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Abstract

The Eulerian polynomial A, (t) enumerating descents in &,, is known to be
gamma positive for all n. When enumeration is done over the type B and type D
Coxeter groups, the type B and type D Eulerian polynomials are also known to be
gamma positive for all n.

We consider A (t) and A, (t), the polynomials which enumerate descents in the
alternating group A,, and in &,, — A, respectively. We show the following results
about A, (t) and A, (t): both polynomials are gamma positive iff n = 0,1 (mod 4).
When n = 2,3 (mod 4), both polynomials are not palindromic. When n =2 (mod
4), we show that two gamma positive summands add up to give Al () and A, (¢).
When n = 3 (mod 4), we show that three gamma positive summands add up to
give both Al (¢) and A, (t).

We show similar gamma positivity results about the descent based type B and
type D Eulerian polynomials when enumeration is done over the positive elements
in the respective Coxeter groups. We also show that the polynomials considered in
this work are unimodal.

Mathematics Subject Classifications: 05A05, 05A15

1 Introduction

Let f(t) = Y1, ait’ € Q[t] be a degree n univariate polynomial where a; € Q with a,, # 0.
Let r be the least non-negative integer such that a, # 0. Define len(f) = n —r. The
polynomial f(t) is said to be palindromic if a,; = a,—; for 0 < ¢ < [(n —7)/2]. Define
the center of symmetry of f(t) to be (n + r)/2. Note that for a palindromic polynomial
f(t), its center of symmetry could be half integral.
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Let SymPoly ). (t) denote the set of palindromic univariate polynomials f(t) with
minimum nonzero exponent of ¢ being at least r and having center of symmetry (n +
r)/2. Let T = {71 +¢)" "% :0 < i< |(n—r)/2]}. Tt is easy to see that if
f(t) € SymPoly,, ,/5.,.(t), then we can write f(t) = ZL nnR AT (L 4 )2 The
polynomial f(¢) is said to be gamma positive if ~,; > 0 for all 7 (that is, if f(¢) has
nonnegative coefficients when expressed as a linear combination of elements of I'). If f(¢)
is gamma positive, we also write this as “f(t) is y-positive”.

For a positive integer n, let [n] = {1,2,...,n}. Denote by &,, the symmetric group
and let A, C &, be the alternating group on [n]. For 7 = 7y, m,..., 1, € &, let
DES(7) = {i € [n — 1] : m; > ™41} be its set of descents and let des(7) = |[DES(7)| be its
number of descents. Let asc(m) = n — 1 — des(m) denote its number of ascents. Further,
let

An(t) _ Z tdes(n) and A Z tdes asc Zan i 1— ztz (1)

71'66” ﬂ’GGn
0 = T s T oo S o
TEA, TEAL i—0
n—1
A;(t) = Z tdes and A~ ( ) Z tdes(w asc(m) Za ’an 1— ztz 3)
TE(Sn—An) 7E€(Sn—An) i—0

It is well known that the Eulerian polynomials A, (¢) are palindromic (see Graham,
Knuth and Patashnik [9]). Before we move to y-positivity of A, (t), we define gamma
positivity of homogeneous bivariate polynomials. Most of the univariate polynomials
in this work have homogeneous bivariate counterparts with the following slightly more
general definition of gamma positivity. Let f(s,t) = Y 1 a;s""t" be a homogeneous
bivariate polynomial. Define the polynomial f(s,t) to be palindromic if a; = a,,_; for all
1. More generally, we consider palindromic, degree n homogenous bivariate polynomials
which have n — r as the highest exponent of s with non-zero coefficient. Thus a, # 0
and by palindromicity, a,_, # 0. The polynomial f(s,¢) has center of symmetry n/2.
f(s,t) is said to be bivariate y-positive if we can write f(s,t) = S ~, i(st) (s + )72
with v,; > 0 for all . If f(s,t) is bivariate y-positive, then f(t) = f(s,t)|s=1 is clearly a
univariate y-positive polynomial with the same center of symmetry.

Foata and Schiitzenberger (see [7] showed ~-positivity of A,(s,t), the bivariate ver-
sion of the Eulerian polynomial. Plugging in s = 1 in A,,(s,t) shows ~y-positivity of A,(t).
Later, we will sketch their proof (see Theorem 8) and make relevant modifications. Sub-
sequently, Foata and Strehl in [8] used a group action based proof which has been termed
as “valley hopping” by Shapiro, Woan and Getu [17]. The same proof shows that the
Narayana polynomials are y-positive (see Petersen’s book [15, Chapter 4]).

It is a well known result of MacMahon [13] that descents and excedances are equidis-
tributed over &,,. Several refinements of the y-positivity of A, (t) are known when enu-
meration is done with respect to both descents des() and excedance exc(). For two
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statistics 2-13,31-2 : &,, +— Zso, Brandén [3] and Shin-and-Zeng [18, 19] have shown
a p, g-refinement by showing that the polynomial

[n/2]
An(p, q, t) _ Z p2—13(7r)q31—2(77)tdes(ﬂ_> _ Z an,i(py q)tz<1 + t)n—2z
TeG, =0

where the a,,;(p, ¢)’s are polynomials with positive coefficients. The survey [2] by Athanas-
iadis and the Handbook chapter [4] by Briandén contain a wealth of information related
to gamma positivity of polynomials arising in combinatorics.

The polynomials Af(¢) and A, (¢) have been studied by Tanimoto [22] who gave re-
currences for a;k and a, ,, the coefficients of t* in these polynomials. To the best of our
knowledge, there are no results on y-positivity of At (¢) or A, (¢) prior to our work. In
this work, we show the following results.

Theorem 1. Forn > 1, both Af(s,t) and A, (s,t) are vy-positive iff n = 0,1 (mod 4).
Further, both polynomials have the same center of symmetry.

When n = 2,3 (mod 4), we show that even the univariate versions A; (t) and A, (¢) are
not palindromic (see Lemma 10). Hence there is no hope for their gamma positivity. We
thus change the question and ask for the minimum number of gamma positive polynomials
which add up to give A7 (t). When n = 2 (mod 4), we show that two gamma positive
summands are sufficient. When n = 3 (mod 4), the situation is more interesting. We
are able to show that three gamma positive summands are sufficient. We are unable
to express Af(t) as a sum of two gamma positive polynomials but do not have a proof
that A (t) cannot be expressed as a sum of two gamma positive polynomials. Identical
statements can be made about A; (t). Our results are the following:

Theorem 2. Let n be a positive integer with n = 2 (mod 4). Then, Af(t) and A, (t) can
be written as a sum of two gamma positive polynomials.

Theorem 3. Let n be a positive integer with n = 3 (mod 4). Then, AF(t) and A, (t) can
be written as a sum of three gamma positive polynomials.

The previous two results are only true for the univariate polynomials A} (¢) and A, (¢)
while Theorem 1 is true for the bivariate version Al (s,t) and A; (s,t). See Remark 23 for
more on this. Theorem 1 thus gives a different refinement of Foata and Schiitzenberger’s
gamma positivity result (see Theorem 8) when n = 0,1 (mod 4). When n = 2,3 (mod 4),
Theorems 2 and 3 refine the univariate version of Theorem 8 in a different sense by giving
several gamma positive summands which add to give the Eulerian polynomial A, (t).

We generalize our results to the case when descents are summed up over the ele-
ments with positive sign in classical Weyl groups. Let B,, denote the group of signed
permutations on T, = {—n,—(n —1),...,—1,1,2,...,n}, that is o € B, consists of all
permutations of T}, that satisfy o(—i) = —o () for all ¢ € [n]. As it is enough to have o (i)
for i € [n], we denote o by the sequence of n signed integers o(i). In the course of our
proof, we will need to enumerate descents in B, with signs taken into account. Signed
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descents were enumerated in &,, by Foata and Désarménien in [6] and by Reiner [16] for
other types. This part of our work has considerable overlap with the type B result of
Reiner.

Let ®,, C %3, denote the subset consisting of those elements of B,, which have an even
number of negative entries. As both 8,, and ®,, are Coxeter groups, they have a natural
notion of descent associated to them. Similar to the classical Eulerian polynomials, we
thus have the Eulerian polynomials of type B and type D. The type B Eulerian polynomial
was shown to be gamma positive by Chow [5] and Petersen [14] and the type D Eulerian
polynomial was shown to be gamma positive by Stembridge [21] and by Chow [5]. There
is further, a natural notion of length in these groups and we extend our results when we
enumerate descents in these groups but restrict summation to elements with even length.
For Type B Weyl groups, we need n > 2 and our results depend on oddness or evenness
of n. Here, our main results are Theorems 30 and 31. For Type D Weyl groups, our main
result is Theorem 39 and is applicable when n > 3.

If a polynomial f(t) is v-positive, then it is unimodal but if f(¢) is the sum of two
or three gamma positive polynomials, then its unimodality is not clear. However, in
Section 9, we show that all the polynomials considered in this work are indeed unimodal.
We end this paper by posing some questions and stating some of our conjectures in
Section 10.

2 Preliminaries on gamma positive polynomials

In this section, we prove a few lemmas on gamma positivity that we use repeatedly in our
work. Some of them are elementary and hence we omit their proofs. We start with the
following.

