV, for i € [t] and let y; = |Y;| for 0 < i < ¢t. Define H; = F N (f) and let
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h; = |H;|. By Lemma 11, every set H € H, is either disjoint from V; or has an intersection

of size at least d with V;. Therefore, |H;| < |H;_1| —1—2?2 2 (%) (%=1)- Inductively, we obtain

'f'<'H'+t_:§;(”T><ﬁv) ()2 ()03

since (45579 >

Ry
(i) oo ()T
)
<

l k—¢
N 2k\ (n—k —1 (n— y0)
3 k3 )\t Y
Now let § = (2(*)) . Tf n — yo

3 on, then

n—1 n—kFk—1 nin—k—1 n—1
|f|<<k—1)_k( k-2 )+§( k-3 )<(k:—1)’

and we are done. Therefore, we may assume that yo < (1 — ) n. Then

F| < (1—@) (Z:D+<”;f;1>g< (Z:i)

and this completes the proof of Theorem 8. n

The remaining part of this section is devoted to prove Theorem 10. We will use the
following lemma in our proof.

The shadow OH of a family H C ([z}) is defined as follows:

OH = {G S (k[f]l) : IH € H such that G C H} .
Lemma 12. Suppose that H C ([Z}), and every set H € ‘H has a unique (k — 1)-subset
G(H) C H. Then

kE+1
H| < —I(?HI

Proof. Consider a weight function w(G, H) for all pairs G C H € F with |G| = k—1. For
every G € OH and every H € H assign weight 1 to (G, H) if G = G(H) and (n—k+1)7!
if G # G(H). Then an easy double counting gives

k—1
I = <
(14 550 ) M= 3 wiem < o,

k+1 Gm

which implies |H| < (n — k + 1)|0H|/n. O
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Definition 13. Let F C ([Z]) and S C [n]. Then F is a full star on S if it is the collection
of all k-subsets of S that contain a fixed vertex v, and F is a star if it is a subfamily of
some full star on S. In either case, we call v the core of F.

Now we prove Theorem 10.

Proof of Theorem 10. Let n > 3/{;(2:) and let F be a family on [n] such that F is (3, 2k)-
conditionally intersecting but not intersecting. Suppose that B € F is a bad set. Let
Vg, Hp be as defined at the beginning of this section and let 7/ = F N (M;VB). Since

F' is also (3,2k)-intersecting, by result in [11], |F'| < ("_L‘E'_lﬂ < (";EQ) Then by
Lemma 11,

k
2N (n—k—1
< !
|;|\|;|+;<i>( .
o n—=k—2 e 2N (n—k —1
h k—1 3 k—3
B n—k—1 _ n—k—2 b 26\ fn—k —1 - n—k—1 4
S\ k-1 k—2 3 k—3 E—1 ’
and we are done. So we may assume that every F' € F has a unique (k — 1)-subset G(F).
Since F is not intersecting, there exist two disjoint sets A, B in F. Assume that

A=A{ay,...,ax}and B = {by,...,bx}. Let I ={aq,...,ax,b1,...,b} andlet U = [n]—1.
For every set C' C U of size at most k — 1 define the family F(C') on I as follows:

FO)={F-C:FeFand FNU =C}.
For every i € {0,1,...,k} let
Fi={FeF:|FnI|=i}.

First notice that Fj, = {A, B}, since any extra edge in Fj together with A, B would form
a 3-cluster in F. Next, we will prove

¢ ¢
n—2k\ (k-1
| < . 1
SiE< () () g
=0 i=1
for all ¢ € [k]. Suppose that (1) is true, then by letting ¢ = k we obtain
k k1
n—2k\ (k-1 n—Fk—1
= il S : ) 2= 1,
A=y ()0 - ()

and this will complete the proof of Theorem 10. One could compare (1) with a similar
inequality in [11], which is

<X (i) - () <2>
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where ¢ is the maximum number of pairwise disjoint sets in F. For the case ¢t = 2, the
summand in (2) is ("kff) (25:11), but the summand in (1) is (",;2;) (';:11), which is smaller
when ¢ > 2.

Claim 14. Let F' € Fy. Then the set F N U is a unique (k — 1)-subset of F' in F.

