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Abstract

Recently, Benedetti et al. introduced an Ehrhart-like polynomial associated to a
graph. This polynomial is defined as the volume of a certain flow polytope related
to a graph and has the property that the leading coefficient is the volume of the
flow polytope of the original graph with net flow vector (1,1,...,1). Benedetti et
al. conjectured a formula for the Ehrhart-like polynomial of what they call a caracol
graph. In this paper their conjecture is proved using constant term identities, labeled
Dyck paths, and a cyclic lemma.

Mathematics Subject Classifications: 05A15, 05C21, 52B20

1 Introduction

The main objects in this paper are flow polytopes, which are certain polytopes associ-
ated to acyclic directed graphs with net flow vectors. Flow polytopes have interesting
connections with representation theory, geometry, analysis, and combinatorics. A well
known flow polytope is the Chan—Robbins—Yuen polytope, which is the flow polytope of
the complete graph K, ,; with net flow vector (1,0,...,0). Chan, Robbins, and Yuen
[4] conjectured that the volume of this polytope is a product of Catalan numbers. Their
conjecture was proved by Zeilberger [15] using the Morris constant term identity [11],
which is equivalent to the famous Selberg integral [12].

Since the discovery of the Chan—Robbins—Yuen polytope, researchers have found many
flow polytopes whose volumes have nice product formulas, see [3, 5, 6, 8, 9, 10, 14] and
references therein. In this paper we add another flow polytope to this list by proving a
product formula for the volume of the flow polytope coming from a caracol graph, which

*The second was supported by NRF grants #2019R1F1A1059081 and #2016R1A5A1008055.

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(4) (2020), #P4.21 https://doi.org/10.37236/9187


https://doi.org/10.37236/9187

Figure 2: The caracol graph Car,, ;.

was recently conjectured by Benedetti et al. [3]. In order to state our results we introduce
necessary definitions.

We let [n] := {1,2,...,n}. Throughout this paper, we only consider connected di-
rected graphs in which every vertex is an integer and every directed edge is of the form
(,7) with ¢ < j.

Let G be a directed graph on vertex set [n + 1] with m directed edges. We allow
G to have multiple edges but no loops. Let a = (a1,as,...,a,) € Z". An m-tuple
(bij)g)ep € R is called an a-flow of G if

Z bij(ei — Ej) = (al, ey Qpy — Zal> s
(@.J)eE =1

where e; is the standard basis vector in R"*! with a one in the ith entry and zeroes
elsewhere. The flow polytope Fg(a) of G with net flow a is defined as the set of all a-flows
of G.

In this paper we consider the following two graphs, see Figures 1 and 2:

e The Pitman-Stanley graph PS, .1 is the graph with vertex set [n + 1] and edge set

{(i,i+1):i=1,2,...,n}U{(i,n+1):i=1,2,...,n— 1}

e The caracol graph Car, 1 is the graph with vertex set [n + 1] and edge set

{(t;i+1):i=1,2,...,n}U{(1,7) : i =3,4,...,n}U{(i,n+1):i=2,3,...,n—1}.

We note that the flow polytope Fpg, (a1, ..., a,) is affinely equivalent to the polytope
Ooi(ar, . san—1) ={(x1, ..., &p1) 12 20,004+ <ap+---+a;, 1 <i<n—1},

considered in [13]. Pitman and Stanley [13] found volume formulas for certain polytopes,
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which can be restated as normalized volumes of flow polytopes as follows:

vol f'panr1 (a, bniz, d) = a(a + (n _ 1)[))"72, (1)
(a,0", ¢,d) = ala+ (n = 1" + (n = a(c = b)(a+ (n - 2)b>n_<;)

vol Fps,,, (a,b" "%, ¢, 0" d) = a ) | <n) (c—(m+1=jb)Y(a+(n—1-4b" 2
J
(3)

where b* means the sequence b,b,...,b of k b’s. We note that vol Fpg,,,, (a1, ..., a,) is
independent of a,,.

