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Abstract

Let [n| denote the set {1,2,...,n} and .FéT,)C , be an r-uniform hypergraph on

the vertex set [n] with edge set consisting of all the r-element subsets of [n] that
contains at least a vertices in [ak + a — 1]. For n > 2rk, Frankl proved that .7-"7(:,1’1
maximizes the number of edges in r-uniform hypergraphs on n vertices with the
matching number at most k. Huang, Loh and Sudakov considered a multicolored
version of the Erd6s matching conjecture, and provided a sufficient condition on
the number of edges for a multicolored hypergraph to contain a rainbow matching
of size k. In this paper, we show that ]-"7(:“,)6 , Maximizes the number of s-cliques
in r-uniform hypergraphs on n vertices with the matching number at most k£ for
sufficiently large n, where a = |*2"] +1. We also obtain a condition on the number
of s-clques for a multicolored r-uniform hypergraph to contain a rainbow matching
of size k, which reduces to the condition of Huang, Loh and Sudakov when s = r.

Mathematics Subject Classifications: 05C15, 05C65, 05C69

1 Introduction

An r-graph (or an r-uniform hypergraph) is a pair H = (V, E), where V = V(H) is a
finite set of vertices, and £ = E(H) C (‘:) is a family of r-element subsets of V. We
often identify F(H) with H. For any S C V(H), let H[S] be the subhypergraph of H
induced by S and let H — S denote the subhypergraph of H induced by V(H) \ S. For
any S C V(#H) with |S] < r, let

Ny (S) = {T € <TV_(7@|) . SUT € 7—[}
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and degy, (S) = |Nyx(S)|. We call the elements in Ny (S) the neighbors of S in H and call
degy, (S) the degree of S in H. For S = {v}, we often use H — v, Ny(v) and degy (v)
instead of H —{v}, Ny({v}) and degy, ({v}), respectively. For any s > r, an s-clique of H
is a subhypergraph of H on s vertices in which every subset of r vertices is an edge of H.
Let K7(H) denote the family of all the s-cliques of H and let K7(H) be the cardinality
of KI(H). For any u € V(H), we use K!(u,H) to denote the number of s-cliques in
‘H containing u. A matching in ‘H is a collection of pairwise disjoint edges of H. The
matching number of H, denoted by v(H), is the size of a maximum matching in H.

Definition 1. Let n, k,r, a be positive integers with n > r > a. Define

Fihe= {F e <[Z]) F A fak+a—1]] > a}.

Clearly, we have V(./_';(L ,1 .) < k. Otherwise, we may assume that {E4, Es, ..., Epyq} is

a matching of size k + 1 in ]—" a» then we have

k+1
lak+a—1]] 2 |lak+a—1NE| > (k+ 1),

i=1

a contradiction.
In 1965, Erdés [3] proposed the following conjecture.

Conjecture 2 (The Erdds matching conjecture [3]). Let H be an r-graph on n vertices
with v(#H) < k. Then

] < max { |FSL L IR}
In 2013, Frankl proved that Conjecture 2 holds for n > (2k + 1)r — k.

Theorem 3 (Frankl [6]). Let H be an r-graph on n vertices with v(H) < k. Ifn >
(2k + 1)r — k, then |H| < |F, k1|

For recent results on Conjecture 2, we refer the reader to [6, 7, 8]. For ordinary
graphs, Alon and Shikhelman [1] introduced a generalization of the usual Turdn problem,
which is often called the generalized Turan problem. Given two graphs T and H, the
generalized Turdn number, denoted by ex(n, T, H), is defined to be the maximum number
of copies of T" in an H-free graph on n vertices. The first result in this direction is
due to Zykov [19] and independently to Erdés [2], who determined ex(n, K, K;). The
second author [18] determined ex(n, Ky, My.1), where My, is a matching of size k + 1.
Recently, the study of the generalized Turan problem has received much attention, see
[1, 10, 11, 12, 13, 15, 16, 17].

Motivated by the Erdés matching conjecture and the generalized Turan problem, we
determine the maximum number of s-cliques in an r-graph on n vertices with matching
number at most k.
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Theorem 4. Let n,k,r,s be integers and H be an r-graph on n vertices with v(H) < k.
(I) Ifr <s<k-+r—1andn > 4(er)* "2k, then K'(H) < K;”(]:g,i,l);

(II) If k+r < s < (r—1)(k+1) andn > 4r?k(er/(a—1))*""% then K'(H) < K’"(]:T(f,ia)
where a = [ *77] +1;

(1) If (r —Dk+r <s<rk+r—1andn >rk+r—1, then K;(H) < Kg(férlir)
Moreover, if KI(H) < KI( nkr) then K'(H) < (rk+sr—1) _ (rk—l)'

S—r

Based on the construction ]:n k.a» ONE sees that the upper bounds in Theorem 4 are

tight. Let k,7,s be integers with r <s < (r —1)(k+ 1), a = ["] + 1 and

. =t (rk+r—1—5
n*(k,r,s) = <5> ( . ) :
If n < n*(k,r, s), we have
ak+a—1\/n—s+r—a
s—r—+a r—a
( >s—r+a ’f’k—l—?”—l nr—a
s—r+a/)(r—a)

rk+r—1\ (rk+r—s—1\""
s—r+a S

<

k —1
<("TITY) =
Note that fn ks 18 an r-graph on n vertices with matching number at most k. Since
KT(.F,%T) > KT(}"fLTk o) for n < n*(k,7,s), (I) and (II) in Theorem 4 hold if and only if

n > no(k r, s) for some integer no(k,r, s) > n*(k,r,s).
Huang, Loh and Sudakov [14] considered a multi-colored generalization of the Erdds
matching conjecture and they proved the following theorem.