Proof of Claim 14. Without loss of generality, we may assume that F' = {ay, f1,..., fe_1},

where f1,..., fx—1 are contained in U. Suppose that there is another edge F’ € F con-
taining {f1,..., fr—1}. Then the three sets A, F, I’ form a 3-cluster in F, a contradiction.
Therefore, FNU = {fi,..., fr_1} is a unique (k — 1)-subset of F' in F. O

Now we prove (1) for £ = 1. Let us consider the family Fy U F;. Define
U
M = {Ge <k—1> :dF € FoUF, suchthatGCF}.

By assumption, every set F' € FyUJF; has a unique (k—1)-subset G(F'), and by Claim 14,
we may assume that G(F) C U. Let G = {G(F) : F € F,}. For every set Fy € Fi, the
set G(F}) cannot be contained in 0F, since otherwise one could easily find a 3-cluster.
Therefore, G and 0F, are disjoint. Since |G| = |Fi|, by Lemma 12, we have

Ul

n — 2k

k—1

and hence |Fy| + |Fi| < (7;;_21]“).

To prove (1) for £ > 2, we need to give an upper bound for |F;| for every 2 < i < k—1.
Since |F;| = ZCE( v) |F(C)|, it suffices to give an upper bound for |F(C)| for every

k—i
Ce (kliz) Unfortunately, the inequality |F(C)| < (1;:11) is not true in general. So, in our
proof, we will build a relationship between F; and |J._; F; and then use this relation to
prove (1).

The basic idea in our proof is showing that if | F(C)| is bigger than its expected value

(k_]“‘;j'l_l), then there must be many sets D containing C' such that the size of F(D) is

smaller than its expected value (k—]TB\l—l)'

Let C' C U be a set of size at most k — 2. We say C' is perfect if the family F(C) is a
full star on either A or B. Let D C U be a set of size k — 1. We say D is perfect if there
exists a set F'in F that contains D.

For every i € [k — 1] let P; be the collection of all perfect sets in (k(iz), and let N; be
the collection of non-perfect sets in (kliz) Let p; = |P;| and n; = || for i € [k — 1] and
notice that p; +n; = ('U‘.).

k—i
For every i € {2,...,k — 1} let P, denote the collection of all sets C € (,”.) such

that C'is contained in a perfect set in (k—? +1)’ and let A/ denote the collection all of sets

D € (7)) such that D is not contained in any perfect set in (kjﬂ). Let p; = |P}| and

n, = |N/| forie {2,....,k—1}. Let G; = N; NP} and B; = N; NN, and let g; = |G|

j<t
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and b; = |B;| for i € {2,...,k — 1}. Let G = Ny, and let g; = ny, by = 0. Note that by
definition, b; + g; = n; and n} > b; for i € [k — 1].

By the definition of perfect sets, |F(C)| = (k }) for all C € P;. Later we will show
that |F(C)| < (57}) for all C € G;. For every C' € B; it could be true that |[F(C)| > (*7]).

i—1
However, for every C' € B; there are either many sets in G; ; containing C', which means

that there are many sets D € (kgﬂ) with |F(D)| smaller than its expected value, or

there are many sets in B;_1, in which case we turn to consider sets in ( and repeat

U
iv2)
this argument until we end up with many sets P in (,”) with [F(P)| smaller than its
expected value.

The next claim gives a relation between n; and b;, ;.

Claim 15. For every i € [k — 2] we have

n — 3k
I bz .
n & +1

Proof of Claim 15. Let C' € N/, and let v € U — C. By definition C'U {u} is a non-
perfect set in (k_ ). Therefore, we have (k —i)n; > nj, (n — 3k +i+ 1) > bis1(n — 3k).
It follows that n; > (n — 3k)bi41/k. O

Claim 16. The following statement holds for all ¢ > (k+1)/2. Suppose that C C U is a
perfect set of size £, and F(C') is a full star on A (or on B) with core v. Then for every
(0 — 1)-subset C" of C the family F(C") is a star on A (or on B) with core v.