Lemma 4. Let fi(s,t) and fy(s,t) be two bivariate y-positive polynomials with respective
centers of symmetry my and mo. Then, their product fi(s,t)fa(s,t) is y-positive with
center of symmetry my + mo.

Let D = % + % be an operator in Q[s, t].

Lemma 5. Let f(s,t) be a bivariate y-positive polynomial with center of symmetry n/2.
Then, g(s,t) = D f(s,t) is y-positive with center of symmetry (n —1)/2.

Proof. Let

[n/2]
F(s,t) = > 7ualst)'(s + )" with v, > 0. Then,
i=0
[n/2] A ' |n/2] | |
Df(s,t) = Z iYni(st) " (s + )" 4 Z 2(n — 20)yni(st)i(s + t)" 2
=0 i=0
[(n—1)/2] ' '
= Z Bn,i(St)l<3 + t>n72171.
i=0
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where £,; = (i + )ynit1 + 2(n — 2i)7y,,;. It is easy to see that each f,; > 0 and that
Df(s,t) has center of symmetry (n — 1)/2, completing the proof. O]

The following are easy corollaries.
Corollary 6. Let f(s,t) be a bivariate y-positive polynomial with center of symmetry
n/2.
1. Then, for natural numbers { < n, g(s,t) = D'f(s,t) is y-positive with center of
symmetry (n — () /2.
2. Then, h(s,t) = (st)'f(s,t) is v-positive with center of symmetry i + n/2.
3. Then, h(s,t) = (s +t)f(s,t) is y-positive with center of symmetry (n+ 1)/2.

Lemma 7. Let f(t) be vy-positive with center of symmetry n/2 and with len(f(t)) being
odd. Then, f(t) is the sum of two ~y-positive polynomials p1(t) and ps(t) with centers of
symmetry (n —1)/2 and (n + 1)/2 respectively. Further, both pi(t) and ps(t) have even
length.

Proof. Let the degree of f(¢) be d and let f(t) = S22 4#1(1 4 £)"~2. We are given
that f(¢) has center of symmetry n/2. Thus,
ln/2] '
&) = D wutt A+ )" (14 t)

[n/2] [n/2]
= [ Dot [ DD A = pi(t) + pa(h).

It is easy to see that py(t) and py(t) are y-positive with respective centers of symmetry
(n—1)/2 and (n+ 1)/2. The argument requires the exponent n — 2i to be odd to enable
us to pull out a (1+t) factor from each term ~;t*(1 +¢)"~% especially when i = [n/2]. If
len(f(t)) is odd, then n — 2d will be odd and hence n — 2i will be odd for all 7. It is easy
to see that p;(¢) and py(t) have even length, completing the proof. O]

2.1 Gamma positivity of the Eulerian polynomial

We sketch a proof of gamma positivity of the bivariate Eulerian polynomials A, (s,t). We
do this as it sets up the stage for proofs of other results in this paper. The result is due
to Foata and Schiitzenberger (see [7]) and the proof given below is a modification of the

9,
proof given by Visontai in [23]. Recall that D = 55 + %
s

Theorem 8 (Foata and Schiitzenberger). With A,(s,t) as defined in (1), we have

[(n=1)/2| ' '
An(s,t) = Y qualst)'(s+ )" 7% (4)
=0

where the v, are nonnegative integers for all n, 1.
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Proof. (Sketch) By induction on n. The base case when n = 2 is easy to see. Foata and
Schiitzenberger showed the following recurrence

Apii(s,t) = (s + 1) Au(s,t) + stDA,(s,1). (5)

This can be seen by adding the letter (n + 1) in the n + 1 places of each permutation
m € &,,. The first term (s + t)A,(s,t) accounts for those permutations in &,,41 in which
the letter (n + 1) appears in the first or the last position. The term stDA,(s,t) is the
contribution of all 7 € &,,,1 in which the letter (n+1) appears in positions r for 2 < r < n.

Let T = (s +t) + stD be an operator in Qls,t]. By induction, A,(s,t) is y-positive
with center of symmetry (n — 1)/2. By Corollary 6, both (s + t)A,(s,t) and stDA,(s,)
are 7-positive with centers of symmetry n/2. Thus their sum is also y-positive with the
same center of symmetry n/2. A more detailed analysis of the above argument as done
in the proof of [23, Theorem 2| gives the following recurrence:

’)/n—‘rl,i = (Z -+ 1)771,1 + 2(7’L + 1-— 22.)’7”71'_1. (6)
The above recurrence together with the initial conditions y;90 = 1 or 720 = 1,721 = 0
settles non-negativity of v, ; for all n,7, completing the proof. m

We will need the following corollary later on. It follows from Shin and Zeng |18,
Theorem 2.

Corollary 9 (Shin and Zeng). From recurrence (6), we get that vy, ; is even for alln > 1
and for all © > 1 while v, 0 =1 for all n. Thus, for all n, the only odd gamma coefficient

1S Yn,0-

3 Recurrences for At (s,t) and A (s,t)

For m = mymy -+ - m, € &, define its number of inversions by inva(m) = {1 <i<j<n:
m; > m;}|. We first consider palindromicity of A} (s,t) and A; (s,1t).

Lemma 10. Forn > 1, the polynomials A} (s,t) and A (s,t) are palindromic iff n = 0,1
mod 4.

Proof. Let m = my, 79, ,m, € &,. Define f: &, — &, by f(m)=n+1—-—m,n+1-—
T, ,n+ 1 —m,. Clearly, f is a bijection. Further, inv4(m) + inva(f(7)) = (}) and
des(m) + des(f(m)) = n — 1. Hence, if 7 € A, then f(7r) € A, if n =0, 1 mod 4.

If n = 2,3 mod 4, then the map f flips the parity of inv(7) and hence we get a;{’k =
(y n_1_p- Further, a) o =1and a,, ; = a,, =0 and hence Af(s,t) and A, (s,t) are not
palindromic. O

For m € G,, let ©’ be obtained from 7 by deleting the letter n. Suppose © € A,,. Then,

it is easy to see that 7’ € A,_; and 7’ € &,,_; — A,_1 are both possible. An identical
statement is true when we get 7’ from 7 € &,, — A,,.
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We will add the letter n to permutations in &,,_;. We need to analyse when permuta-
tions in A, arise from A,,_; and when they arise from &,,_; —.A,,_; in this process. For this,
we will need to keep track of the position of the letter n in 7. Let m = 7y, 79, ..., m, € &,,.
We term the left-most position before 7; as the initial or ‘zero’-th gap and the right-most
position after 7, as the final gap. For 1 < ¢ < n, we denote the gap between m; and ;1
as the ‘’-th gap of a permutation. Define npos(7) = 7~ !(n) to be the index i such that
7(i) = n. We start with the following definitions.

1. Ab={m € A, : npos(t) =i+ 1}.

2. A1 = Al ={m e Al with ' € A,_}.

3. [(Gpor — Apq) = Al = {r € A, with 7' € (&1 — A1)}

4. (S, — A,)i={r €6, — A, : npos(t) =i + 1}.

5. [An1 = (6, — A ={r e (6,—A,) witha' € 4, _}.

6. [(Gno1 — A1) = (6, — A | ={r € (6,—A,) with' € S,,_1 — A,_1}.

The way permutations in A,, arise from elements in A,,_; and &,,_1 — A,,_1 depends
on the parity of n and is given by the following two lemmas. Since the proofs are simple,
we omit them.

Lemma 11. For a positive integer m, let n = 2m+1. Then, m € A, arises by placing “n”
in either the first or the last position of elements of As,,, or placing “n” in the even gaps
of elements of Aa,,. This way, after insertion, “n” will appear in an odd position in A,.
Another way to get m € A, is by placing “n” in the odd gaps of elements of Gy, — Ao,

({99l

This way, after insertion, “n” will appear in an even position in A, .

Lemma 12. For a positive integer m, let n = 2m. Then, © € A,, arises either by placing
“n” in the last position of elements of A,_1, or by placing “n” in the first position of
elements of S,_1 — A,_1 or by placing “n” in the odd gaps of elements of A,_1. This
way, after insertion, “n” will appear in an even position of A,. Another way to get
m € A, is by placing “n” in the even gaps of elements of S,_1 — A,_1. This way, after

insertion, “n” will appear in an odd position in A,.
Our recurrence relation for the polynomials A (s, t) and A7 (s,t) depends on the parity
of n and so we bifurcate the remaining part into two cases.
3.1 Whenn=2m-+1
We begin with the following.

