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Abstract

Let AD(G,, 4) be the average distance of G, 4, a random n-vertex d-regular
graph. For d = (8 + o(1))n® with two arbitrary constants a € (0,1) and 8 > 0,
we prove that |[AD(G)q) — p| < € holds with high probability for any constant
e > 0, where p is equal to a~! + exp(—£Y?) if a=! € N and to [a~!] otherwise.
Consequently, we show that the diameter of the Gy, 4 is equal to [a~! |+ 1 with high
probability.

Mathematics Subject Classifications: 05C80, 05C12

1 Introduction

The study of the diameter of regular graphs is well motivated in graph theory. A central
question is how to construct an n-vertex d-regular graph with the minimum possible di-
ameter, which has an application to high-performance computing [12, 17, 26]. Let D’(n, d)
denote the Moore bound, a well-known lower bound of the minimum possible diameter
among all n-vertex d-regular graphs [26] (we will present the bound in Equation (3)).
Let diam(G) denote the diameter of a graph G. We define diam(G) = oo if G is not
connected. In this paper, we show that the diameter diam(G,, 4) of a random d-regular
graph G, 4 of d = (64 o(1))n® with two arbitrary constants a € (0,1) and 5 > 0 satisfies

lim (diam(G,.q) — D'(n,d)) =

n—o0

{O if either ™' ¢ Nor (o' € Nand 8 < 1), )

1 ifa'eNand 8>1

with probability 1 — o(1).
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Also, we study the average distance AD(G), 4) of a random regular graph. The average
distance AD(G) of a connected graph G is

AD(G):(Z)l 3 dist(u,v),

{u,v}e(g)

where dist(u, v) is the shortest uv-path length. If G is not connected, we define AD(G) =
0.

For a graph property P, we say that an n-vertex random graph G, satisfies P with
high probability (w.h.p.) if lim, ., Pr|[G, satisfies P] = 1. In this paper, we prove the
following results *.

Theorem 1. For two constants o € (0,1) and > 0, let d = (8 + o(1))n® be an integer.
For every constant € > 0, it holds w.h.p. that

|AD(Gh,a) — il <,

where
a '+ exp(—pYY) ifat €N,
i { (=87) (2

[a™1] otherwise.

Theorem 2. For two constants o € (0,1) and 8 > 0, let d = (S + o(1))n® be an integer.
It holds w.h.p. that

diam(G,q) = o] + 1.

The study of Gy, 4 originated from the configuration model introduced by Bollobas [3].
Independently, Bender and Canfield [1] considered a similar model. The configuration
model usually enables us to study G, 4 for a constant d. The case of d = d(n) > 1 is much
less understood, though there is a well-known successful approach called the switching
method, introduced by McKay [24]. See [33] for a detailed survey on G, 4. However,
results shown by the switching method usually require the condition that d < n” where
v < 1 is some reasonable constant. Therefore, G, 4 of d = (8 + o(1))n* with arbitrary
constant a seems to be far from these methods.

Another recent remarkable approach for the study of G, 4 is to compare G, ;4 with an
Erd6s-Rényi graph G(n, p) of p = %. Recall that G(n,p) is an n-vertex graph where every
two distinct vertices u and v are joined by an edge with probability p independent from
any other edges. Since each degree of G(n,p) is concentrated on np, we may expect that
G(n,p) and G, 4 share several structural properties if d = (1 4 o(1))np. For logn < d <
n'/3/(logn)?, Kim and Vu [20] presented a coupling of G, 4 and G, 4 of p = (1 — o(1))<
such that G(n,p) C G,4 holds w.h.p. Dudek et al. [11, 14] improved this result by
presenting a coupling having the same property for logn < d < n. Their result is

n the conference version of this paper [29], we proved Theorem 2.
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called the embedding theorem. The embedding theorem enables us to bound diam(G,, 4)
and AD(G,, 4) from above by diam(G(n, p)) and AD(G(n,p)), respectively. Very recently,
Gao, Isaev, and McKay [15] proved that there is a coupling of G(n, p) and G,, 4 satisfying
G(n,p) 2 Gpa if p > @ for some constant C, d = w(logn) and d = o(n). We
can immediately obtain Theorem 2 by combining the coupling of [15] and known results
cencerning the diameter of G(n,p). However, due to the O(logn) factor in the condition
p = %, Theorem 1 does not follow from [15] immediately.