Theorem 5 (Huang, Loh and Sudakov [14]). Let Fi,...,Fr be r-graphs on the vertex

set [n], where k < 35, and for any i, | F;| > |7 k, 11|- Then there exist pairwise disjoint
edges 'y € Fy,..., F € Fp.

In this paper, we generalize their result by loosing the conditions on ;.

Theorem 6. Let n,k,r,t be integers such that r <t < k+r—2 and n > 4k(t —r +
2)(er)t="2. Let Fy,Fa,...,Fr be r-graphs on the vertex set V' of size n. If for any

i€{l,2,...,k}, there exists some s € {r,r +1,...,t} such that KI(F;) > K;"(]-"T(J,ifl’l).
Then there exist pairuise disjoint edges Fy € Fi, ..., Fy € Fi.
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To prove the above theorem, we need some estimates on the binomial coefficients,
which are listed below. Let a,b and ¢ be integers satisfying a > b > ¢ > 0. Then the
following inequalities hold:

When b is close to ¢, the inequality (4) gives a better upper bound on (‘;) than the

inequality (3). Let p be a positive integer and = € (0, %} Then we have

(14 z)P <1+ pa (5)
By the definition of ]-",(:,1’1 we have
~  (k\(n—k
KI(F ) = .
j=s—r+1
It is easy to check that
KUF poan) + KA P ) = KLF). (6)

In Section 2, we prove (I) of Theorem 4. The proofs of (II) and (III) of Theorem 4
will be given in Section 3. Theorem 6 will be proved in Section 4.

2 The maximum number of s-cliques with s < k+4+r —1

In this section, we determine the maximum number of s-cliques in an r-graph H with
v(H) < k when s < k+ 17 — 1. We need the following result due to Huang, Loh and
Sudakov [14].

Lemma 7 (Huang, Loh and Sudakov [14]). Let n,k,r be integers such that rk < n and
H be an r-graph on n vertices. If H has k distinct vertices vy, v, ..., v with degy (v;) >
2(k —1)("23), then H contains a matching of size k.

Theorem 4 (I) will be proved by induction. The following lemma is the basis of the
induction.
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Lemma 8. Let r, s be positive integers such that r < s and H be an r-graph on n vertices
withv(H) < s—r+1. Forn >4(s—r+ 1)(er)* "2, we have K'(H) < K;(]—“(TS)_HLI).

n

Proof. Let M = {Ej, Es,...,E,} be a maximum matching in H and S be the set of
vertices that are covered by M. Since v(H) < s —r+ 1, we have p < s —r + 1. Let

X:{xES: degH(a:)>2(s—r+1)<Z:§>}>

Yy — {xeS: deg () >r(5—r+1)(::§)}.

Clearly, Y C X. By Lemma 7, we have | X| < s —r+ 1. Thus, |Y| < s—r+ 1. Now the
proof splits into two cases depending on the size of Y.

Case 1. Y| = s —r 4+ 1. We claim that every edge of H contains at least one
vertex in Y. Otherwise, assume that E is an edge of H that is disjoint from Y. Let
Y ={xy,29,..., 25 »11}. Foreach i =1,2,...,s —r + 1, since there are at most r(” 5)

sets in Ny (x;) that intersects F, it follows that

degy_p(ai) > r(s —r+1) (Z _ ;) - T(Z - 3)

>2-0(" 57

By Lemma 7, H — E contains a matching of size s —r + 1. Then, H contains a matching
of size s — r + 2, which contradicts the fact that v(H) < s —r+ 1. Thus, the claim holds.

Therefore, H is isomorphic to a subhypergraph of ]:ns 411, and we have K[ (H) <
KI(Fi10):

Case 2. Y| < s —r. Clearly, each s-clique in ‘H contains at least s —r + 1 vertices in
S. Otherwise, we obtain a matching of size p + 1 in H, which contradicts the fact that
M is a maximum matching in H. Now we count the number of s-cliques in H as follows.
First, we choose a set A of (s —r + 1) vertices in S and there are at most (S_li‘rl) choices
for A. Then choose an (r — 1)-element subset B of V(H), which may form an s-clique in
‘H together with A. Consequently, B has to be a common neighbor of all the vertices in
A. Since |A| > |Y|, there exists some x € A that fallsin S\ Y. If A C X, the number

of choices for B is at most (s —r 4+ 1)r(""2). If A is not contained in X, the number of
choices for B is at most 2(s — r + 1)(’::;) Thus we have

K'(H) < (s—r+1)r (r—z) (s—|)7~(|+ 1) +2(s—r+1)(::§) (S_|f|+1).

Since | X| < s—r+1and |S|=pr <r(s—r+1), we find that

KT < (s—r+1)r (: B ;) As—r 4 1) (Z B ;) <(SS__TT*;11)T) | (7)
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Using the inequality (1), we get

((s —r+ 1)7"> < (er)—rH. (8)

s—r+1
Combining (7) and (8), we obtain that
r s—r+1 [TV~ 2

KI(H) <3(s—r+1)(er) o) (9)
By the inequality (3), we have

n—=2\_ (n=r P n—s+r—2

r—2) “\n—s r—2 '
Therefore, (9) implies that

KT(H) < 35 — r + 1) o)+ (”;> (") (10)

n—s r—2

Applying (5) gives

(n_r)mz(lﬁ_r)r2<1+(r_2)2(3_r)- (11)

n—s

It follows from (10) and (11) that

KT(H) < 3(s — 7+ 1)(er)—+! (1 Y Gl Gl ”) (” et 2). (12)

n—s r—2

Since n > 4(s —r + 1)(er)* "2, it is easily checked that

(r—2)>%s—r) <

1
= 13
n—s 3 (13)
and
- —1
4(s —r+1)(er)s " < % (14)
r —
Combining (12), (13) and (14), we deduce that
n—s+r—1/m-s+r—2 n—s+r—1 ()
r <277 - _ — r .
ri < P (T (T R
This completes the proof. O