Lemma 13. For 0 <r <m—1, let S, = [(Say, — Aspn) — Asiil] and T, = [Agy, —
(Gomi1 — Aomi1)?*™ 271 Then, the following is true:

Z tdes(ﬂ)sasc(ﬂ') _ Z tdes(ﬂ’)sasc(ﬂ). (7)

7T€ST 7T€Tr
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Proof. 1t is clear that if 7 € A3FL then 7 € Gap — Ay, and that if 7 € (Gopnyy —
A2m+1)2’"+1 then 7 € As,. We give a bijection f : S, — T, such that tdes(m)gasc(m) —
tdes(F(m) gasc(f(m)) for all = € S,. Define

f(7T177T27 w241, 2m + 177T2T+27 s 17T2m) = T2r42, - - - 77T2m)2m + 177T177T2a w21

Let m € Ag::jl and let K = m,m,...,To41 be 7 restricted to the first 2r 4+ 1
elements. Let L = mo.49,..., T, be m restricted to last 2m — 2r — 1 elements. Even
though K and L are permutations, we abuse notation for our next definition and treat
them as sets by ignoring the order among their elements. Define invpair(K, L) = |{(x,y) :
x € K,y € L,z > y}| and invpair(L,K) = |{(x,y) : © € L,y € K,x > y}|. Clearly,
invpair(K, L) + invpair(L, K) = | K| x |L|. If we treat K and L as subpermutations of r,
we have m = K,2m + 1, L and f(7) = L,2m + 1, K. Thus,

inv(m) = inv(K)+inv(L) 4+ 2m — (2r + 1) + invpair(K, L) (8)

inv(f(m)) = inv(K)+inv(L)+ 2r 4+ 1 + invpair(L, K) (9)

inv(m) —inv(f(m)) = invpair(K, L)+ 2m — 2(2r 4+ 1) — invpair(L, K) (10)
= 1 (mod 2). (11)

The last line follows as both K and L have odd cardinality. Hence the number of pairs
of elements in the cross product is odd. Thus, 7 and f(7) have opposite signs. Hence,
T € A2m+1 iff f(ﬂ') € Gopmy1 — A2m+1. Define g : T, — S, by

g(?Tl, v s TT29m—2r—1, 2m + 1, TOm—2ry « - - 77T2m) = T2m—2ry -+ T2m, 2m + 1, T1ye e s TOUM—2r—1-
Clearly, f is a bijection with f~! = ¢. Further, for 7 € S,, it is clear that tdes(™) g2s<(m) —
tdes(f(m)) gas<(f (7)) " completing the proof. O

For 0 <r <m — 1, define

P2m+1 S t Z tdes(ﬂ asc() and Q2m+1 S t Z tdes(ﬂ asc(7r (12)

TESy €Ty
Summing Lemma 13 when 7 runs from 0 to m — 1, we get the following.

Corollary 14. For any odd natural number 2m + 1, the following equality holds:

m—1 m—1
Z meﬂ(s,t) _ Z sz—&-l(S’t)'
r=0 r=0

With these results, we can now prove the following.

Theorem 15. Similar to the recurrence (5) for A,(s,t), we get the following two recur-
rences for A, 1(s,t) and A, (s, t) respectively:

Aja(s,t) = (s+1)A5,(s,t) +stDA3, (s,1), (13)
Agii(s,t) = (s+1t)A;, (s, t) +stDA,, (s, t). (14)
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Proof. We prove (13) first. Since (13) is identical to (5), we will use ideas from the sketch
of the proof of Theorem 8. As shown in that proof, the right hand side of (13) equals
>on tdes(m) gasc(m) where the summation is over 7 with 7’ € Ay,,.

Recall A2m+1(3, t) =2 ctomis ¢des(m) gase(m) We consider the contribution to A, (s, )
from 7 € Ay, 11 with the letter 2m + 1 occurring in position ¢ for all possible choices of /.

By Lemma 11, the contribution from 7 where 2m + 1 appears in the first or the
last position is accounted for by the terms sAj (s,t) and tAj (s,t) respectively. The
remaining © € A, arise when either 2m + 1 appears in even positions of Ay, or
when 2m + 1 appears in odd positions of &, — As,,. The contribution of these two

possibilities are accounted for by the two terms Z;n:_ll (Zwe Ao 5 A2 tdes(”)sasc(”)> and

Z::Ol (Zne(szfAzm) A2+ tdes(”)sasc(“)> respectively.

2m—+1
By (12), > <ZWE(62m—A2m)—>A§T++11 tdes(ﬁ)sasc(ﬂ) =Y, PP (s, t). By Corollary
14, this equals Y. " Q2"+ (s, t).
The sum of the terms 37" (ZﬂeAmﬁAgr thes( gase(m > and 31 Q2 (s, 1) clearly

equals the sum over all = with 2m + 1 coming in all the positions of .AQm, completing the
proof. An identical proof shows (14). O

3.2 When n =2m

The strategy and hence our moves are similar to the case when n = 2m + 1. We will
need to make minor changes due to the difference between Lemmas 11 and 12. We will
sketch the strategy and omit some proofs that contain similar arguments. We start with
the following counterpart of Lemma 13.

Lemma 16. For 0 < r < m — 1, let K, = [Agyp_1 — AFH and L, = [Agp_1 —
(Gom — A2m)2m72“2]- Let U, = [(Gam-1 — A2m—1) (Gom-1 — AQm—1)2T+1] and V, =
(o1 — Aom_1) = AS"2"2] Then, we assert the following:

Z tdes(w)sasc(w) _ Z tdes(ﬁ)sasc(ﬂ)7 (15)

TeK, mweL,
2 : tdes asc — § : tdes asc (16)
7T€Ur ﬂ'GVT

Proof. Define a bijection f : K, — L, as follows:
f(ﬂ-la T2y« v vy T2r 41, 2m7 242, -« - 77T2m—1) = T2r42,+ -+ T2m—1, 2m7 Ty T2y e v vy T2r41- With
this, the proof is identical to that of Lemma 13. We omit the details. O]

For n =2m and 0 < r < m — 2, define

G2m S t Z 75des asc 7 H2m S t Z tdes asc (17)

ﬂ'EKr 7T€LT
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[fm(s, t) _ Z tdes(ﬂ)sasc(ﬂ-), me(s, Zf) _ Z tdes(ﬂ-)sasc(ﬂ-)' (18)

ﬂ'EUr ﬂ'GVr
Summing over Lemma 16 when 0 < r < m — 2 gives the following corollary.

Corollary 17. For any even natural number 2m, the following two equalities hold:

m—2 m—2 m—2 m—2
DG (s,t) =D HM(s,t)  and > LM(s;t) =Y J(s,t).
r=0 r=0 r=0 r=0

Theorem 18. Like recurrence (5) for A,(s,t), we get the following recurrences for
A (5,1) and Ay, (s, 1):

1
1
Ay (s, 1) = sAy, (s, t)+tAL, (s, 1)+ §stDA2m_1(s,t). (20)

Proof. We prove (19) first. Recall A3, (s,t) = > o4, 9™ s2<(™) We use Lemma 12
and consider the contribution to the right hand side of (19) from 7 € Aj,, with the letter
2m occurring in position ¢ for all possible choices of /.

Contribution from 7 where 2m appears in the first or the last position are accounted
for by the terms tA, ,(s,t) and sA; (s, t) respectively. The remaining 7™ € Ay, arise
when 2m appears in even positions of As,, 1 or when 2m appears in odd positions of
Som_1 — Aopm_1. By Corollary 17, such permutations contribute

%; (GQm (5.8) + HZ"(5,8) + 3" (s5.) + J2" (s, ”)

This sum clearly equals %stDAgm_l(s, t) completing the proof. O

Tanimoto (see Corollaries 3.3 and 4.2 of [22]) gave the following recurrence for the

numbers a:;k and Ay g These follow from Theorems 15 and 18.

Corollary 19 (Tanimoto). Let n = 2m+1 be an odd positive integer. Then, for 0 < k <
n, we have

a:;k = (n— k)a:z_—l,k—l + (k + 1)a:—1,k and a,,=n—kla, .+ k+1)a, ;.
Let n = 2m be an even positive integer. Then, for 0 < k <n, we have

QG:;k = (n—k+ 1)%_171,1@71 + kagfl,k +(n—k— 1)@;1,1@71 + (k + 2)“:71&’
2a,, = (m—k+Day , +ka o +m—k=1)a, ;. +(k+2)a, ;.
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4 Gamma positivity of A'(s,t) when n =0,1 (mod 4)

We are now ready to prove the first of our main results.

Proof of Theorem 1 : By Lemma 10, the polynomials A (s,t) and A; (s,t) are palin-
dromic iff n = 0,1 (mod 4). Our proof is by induction on n with the base case being
n = 4. In this case, it is easy to see that Af(s,t) = s3 + 5s%*t + 5st? + t3 and that
Ay (s,t) = 6s°t + 6st*. Both these are clearly gamma positive.

When n =1 (mod 4), the recurrence in Theorem 15 is clearly identical to Foata and
Schiitzenberger’s recurrence in Theorem 8. Thus, the same proof of Theorem 8 shows
that both A (s,¢) and A; (s,t) are y-positive with the same center of symmetry. To go
from n = 4k 4+ 1 to n = 4k + 4, we use both Theorem 18 and Theorem 15 to express
AZ1a(s,1) as a combination of terms A1 (s, ) and its variants. Recall D is the operator

+ —. The following is easy to see.