To study diam (G, 4) and AD(G,, 4), we shall look at diam(G(n, p)) and AD(G(n, p)) of
p = 2. Tt is well known that G(n,p) of p = (8+0(1))n =" has diameter o] +1 [6, 4, 14].
As for the average distance, we obtain a concentration result of AD(G(n, p)), which might
be of independent interest.

Theorem 3. For two constants o € (0,1) and 8 > 0, let p= fn"1T* and
ot exp(—=pY?) ifa”! €N,
= { [a™t] otherwise.
Then, there exist absolute constants C,Cy > 0 such that
IAD(G(n, p)) — | < Cyn~C

holds w.h.p.

1.1 Related results and trivial bounds

Diameter of G(n,p). There is a long line of the diameter of G(n,p) [22, 4, 8, 13, 28|.
For dense G(n,p), Bollobas [4] proved the following result.

Theorem 4 (Theorem 6 of [4]). Fiz a positive constant c. Let D = D(n) > 2 be a positive
integer and p = p(n) € [0,1] be a real number satisfying

pPnP~t = log(n?/c).

Suppose that np = w(logn). Then, G(n,p) satisfies

exp(—c/2) if k=D,
ILm Pr(diam(G(n,p)) = k] = ¢ 1 —exp(—¢/2) ifk=D+1,
0 otherwise.

Corollary 5. Suppose that p = (8 + o(1))n='T*, where a € (0,1) and 8 > 0 are any
constants. Then, diam(G(n,p)) = [a™t| + 1 holds w.h.p.

It should be noted that Corollary 5 also follows from the main result of Klee and
Larman [22].

The diameter of G(n,p) of small p has gathered special attention [5, 28, 8]. In this
line of work, there is a convention that the diameter of a disconnected graph is the
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maximum among all diameters of its connected components. Bollobds [5] proved that
diam(G(n,p)) € A holds w.h.p. if np —logn = w(1), where A = A(n) C N satisfies
|A| < 4. Chung and Lu [8] studied diam(G(n,p)) with 1 < np < clogn where ¢ is some
constant. For example, they proved that diam(G(n,p)) = (1 + 0(1))1?;% holds w.h.p. if
w(l) = np < logn. Riordan and Wormald [28] strengthened the results of [8], providing
the tight estimate for diam(G(n,p)) for 1 4+ o(1) < np = O(1). For smaller p, Luczak [23]

investigated diam(G(n,p)) with np < 1.

Average distance of G(n,p). The average distance of random graphs with a power
law degree sequence has gathered a great deal of attention in network analysis [18, 27, 2,
32, 9, 31]. Focusing on G(n,p) with np = w(logn), one may observe that AD(G(n,p)) ~
diam(G(n,p)). More precisely, it is easy to see that AD(G(n,p)) < diam(G(n,p)) =
(1+ 0(1))&% and AD(G(n,p)) = (1 — 0(1))@% hold by considering the maximum
degree of G(n,p)).

Katzav et al. [18] presented analytical results on AD(G(n,p)) for dense G(n,p) that
coincide with Theorem 3. However, to the best of our knowledge, there are no known
results with rigorous proofs for AD(G(n,p)) with np = nfV),

Diameter of G,, 4. The diameter of regular graphs has gathered special attention in
graph theory [12, 17, 26] and has an application in designing efficient network topologies.
Note that for every vertex v, there are at most d(d — 1)¥ vertices having distance k from
v. Thus, for every n-vertex d-regular graph G of diameter D with d > 3, we have

D
D>min{DeN : n<1+Zd(d—1)i—1}

=1

= [logdl n+log, (1 - 3 (1 —~ %)ﬂ (3)

logn
- log(d—1) O).

We denote by D' = D'(n,d) this lower bound Equation (3), which is known as the Moore
bound [26].
For random regular graphs G, 4, Bollobas and de la Vega [7] proved that

loglogn )

diam(Gy.4) = D'(n,d) + O (m

holds w.h.p. if the degree d > 3 is a constant. If logn < d < n°®), the embedding
theorem of Dudek et al. [11, 14] and the lower bound Equation (3) together imply that

logn

diam(G,,q) = (1 + o(1)) = (1+0(1))D'(n,d)

log d
holds w.h.p.
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Suppose that d = (f + o(1))n®, where a € (0,1) and 8 > 0 are constants. From the
embedding theorem, we have diam(G,4) < |a™'| + 1 holds w.h.p., as we will confirm
in Section 2. On the other hand, by substituting d = (8 + o(1))n® to Equation (3), we
obtain

la'] +1 ifalgNor (a'eNAB <),
li_)m D'=<a! ifa e NAS > 1, (4)
depends on the term o(1) ifa e NAB = 1.