Now we are ready to prove Theorem 4 (I).
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Proof of Theorem 4 (I). Let n,r be positive integers. We shall proceed by double induc-
tion on s and k. Recall the condition r < s < k+r — 1. For s = r and all £ > 1, the
result follows from Theorem 3. For all s > r and k = s — r + 1, the result follows from
Lemma 8. Now we assume that the assertion holds for (s — 1,k —1) and (s,k—1). Let H
be an r-graph on n vertices with n > 4k(er)*="*2. Without loss of generality, we assume
that v(H) = k. Let M = {E\, Es, ..., Ex} be a maximum matching in 4 and S be the
set of vertices covered by M.

If there exists a vertex u € V(H) such that v(H — u) = k — 1, then by the induction
hypothesis we have K!(H —u) < K;’(F,SQM_M). Again, by the induction hypothesis, we
have

K{(u,H) < Ky (H —u) < K;Ll("rr(:q—)l,k—l,l)'

From the equality (6), it follows that
K{(H) = K{(H —u) + K{(u,H)

< KT(‘ESQLk—l,l) + Kgfl(fr(zr—)l,k—l,l)

= KI(FU)).

Thus, we have shown that Theorem 4 (I) holds if there exists a vertex u € V(#H) such
that v(H —u) =k — 1.

Now we consider the case that v(H — u) = k for any u € V(H). We claim that the
maximum degree in H is at most rk (2:22) Let u € V(H) and M’ be a matching of size
k in H — u. For each edge F' in H with u € F, it is easy to see that |F'N (Ugem E)| > 1.

It follows that the maximum degree of H is at most rk(f:i)

Let Y be the set of vertices in S with degree greater than Qk(’;‘:g) If|Y|>k+1, by
Lemma 7 we obtain a matching of size k + 1 in H, contradicting the assumption that k
is the size of a maximum matching. Thus we may assume that |Y| < k. Note that every
s-clique in H contains at least s — r + 1 vertices in S. We proceed to derive an upper
bound on the number of s-cliques in H. First, we choose a set A of (s —r + 1) vertices in
S. There are at most (Slﬂrl) choices for A. Then choose an (r — 1)-element subset B of
V(H) such that H[BU A] is an s-clique of H. It can be seen that B is a common neighbor
of the vertices in A, that is, B € Ny(v) for any v € A. If A C Y, then the number of
choices for B is at most rk (Z:;) If there exists a vertex € A\ Y, then the number of

choices for B is at most 2k (;‘:22) Hence

K'(H) < kr (Z:S) (S _|3;|Jr 1) 1ok (Z:;) (S _|f|+ 1).

Since |Y| < k and |S| = kr, we find that

conen(2)( L)) E) o
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Using the inequality (4), we see that

() <)
s—r+1 s—r+1

Combining (15) and (16), we obtain that

< (2k (er)” ™ k) ( b )

s—r+1

. k n—2
< 3k (er) +1<s—r+1)<r—2

Employing (3) and (5), we find that

(73)
)

() <G5S (0L
(i) ()

(RN ()

It follows from (17) and (18) that

s—r—+1 n

K{(H) < 3(67”)5’"“/@( K > <1+ (r

Since n > 4(er)* "2k, we see that

) |

(r=20%%k-1) _1
n—k—r+1 3
and
4(er)s " . =l
n—rk

In view of (19), (20) and (21), we arrive at

k n—=k
r <
K (M) < (s—r+1)(r—1

This completes the proof.
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A [y

k n— 2 k
r < s—r+1
K (H) \kr(s—rqtl) (7“—2) + 2k(er) (

)

(16)

(17)

(19)

(20)

(21)



3 The maximum number of s-cliques with s > k + r

In this section, we prove parts (II) and (III) of Theorem 4 by utilizing the shifting method
originally due to Erdés-Ko-Rado [4] and further developed by Frankl [5].

Let H be an r-graph on the vertex set [n]. For integers i,j with 1 < i < j < n and
any I/ € H, the shifting operator S;; is defined by

Sij(E):{ (EAN{jH U{i}, ifjeEi¢ Eand (E\{j})U{i} ¢ H;

FE otherwise.

Y

Set

An r-graph H is called a stable r-graph if S;;(H) = H holds for all 1 < i < j < n, see
Frankl [5]. He showed that any r-graph #H can be shifted to a stable r-graph by applying
the shifting operator iteratively.

We aim to determine the maximum number of s-cliques in an r-graph H with matching
number at most k. Frankl [5] proved that v(S;;(#)) < v(#). Thus, the shifting operator
preserves the property that the matching number is at most k. We shall show that the
shifting operator does not decrease the number of s-cliques in an r-graph.

Lemma 9. Let H be an r-graph on the vertex set [n]. For any i,j € [n] with i < j and
s = r, we have K[(S;;(H)) > KI(H). Moreover, if each edge of H is contained in an
s-clique of H, then each edge of S;;(H) is contained in an s-clique of S;;(H).

Proof. Let K C [n] with |K| = s. If H[K] is an s-clique but S;;(#)[K] is not an s-clique,
then we have j € K and i ¢ K and there is an edge in H[K] that is shifted by S;;. By the
definition of the shifting operator, it follows that H[(K — {j}) U{¢}] is not an s-clique but
Sii(H)[(K\{j}) U{i}] is an s-clique. Now, we define a map o from K7 (H) to K%(S;;(H))
as follows. If H[K] € KI(H) and S;;(H)[K] € KL(Si;(H)), let o(H[K]) = Si;(H)[K]; If
HIK] € K{(H) but Sy (H)[K] & Ki(Si5(H)), let o(HIK]) = Sy (H)[(K — {7} U{i}]. Tt is
easy to verify that ¢ is an injection, and so K (S;;(H)) > KL (H).