9s | ot
Azk+4(57t) = L1<Svt)AzJ{k+1(5 t) + La(s, t>AZk+1(3 t) + La(s, t)DAIkH(S t) (21)
+L4(S,t)DAZk+1(S t) + L5(8 t)D A4k+1( )—|— L6(S t)D A4k+1( )

where the following table lists L;(s,t) and its center of symmetry.

f(s,t) center of symmetry of f(s,t))
Li(s,t) = (s +t)° 4 2st(s + t) 3/2

Lo(s,t) = 6st(s+ 1) 3/2

Ls(s,t) = 2(st)* + 4st(s + t)? 2

Ly(s,t) = 3st(s +t)* + 6(st)? 2

Ls(s,t) = 3(st)*(s + 1) 5/2

Le(s,t) = 1/2(st)? 3

Using Corollary 6, we get that each of the six terms in (21) has center of symmetry 2k+
3/2. Since the terms all have the same center of symmetry, the polynomial A}, a8, 1) is -
positive. An identical proof works for A, . ,(s,) and one can check that both polynomials
have the same center of symmetry. The proof is complete. [

Several interpretations for the numbers 7, ; as cardinalities of appropriate sets are
known (see Athanasiadis [2, Theorem 2.1]). We end this section with the following natural
question arising from Theorem 1.

Question 20. Let n = 0,1 (mod 4). We have At (s,t) = S0/ Ya(st) (s )" 1%

and A7 (s, 1) = S L1/ Yai(st) (s +1)" 7% Can we get a combinatorial interpretation
for the gamma coefficients ~;; or 7,7

5 When n =2 (mod 4)

When n = 2 (mod 4), the polynomials Al (t) and A (t) are not palindromic and so
cannot be expressed in the gamma basis. Nonetheless, we show that both the above
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polynomials can be written as a sum of two gamma positive polynomials with different
centers of symmetry. If a polynomial h(t) is not palindromic, then we need at least two
gamma, positive summands with different centers of symmetry which will add up to give
h(t). Thus, the minimum number of summands needed is at least two. Surprisingly, when
n = 2 (mod 4) we show that this minimum number of summands is sufficient. We note
that this result only holds for the univariate polynomials A (¢) and A (¢) and not for the
bivariate counterparts A (s,t) and A, (s,t).

5.1 Sum of gamma positive polynomials

Proof of Theorem 2 : We prove the result for A}, . ,(¢). An identical proof works for
Apmaa(t). Asn = 4m + 2, by Theorem 18 we have

1
Afo(sit) = sAL (s, 1) +tAL, (s, 1) + §stDA4m+1(s, t) and hence

1
Aisl®) = A+ 45,00+ (35D A1) (22)

s=1

Let p(s,t) = 35tDAumyi1(s,t). By Corollary 6, p(s,t) is y-positive with center of
symmetry 2m — 1/2 4+ 1. Further, by Corollary 9, all coefficients of Aypy1(s,t) except
the coefficient of (st)°(s + )™ are even. As the exponent 4m will appear in D(s + )™
that coefficient will also be even. Hence p(s,t) and p(t) = p(s,t)|s=1 are y-positive with
integral coefficients in the gamma basis. Further, p(¢) has center of symmetry 2m + 1/2.

It is simple to see that p(¢) has odd length and thus by Lemma 7, it can be written
as p(t) = p1(t) + po(t) with respective centers of symmetry 2m and 2m + 1. Thus, (22)
becomes

Afnio(t) = Al (t) +tAL, (1) +pu(t) + pa(t) (23
= wi(t) + wo(t). (24

~— ~—

where w; (t) = AJ,,,1(t) + pi1(t) has center of symmetry 2m and ws(t) = tAy, 1 (t) + p2(t
has center of symmetry 2m + 1. The proof is complete.

~—

We remark that when n = 2 (mod 4), the bivariate Eulerian polynomials when summed
over the alternating group are not gamma positive in the stronger bivariate sense. We

postpone the example to the end of the next subsection to avoid repeating the data (see
Remark 23).

5.2 A curious identity

When n = 2 (mod 4), Theorem 2 states that both the polynomials A} (¢) and A (t) can be
written as a sum of two gamma positive polynomials while Theorem 8 states that A, (t)
is gamma positive. Below, we see how these four gamma-positive polynomials arising
from A} (t) and A, (t) add up to give a single gamma positive polynomial for A, (t). We
illustrate this with an example when n = 6. It is easy to see that

Ag(t) = 1+ 57t + 302¢> + 302t° + 57t* +¢° and that
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AF(t) = 1+ 29t + 14712 + 155t% + 28t* | Ag (t) = 28t + 1552 + 1473 + 29t4 + 5
f1(t) = 1+ 29 + 120¢% 4 29¢° + ¢* g1(t) = t+ 29t + 1206 + 29¢* + ¢°
f2(t) = 27t + 126t + 27t g2(t) = 27t + 126t* 4 27¢3

In the gamma basis, we have

Ag(t) | (1 +1)5 | 52t(1+¢)® | 136t2(1 +¢t)
t) | t(1+6)* | 25t3(1 +t)* | 64¢°

) 27H(1 + 1) | 72t

)

)

t
t
t

(1+6)* | 25¢(1 +¢)* | 64t°
2712 (1 +t)? | 72¢3

91
ga(
fi(
fa(

Remark 21. From our proof, it is not hard to see that tf;(t) = ¢1(t) and tg2(t) = g1(¢).

If A, 5(t) = fi(t) + fo(t) then, each gamma coefficient of Ayy,y2(t) is the sum of a
gamma coefficient of f;(t) and a gamma coefficient of fy(¢). By Remark 21, each gamma
coefficient of Ayy,+2(t) is also a sum of two gamma coefficients, one each of g, (t) and g (?).
We prove this below.

Let 7, denote the i-th gamma coefficient when A, (t) is expressed in the I' ba-

sis.  Similarly, let AIerz() = fi(t) + folt) with fi(t) = Z?mo%:rmlHZ i(1 4 ¢)tm-2i
and with fo(t) = S22 A f 74m+21 {1+ ¢)*™ 242 When n = 0,1 (mod 4), let At (t) =
ZZL(:%—U/M ,y;iti(l_i_t)n 1-2i 411 let A-(t) = Zl_n 1)/2] ,Y;iti<1_|_t)n—1—2i.

Lemma 22. Let n = 4m + 2 where m is a positive integer. With the above notation,
1 2
Vam42,i-1 = ’ij+2,z‘—1 + 'Yzm+2,i- (25)

Proof. Equation (24) in the proof of Theorem 2 gives A}, ,(t) = fi(t) + f2(t). The proof
of Theorem 2 also shows that

1 | | | |
h(t) = Z o Vamt! (1 272 > Yt (Am — 20)E7H (1 4 )12

+A4m+1( ), (26)
fo(t) = Z 5’74m+1,iit”1(1 4 opyime2i-2 Z’V4m+1,z‘(4m ) (1 4 ) ime2it
FtA g1 (1) (27)
Thus,
Al 1 . A
Vam+2i = §V4m+1,i + (4m — 201 — 1)) Vamy1i-1 + Vam+1i0
A, 1—1 .
’74m2+2 i 9 Yam+1,i—1 T (4m —2(i — 2))74m+1 i—2 T ’V4mfr41 i—1-

Hence, Yinyo; 1+ Vincras = [4m = 2(i — 2)[Yams1,1 + iVam41i = Yam+2,-1, completing
the proof. 0
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Remark 23. When n = 2 (mod 4), the bivariate Eulerian polynomials Af (s, t) and A, (s, t)
are not y-positive. For example, when n = 6, our proof gives

Af(s,t) = 84 29s* + 147s%? + 155571 + 28st* with
fi(s,t) = s(s+t)* + 255 (s +t)* + 64s°t* and
fa(s,t) = 27st?(s+1t)* + 725>
Thus, though Af(t) = Af(s,t)|s=1 is a sum of two gamma positive polynomials,

Af (s, t) is not.

6 When n =3 (mod 4)

When n = 3 (mod 4), we are unable to write A,(t) as a sum of two gamma positive
polynomials, but can write it as a sum of three such polynomials. We start with the
following example.

Example 24. We write polynomials in a tabular form for ease of reading. Let n = 7. It
can be checked that A7 (#) is the polynomial given below and define the polynomials f;(t)
as follows:

A¥(t) = 56t° +605t1 +1208t3 +586t% +64t +1,
fi(t) = 54td  +432t1 45443
fo(t)= 265 +172t% +1092t3 +172¢2  +2t,

fa(t) = th 4623 +41412  +62t  +1.
It can be readily checked that each f;(¢) is y-positive and that their sum equals A7 (¢).

Our main result of this section is the following counterpart of Theorem 2 which shows
that three gamma positive summands are always sufficient.

Proof of Theorem 3 : By Theorem 15, A} 4(s,t) = (s+t) A, o(s,t)+stDAS, o (s,t).
We handle the two terms separately. By Theorem 18,

(8 + t)AZl’—m—&-Q(S? t)

_ {@+w(w@Hgaw+ugHg&w+§DAmﬂw¢0}51
= (1+1¢) [A;fmﬂ(t) +tA;m+1(t)] + {%t(s +t)DA4mH(s,t)} .