By combining Theorem 2 and eq. (4), we obtain Equation (1). As mentioned earlier,
Theorem 1 immediately follows from the result of Gao, Isaev, and McKay [15]. In this pa-
per, we prove Theorem 2 by combining the upper bound from the embedding theorem [11]
and Theorem 1 (note that diam(G) > [AD(G)]).

Average distance of G,, 4. Let Nj; be the number of vertex pairs of distance k. We
use the same argument as for Equation (3) to obtain a lower bound of AD(G) for any
d-regular graph with d > 3. Suppose diam(G) = D" and thus Ny + --- + Np = (g)
Moreover, for every k =1,..., D' — 1, we have Nj, < d(d — 1)¥~1. Therefore, we obtain

AD(G) = (

n

-1
2) (N1 42Ny +---+ D'Np)

- D - (”) B (D' = )Ny + (D' — 2)No + -+ + Npr_y)

2
/ n = / k—1
>D' -, > (D' —k)d(d—1)
k=1
d(d— 1) dD’ d
. U S ; (5)

(n=1)d=2 (h=1)(d=-2) (n—1)(d-2)
=log,_;n— O(1).
Let AD" = AD(n, d) denote the lower bound Equation (5). Then, we have

logn .
Ty < < ‘
log(d — 1) O(1) < AD(G)q) < diam(G), q)
This implies that
logn
(Gna) = (1 +of ))log(d )

holds w.h.p. if d > 3 is constant or logn < d < ne,
Suppose that d = (8 + o(1))n®, where a € (0,1) and g > 0 are constants. From the
lower bound Equation (5), we have

a7t +1 if a7t €N,
i AD — at if 7! € Nand 3> 1, (©)
n—00 S at =gl if 7! € Nand 3 <1,

depends on the term o(1) otherwise.

ot
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1.2 Definitions and notation

For two positive integers k and m with k£ < m, we denote by (m); the falling factorial
m(m —1)---(m —k+1). For a finite set X and a positive integer k£ < | X|, we use

()k() = {{zy,.. o} © X {on, . w | = k)

(X)) = {(ajl,...,xk) Aan,. o) € (f)}

For a graph G, we denote by V(G) and E(G), respectively, the vertex set and the edge
set of G. Note that E(G) C (V(f)) is a set of unordered vertex pairs. Throughout the
paper, the number of vertices of a graph is denoted by n, and the vertex set is denoted
by V.={1,...,n}.

We simply write H C G if H is contained in G, that is, V(H) C V(G) and E(H) C
E(G) hold. Two graphs G U H and G N H are defined by

GUH = (V(G)UV(H),E(G)U E(H)),
GNH=(V(G)NV(H),EG)NE(H)).

It should be noted that G and H are labelled.

A path is defined to be a graph P = ({vo, ..., v}, {{vo,v1},...,{ve_1,ve}}) for distinct
vertices vy, ...,vs. The vertices of degree one in a path are called endpoints. We call a
path of endpoints s and ¢t an st-path. The length of a path is the number of edges. For
a graph G and its two distinct vertices s and ¢, the distance distg(s,t) is the minimum
length among all st-paths contained in G. We define distg (s, t) = oo if G’ does not contain
any st-paths. For a graph G = (V, E) of n vertices, the average distance AD(G) of G is

AD(G) = <Z) 1 {s,t}%:(g) diste(s, 1).

The diameter diam(G) of G is

diam(G) = max distg (s, t).
Note that diam(G) = AD(G) = oo if G is not connected. We use dist(s,t) rather than
dists(s, t) if the graph G is clear from the context.
For an event Z on a graph G (say, distg(1,2) > ¢), we use

1 if GG satisfies an event Z,

0 otherwise

Li7(G) = {

as the indicator function.
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1.3 Tools

Lemma 6 (The Chernoff bound; Theorem 10.1 and 10.5 of [10]). Let Xy, Xs,..., X, be
independent binary random variables satisfying that Pr[X; = 1] = p; and let X = > " | X,
be the sum. Then, for any e > 0,

Pr[X > (1+€)E[X]] < exp (_min{e, @}E[X])

3
and
ZE[X
Pr[X < (1 — ¢)E[X]] < exp (—%”) .
Lemma 7 (Multivariate version of Brun’s sieve; Lemma 2.8 of [33]). Let s, s
be random variables defined on the same space €2, such that each S can be written as
the sum of binary random variables. Suppose that there exist positive constants A1, ..., \p
satisfying
k
(7, T4
e ] H X
for every fixed integers r1,...,r = 0.