In [3], Benedetti et al. introduced combinatorial models called gravity diagrams and
unified diagrams to compute volumes of flow polytopes. Using these models they showed

vol Fps, .,

Jj=0

vol Fcar,,, (@) = Cr_ga™n" 2, (4)
Vol Fear, 1 (@, 0" 1) = Cp_9a" *(a + (n — 1)b)" 2, (5)

where C}, := k—}rl(zkk) is the kth Catalan number.

For a positive integer k and a directed graph G on [n + 1], let G(k) be the directed
graph obtained from G by adding a new vertex 0 and k£ multiple edges (0,7) for each
1 < i < n. Then we define

Eq(k) = vol }'@(k)(l, 0™). (6)

In [3], Benedetti et al. showed that Eg(k) is a polynomial function in k. Therefore we
can consider the polynomial Eg(z). They also showed that these polynomials Eg(z) have
similar properties as Ehrhart polynomials. For example, the leading coefficient of Eg(x)
is the normalized volume of F(1™). For this reason, they called Eg(z) an Ehrhart-like
polynomial. In the same paper they proved the following theorem.

Theorem 1. We have

Eps,.., (k) 1 ((k + 1)n — 2)'

T kn—1 n
Our main result is the following theorem, which was conjectured in [3].

Theorem 2. We have

1 kn+2n—5\(n+k—3
E - - )
Carnia (F) lm—l—n—B( n—1 )( k—1 )

In this paper we prove Theorem 2 and give an alternative proof of Theorem 1.

The remainder of this paper is organized as follows. In Section 2 we use the Lidskii
volume formula to interpret Eca,, ., (k) as a Kostant partition function, which is equal
to the constant term of a Laurent series. In Section 3 we introduce labeled Dyck paths
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and show that the constant term is equal to the number of certain labeled Dyck paths.
In Section 4 we enumerate these labeled Dyck paths using a cyclic lemma. In Section 5
using our combinatorial models we show the following volume formulas:

vol Fps, (a0, %) =(a+b—c)(a+b+ (n—2))" >+ (=b+c)(b+ (n—2)c)" 2,

vol Fps, ,(a,b,¢,d”™) = (a+b+c—2d)(a+b+c+ (n—3)d)" > (8)
—(b+c—2d)(b+c+ (n—3)d)"?
— (n—Da(c—d)(c+ (n—3)d)" 2,

vol Feary .y (a,0,¢" ) = Cp9a” Ha+b(n —1))(a+b+c(n—2))"?, (9)

where (9) was conjectured by Benedetti et al. in [3].

2 Constant term identities

In this section we review the Lidskii volume formula and restate Theorems 1 and 2 as
constant term identities.

Let G be a directed graph on [n + 1] and define a’ = (ay,...,an, — Y ., a;) for a =
(ay,...,a,) € Z". The Kostant partition function Kg(a’') of G at a’ is the number of
integer points of Fg(a), i.e., if G has m edges,

Kg(a') = |Fgla)nZ™|.

We denote by G|, the restriction of G to the vertices in [n|. Let outdegq(i) denote the
out-degree of vertex ¢ in GG. The following formula, known as the Lidskii volume formula,
allows us to express the (normalized) volume of the flow polytope Fg(a) in terms of
Kostant partition functions, see [2, Theorem 38].

Theorem 3 (Lidskii volume formula). Let G be a connected directed graph on [n+ 1] with
m directed edges, where every directed edge is of the form (i,j) with i < j and let a =
(a1,a9,...,a,) € Z". Denoting t = (t1,...,t,) := (outdeg,(1) — 1,...,outdegs(n) — 1),
we have

vol Fg(a) = E < men )ail...afL”KGM(s—t),
ey S
s>t

where the sum is over all sequences s = (S1,...,8,) of nonnegative integers such that
Is| =s1+ -+ 8, =m—mn and s >t in dominance order, i.e., Ele S; = Zle t; for
k=1,2,...,n.