Let pi(t) = (1 + )AL, (0),
pﬂw:tu+oAhHupmdm@y:{%@+@DAWH@¢ﬁs] (28)

By Corollary 6, the three polynomials p;(t), po(t) and ps(t) have respective centers of

symmetry 2m + %, 2m + % and 2m 4+ 1. Next, we consider the second term.
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t
= stD <3Azfm+1(s, t) +tAg (s, t) + %DA4m+1(s, t))

s=1 s=1
= (S2tDAIm+1 (87 t) + StAjlrerl(S? t) + St2DAZm+1(37 t)
1
+stAy, (s, t) + stD(éstDA4m+1(s, t))
s=1
= SQtDAIm—l—l (S’ t) + tAjl_m—l-l(t) + StQDAZm—&—l (Sa t)
s=1 s=1
1
+tAp,41(s,t) + stD (§stDA4m+1(s, t)) (29)
s=1
Define
Pimis(t) = pi(t) + (DAL, (s, 1)) o=, (30)
_ st
Bonisl®) = L)+ 145000+ u(0)+ (DG DAs(s.0)) | L (30
s=1
Pimss(t) = pa(t) + (s’ DAG, (s, 1)) (32)
s=1

By Corollary 6, pj,,.5(t), Pinsis(t) and pi,,.5(t) have respective centers of symmetry
2m+ 1, 2m +1 and 2m + 2. Clearly adding (28) and (29) is equivalent to adding (30),
(31) and (32). Thus, A}, 5(t) can be written as a sum of three y-positive polynomials.
A very similar proof can be given to show that A, s(¢) can be written as a sum of three
~-positive polynomials. The proof is complete. n

7 Type B Coxeter Groups

Recall that B,, is the set of permutations 7 of T,, = {—-n,—(n —1),...,—1,1,2,...n}
that satisfy w(—i) = —m(i). B, is referred to as the hyperoctahedral group or the group
of signed permutations on [n|. For 7 € B, for 1 < i < n, we alternatively denote
7(i) as m; and for 1 < k < n, denote —k as k. For 7 = m,my,...,m, € B,, define
Negs(m) = {m; : i > 0,m; < 0} as the set of elements which occur in 7 with a negative sign.
Define invg(n) = {1 <i<j<n:m>m}+ {1 <i<j<n:—m>mnm;}|+ [Negs(m)|
We refer to invg(m) alternatively as the length of m € 9B,,. Let B, C B,, denote the subset
of even length elements of B,,. Let B, = B,,—BF. Form =7y, m,..., 7, € B, let mp =0
and define its set of type B descents to be DESg(7) = {i € {0,1,2...,n—1} : 1, > mi11}.
Define the number of type B descents of 7 to be desg(m) = |[DESp(7)| and the number
of type B ascents of 7 to be ascp(m) = n — desp(m). Define

Bu(t) = Y 1% and  Bu(st) = Y t9erMmgmen =N T ks E(33)
k=0

TEDBy TEB,
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B:(t) _ Z tdesB(w) and Z 75desB () ascB ZbJrktk: n—k 34)

TEB; reBt
By(t) = Y %™ and B (s,t)= Y tdenmgen - Zb st (35)
TE€Bn TeB,

The polynomial B,(t) is called the type B Eulerian polynomial. Gamma positivity of
the type B Eulerian polynomial was shown by Chow [5] and Petersen [14]. Hyatt in [10]
has given recurrences for the type B and type D Eulerian polynomials. We start with
a type B counterpart of Foata and Schiitzenberger’s recurrence (equation (5)) for the
bivariate Eulerian polynomial. We could not find such a type B counterpart of equation
(5) in the literature. It will be clear that (37) is such a type B counterpart. Towards that,
we start with the following.

Theorem 25. With B,(s,t) as defined in (33), we have

[n/2]
Bu(s,t) = > yri(st)'(s+1)"% (36)
i=0
where the %ﬁi are non negative integers for all n,i.
o 0
Proof. Recall D = s + i We start by proving the following type B counterpart of (5).
S

Buii(s,t) = (s +t)By(s,t) + 2st DB (s, ). (37)

Observe that the term (s + ) B, (s, t) is the contribution from 7 € B,, with either the
letter ‘n + 17 or n + 1 at the last position. Further, it is not hard to see that stDB,,(s,t)
is the contribution of all 7 € B,, in which the letter ‘n + 1" appears in position 1 <r < n
and stDB,(s,t) is the contribution of all 7 € 9B,, in which the letter n + 1 appears in
position r for 1 < r < n. This completes the proof of (37).

It is straightforward to check that Bi(s,t) = s+ t and is thus y-positive. Hence, by
induction and Corollary 6, we get that B,1(s,t) is y-positive. It is not hard to see that
the following recurrence is satisfied by the coefficients %ﬁru.

75+1,z‘ = (2 + 1)%?,1‘ +4[n —2(i — 1)]%?,2‘—1- (38

The above recurrence together with the initial conditions v, = 1 or 75, = 1,79, =
settles non-negativity of ”yf,i for all n, 1.

~—

O o~

Our next result showing palindromicity of the polynomials B (s,¢) and B, (s,t) is a
type B counterpart of Lemma 10.

Lemma 26. When n > 2, the polynomials B;f (s,t) and B;, (s,t) are palindromic iff n =0
mod 2.
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Proof. Let m = my,m9,...,m, € B,. Define f : B, — B, by f(r) = 71,7a,...,Tn-
Clearly, f is a bijection. It is easy to see that flipping the sign of a single 7; changes the
parity of the number of type B inversions (for example, see [20, Lemma 3|). Further, it is
easy to see that desp(m) + desg(f(7w)) = n. Hence, if 7 € B then f(r) € Bf iff n =0
mod 2.

If n =1 mod 2, then the map f flips the parity of invg(r) and hence b:;k, =0b

nn—=k*

Further, b}, = 1,0}, = 0 and b;,,, = 1,b,, = 0 and hence B;f (s,t) and Bj, (s,t) are not

» Yn,n

palindromic. N

Define _
Sgan(S,t> _ Z (_1)|an(7r)tdesB(W)SascB(ﬂ-)‘ (39)

We‘Bn

Clearly, B (s,t) = 1(By,(s,t)+SgnB, (s,t)). Motivated by this, we determine SgnB, (s, t)
in the next subsection.

7.1 Enumeration of descents with sign in 5,,

Let ay, ay, ..., a, be n distinct positive integers with a; < ap <+ < ay. Let By, 4y, a0}
be the Type-B group of 2"n! permutations on the letters ay,as,...,a,. Clearly, when
a; = 1 for all i, we get B,, = Byio. . We write 7 € Byq, as,..0,} i two line notation
with ay,as,...,a, above and m, below a;,. Thus, 7, is defined for all . We write
—7,, alternatively as 7,,. For any permutation 7 € By, q,.....0,} define invg(m) = {1 <
i <j<nimg >t + {1 <i<j<n:—mg > ma, |} + |Negs(m)|. Let BT,

{a17a27---7an}

denote the subset of even length elements of By, 4,...q,} and %{’ah@man} = Bayaz,.an} —
%?041,02,m7an}' Let ap = 0 and 7(0) = O for all 7. Define DESp(7) = {i € {0,1,2...,n—1}:

Ta; > Tay,, } and desg(m) = |[DESp(nm)|. Let ascp(m) = [{i € {0,1,2...,n —1} : 7, <

Tair |- Let pos, (m) = k if |7, | = a; and define

SgnB{al,a%”,an} (37 t’ u) — Z (_1)ian(ﬂ')tdesB(Tr) SascB (ﬂ')uposan(ﬂ-) ) (40)

For positive integers a1 < as < ... < ap, let S = {r € ‘Bfalmman}, pos, (m) # n} and
T=A{me B anan) pos, (m) # n}. To evaluate (40), we will show that permutations
with a,, not at the last position do not contribute anything to SgnBy,, ., . 1(s,t,u). This
is done in Lemma 28 by partitioning S and 7" into three sets each and giving bijections
that preserve DESp and pos, () between appropriate sets. One of the parts of S and T'
will be as follows. Let

1 _ +
S = B0 s antpos,,  (m)=npos,, (r)=n—1 ANd

T' =B, .
%{al,ag,...,an},posan71(Tr):n,posan (m)=n—1

Clearly S' C S and T' C T.
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Lemma 27. Let n > 2. Then, there exists a bijection hy : S* — T such that for
all m € S', we have DESg(m) = DESg(hi(m)), pos, (7) = pos, (hi(m)) and invg(r) #
invg(hi(m)) (mod 2). This will show

Z (_1)ian(7r)tdesB(w)sascB(w)uposan(7r) —0. (41>

reSIUT!
Proof. Define hy : S' +— T by hi(Tays Tags - s Tay 15 Tan) = Tays Tags -« Fay_ys Tan- 16
is clear that h; is a bijection that preserves DESg, pos, and flips the parity of invg,
completing the proof. O

Our next lemma shows that S UT does not contribute anything to the signed descent
enumerator.

Lemma 28. There exists a bijection h : S — T such that for all m € S, we have
DESg(m) = DESg(h(n)), pos, (m) = pos, (h(7)) and invg(m) # invg(h(r)) (mod 2).
This will show

Z (_1)ian(7r)tdesB(ﬂ)sascB(w)uposan (m) _ 0. (42)

TeSUT

Proof. We use induction on n. When n = 2, the required bijections are easy to construct.
Let n > 3. For any set of n—1 distinct integers, by induction, assume that such a bijection
exists. We partition S as the disjoint union of the following three sets:

St = {7 c B} )2 POSq,_, () =1, pos, (1) =n— 1},

{a17a/27"

S? = {mr e B} ~an}»POSq,_, (T) = n,pos,, (m) #n —1} and

{a17a27"

SP={nc %?0170«2,---#%}’ pos, _ (m) # n,pos, (m) # n}.