Then, for any constants jq,...,J, = 0, it holds that
k

Ast =] =TTl 2035

i=1

lim Pr

n—oo

Lemma 8 (Lemma 2.1 of [19]). Suppose that 1 < d < n. For any fized graph H, it holds
that

|E(H)]
Pr[H C G, = (1+0(1)) (g) .

Let G[n,m] be a graph selected uniformly at random from the set of all graphs of n
vertices with exactly m edges.

Lemma 9 (The embedding theorem; Theorem 10.10 of [14]). There is a constant C > 0
that satisfies the following. For any real v = ~y(n), integer d = d(n) satisfying

d 1 1/3
c((ﬁ °§”) )<7<1, (7)

and m = | (1 — v)nd/2], there exists a joint distribution © of G[n,m] and G, 4 such that
lim Pr[G[n,m] C G4 =1

n—oo T

holds.

In other words, for logn < d < n, we can choose m = (1 — o(1))nd/2 and couple
G[n,m] and G, 4 such that G[n,m] C G,, 4 holds w.h.p.
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2 Upper bounds of AD(G,, 4) and diam(G,, q)

In this section we obtain upper bounds of AD(G,, 4) and diam(G), 4) using Lemma 9. As
noted in [11], in Lemma 9, one can replace G[n,m| by G(n,p) of p = (1 —2v)d/(n — 1).
This yields the following result.

Corollary 10. For d = d(n) satisfying logn < d < n, there exists p = (1 — o(1))% such
that AD(G,.q) < AD(G(n,p)) and diam(G,, 4) < diam(G(n,p)) hold w.h.p.

For d = (8+0(1))n®, take v of Lemma 9 satisfying v = o(1), and let p = (1—27)-% =
(8 + o(1))n='*. Then, from Theorem 3 and corollary 10, it holds w.h.p. that

AD(Gra) < AD(G(n,p)) < p+ o(1). (8)
Similarly, from Corollaries 5 and 10, a random regular graph G, 4 w.h.p. satisfies

diam(G,,4) < diam(G(n,p)) < o] + 1. (9)

3 Lower bounds of AD(G,, 4) and diam(G,, 4)
If ! ¢ N, the lower bound Equation (6) and the upper bound Equation (8) yield that
AD(Gpq) = a7t +1—0(1)

holds w.h.p. Now we focus on the case where o' € N. This section is devoted to prove
the following.

Lemma 11. Let d = (B+o0(1))n*, where o € (0,1) and 8 > 0 are any constants satisfying
a~t € N. For any constant € > 0,

lim Pr{AD(Gpq4) < p—¢€] =0,

n—oo
where 1 = a~t + exp(—[Y9).

Remark. By combining Equation (8) and lemma 11, we complete the proof of Theo-
rem 1. Moreover, Lemma 11 implies

diam(G,, 4) = [AD(Gpa)] = [@7'] + 1
holds w.h.p., which completes the proof of Theorem 2.
Proof of Lemma 11. Note that

AD(Gyg) = (Z) 1 {S,t}%:(g) dist(s, ¢)
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0o —1
= Z <Z) Z ﬂ[dist(s,t)2€}

= {stye(3)
a~ 41 n -1
= Z (2) Z 1 [dist(s,t)>¢]-
= (w1 (%)

m —1
For 0 € {1,...,a ' + 1}, let p, = pe(Gna) = (2) Z{S,t}e(‘g) Laist(s,t)=0- We evaluate py
using the following result.

Lemma 12. Consider G, 4 of d = (8 + o(1))n*. Fiz two constants o € (0,1) and 8 > 0
satisfying o' € N. For any constant k € N, fix 2k distinct vertices sy, ..., Sp, t1,. .., tp.
For any fized {y,... 0y € {1,...,a”t + 1}, it holds that

k

/\[dist(s,-,ti) > &]] = exp(—MpY*)

i=1
where M = |{i € {1,...,k} : {; = a1 + 1}|.
We will prove Lemma 12 in Section 3.1. For £ € {1,...,a™' + 1}, let

lim Pr
n—oo

1 if1<l<a,
PO Y exp(=BY2) if 0 =at +1.