In this paper, we use both expressions K¢, (a1, ..., a,) and Kg(ay, ..., a,,0) together.
Note that if a = (1,0""!) in Theorem 3 there is only one nonzero term in the sum giving
the following corollary, see [2], [13], or [7, Corollary 1.4].
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Corollary 4. For a directed graph G on [n + 1], we have
vol F(1,0" 1) = Kg(p, 1 — outdeg(2), 1 — outdeg(3), ..., 1 — outdegs(n),0), (10)
where p = outdeg(2) + outdeg,(3) + - - - + outdegy(n) —n + 1.

For a multivariate rational function f(z1,zs,...,x,) we denote by CT,, f the constant
term of the Laurant series expansion of f with respect to z; by considering other variables
as constants. Since CT,, f is a rational function in xs,...,z,, we can apply CT,, to
it. Repeating in this way the constant term CT,, ...CT,, f is defined. We also define
[zén .. 2{*]f to be the coefficient of the monomial x%" ... z{* in the Laurent expansion of
f when expanded in the variables x1, xo, ..., x, in this order. Note that we have

D a ) (11)

Let G be a directed graph on [n + 1]. Then for a = (ay,...,a,) € Z" and a,1 =
—(ay + -+ + ay), the Kostant partition function Kg(a') can be computed by

[z 2] f = CT,, ...CT,, (z

J

Kolal) = fato o] [] )(1—ﬁ)_1. (12)

(i.j)€E(G i

Now we are ready to express Epg, (k) and Eca,,, (k) as constant terms of Laurent
series. Throughout this paper the factor (x; — x;)~!, where ¢ < j, means the Laurent

expansion
1 2\ 1 i\
(xj—i’?i)_lz—(l__l> :_Z<_Z) '
L L Tj =0 \Ti

Proposition 5. We have

n n—1

Eps, ., (k) = CT,, ... CTy, [T = 2) * [ [ (i1 — 2:) 7", (13)
=1 =1
1 n n—1 n—2
_ —k -1
Ecar,2(k) = CTs, ... CTa, = [ =2 [ —2) " [ [ —2)™ . (14)

i=1 i=1 i=1

Proof. We will only prove (14) since (13) can be proved similarly. Let G = Car,,; and

H = G(k). Then H is a graph with vertices 0,1,2,...,n+ 1, and by (6) and (10),
ECarn_H(k) = KH(pa 1 - OUtdegH(1)7 1- OutdegH(2)7 M) 1 - OUtdegH(n)a 0)7

where p = outdegy (1) + outdeg (2) + - - - 4+ outdegy (n) — n. Since outdegy (1) =n — 1,
outdegy(n) = 1, and outdegy (i) = 2 for 2 < i < n— 1, we can rewrite the above equation
as

Ecar, ., (k) = Kg(2n — 4,2 — n, (—1)"72,0,0).
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Then, by (12), we obtain

J

~1
B (k) = [, - a2 a2 ) T (1—ﬁ) . (15)
(H)

(i.j)ek
Since every term in the expansion of

I (-2) -T0-2) (fLC-2) (- 2T 0-2))

(i,9)€EE(H

is homogeneous of degree 0 in the variables xg, x1,...,x,.11, we can set xyg = 1 in (15).
Moreover, since every term in the expansion of (1 — x;/x,,1)”" has a negative power of
Zn41 except for the constant term 1, we can omit the factors involving x,,1; in (15). Then,
by the same argument, we can also omit the factors involving x,, in (15) to obtain

n—1 —kn—1 —1n—2 —1
"o _ 1 T T;
By () = 37 x21-~-xnz1H(“;) I(-2) M- -

x
i=1 i=2 i=2 i+l

By replacing z; by x,,~; for each 1 < j < n —1 we have

n—1 —1n-3 -1
:L'.
E ar k) = n 2 n— 1_ Z k L= - Z ’

which is equivalent to (14) by (11). O

By Proposition 5, we can restate Theorems 1 and 2 as follows.