Similarly, we partition 7" as the disjoint union of the following three sets:
T ' ={r ¢ B anan) pos, ., (m)=n,pos, (7)=mn— 1},

T°={n ¢ B0 a..an} POSa,_, (M) =n,pos, (m) #n —1} and

T ={r¢c B s an)s POSa,_, (T) # 1, pos, (m) # n}.

Lemma 27, gives the required bijection h; : S — T'. We need the following two
claims about bijections from S? — T? and from S — T respectively.

Claim 1: For all n and positive integers a; < as < --- < a,, there exists a bijection
hs : S? — T? satisfying DESg(m) = DESg(hs(n)), pos, (m) = pos, (ha(m)) and invg(r) #
invg(ha(m)) (mod 2).

Proof of Claim 1: By induction on the n — 1 integers a1 < as < -+ < a2 < a,
. .o . . Jr —_
there exists a bijection ¢,_1 : %{al7a27_.'7an727an}7posan(W#n_l — %{al7(12’“_7%727&"}7'305%(W#n_l
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with DESg(7) = DESg(gn—1(m)), pos, (1) = pos, (gn—1(7)) and invg(7) Z invg(gn—1(7))
(mod 2).

Define hy : S% — T? by ho(z1, %9, ..., Tn_1,%) = Gn_1(T1,T2,...,Tp_1),T Where z =
Gp_1 Or * = a,_1. It is easy to check that h, is a bijection with the required properties.
The proof of Claim 1 is complete.

Claim 2: For all n and positive integers a; < as < --- < a,, there exists a bijection
hs : S — T% satisfying DESg (1) = DESg(hs(n)), pos, (m) = pos, (hs(m)) and invg(r) #
invg(hs(m)) (mod 2).

Proof of Claim 2: By induction on the n — 1 integers, a1 < as < -+ < @y_9 < Gp_1
there exists a bijection

{@1,2,cn—2,an-1},pos,, _ (m)#n—1

fn—l '%—i_ — B

* P {a1,a2,00an-2,an-1},p0s, _ ()#n—1

with DESg(7) = DESp(fn-1(7)) invg(m) # invg(fn—i1(m)) (mod 2) and pos, () =
pos,, _, (fu-1(T))-

Let m € S* with pos, (m) = p. Let 7’ be obtained from 7 by deleting either « = a,, or
T = @,. Define 0 = hg(7m) by the following two step procedure: let ¢’ = f,,_1(7’) and then
insert x at position p in ¢’ to get o. It is easy to check that hg : S® — T3 is a bijection
with the relevant properties. The proof of Claim 2 is complete.

Since S, 5% and S? are disjoint, it is easy to put together the three bijections hq, hy
and hg given in Lemma 27, Claim 1 and Claim 2 respectively, to complete the proof. [

In Lemma 28, by setting u = 1 and a; = i for 1 <7 < n we get the following.
Corollary 29. For positive integers n, the following is true.

Z tdesB(Tr) SascB(ﬂ') _ Z tdesB(ﬂ')SascB(ﬂ)

w€BY npos(m)#n wEB,, ,npos(m)#n

=Y e, (43)

TEDBp,npos(m)#£n

7.2 Main results for 25,

Theorem 30. Let n > 2 be a positive integer. The polynomials B (s,t) and B (s,t)
satisfy the following recurrence:

Bf(s,t) = sB! (s,t)+tB, ,(s,t) + stDB, (s,t), (44)
B, (s,t) = sB, ,(s,t)+tB} |(s,t) +stDB, 1(s,t). (45)

Proof. We prove (44) first. Recall By (s,t) = > o+ tdess(m) gasc(™) - Consider the contri-
bution to the right hand side from 7= € B with ‘n’ or ‘%’ occurring in position k for all
possible choices of k. It is easy to see that

Bf(s,t)=sBl  (s,t) + 1B, y(s,t)+ > tdenmgsesl)

7EB;T npos(m)#£n
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Here, sB7 |(s,t) accounts for the contribution of all 7 € B in which the letter ‘n’
appears in the last position and ¢B,_(s,t) is the contribution of all 7 € 98" in which the
letter ‘n’ appears in the last position. Further, by Corollary 29 we get

1
Bf(s,t) = sB;l(s,t)—i—tB;l(s,t)—l—ﬁ Z ydesi () gasc ()
TEBp,npos(m)#£n

= sBl (s,t)+tB, ,(s,t) + stDB, _1(s,t).

n

The last line follows from the fact that 2stDB, _1(s,t) is the contribution of all the
permutations in B,, where ‘n’ or ‘n’ is not in the final position, completing the proof of
(44). The proof of (45) is identical and hence omitted. O

The following is the main result of this section.

Theorem 31. For positive integers n > 2, both B;f (s,t) and B, (s,t) are vy-positive with
the same center of symmetry 5 iff n =0 (mod 2).

Proof. By Lemma 26, we need n = 0 (mod 2) for palindromicity. We use induction on
n = 2m to show gamma positivity. The base case is when n = 2. We have B, (s,t) = 4st
and By (s,t) = s> + 2st + 2, both of which are y-positive with center of symmetry 1. By
induction, assume that for n — 2 = 2m — 2, both B, ,(s,t) and B/ ,(s,t) are y-positive
with center of symmetry m — 1. By applying the recurrence relations (44) and (45) twice,
we get

Bt (s,t) = (s*42st +1*)B; ,(s,t) + 4stB;, ,(s,t)

+4st(s +t)DB,_s(s,t) + 25*t*D*B,,_5(s, 1), (46)
B, (s,t) = (s> 4 2st+1°)B;_,(s,t) +4stB; ,(s,t

+4st(s +t)DB,_o(s,t) + 25*t*D*B,,_»(s, 1). (47)

Each of the four individual terms in (46) and (47) are gamma positive and have center
of symmetry m. Thus, both By, (s,t) and B,,,(s,t) are y-positive with center of symmetry
m, completing the proof. O

Theorem 32. For positive odd integers n > 3, B, (t) and B} (t) are the sum of two
gamma positive polynomaials.

Proof. B (s,t) and B, (s,t) satisfy the recurrences (44) and (45) which are identical to
the recurrences (19) and (20) which we used to prove Theorem 2. Hence, this proof follows
in an identical manner to the proof of Theorem 2. ]

7.2.1 Recurrences for signed descent numbers

Similar to Tanimoto’s recurrence (see Corollary 19), we can get a recurrence for the type
B signed descent numbers b, and b, ,. We need a lemma before we prove the recurrence.

Recalling D = ﬁ + 2, we start with the following.
ds Ot
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Lemma 33. Let n be a positive integer. We have DB} (s,t) = DB, (s,t). Thus, we get
DB;f(s,t) = DB, (s,t) = 1DB,(s,1).

Proof. We use induction on n. The result is easy when n is at most 2. By induction,
assume DB (s,t) = DB, (s,t). We will show the result for n + 1.

DB} (s,t) = D(sBf(s,t)+1tB;(s,t) + stDBy(s,t))
= sDB'(s,t)+ Bl (s,t) +tDB, (s,t) + B, (s,t) + D(stDB,(s,t))
= sDB; (s,t) + B, (s,t) + tDB} (s,t) + B} (s,t) + D(stDB,(s,t))
= DB, (s,t).

In the third line above, we have used induction. The proof is complete. O

Our next result is the following recurrence for the numbers b; pand b ;.

Lemma 34. For positive integers n and 0 < k < n, b}, and b, satisfy the following
recurrence relations:

16} =2kb, 4 4 (2n =2k 4+ )b, 4,y + b4,
2. b= kaZ_l,k +(2n — 2k + 1)b;§_17k_1 + b1

Proof. We only prove one of the recurrences. Let [tFs" %] f(s,t) denote the coefficient of
t*s"=* in the polynomial f(s,t).

bow = [t"s" 7B (s,1)
= [t"s" M (sBl_i(s,t) +tB,_|(s,t) + stDB,_1(s,t))
= [ths" F BT (s,t) + [t "B, (s, t) + [t " DB, (s, 1)

n—1

= bf b T [T T(2DB, (s, 1))
= 2kb;1,k + (2n — 2k + 1)b;—1,k71 + b:;l,k'

Here, the penultimate line follows from Lemma 33. The proof of the other part is identical
and is hence omitted. O

8 Type D Coxeter groups

Recall that ®,, C B, is the subset of type B permutations that have an even number
of negative signs. Let w = wq,ws,...,w, € ©,. The following combinatorial definition
of type D inversions is well known (see, for example, Petersen’s book [15, Page 302]):
invp(w) = inva(w)+{1 <i < j<n:—w >w;}|. Hereinvy(w) is computed with respect
to the usual order on Z. Let ©} = {w € D,, : invp(w) is even} and let ©, =D, — D;.
Let w € ©,. We can also think of w as an element of ®8,,. Thus, even though w € ©,,,
we have invg(w) as well. We will need the following alternate definition of invg(w) (see,
for example, Petersen’s book, [15, Page 294]): invg(w) = inv4(w) + {1 <i < j < n:
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—w; > w; }| + |[Negs(w)|. Since these definitions are combinatorial, we can apply them to
elements w € 9B,, or to w € ©,,. Hence, we also have invp(w) when w € %B,,. From the
above definition of invg(w) and invp(w) we get the following simple corollary which we
will need later.