From Lemma 12, we have

Elp¢] = (Z>_ Z Pr[dist(s,t) > /]
{s,t}e(g)
= Pr[dist(1,2) > {] = p+ o(1)

and

-2
E@ﬂz(f) > Pr(dist(s,t) > ¢ A dist(s,¢') > (]
{st} st }e(})

= (n) B O(n®) + Z Pr(dist(s,t) > ¢ A dist(s',t") > /]

2
{s,t},{s’,t'}e(g):
{s,t}N{s' t'}=2

= Pr[dist(1,2) > ¢ A dist(3,4) > €] + o(1) = p* + o(1).
From the Chebyshev inequality, for every constant € > 0, we have

Var
Prllpe ~ Elpd| > d < )

=o(1).
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Thus we obtain

a l+1 a”l+1
Pr ‘( Z pg) —pl > e] < Z Pr [|pe — | > €/(a™" +1)] = o(1).
=1 =1
Therefore, it holds w.h.p. that
a 141
AD(Gna) > pe = p—o(l),
=1
which completes the proof of Lemma 11. O

3.1 Distances of fixed vertex pairs of G,, 4

This part is devoted to prove Lemma 12. We start with establishing the following result.

Lemma 13. Consider G, 4 of d = (8 + o(1))n® for constants o € (0,1) and 5 > 0. For
two fized distinct vertices s and t, it holds w.h.p. that dist(s,t) € {[a™'], @™ + 1}.

Proof. For two fixed vertices s,t of G,, 4 and an integer ¢, we denote by P the set of paths
of length ¢ connecting s and ¢ in a complete graph. Let X, = X,(G,.4) be the number of
paths P € P contained in G,, 4, that is,

XZZHPGPPQGde (10)

Fix an integer ¢ satisfying fa < 1 (or equivalently, ¢ < [a~!'] — 1). Then, from
Lemma 8, we have

E(X,) = Pr[P C G,

pep
d e
=(1+o(1))n" ' |-
(o (4)
=o(1).
From the Markov’s inequality, we obtain

Pr[dist(s,t) < ] < Pr[X;+ -+ Xy, > 0]

= ozl).

In other words, dist(s,t) > ¢+ 1 > [a~!] holds w.h.p.
On the other hand, from Equation (9), we have dist(s,¢) < diam(G,q) < a7 t] + 1.
This completes the proof of Lemma 13. O
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Proof of Lemma 12. Fix an integer k£ > 0 and 2k distinct vertices sq,..., sk, t1,..., 1
of G4, where d = (5 + o(1))n®. From Lemma 13, it holds w.h.p. that dist(s,?) €
{a=t o™t +1}.

Suppose that ¢; < a~! and thus dist(s1,¢;) > ¢; holds w.h.p. Then we have

k [k 7
Pr | \[dist(s;,t;) > 6] | — Pr[dist(sy,t1) < &4] < Pr | \[dist(s;, t;) > ¢}
i=2 Li=1 _
- -
Li=2 i
and thus
k k
Pr | A\[dist(s;,t;) > 6] | =Pr | /\[dist(s;,t;) > zi]] —o(1).
i=1 i=2
Hence, we may assume that £; = o'+ 1 foralli =1,...,k (i.e., M = k in Lemma 12).

Let P® denote the set of s;t;-paths of length a~' contained in the complete graph
K,. Define X as the number of paths of P contained in G,, 4, that is,

XD =|{PePD:PCGn,p).

Then, we have

k
Pr | A[dist(s;,t;) > a ' +1]

=1

Mk

=Pr /\dlst sivti) = a ' A /\[X(i) = 0]
o

=Pr /\

] o(1). (11)

We evaluate Equation (11) using the following result, which will be shown in Sec-
tion 3.2.

Lemma 14. Consider Gmd of d = (B + o(1))n®, where a € (0,1) and § > 0 are any

constants satisfying o' € N. Fix 2k distinct vertices sy, ..., Sk, t1,...,t, where k is any
constant. Fori = 1,...,k, let X© denote the number of S;it; —pa,ths of length ™! € N
contained in G(n,p). sz arbitrary nonnegative integers ri,...,r,. Then, it holds that
k
E H(X(’))n] = (BY*)" + (1),
i=1

where R =11+ -+ 1.