Suppose that each edge of H is contained in an s-clique of H and there exists an edge
E € S;;(H) that is not contained in any s-clique of S;;(#H). If E € H, let H[K] be an
s-clique of H containing E, where K is a subset of [n] with |K| = s. Since E € S;;(H), we
have S;;(H)[(K \ {j}) U{i}] is an s-clique containing F, a contradiction. If E ¢ #, then
E' = (E\{i})U{j} is an edge of H. Let K be a subset of [n] such that H[K] is an s-clique
in H containing E’. Clearly, we have j € E' and i ¢ K. Then S;;(H)[(K \ {7}) U {i}] is
an s-clique in S;;(#) containing E, a contradiction. Thus, if each edge of H is contained
in an s-clique of H, then each edge of S;;(#) is contained in an s-clique of S;;(#). This
completes the proof. O

Let us recall a basic property of the shifting operator, which will be used later. Let
E, ={aj,as,...,a,.} and Ey = {b1,by,...,b.} be two different r-element subsets of [n].
As used in [9], we write E; < Fy if there exists a permutation o105 - - - g, of [r] such that

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(4) (2020), #P4.14 9



aj < by, forall j =1,... 7. Frankl [5] showed that if H is a stable r-graph on [n], £ € H
and S is an r-element subset of [n] with S < E, then S € H.

The following proposition gives a characterization of stable r-graphs with matching
number at most k.

Proposition 10. Let n,k,r,s be positive integers with k +r < s < rk+r —1 and
n>=rk+r—1. Let H be a stable r-graph on the vertex set [n] with v(H) < k. If every
edge of H is contained in at least one s-clique in H, then for every edge E € H, we have
\ENrk+a—1]| > a, where a = [*77] + 1.

Proof. 1t is easily checked that 2 < a <r and (a — 1)k +7r < s < ak+r — 1. Suppose
that there is an edge £ = {z1,29,...,2,} € H with 7 < 23 < --- < z, such that
|EN[rk+a—1]| < a. Then |EN[rk+ a— 1]| < a implies that z, > rk + a. Let K be
an s-clique in H containing E and X = {z,, Zq11,...,2,}. Since

WK\ X|=s—(r—a+1)=2(a—1)k+r—(r—a+1)=(a—1)(k+1),

there exist k 4 1 disjoint (a — 1)-element sets S1,S2,...,9+1 in V(K) \ X. Moreover,
S; U X is an edge of H for each i =1,2,...,k+ 1. For any

T Clrk+a—1]\ (UTS)

with |T| =r —a+ 1, S; UT forms an edge of H for each i = 1,2,...,k + 1, since H is
stable and S; UT < S; U X. Noting that

rk+a—1]\ (UFS)| =2 rk+a—1—(a—1)(k+1)=(r —a+ 1)k,

there are k disjoint (r — a + 1)-element sets 71, Ty, ..., Ty in [rk+a— 1]\ (U¥'S;). Thus,
SyuUTy, SoUTs, ..., Sy UTg, Ski1 U X constitute k 4 1 disjoint edges in H, which
contradicts the fact that v(#H) < k. This completes the proof. O

Moreover, we need a result similar to Lemma 7, which can be proved by the greedy
algorithm.

Lemma 11. Let n,k,r,a be integers such that rk < n, a < r and H be an r-graph
on n vertices. If V(H) has k disjoint a-element subset Ay, As, ..., Ay with deg(A;) >
r(k—1) (Z:“_Q), then H contains a matching of size k.

a—1
Proof. Using the greedy algorithm, we can find a matching of size k£ in H. Since
n—a-—1 n—a-—1
Mol - (0T ) s Ul (P20 ),

r—a—1 a—1

we can choose By from Ny (A1) such that By is disjoint from Us_,A;. Fori € {2,...,k},
suppose that By, Bs, ..., B;_1 have been chosen such that A{UB;, AsUB,, ..., A;_1UB;_1,

A, Aiyq, ..., Ag are pairwise disjoint. Since
n—a-—1 = i n—a—1
Ny(A)| >rk—1 > A:UB; A ,
M) > o= ("0 (D 3 J|> ("))
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we can choose B; from Ny (A;) such that B; is disjoint from (U¥_, A;)U (Ué;llBj). Finally,
we end up with a matching of size k in H. ]

We first prove Theorem 4 (III), because it will be needed in the proof of Theorem 4
(I1).

Proof of Theorem /J (III). Let H* be the subhypergraph obtained from H by deleting all
the edges in H that are not contained in any s-clique in H. Frankl [5] proved that any
r-graph can be shifted to a stable r-graph by applying the shifting operator iteratively.
By Lemma 9, we may assume that H* is stable. Since |**| 41 = r, by Proposition 10
we obtain that |[E N [rk 4+ r — 1]| = r for every E € H*. So H* is a subhypergraph of

F ) and thus

n,k,r’

KI(H) < KI(H") < KI(F) ).

If K'(H) < Kg(Fg,;T), then H* has to be a proper subhypergraph of fflrlir It follows
that there is an r-element subset T" of [rk + r — 1] such that 7" ¢ H*. Then none of the
s-element subsets of [rk 4+ r — 1] containing 7" can be an s-clique of H*. Note that there

are exactly (’"k_l) s-element subsets of [rk 4+ r — 1] containing 7". Thus,

KT(H) < KT(H") < (T’]{?+T—1> B (Tk—1>7

s s—r
as claimed. ]
We are ready to prove Theorem 4 (II).