Corollary 35. Let w € B,,. Then, invg(w) = invp(w) + |Negs(w)|.

We next give the combinatorial definition of type D descents. Let w = wy, ws, ..., w, €
©,,. Define desp(w) = des(w) + x(w; + wy < 0) where x(Z) is a 0/1 indicator function
taking value 1 if Z is true and taking value 0 otherwise. Here, des(w) is as defined in the
type A case. See Petersen’s book [15, Page 302] for this definition. For example, when
w = 35142, then invp(w) = 6 and desp(w) = 2. Let ascp(w) = n — desp(w). Define

D,(t) = Y i and  Dy(s,t)= Y den(w)gsenlv) (48)
weD,, D,

DT—"L_(t) _ Z tdeSD(w) and D:{(S,t) _ Z tdESD(w)SascD(w), (49)
wEDF weDE

D (t) = Z fdesp (w) and D, (s, t) = Z fdesp (m) gascp (m) (50)
WEDn €Dy

The polynomials D, (t) are called the type D Eulerian polynomials. Stembridge [21]
showed that the polynomials D, (t) are y-positive when n > 1 (see Petersen [15, Section
13.4]). For D, (s,t) as defined (48), we are unable to get recurrences similar to (5) or (37).
Our proof showing ~-positivity of D, (¢) is inspired by the proof in Petersen’s book [15,
Section 13.4] that shows 7-positivity of D, (t).

We saw earlier that w € ©,, has invg(w) as well. We consider a similar notion for
w € B, as well. If w € 9B,,, then w has both the type B and the type D inversion numbers
(though the type D inversion number does not have Coxeter theoretic meaning). Define
B o ={we B, invp(w) is even} and B, o = {w € B,, : invp(w) is odd}.

Lemma 36. With the above notation, for positive integers n, we have

1

Z tdesD(w)sascD(w) _ Z 2fdesD(w)SascD(w) _ = Z tdesD(w)SascD(w) (51)
2 Y
weDY we(B o5 —03) weB) o
1
desp(w) jascp(w) __ desp(w) cascp(w) __ = desp(w) ascp(w)
Z geespiw) gaseplw) — Z geesplw) gasepiw) — 5 Z geespiw) gaseplw), (52)
weD;, we(B,, 5—Dn) weB, 5

Proof. We prove (51) first. For this, consider the bijection from D; to EBIQ — D by
flipping the sign of the first element. That is, consider the map f : D} %:{’@ —f
given by f(ujuy ... u,) = Uy . .. u,. Clearly f? =id. We note that :

invp(dqus ... u,) = invg(uqus...u,) — |Negs(tyus . .. uy)|

= invp(wuy. .. u,) — |Negs(ujus ... u,)| (mod 2)
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= invp(ujus...u,) (mod 2). (53)

The second step uses the fact that flipping the sign of a single u; changes the parity of
the number of type B inversions (see [20, Lemma 3]). Moreover,

desp(tiuy ... u,) = des(uiuy...u,) + x(ur + up < 0)
= des(ujuy ... u,) + x(u1 +ug < 0) = desp(ugug ... u,). (54)
The last line above follows from a simple case based argument. Thus, by (53) and
(54), the parity of invp and number of descents remain unchanged by f, completing the
proof. The proof of (52) is similar and hence omitted. O

Let u € &, and let S(u) denote the set of 2" elements of B, obtained by adding
negative signs to the entries of u in all possible ways.

Lemma 37. Letu € &,,. Then, for allw € f(u), either w € %:,53 orw € B, . Further,
for anyu e G, w e %:’@ if and only if u € A,.

Proof. The lemma is simple to check when n < 2. We thus assume n > 3. We need to show
that all the 2™ elements of §(u) have the same parity of the number of type D inversions.
For any element w = wy,ws,...,w, € B(u), let w; = wy,wy, ..., Wy, ..., w, denote the
permutation obtained by flipping the sign of the [-th entry of w. We need to show for any
[, that w and w; have the same parity of number of type D inversions. Let w € S(u). By
Corollary 35, invg(w) = invp(w) + |[Negs(w)|. Similarly, invg(w;) = invp(wy) + |Negs(wy)|.
It is not hard to see that invg(w) # invg(w;) (mod 2) (for example, see [20, Lemma
3]). Tt is clear that |[Negs(w)| # |[Negs(w;)| (mod 2). Thus invp(w) = invp(w;) (mod 2)
completing the proof. O

By Lemma 37, we get

Z tdesD(w)SascD(w): Z Z 2fdesD(w ascp (w Z Z tdesD(w ascp (w (55>

wG‘B:’;@ u€6nﬂ%+ weB(u) u€An weB(u)
Z tdesD(w)SascD( w) _ Z Z tdeSD Z Z tdesD (w) ascD(w (56)
weB, o ueG,NB, o web(u) u€G, —An weB(u)

The proof in Petersen’s book [15, Page 305] of y-positivity of D, (¢) shows that it

is possible to assign values ¢;(u) for 1 < i < n to u € &, such that Zweﬁ(u tdespw —
cr(u)ea(u) ... ep(u). We work with the following bivariate version.
252 4+ 2t if uy < us < us.
2st(s+1) if ug < wug > us.

1 (w)ea() = st(s+t) ifug <wug>ug (57)

4st if up > ug < us.
2st(s+t) if up > ug > ug.
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and for all j > 3

2t if Uj—1 < Uj > Ujyq.
Cj (U) =< 2s if Uj—1 > Uj < Ujq1- (58)
s+t otherwise.

Recall that n > 3. For a permutation u = uy, us,us,...,u, € &, with u; < us < ugz,
let ©' = us,uy, us, ..., u,. It is easy to see that u € ‘B;Q if and only if ' € ’B;Q. We
partition A,, into a union of the following five disjoint sets AL = {u = uy, us, us, ..., u, €
At up < ug > ugh, A2 = {u = up,ug,uz, o U, € Ay iug > up > ugl, A3 = {u =
Up, U, Ug,y oy Uy € Ap i up < Uy < ugl, A2 = {u = up, us,us, ..., up € Ay 1 up > up <
us, uyp > uz}, A = {u=uy,ug,uz, ..., u, € Ap :uy > us < uz,u; < uz}. It is easy to see

that A,, is indeed a disjoint union of these five sets. For a permutation u € &,,, define its
number of left peaks as Ipk(u) = [{1 <@ < n:u;—y < u; > uip1}| where vy = 0.

Lemma 38. For integers n > 3, |A3| = |AL|. Moreover, Z Z tdesp(w) gasen(w)

u€A3 UAL weB(u)
a y-positive polynomial with all gamma coefficients being even.

Proof. Define f : A3 — A% by f(u1,us, us, Usg, ..., Uy) = U3, Us, Uy, Ug, . . ., Uy,. Clearly,
7 € A, iff f(m) € A,. Further, f is a bijection as its inverse is clearly g : A% — A3 given
by g(uy, ug, ug, Uy, . .., Up) = Usg, Ug, Uy, U, - . ., Uy. Hence, we have

Z Z tdesD (w) ascD(w)

ueA3 UAL weB(u)

_ Z Z ZfdesD(w ascp (w + Z Z tdesD(w)SascD(w)

u€A} \wepB(u) w)€ATL \weB(f(u))

= Z (25 + 2t%) ch Z 43751_16Z = Z 2(S+t)2Hci(u)
ueA3 1=3 ueA3 u€A3 =3

_ Z 2(4st)'pk(“)(s+t)”_2'pk(“).
ueA3

In the last line, we used bivariate version of [15, Eqn (13.10)] from Petersen’s book.
The proof is complete. 0

Theorem 39. For positive integers n > 3, the polynomials D (s,t) and D, (s,t) are
y-positive.

Proof. We first prove that the polynomials D (s,t) are y-positive. From Lemma 36, we
get

Z tdesD(w)SascD(w) _ Z ZfdesD(w)SascD Z tdesD (w) ascD(w)

weDF we (B 5—0) we%;g
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By (55), we get

1
desp(w) jascp(w) _ = des w) ascp (w)
D el 2% }:tD b (59)

wed;T u€An \wep(u

i Z Z tdesD ascD(w)

=1 \ueAi wep(u)

_ 1 Z Z tdesD ascD(w)
2

:172»5 UGAZ wE,B

+% Z Z tdesD ascD(w) ) (60)

1=3,4 \ueAl wep(u)

N | —

.