From Lemma 14 and the Poisson approximation theorem (Lemma 7), we have

k

AIX® = 0]] = exp(—kBY*) + o(1). (12)

i=1

Pr
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By combining Equations (11) and (12), we have

k
Pr /\[dist(si, t) > a ' +1]| = exp(—kBY*) —o(1).

i=1

This completes the proof of Lemma 12 and thus Lemma 11.

3.2 Proof of Lemma 14

We first prove the following result and then show Lemma 14.

Lemma 15. Fiz an integer £ > 1 and consider G(n, p) satisfying (np)* = Q(n). Fiz 2k
distinct vertices Sy, ..., Sk, t1,...,t,, where k 1s arbitrary constant. For = 1,...,k, let
X@ denote the number of sit;-paths of length £ € N contained in G(n,p).

Then, for any fired nonnegative integers r1, ..., 7,

k
7 () ] _ ) o (1 o (L)) |
i=1 " np

Corollary 16. Consider G(n,p) of p= (84 o(1))n~'"*, where o € (0,1) and 3 > 0 are

E

where R =11+ -+ 1.

any constants satisfying o~ € N. Fiz arbitrary nonnegative integers r1, . ..,r. Then, it
holds that
k
E H(X(Z))m] = (B8Y") +o(1),
i=1

where R =11+ -+ 1.

Proof of Lemma 15. For a positive constant k, fix 2k distinct vertices sq,..., sk, t1, ..., k.

For every i € {1,...,k}, let P denote the set of all s;t;-paths of length ¢ contained in

the complete graph We denote by X @ the number of paths of P contained in G(n, p)
Fix nonnegative integers k,ri,...,r,. We may assume that r; > 0 for every ¢ =
k. Let A= (PW),, x ... x (P®), . Each element A € A is a tuple

! k

where each P € P; is an s;t;-path of length ¢ and P; 2 #* P holds for every ¢ and
j #j'. For notatlonal convention, we write A = (P, .. PR) € A Since 1 > 0, it holds

that P € P®)
For atuple A = (P, ..., P,) of t paths, let E(A) = J\_, E(P) and V(A) = U._, V(P)
R here). For § C A, we consider

(we will use induction on R and hence we assume ¢ <

5= ZplE(A)

AeS
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Note that E [Hle (X(i))m] = > 44 Pr[E(A) C E(G(n,p))] = T'4. We claim

o o) enserin (o).

which completes the proof of Lemma 15.

Figure 1: A tuple A € A\ F. Figure 2: A tuple A € F.

For any A € A, it holds that |E(A)| < R{¢ and the equality holds if and only if any
two distinct paths P;, P; of A shares no edges (see Figure 1). Let

F={Ac A:|E(A)| < Rt}

={(P,...,Pr) € A:Ji#j, E(P,)NE(P;) # o}. (14)
Figure 2 illustrates an example. Then, I' 4 can be decomposed into
Fa=Tr+Tpr. (15)

The second term I' 4\ 7 satisfies
FCar= PP {A € A:|E(A)| = Rt}
pHH{A€ A |E ( )| = Rl and |V (A)| = R({ — 1) + 2k}|
(n—2k‘) (— 1)p

o (o(2)
n

This implies the lower bound I'y > I' s\ 7 > nfE=1) ke (1 -0 (l))

n

Now it suffices to bound I' 4 from above. Observe that I' 4\ 7 satisfies
Davr = p™ [{A € A: [B(A)| = RE}| < nf-DpP, (16)

We show that this term is dominating in I' 4. Lemma 15 immediately follows from Equa-
tions (15) and (16) and the following result:
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Lemma 17. Suppose that (np)* = Q(n). Define F as Equation (14). It holds that
R((—1), Rl
rr—o ().
np
Proof. We use induction on R. For the base case of R =1, we have F = @ and thus

nt=1pt,
0.