Proof of Theorem 4 (1I). By Lemma 9, we may assume that H is a stable r-graph on
[n] and each edge of H is contained in an s-clique. Note that a = |*7F| + 1, so that
(a—1)k+r < s <ak+r—1. By Proposition 10, we have |EN[rk+a — 1]| > a for every
E € H. Define an a-graph H* on [rk + a — 1] as

2 {Ae ([rk’%—aa—l]): deg,,(A) >rk(2:z:i)}

Now we prove the following two claims, leading to a description of H*.
Claim 1. ‘H* is stable.

Suppose to the contrary that H* is not stable. Then, there exist ¢ and j such that
1 <i<j<nand S;(H*) # H*. This ensures the existence of an edge A € H* such
that S;;(A) # A. By the definition of H*, we have | Ny (A)| = degy(A) > rk("~%"]). Let
A" = (A\ {j}) U {i}. Since S;;(A) # A, we find that j € A, i ¢ A and A’ ¢ H*. Let
B € Ny(A). Ifi ¢ B, since AU B € ‘H and H is stable, it follows that AU B € ‘H. If
i € B, since AU B € H, we see that A’U (B\ {i})U{j} = AU B € H. Now we define a
map 7 from Ny (A) to Ny(A'). Ifi ¢ B, let 7(B) = B;ifi € B, let 7(B) = (B\{i})U{j}.
It can be seen that 7 is injective and | Ny (A’)| > |Ny(A)| > rk("~%"}), which contradicts
the fact that A" ¢ H*. This proves the claim.
Claim 2. v(H*) < k.
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Suppose to the contrary that v(H*) > k + 1. Then, there exist k + 1 disjoint edges
Ay, Ag, oo Agyr in H*. Since degy, (A;) = rk,‘(f:gj) foreachi=1,2,...,k+1, by Lemma
11 there exists a matching of size k + 1 in H, which contradicts the fact that v(H) < k.
Thus the claim holds.

Since |E N [rk 4+ a — 1]| > a for every edge E € H, every s-clique in H has at least
s — 1 + a vertices in [rk —a + 1]. Now we consider the maximum number of (s — r + a)-
cliques in H*. Since H* is an a-graph and (¢ — 1)k +a < s—r+a < ak+a—1, by
Theorem 4 (III) we have

k+a—1
Ko, (M) < KO (F9 )= :
s—r—i—a(H ) s—r—i—a( n,k,a) < s—r—+a )

3 a
Moreover, if K2 .,

(}'(a)

n.k,a

k -1 k—1
12 (B0 (4)
s—r+a s—r
Next we consider two cases depending on the value of K¢ . (H*).
Case 1. K2 . (H*) = Kg_m(]-jgf‘,z’a). If there exists an edge E € E(H) with |[E'N

s—r+a

lak+a—1]] < a—1, then there are k disjoint edges A, Ay, ..., Ay in H* — E. Noting that

there are at most 7("_%_) sets T in Ny(4;) such that |T N E| > 1 and that deg,,(4;) >

Tk(::gill) for eachi=1,2,...,s —r + 1, we have
n—a—1 n—a—1
d A, k _
egy_p(Ai) > <r—a—1) r(r—a—l)

>T(k_1)<n—r—a—1).

(H*) < K¢

¢ i ), we have

r—a—1

By Lemma 11, there is a matching M of size k in H— E. Then MU{FE} forms a matching
of size k+ 1 in ‘H, which contradicts the fact that v(H) < k. Thus, H is a subhypergraph

of ]:152@ and so K'(H) < K;“(Fff,la)
Case2. K¢ . ,(H*) < (askizl) —(**=1). By Proposition 10, we have |[EN[rk+a—1]| >

a for any E € H. Thus, for each s-clique K in H, |[V(K)N[rk+a—1]| > s—7r+a.
We aim to derive an upper bound on the number of s-cliques in H. First, we choose an
(s —r+a)-element subset S of [rk+a—1]. Then choose an (r — a)-element subset 7" such
that H[S U T forms an s-clique of H. It can be seen that 7" is a common neighbor of the
a-element subsets of S, that is, T € Ny (R) for any R € (3). If #*[S] is not an (s —r +a)-
clique in H*, there exists an a-element subset A of S such that A ¢ H*. Hence the number
of choices for T'is at most degy (A) < rk("-%"1). If H*[S] is an (s — r + a)-clique in H*,

r—a—1
then the number of choices for T' is at most ("7(;?:2“))

wi) <ne o0 (" (T (e

r—a r—a—1 s—r+a

. Therefore,
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o ak +a—1 ak —1 n—s+r—a
S \\s—r+a s—r r—a
—a—1\(rk+a—1
~|—rk(n ¢ )(T a ) (22)
r—a—1 s—r+a
If s = ak 4+ r — 1, substituting s = ak +r — 1 into (22), we obtain that

Kg(H><Tk(n—a—1><rk+a—l>. 3)

r—a—1)\ak+a—1

It follows from (3) and (5) that
n—a-—1 . n—r el ek —a
r—a—1) " \n—ak—r+1 r—a—1

<(1+(ak—1)(r—a—1)2> <n—a1f—a) 1)

n—ak—r+1 r—a—1

Since n > 4r%(er/a)*~""k, we see that

(ak —1)(r —a —1)? o
n—ak—r+1

By (24) and (25), we get

Combining (23) and (26), we obtain that

rk+a—1\/n—ak —a
T < .
i < k(01 (1) -

Applying (1) and (27) gives

i ak+a—1 o N
K7 (M) < 2rk (e(rk—l—a 1)) (n ak a)

ak+a—1 r—a—1

er\ ak+a—1 r—a n—ak—a+1
<2k (2) . 28
ST n—ak—a—i—l( r—a ) (28)

Under the condition s = ak+r—1, we have ak+a—1 = s—r+a. Since n > 4r%(er/a)* """k,
it can be checked that

er)(lk“i’al r—a (29)

% (- <1
" a n—ak—a+1
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Combining (28) and (29), we get

n—ak—a+1

r—a

KT(H) < ( ) — KT(FY)).