As given in Petersen’s book, [15, Eqn (13.9)] if uy < ug > ugz, or u; > ug > ug or
uz > up > up, then 37 50 tdesp(w) gasen(w) — (45t)Pk(w) (5 4 )n=2Pk() G5 the summation
of desp(w) in each of the three cases, that is, over A!, A% and A3 is gamma positive and
furthermore, u in any of these three sets has at least one left peak. Thus, the gamma-
coefficients are even. Hence, the first term in (60) is gamma positive. Gamma positivity
of the second term follows from Lemma 38. The proof for ©;, (s,t) follows identical steps
and hence is omitted. The proof is complete. O]

9 Unimodality of sequences

A sequence (ag)}_, is said to be unimodal if there exists an index 0 < r < n such that
apg < ap << a1 < Ap = Qpyq =000 = ay. A polynomial is said to be unimodal if its
sequence of coefficients is unimodal. In this short section, we prove that all polynomials
defined in this paper are unimodal. We start with the following remark.

Remark 40. Tt is well known that -positivity of a polynomial implies unimodality of its
coeflicients (see Petersen’s book [15, Chapter 4]).

Ma, Ma and Yeh in [12] show that if a polynomial f(¢) can be written as a sum of two
gamma positive polynomials, then too the coefficients of f(¢) are unimodal. We need the
centers of symmetry of the two summands to be separated by at most one for this. We
show the following alternate argument.

Lemma 41. If f(s,t), g(s,t) and h(s,t) are ~y-positive polynomials with the same center
of symmetry, then, sf(s,t) + tg(s,t) + stDh(s,t) is unimodal.

Proof. We assume that the polynomials f(s,t), g(s,t) and h(s,t) have even degree as we
will use this Lemma for showing Af,, . ,(¢) and Ay, ,(¢) are unimodal. From the proof,
it will be clear that there is no loss of generality in this assumption. Let

f(5,1) = agmt®™™ 4 agm_1t*™ s + -+ apt™s™ + A1t ST - as®™
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with a; < a1 for 0 <i<m —1and a; = a;41 for m <7< 2m — 1. Let
G(5,1) = bopt®™ + b1 t*™ s 4 o A bt 8™ A by ™S e bs? ™

where b; < b;yq for 0 <i <m—1and b; > by form <i<2m—1. By Lemma 5 Dh(s,t)
is a y-positive whenever h(s,t) is y-positive. Let

Dh(5,t) = Com1t™ 1+ Comot®™ 254 - F cpt™s™ T O tTTS™ s gpsP ™

with ¢; < ¢ for0<i<m—1and¢; > ¢pq form <i<2m—1and ¢,,_1 = ¢,,. Hence,
the coefficient of t"s*™ =" in sf(s,t) + tg(s,t) + stDh(s,t) equals

bom if r=2m+ 1.
Cr1+b_1+a ifl<r<2m. (61)
ag ifr=20

Clearly, the following two strings of inequality hold.
bom < Aom + bom—1 + Com—1 < @2m—1 + bam—2 + Com—2 < -+ < Apy1 + by + ¢y and

U + b1+ C1 2 Qa1 + o + Cpp - = -+ = ay.

Thus, sf(s,t) + tg(s,t) + stDh(s,t) is unimodal. O
Lemma 41 and Remark 40 give the following.

Corollary 42. The polynomials A} (t) and A} (t) are unimodal when n = 0,1,2 (mod
4). When n > 2, the polynomials B, (t) and B, (t) are unimodal. When n > 3, the
polynomials D (t) and D, (t) are unimodal.

Proof. Combining Remark 40 with Theorem 1 completes the proof for unimodality of
AF(t) and A, (t) when n = 0,1 (mod 4). Combining Lemma 41 with Theorem 18 gives
unimodality of Af(¢) and A (t) when n =2 (mod 4).

Using Theorem 31 and Theorem 32, we get unimodality of B (t) and B, (¢) when
n > 2. Finally, Theorem 39 gives unimodality of D/ (¢) and D,, (t) when n > 3. O

Thus, unimodality of Af(¢) and A (t) when n = 3 (mod 4) is the only case to be
considered. We use Tanimoto’s recurrence to show unimodality in this case.

Lemma 43. Let a:k and a,, . denote the number of permutations in A, and &,, — A,
with k descents respectively. Then, we assert that:

N

ot + + + + +

1. af Aomic1 S Qo and Ay, ; < Qg iyy, then ag 4 < Qg0 500 -
o4 + + + + +

2. 1f Ao i1 Z O and A9 i Z Qo it then A1 Z Comi1 it

3. af Ugpim1 S oy and Ao S Aoy g1 then Ayt S Qo il -
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4. 1f Ao i1 2 Qopy and Ao i Z Qo g1 then Uit Z Qo il -
Thus, if A}, o(s,t) and Ay, 5(s,t) are unimodal, then so are A}, , (s, t) and Ay, 5(s,t).

Proof. We start by showing the first of the above assertions. Suppose, a3,,, ; < a3, ; and

a;mvi < a;m’l- +1- Using the recurrences proved by Tanimoto (see Corollary 19), we have
a;rm—&-l,i = (2m+1- i)a‘;rm,i—l + (i + 1)a2+m,i
= (2m+1—i— 1)a;m,ifl + a';—m,ifl + (1 + 2)a;m,i - a;_m,i

+ + + +
S Qo1+t T @mic1 — Qo S Qo g
Thus, the first statement is proved. In an identical manner, the other assertions can be
proved. O

The following is the main result of this section. One can check by hand that D (t) is
not unimodal when n = 2.

Theorem 44. For positive integers n, the polynomials At (s,t), A (s,t), B} (s,t) and

n

B, (s,t) are unimodal. When n > 3, the polynomials D} (s,t) and D,, (s,t) are unimodal.

Proof. Corollary 42 and Lemma 43 take care of almost all cases. One can check by hand
that B (t) and B, (t) are unimodal when n = 1. This completes the proof. O

10 Questions and Conjectures

In this section, we raise a few questions and make a few conjectures. The most important
question is to find an interpretation for gamma coefficients.

Question 45. Can we find a combinatorial interpretation for the gamma coefficients that
occur in Theorems 2, 3, 31, 32 and 397

Another question concerns A}, ;(¢). What is the minimum number of gamma positive
summands needed to give A} 4(t)? Theorem 3 shows that three such summands suffice,
but are three needed?

Question 46. Can one write A5, 4(¢) as a sum of two gamma positive summands or
show that it cannot be written so? More generally, can we get conditions as to when a
polynomial f(¢) cannot be written as a sum of two gamma positive polynomials?

For m € &,,, denote ides(m) = des(7~!) and define the two-sided Eulerian polynomial
by TSA,(s,t) = 3, g, tieM T gles(mTL — > i anijt's’. The polynomial TSA,(s,t) is
known to satisty a,;; = @y and an;j = Gpp_it1n—jt1. Gessel (see [3, Conjecture 10.2])
conjectured that TSA,(s,t) = 3, Ynij(st)'(s + )7 (1 4 st)"1 727 with 4,;; > 0. This
was recently proved by Lin [11]. See the paper by Adin et al [1] as well.

When n = 0,1 (mod 4), define TSA] (s,t) = 3, tdes(mHgides(ml — D i i gt's?
and likewise define TSA (s,t) = Y (g, _, oI = %7 g s,

1,J T M,1,]
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Similarly, when we sum over B;} and B,,, define TSB+(S, t) =D remt tdess(m) gidesp(m) —
Zz J bzz jtlsj and TSB, ( ) ZWG%,L tdaSB(ﬂ-)SldeSB Zz Jonyg ]tlsj

Similarly, when we sum over ©; and ©,,, define TSDJF(S t) = reot tdesp(m) gidesp(m) —
> i deit's’ and TSD, (s,t) = 37 o- tdesD(”)s'desD =it

1,5 M,0,J

Based on data obtained by using a computer, we make the following.

Conjecture 47. 1. When n = 0,1 (mod 4), both TSA(s,t) and TSA,, (s,t) can be
written as TSAY(s,t) = 22]7:”(325)"(8 + t)'(l + st)"T17270 and TSA; (s,t) =
i g (58)' (s + 1) (L4 st)" 17277 with all 7,7 509,55 2 0.

2. When n = 0 (mod 2) both polynomials TSB! (s,t) and TSB,, (s,t) can be written as
TSB! (s,t) = Z”%”( st)i(s+1)7(14st)"~%~7 and TSB, (s,t) = Zi,jVEQ,_j(St)l(S‘i‘
£)7(1 + st)" =% with all 4,75 40 > 0.

3. For integers n > 4, both polynomials TSD/ (s,t) and TSD, (s,t) can be written as
+ D+ n—2i— D= 4yi
TSDn (S7 t) 'Zz,] Vn .7 (St) (S_'_t) (1+St) - and TSD,, ( ) Zz,g fyn,i,j (St) (8+
t)7(1 4 st)" %77 with all vnym-, ymg > 0.

It is well known that if a univariate polynomial f(¢) is palindromic, has positive coef-
ficients and is real rooted, then it is v-positive (see [15, Chapter 4]). Several polynomials
that occur in this paper seem to be real rooted. Based on data generated using a computer,
we make the following.

Conjecture 48. When n > 4 with n = 0,1 (mod 4), the polynomials A} (t) and A, (¢)
are real rooted. When n > 2, with n =0 (mod 2), the polynomials B, (t) and B,, (t) are
real rooted. When n > 3, the polynomials D, () and D,, (t) are real rooted.
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