N

L4
L'z

Suppose that R > 2 and that Lemma 17 holds for R — 1. Note that Lemma 15 also
holds for R — 1 since Lemma 17 implies Lemma 15. Let

A = (P(l))Tl Xoee X (’P(kil))mfl'

Then, each element A = (Py, ..., Pg) € A can be decomposed into A" = (Py,...,Pr_1) €
A’ and Pr € P%). Note that the edge set E(A’) for A’ € A’ are defined in the same way
as E(A) and it holds that |E(A")| < (R — 1)¢. Let

F ={AeA:|EA) < (R-1)}

By the induction assumption on F' and A’, we have

R—1)(¢—1),,(R—1)¢
Ty < nEDEDHE-1E (1 n ﬁ) CTe <G (n( (=1 p(R—1) )
np np

for some constants C1,Cy > 0. For A = (Py,...,Pg) € F,let A = (P,...,Pp_1) € A.
Since A € F, either

(i) E(Pr)NE(P,) # @ for some 1 <i < R, or
(i) E(Pr)NE(A) =@ and E(P,) N E(P;) # @ for some 1 <7 < j < R (thus A" € F')

holds. Therefore, we have

Dy =3 plE@l

AeF
<Y pEeuEE S pE@eEE )
Ale A PrepP®). AleF’ PrepP®).
E(A)NE(Pr)#2 E(PR)NE(A)=0

From the induction assumption, the second term satisfies

Z Z plE(A’)UE(PR)I - Z plEA)I Z plEPR)l

AleF’ PrepP®). A'eF’ PreP®):
E(Pr)NE(A")=2 E(PRr)NE(A")=2

<Tw-n'ph (18)
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The first term can be rewritten as

Z Z p\E(A’)UE(PR)\ - Z pIE(A’)I Z p|E(PR)\E(A/)‘.

Ale A Prep(k Ale A PrepP®).
(A’)ﬁE(PR)7é E(ANE(PR)#2

Fix A’ = (Py,...,Pr1) € A. Let S = {s1,..., 8k, t1,...,tx} be the endpoints of the

paths and let V; = SUV(P)U---UV(Pg_1). To bound the number of Pg satisfying the
condition (ii), we consider two cases: E(Pr) € E(A’) and E(Pg) C E(A').

Case I. E(Pg) € E(A’). The edge set E(Pg) N E(A’) forms a forest. Since E(PR)
E(A"), this forest is not connected and thus we have |V (Pg)NVi| — |E(Pr) N E(A")| > 2
This yields

\V(Pr)\ V1| = |V(Pr)| — |V (Pg) N V4
< (—|E(Py) N E(A)] - 1.

Let |E(Pr) N E(A")| =t < £. Then, Py consists of two type of vertices: at most ¢ —¢ — 1
from V \ V; and the others from V;. Therefore, there are at most n*~=1|V}]t < Ctnf~t-1
candidates for the path Pg satisfying |E(Pgr) N E(A")| =t < ¢, where C = (R—1)({ + 1)
(recall that two endpoints of Pg are fixed and thus they are not taken into account).

Case II. E(Pg) C E(A’). Weclaim A" € F'. If not, it holds that E(P)NE(P;) = @
for any i < j < R. Hence, E(Pg) C E(A’) implies Pr = P; for some ¢ < R. This
contradicts to the definition of A (P; # P; for any i < j < R). Moreover, the number of
Pr € P satisfying E(Pg) C E(A) is at most [Vi|~1 < CF¢=1 . Therefore, we have

Z Z pIE(A’)UE(PR)I

Ale A PreP).
E(A"NE(PRr)#2

< Z p|E(A')\ gzi Z pl (PR)\E(A + Z P AN R(E-1)

Ale A t=1 PrepP®); A'eF!
|E(A)NE(PR)|=t
-1

< Z p|E(A')‘ _thnﬁftflpéft + CR(E—l)FF

Ale A t=1

Cn*~1pt 1.01C
<y 22 (1 + ) + ORI, (19)
np np

From Equations (17) to (19) and the induction assumption, we have

Cnt1pt 1.01C
Tr<Tp n"'p'+Tu- nnpp (1 + —) + ORI,

np

R(¢—1), RC

<0 <u) .
np
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This completes the proof of Lemma 17 and thus Lemma 15 (Here, we have used the
assumption that (np)t = Q(n)). O

[
Proof of Lemma 14. Let d = (1 + o(1))np = (8 + o(1))n®. From Lemma 8, we have
Pr[H C G(n,p)] = (1 +0(1))Pr[H C G, 4] for any fixed graph H. Let R =r; +--- 41y

and A = (PW), x---x(P®), . We write each element A € Aasatuple A = (P,..., Pg)
of R paths. Then, from Corollary 16, we have

H (X(2)>Tz] - Z Pr[E(Pl U--- PR) - Gn,d]

(P1,...,PR)
_ o (&)
(o) BT )m]
= (B+o())"" .