It remains to consider the case (a — 1)k +r < s < ak +r — 1. We have

ak +a—1 _ak—l—a—l ak +a—2 ak ak —1
s—r+a s—r4+a—1 s—r+1

(ak—l)a(ak—1>
<
s—r s—r
ak —1 \" (ak —1
i
(a— 1)k s—r
a \"[ak—1
< .
\(a—1> (s—r) (30)
Employing (4) and (30), we find that
rk+a—1 o e(rk+a—1)\""" (ak +a—1
s—r+a) \ ak+a-—1 s—r+a
er\s—rta a \*[ak—1
< (=
<a) <a—1) (s—r)
s—r+a
er ak —1
< . 31
(a—l) (s—r) (31)
It follows from (3) and (5) that
n—str—a) _ n—s+r—a—(r—a)\ *“(n—ak—a+1
r—a S \n—adk—a+1-(r—a) r—a
ak+r—1—-s\""(n—ak—a+1
=(1+
n—ak—1r+1 r—a

. (1+ (T—a)z(ak‘—l—r—l—s)) (n—ak—aﬂ) )

n—ak—r+1 r—a

S—r-+a S—7r

The condition (a—1)k+r < s < ak+r—1implies ak+r—1—s < k. Since n > 2(ak+r—1),
from (32) we see that

_ _ _ 4)2 _ _
(n s+ a)<(1+ (r —a)*k ><n ak a+1>
r—a n—ak—1r-+1 r—a
2r2k —ak — 1
<(1+ r )(” ak —a+ ) (33)
n r—a
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Substituting (33) into (22), we obtain that
Kg(H)<(<ak+a—1>_<ak—l)> <1+2r2k:) (n—ak—a—i—l)
s—r+a S—r n r—a
(n—a—l)(rk—l—a—l)
+rk
r—a—1 s—r+a
. ak+a—1\ (ak—1 n—ak—a+1 +27’2k: ak +a—1
= s—r+a s—r r—a n \s—r+a
‘(n—ak—a+1)dl_rk(n—a—l)(rk:—l—a—l)‘ (34)
r—a r—a—1 s—r+a

Since each edge of ]—"ér,i , has at least a vertices in [ak + a — 1], it is easy to see that each

s-clique of féf,lja has at least s — r + a vertices in [ak + a — 1]. Thus,

: k+a—1\/n—ak—a+1 ak+a—1\/n—ak—a-+1
Kr (7‘) — a .
s<]:”’k’“) Z ( 1 )( s—1 )><s—r+a>< r—a >

i=s—r+a

(35)

Using the inequalities (34) and (35), we find that

kE—1\/n—ak—a+1

KI(H) < KI(FO ) — (¢
s(%) s( n,k,a) <S-7“)< r—a )
2r2k(ak‘+a—1)<n—ak‘—a+1) (n—a—l)(rk+a—1)
+ +rk .
n Ss—r—+a r—a r—a—1 s—r+a

(36)

Substituting (30), (31), (26) into (36), we deduce that

. kE—1 —ak — 1 2r2k “lak —1
0 < - () (k) 2 (o e (ko)
s—r r—a n a—1 s—r
n—ak—a-+1 er \°7t fak —1 n—ak —a
: + -rk -2
r—a a—1 s—r r—a—1

_ KT(EY ) - <ak—1)(n—ak—a+1)

S—7T r—a

a22 s—r+a 9 .
Ay a 'k er rk(r —a) (37)
a—1 n a—1 n—ak—a+1

Since n > 4r?k(er/(a — 1))*~""* we obtain that

a \"2r%k er \*7 2rk(r —a)
1— — 0. 38
(a—l) n <a—1) n—ak—a+1> (38)
Combining (37) and (38), we arrive at K7 (H) < Kg(fér,ia) This completes the proof. [J
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4 Proof of Theorem 6

Huang, Loh and Sudakov [14] considered a multicolored generalization of the Erdés match-
ing conjecture and provided a sufficient condition on the number of edges for a multicol-
ored hypergraph to contain a rainbow matching of size k, as stated in Lemma 12 below.
Theorem 1.6 can be considered as a generalization of Theorem 1.5. The proof of Theorem
6 also relies on Lemma 12.

Let Fy, Fa, ..., Fy be r-graphs on [n]. We say that {F, Fa, ..., Fi} contains a rainbow
matching if there exist k£ pairwise disjoint sets F} € Fi, Fy € Fo, ..., Fy € Fy.

Lemma 12 (Huang, Loh and Sudakov [14]). Let Fi, Fa, ..., Fr be r-graphs on [n] such

that |F;| > (k—1)(""]), andn > rk. Then {Fi, Fa,..., Fi} contains a rainbow matching.

Theorem 6 will be proved by induction. The following lemma is the basis of the
induction.

Lemma 13. Let n, k and r be integers such that n > 4k*(er)®. Let Fy, Fo, ..., Fi be
r-graphs on [n|. If for alli € {1,2,... k}, there exists some s € {r,r+1,...,k+r —2}
such that KI(F;) > Kr(fér,l 11)- Then the family {F1, Fy, ..., Fi} contains a rainbow
matching.