Theorem 6. We have

n n—1
1 k+1)n—2
CT,, ... CT,, [T - ) H;cm ) kn_1<( Tz )

Theorem 7. We have

n—2

CT,,...CT,, 1H1—xz "fH =) [ [ (@i =)

=1

B 1 kn+k+2n—-3\/n+k—-2
Ck(n+ 1) 4+n—2 n k—1 )

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(4) (2020), #P4.21 6



(0,0) (20,0)

Figure 3: A 5-labeled Dyck path of length 20. The labels of every consecutive down-steps
must be in weakly decreasing order.

(0,0) (20,0)

Figure 4: A doubly 5-labeled Dyck path of length 20. The down-steps labeled 0 and the
up-steps are the red steps and their additional labels are written in red. The red labels
must be in weakly increasing order.

3 Labeled Dyck Paths

In this section we give combinatorial meanings to the constant terms in Theorems 6 and
7 using labeled Dyck paths.

A Dyck path of length 2n is a lattice path from (0,0) to (2n,0) consisting of up-steps
(1,1) and down-steps (1,—1) lying on or above the line y = 0. The set of Dyck paths of
length 2n is denoted by Dyck,,.

Let k£ be a positive integer. A k-labeled Dyck path is a Dyck path with a labeling
on the down-steps such that the label of each down-step is an integer 0 < ¢ < k and
the labels of any consecutive down-steps are in weakly decreasing order, see Figure 3. A
doubly k-labeled Dyck path is a k-labeled Dyck path together with an additional labeling
on the down-steps labeled 0 and the up-steps with integers from {1,2,...,k} such that
the additional labels on these steps are weakly increasing, see Figure 4.

We denote by Dyck, (k) (resp. Dyck'® (k)) the set of k-labeled Dyck paths (resp. doubly
k-labeled Dyck paths) of length 2n. We also denote by Dyck, (k,d) the set of k-labeled
Dyck paths of length 2n with exactly d down-steps labeled 0.

A multiset is a set with repetitions allowed. Let ((:1)) = (”+m_1). Then ((;‘1)) is the

number of multisets with m elements taken from [n]. Equivalentlgfr: (1)) is the number of
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nonnegative integer solutions (ai, as, ..., a,) to a;+as+---+a, = m and also the number
of m-tuples (i1, s, ...,4,) of nonnegative integers satisfying 1 < i3 <is < ... < iy < N
The following proposition is immediate from the definitions of Dyck'® (k) and Dyck,, (k, d).

Proposition 8. We have
Dyer?0) =3 oy i, )
" — " n+d

We now show that the constant terms in Theorems 6 and 7 have the following combi-
natorial interpretations.

Theorem 9. We have

n n—1
CT,, ...CTy, [ [ = 2) ™ [ [ (i — 2:) ™" = | Dyck,_, (k, 0)].
=1 =1

Proof. Consider that we choose x{"x? - - z{* in (1 —z;)) "= (1+z;+22+--)---(1+
T+ axi4 ) fori=1,2,....n and we choose 2/t in (zip — )7t = 1w +
wifad )l 4o fori=1,2,...,n—1 Then [[\ (1 — ;) F [ (w1 — @)~ =
SO (i Trantbi=bioi™hy “here the sum is over all nonnegative integers a,;, b; for
1<i<nand 1l < j <k with by = —1 and b, = 0. Hence the left-hand side is the
number of the nonnegative integer solutions to the equations a;; +---+a;, = b;_1 —b; + 1
fori =1,2,...,nwithby = —1,b, = 0. If we set r; = b;_1 —b;+1, so that ri+ro+---+r; =
J+bo—b; <j—1, then the number of solutions is Y [];, ((f)), where the sum is over
all nonnegative integers ry,...,r, with ry +---+r; <j—1for j =1,2,...,n —1 and
r1+---+r, =n— 1. For such an n-tuple (ry,...,7,), let D be the Dyck path of length
2(n — 1) such that the number of consecutive down-steps after the ith up-step is ;.1 for
i=1,...,n—1. Themap (ry,...,r,) — D is a bijection from the set of n-tuples satisfying
the above conditions to Dyck,,_;. Under this correspondence, [];, (( f)) is the number
of k-labeled Dyck paths in Dyck,_;(k,0) whose underlying Dyck path is D. Therefore we
obtain the result. O