4 Concentration of AD(G(n,p))

We prove Theorem 3. We use AD = AD(G(n,p)) and diam = diam(G(n,p)) as random
variables. Let D = [u] = |a™!] + 1. From Corollary 5, we have

Pr[|AD — u| > ¢] < Pr[|AD — u| > ¢|diam = D] Pr[diam = D] + Pr[diam # D|

<
< Pr[|AD — u| > e|diam = D] + o(1)

for any € = €(n) > 0. Therefore, we may put the condition that diam = D.

Fori=1,...,D, let
V . :
N, = H{s,t}e (2) : dlst(s,t):z} .

We will prove the following result in Section 4.1:

Lemma 18. Let C' > 0 be a sufficiently large constant and € = €(n) := l‘fp”. Then,
|N; — M;| < CeM; holds w.h.p. for alli=1,...,D — 1, where
T ) ifi<a,
(1 —exp(—=pY*)N () ifi=a'teN
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An upper bound of AD. Conditioned on diam = D, it immediately holds that AD <
diam < D. Thus, if o~ ! € N, we have

AD D=y

with probability 1 — exp(—n™).

Now we focus on the case where a=! € N. Let ¢ = (/&2

for sufficiently large
constant C' > 0. Conditioned on diam = D, Lemma 18 implies

n
ND: (2)—N1—...—ND_1

< (14 0(e) exp(=57) (Z)

Therefore, conditioned on diam = D, we have
n D
(2) CAD = Zl iN;
n
cove o ((2) )
= Np+(D— 1)(2)
< (1+0(e)p (Z)

In other words, AD < p + O(e) holds w.h.p.

A lower bound of AD. Conditioned on diam = D, we have N; +---+ Np = (g‘) and
thus

D
n
AD = SN,
(5) 402
:N1+2N2+---+(D—1)ND_1+D((Z)—Nl—---—ND_1>
:D(Z> —(D—1)N, — (D —2)Ny — -+~ — Np_,

> (-0 (y).

In the last inequality, we used Lemma 18. This completes the proof of Theorem 3.
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4.1 Proof of Lemma 18

The proof of Lemma 18 is a slight modification of the proof of Theorem 7.1 of [14].
Consider G(n,p) of p= (B8+o0(1))n~'*. Let D = |a~!| +1. We consider the breadth
first search process on G(n,p) from a fixed vertex. Fix a vertex v. For k > 0, let

Ni(v) = {w € V : dist(v,w) = k}.

Note that No(v) = {v}. For sufficiently large constant C' > 0 and € := 1‘;%, let Fj, be
the event of G(n,p) that

C’eM
n

foralli=1,...,k,

o) - 235

n

where M; is given in Lemma 18. Note that Fy must hold. The degree of v is denoted by
deg(v). We denote by Bin(m, ¢) the binomial distributed random variable with m trials
and success probability gq. Note that, if we are given Ny(v),..., Ny_1(v), the random
variable |N(v)| is distributed as a binomial random variable, that is,

| Ni(v)] ~ Bin (n—Z|N ), 1—(1— )N’fl(”)).

Consider E[|Ng(v)| | Fx—1]. For every k =1,..., D — 1, conditioned on Fj_;, we have

k-1
nzn =3 IN@)] > (1- 0@
i=0
Here, recall that (np)?~! = O(n). Using the inequality e 77 < 1 — 2 < e * for every

T € [O, 1) (c.f., Lemma 21.1 of [14]), we obtain

N (1 £ O(e))p(np)s ifk=1,....,D—2,

1_(1_ 1/ ; —
(1+0(e exp( pre) itk=D—1.

Therefore, we have

(@£ 0(e)) (np)* itk=1,...,D — 2,
E [[Ni(0)[ | Fia] = {(1 L O(e) exp(—fY ) ifk=D—1
- (1:|:O(e))QTMk.

From the Chernoff bound (Lemma 6), we have

Pr[Fy | Fio1] > 1 —exp (—@ (Gz(np)k))
>1-0(n?)
if the constant C' is sufficiently large (recall that C' is the constant in the definition of
F). Therefore, Fp_; holds with probability 1 — O(n~2) for sufficiently large C. Taking

the union bound, it holds w.h.p. that |N;(v)| = (1 £ O(e)) 2 for all v. Consequently, we
have N; = 257 [Ni(v)| = (1 & O(e)) M;, which completes the proof of Lemma 18.
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