Proof. Let {Fi,Fs,...,Fr} be a family of r-graphs that does not contain any rain-
bow matching. We may further assume that this family attains the maximum value
of Zle | F;|. We shall prove the lemma by showing that there exists some i such that

KI(F) < KH(FD )

forany s € {r,r+1,....k+r —2}.

Let [ be the number of r-graphs in the family {F;, Fa, ..., Fi} that are not complete 7-
graphs. Without loss of generality, we may assume that Fi,. .., F; are such non-complete
r-graphs and Fi,q,...,F, are complete r-graphs. For [ = 1, if F; is not an empty
r-graph, by the definition of [, there exist disjoint edges I} € Fi,Fy € Fo,..., F} €
Fi, contradicting the assumption that {Fj, Fa,..., Fir} does not contain any rainbow
matching. If F; is an empty r-graph, we have

KI(F) =0< KX(F) 1)

for any s € {r,r+1,...,k+r — 2}. Thus, we may assume that 2 <1 < k.
Fori=1,2,...,1, let X; be the set of vertices v € [n] such that deg (v) > 2(I—1)("_3)
and let Y; be the set of vertices v € [n] such that degr (v) > r(k —1)("22). It is clear
that Y; C X;.
Claim 3. The family {X;, Xs,...,X;} does not contain a system of distinct representa-
tives.
Suppose to the contrary that there exists a system of distinct representatives in

{X1,Xs,..., X;}. Assume that 1 € Xy, 29 € Xo,...,2; € X, are [ distinct vertices.
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Let X = {x,29,...,2y}. Fori=1,2,... 1, define

Hi:{TE ([Z]_\f):TU{xi}eﬂ}.

For any i, € [I] with ¢ 7§ J, there are at most (” 2) edges of F; containing both x; and
xj. Thus, fori=1,2,...,1,

1> degr o) - - 0(723) = a-n (P20 za-n(" 15,

Since H; is an (r — 1)-graph on n — [ vertices, by Lemma 12, there exist [ disjoint
edges 1 € Hy, Ey € Ha, ..., E; € H,. Tt follows that { £y U{z1}, EoU{xs}, ..., EyU{x;}}
forms a rainbow matching in {F;,...,F}. Since Fii1,...,Fy are all complete r-graphs,
there exists a rainbow matching in {F, ..., Fi}, a contradiction. This proves the claim.

The following claim shows that if |.X;| and |Y;| are both small, then the lemma follows.
Claim 4. If there exists i € {1,2,...,{} such that |X;| <[ —1 and |Y;| < [ — 2, then

KI(F) < KI(FU)_ Dforallr <s <k +r—2.
Since JF; is not a complete r-graph, by the maximality of Zle | Fi|, we see that
{F1,..., Fi_1, Fir1,- .., Fr} contains a rainbow matching. Let

M — {E17"‘7E’i—17Ei+17"'7Ek}

be such a rainbow matching and S be the set of vertices that are covered by M. For
each s € {r,r+1,...,k+r — 2}, every s-clique in F; has at least s — r + 1 vertices
in S. To derive an upper bound on the number of s-cliques in F;, we first choose an
(s —r + 1)-element subset A of S. Then choose an (r — 1)-element subset B of V, such
that F;[B U A] is an s-clique of F;. It can be seen that B is a common neighbor in F; of
the vertices in A, that is, B € Ng,(v) for any v € A.

If A CYj, the number of choices for B is at most (” st 1) IfACX;,and AZ Y],

the number of choices for B is at most r(k — 1)("_5). If A gz X;, the number of choices
for B is at most 2(] — 1)(’::;) Thus,

e )0 s (D), )

+2(l—1)(::§) (S_|f’+1).

Since |V;| <1 —-2<k—2,|X;|<l—-1<k—1and|S|=r(k—1), we find that

k< ()0 e (A ()

42k — 1) (Z - §> C(_k;rl)l) (39)
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If s=Fk+r—2, by the inequality (39) we have

rxE) <=0 (M) - (P (DY)
<3(k—1) (7"(:__11)> (7;: ;) (40)
Using the inequality (1), we get
() < ()
Employing (3) and (5), we see that
(D)< Gmims) (2))
() (00) @
Substituting (41) and (42) into (40), we obtain that

e (1 EE) Lo

Since n > 4k*(er)*, we have

(r—2)*(k - 2)
< 44
n—k—r+2 (44)
and
3k(er)*
— < 1. 4
n—k+1 (45)

In view of (43), (44) and (45), we arrive at

n—k+1

(T <
S

) < KEL,
It remains to consider the case r < s < k+r — 3. Applying (3) and (5) gives
r—1
n—s+r—1 < 1+(/€+T—2—S) n—Fk+1
r—1 n—k—r+2 r—1

<<1+(r—1)2(lc+r—2—s)) (n—k+1>

n—k—r+2 r—1
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< <1+ 27;’“) (”;/_‘Tl) (46)
(2 <(==t=) ()

(r—22(k—-2)\ (n—k
< .
\(1+ n—k—r+2 r—2 (47)
Combining (39) and (46), we deduce that

i< (1 28) (72 ) (7)) ()

and

-0 (L0 (00) 15
Using the inequality (1), we get
C o . )1) < (er) ™ ( b 1)- (49)

Substituting (47) and (49) into (48), we obtain that

2 _ _
K;"(}"Z-)é(ljtwk)( k—2 )(n k—i—l)
n s—r+1 r—1

waey-n( L) (1 SR () s

s—r+1 n—k—r+2 r—2

Under the condition n > 4k?(er)¥, we find that

(k—1)(r —1) (1+ (r—2)2(k—2)> < erk. (51)

n—k—r+2

It follows from (50) and (51) that

k—1 2r’k\ (n—k+1 3(er)s 2k

K'(F) < _ B

+(F3) ((s—r—l—l) (s—r))( )( r—1 )+ n—k+1
n—k+1

r—1 5—7“+1

( k—1 )(n—k+1)( 3(er)*~" 2k 2r’k s—r—l—l)

< + — .

s—r—+1 r—1

n—k+1 n k—1
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Again, under the condition n > 4k?(er)¥, we also have

3er)” "2k 2’k s—r+1

n—k+1 n k—1 <0 (53)
Combining (52) and (53), we obtain
k—1 n—=k +1 (r)
T ) < < r
e < (L) () s k. (54)

This complete the proof of Claim 4.