Proof of Claim 16. Let C C U such that F(C) is a full star on A with core v € A.
Without loss of generality we may assume that v = a;. Let £’ € F(C'). If E' C B, then
choose a set E from F(C), and the three sets £ U C, E' U C’, B form a 3-cluster in F, a
contradiction. If E' N A # () and E' N B # (), then let x = |[E' N A| and y = |E' N B|.
Sincex +y=k—(+1, wehave zr < k—/landy < k— /(. If a; & E' N A, then by
the assumption that ¢ > (k4 1)/2 and F(C) is a full star, there exists a set E € F(C)
such that (E' N A) N E = ). So the three sets £’ UC’, E U C, A form a 3-cluster in F,
a contradiction. If a; € E' N A, then by assumption there exists a set £ € F(C') such
that £ N A C E. However, the three sets £ U C,E" U (C’, B form a 3-cluster in F, a
contradiction. Therefore, every set in F(C”) is completely contained in A.

Next, we show that every set E' € F(C") contains a;. Suppose there exists a set
E' € F(C") such that a; ¢ E’. By assumption we have k — ¢+ 1+ k — ¢ < k, so there
exists a set £ € F(C) such that EN E' = (). However, the three sets E' UC', EUC, A
form a 3-cluster in F, a contradiction. Therefore, the family F(C") is a star on A with
core aj. ]

For every i € [k — 1] let w; =

( —11) (n 2‘k> and k; = (2f) — (1?71) + 1. Our next claim
gives an upper bound for |F;| for 2 <
2 <

i—1
< (k+1)/2.
< (k+1)/2 we have

Claim 17. For every i satisfying 1
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Proof of Claim 17. Let us give an upper bound for |F(C)| for every C € (k[il) First
notice that by definition |F(C)| = (47]) for all C € P;. By Claim 16, |F(C)| < (47]) —1
for all C € G;. On the other hand, it is trivially true that [F(C)| < (%) for all C € B,

Therefore,

Fil =Y IFO+ Y IFOI+ ) IF©O)

CceP; Ceg; ceB;

k—1 k—1 2k
71— 1 1—1 1

- k_l n_2k + 2k — k_l —|—1 bz—nzzwl—l—klbz—nz
71— 1 k—1 1 1—1

Here we used that fact that b; + g; = n; and n; + p; = ("k_jk) H

Recall that Claim 15 says that n; > (n — 3k)b;1/k. Since n > 3k (2:) and k;11 < (2:),
we have n;/2 > k;11b;11. Combining this inequality with Claim 17 we obtain the following
claim.

Claim 18. For every { satisfying 1 < £ < (k+1)/2 we have

n;
, 2

=0

12 l ¢

ZU‘—@‘ < Zwi —
i—1

=1

Proof of Claim 18. The case ¢ = 1 follows from the inequality that

n — 2k
w17 <= () -

For ¢ > 2 by Claim 17 we obtain

4 L -1

¢ ¢
Z |Fi| < Z(wz + kibi —n;) = Zwi - Z(nz — kitabip1) —ne < sz’ - Z X0
i ' i=1 i=1 ;

=0 i=1 i=1 =1
The next step is to extend Claim 18 to all £ > (k + 1)/2.

Claim 19. Let C C U be a set of size £ > 2. Suppose that F(C) is a full-star on A (or
on B) with core v and there ezists a perfect set P € (k(il) containing C. Then, for every
(¢ — 1)-subset C" C C the family F(C") is a star on A (or on B) with core v.

Proof of Claim 19. Let C' C U be a set of size ¢ such that F(C) is a full-star on A with
core v. Without loss of generality we may assume that v = a;. Let P € (kgl) be a perfect
set containing C'. By the definition of perfect set there exists a set F' € F containing P.
Suppose that F' = PU{u}, and we want to show that u = a;. Suppose that u ¢ A. Then
for every £ € F(C) the three sets A, F, F' U C form a 3-cluster in F, a contradiction.
Therefore, u € A.
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Now suppose for the contrary that u # a;. Then by assumption there exists a set
E € F(C) not containing u and, hence, the three sets A, F, E'U C form a 3-cluster in F,
a contradiction. Therefore, u = a;.