By Claim 3 and Hall’s Marriage Theorem, there exists I C [I] such that |U;cr X;| < |I].
By Claim 4, we only need to consider the case when |X;| > [ or |X;| > |Y| > 1 —1 for
any ¢ = 1,...,[. Thus, we may assume that X1 =Xo=--- =X, =Y, =Y, =--- =Y, =
{z1,29,..., 211}

Claim 5. For i € {1,2,...,l} and E € F;, we have E N {xy,xa,..., 211} # 0.

We may assume that there exists £ € F; such that E N {1, z9,...,2,1} = (. Since
degr (z;) > r(k:—l)(’;j) fori =1,...,l—1, there exist disjoint edges £y € Fi,...,E_ €
F;—1 such that (Uiz E)NE = 0. Now Ei,...,E_1,E forms a rainbow matching in
{Fi,..., Fi_1, Fi}. Since Fi41,...,Fy are all complete r-graphs, one can find a rainbow
matching in {Fy, ..., Fi}, a contradiction. This completes the proof of Claim 5.

Claim 5 implies that F; is isomorphic to a subhypergraph of F," () i1 foranyi=1,... 1
Consequently,

KU(F) < KLUFD 1) < KUFD)

for r < s < k4 r — 2. Therefore, this completes the proof. O

We are now in a position to prove Theorem 6. Notice that Theorem 6 is implied
by Lemma 13 for sufficiently large n. That is, when n > 4k%(er)*, if there exists
s € {rr+1,...,t} such that K"(F;) > K?”(fg; 11) for i = 1,... k, then the fam-
ily {Fi1, Fa,...,Fr} contains a rainbow matching. In the following proof of Theorem 6,
the lower bound on n is improved to n > 4k(t —r +2)(er) " for t <k +r — 2.

Proof of Theorem 6. We proceed by induction on k. By Lemma 13, the theorem holds
for k=t—r+2andn>4k(t —r+2)(er)""*2. Now assume that the theorem holds for
k—1.

Suppose that there exist v € V and ¢ € [k] such that {F; —v,...,Fi1 — v, Fiy1 —
v, ..., Fr—v} does not contain any rainbow matching. By the induction hypothesis, there
exists j € [k]\ {i} satistying K[ (F; —v) < KT(]-"T(L )1 pooy) forallr <s <t Fors=r, we

have
n—1

r—1
For r + 1 < s < t, by the equality (6) we find that

KI(F) < KI(F) —v) + ( ) < KI(FO) ).

KI(F;) = K.(F; —v) + K} (v, F))
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S K{(Fj—v) + K (F; =)

s

SKUFD, o) + KL(F7 o)

s

= K(F 1)

Suppose that for any v € V and ¢ € [k], {F1 —v,.... Fi1 — v, Fix1 —0,...,Fp — v}
contains a rainbow matching. This assumption implies that the maximum degree of
each F; is at most r(k — 1)(’:5), otherwise we may find a rainbow matching using the
greedy algorithm. For ¢« = 1,2,... k, let X; be the set of vertices u € V such that
dr,(v) > 2(k — 1)("_3). By the same argument as in Claim 3 of Lemma 13, we deduce
that there exists j such that |X;| < k—1. Let M ={E;,...,E;_1,Ej41,...,Ex} be a
rainbow matching in {F,...,F;_1, Fj41,...,Fr} and let S be the set of vertices covered
by M. Note that each s-clique in F; has at least s — r + 1 vertices in S.

We wish to derive an upper bound on the number of s-cliques in F;. First, we choose
a set A of (s —r+ 1) vertices in S. There are at most (s—lﬂA) choices for A. Then choose
an (r — 1)-element subset B of [n] such that F;[B U A] is an s-clique of F;. It can be
seen that in the hypergraph F;, B is a common neighbor of the vertices in A, that is,
B € Ng,(v) for any v € A. If A is a subset of X;, the number of choices for B is at
most 7(k — 1)("~7). If A is not a subset of X, the number of choices for B is at most

2(k —1)(""7). Thus,

wm <o) (o) e () (B0) @

The inequality (4) yields

(ED) e (L) 0

It follows from (55) and (56) that

K{(F) < (r(k = 1) +2(er)* (k= 1)) ( ol ) (Z:;)

s—r—+1

<3(er) (k- 1) (S f;i 1) (:f B ;) (57)

Using the inequalities (3) and (5), we see that
n—2) _ n—r "2 —k
r—2) " \n—k—r+2 r—2
(1 k=2 " n—k
B n—k—r+2 r—2
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(=) (00) 9

Combining (57) and (58), we obtain that

(7)< -n( T )(L+“‘”%k‘”)(”‘k) (59)

s—r+1 n—k—r+2 r—2

Since n > 4k(t — r + 2)(er)"""2, we find that

(r—2%k-2) 1
< = 60
n—k—r+2 3 (60)
and
-1
Aer)y ™ (k—1) ———— <1 61
(e = 1) (61)
In view of (59), (60) and (61), we conclude that
KI(F) < < KT 11)-
This completes the proof. n
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