Let C" C C be aset of size { —1 and E' € F(C"). If E' C B, then for every E € F(C)
the three sets EUC, E'U(C’, B form a 3-cluster in F, a contradiction. If £’ N A # () and
E'NB # (), then let = |EF' N A| and y = |[E' N B|. Since z +y = k — { + 1, we have
r<k—flandy < k—/{. If x <k—/{—1, then by assumption there exists a set £ € F(C)
containing ' N A. However, the three sets £ U C, E’ U (C’, B form a 3-cluster in F, a
contradiction. Therefore, we may assume that © = k— (. If a; € E'N A, then there exists
a set E € F(C) such that E' N A = E. However, the three sets EU C, E’ UC’, B form
a 3-cluster in F, a contradiction. If a; € E' N A, then the three sets A, F, E' U C' form
a 3-cluster in F, a contradiction. Therefore, every set in F(C”) is completely contained
in A.

Suppose that there is a set £’ € F(C") not containing a;, then the three sets A, F, E'U
C" would form a 3-cluster in F, a contradiction. Therefore, every set in F(C”) contains
a1, and this complete the proof of Claim 19. O

Let ¢ = [(k+1)/2] and let m = |k/2], and notice that m + ¢ = k. The next claim
shows that (1) holds for ¢ = ¢ + 1.

Claim 20. We have

c+1 c+1 c+1

Zlﬂ sz

Proof of Claim 20. Similar to the proof of Claim 17, for every C' € P.y1 we have | F(C)| =
(*~1), and for every C € B, we have |F(C)| < (C+1)

For every perfect set D € (m) we say that D is a good container if D itself is contained
in a perfect (k—1)-set, otherwise we say that D is a bad container. Let S be the collection
of all sets in G.,; that are contained in a good container. Let T be the collection of all
sets in G.;; that are not contained in any good container. Let s = |S| and t = |T|. Since
every bad container in (gl) has m subsets of size m — 1, the number of bad containers in
(V) is at least t/m.

Let D € ( ) be a bad container. Then for every E € ( 1) the set D U E is non-
perfect in (k .)- Therefore, ny > ("7* 2k Mt/ (m ( )) By deﬁnition, every set C' € G4
is contained in a perfect set D € (m) If C € S, then by Claim 19, |F(C)| < (kzl) -1

i=1

If C € T, then it is trivially true that |F(C)| < (| +1) Therefore,
[Feral = D IF @)+ Y IFO)+ Y IFO)+ ) |F(C
CePet1 CeBet1 CceS CceT

< k-1 n 2k bt & k—1 1 L 2k ;
X c Pe+1 c+1 c+1 c S 41

= Wet1 + kc—l—lbc—i—l + kc—f—lt — Neya-
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Here we used the fact that s +¢ = ge11, ger1 + ber1 = Ney1 and Neyy + Per1 = (k"_fﬂ)

Combining the inequality above with Claim 17, we obtain

c+1 c+1
=0 =1

Since n1/4 = kc+1t and nl/2 = ki+1bi+1,

c+1 c+1 c+1

IRl sz . 0
=0

i=1
Claim 21. Fvery set C C U of size at most k — c is contained in a perfect (k — 1)-set.

Proof of Claim 21. Let C' C U be a set of size £ < k—c. Suppose that C' is not contained

in any perfect (k — 1)-set. Then for every S € (k[i;_cl) the set C'U S is non-perfect and
of size k — 1. Therefore, we have n; > (7;7_22:6)/(’71) > ("zz_kfg)/(k;l) On the other
Si

hand, we have ZZ ero [Fil < St (2Zk) ("72,]“). ince n > 3]{(2:), ny/4 > Zl ero [Fil-

i=c+2 k—i

Therefore, by Claim 20,

SIS SIETED DILIED SIS SEED Ol G T AR B it

i=c+2 i=c+2
and we are done. So we may assume that C' is contained in a perfect (k — 1)-set. O
Claim 22. The inequality |F;| < w; + t;b; — n; holds for all i > ¢+ 1.

Proof. By Claim 21, every set C' C U of size at most k — ¢ is contained in a perfect
(k — 1)-set. Therefore, by Claim 19,

Fil = > IFO)+ D IFO+ D IF(C)

cep; ceg; cenB;

S 8 ) Y Y S

By Claims 15, 17, and 22,

k-1 1 k-1 k—2
Z |Fil < ) (wi +tibi — Z Z — tipabip1) — ik
i=0 1 i—1 =1

k—

1=

k-1 k—1

U

<) Wi — 5
1 i=1

1=

which proves (1), and equality holds if and only if C' is perfect for every C € ([z]) and for
every i € [k — 1], which implies that F is the disjoint union of a k-set and a full star. [J
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