Theorem 10. We have

n

n—1 n—2
1
CTy, ...CTy, — [0 = 2) * [ (@0 — ) [[ (@i — = | Dyck™, (k)|
i=1 1=1

x1
T
L

Proof Similarly to the prev10us theorem, considering z{"z{* .- z{* in (1 — x;)~* and
2 okt in (v — ;) and 2§ /2% in (2, —2,;) 7!, we get that the left-hand side is the
number of the nonnegative integer solutions to the equations a;1+- - -+a;x+b;+¢; = 1+b;_1
for: =1,2,....n—1and apy + -+ app + bp +¢c, =n—14+c¢ + -+ + ¢,_1 with

bo = bn—l = bn = C, — 0. If we set T, = bz—l_bz+1 for ¢ = 1,2,...,71-1, then

the number of solutions is Zri o H?:_ll ((ch_ )) ((n—1+c1f~-~+c B )) where the sum is over all
nonnegative integers r;,¢; fort = 1,2, ... n—1withr;+---+r; <jforj=1,2,...,n—2
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and 7y + -+ 4+ r,_1 = n — 1. For such an n-tuple (rq,...,7,), let D be the Dyck path of
length 2(n — 1) such that the number of consecutive down-steps after the ith up-step is
r;fori=1,...,n— 1. The map (r1,...,r,) — D is a bijection from the set of n-tuples
satisfying the above conditions to Dyck, ;. Regard ((rﬁc)) as the number of r-tuples
(41,...,1,) of integers with k > iy > ... > 4, > 1 and i, o4y = -+ = i, = 0. Then
ZCZ_ H?:_ll (( T:Ci )) (( _ +c141:--- e )), where the sum is over all nonnegative integers ¢; for
1 =1,2,...,n — 1 with ¢; < r;, is the number of doubly k-labeled Dyck paths whose
underlying Dyck path is D. Therefore we obtain the result. O]

Note that by Proposition 8, we can compute the constant terms in Theorems 9 and
10 if we have a formula for the cardinality | Dyck,,(k,d)|. Therefore our next step is to
find this number.

4 A cyclic lemma

Let Dyck,, (k; ag, ai, . . ., ax) denote the set of k-labeled Dyck paths of length 2n such that
the number of down-steps with label i is a; for 0 < ¢ < k. In this section we prove the
following theorem using a cyclic lemma.

Theorem 11. We have

k
1 n+1
Dyck,, (k; = .
| Dyck, (k; ag, a1, . . ., ax)| n—|—1H<( a; ))

=0

Remark 12. A parking function of length n is a tuple (p1,p2,...,pn) € ZZ%, with a
condition that ¢; < @ for i« = 1,2,...,n where (q1,¢2,...,q,) is the rearrangement of
(p1,p2,--.,pn) in weakly increasing order. Let PF), be the set of parking function of
length n. There is a well-known bijection between PF,, and n-labeled Dyck paths of
length 2n which the number of each label from 1 to n equals 1. Thus, using Theorem 11,

we have
|PF,| =|Dyck,(n;0,1,1,...,1)] = (n + 1)""..

Remark 13. Recently, Yip [14, Theorem 3.18] considered a set Ty(n, ) of certain labeled
Dyck paths and found a simple formula for its cardinality using a cyclic lemma. Using
our notation, this set can be written

Ti(n,i) = U Dyck, (k+i—1;a9,...,a51,1%).

ag+-+ag_1=n—1

The proof of Theorem 11 in this section is essentially the same as that in [14, Theorem
3.18].

A k-labeled Dyck word of length 2n is defined as a sequence w = w; ... ws, of letters
in {U, Dy, D1, ..., Dy} satisfying the following conditions:

e The number of U’s is equal to n.
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e For any prefix w;...w;, the number of U’s is greater than or equal to the total
number of D;’s for 0 < i < k.

e The labels of any consecutive D;’s are in weakly decreasing order, i.e., if w; = D,
and w;.1 = Dy, then a > b.

Replacing each up step by U and each down step labeled ¢ by D; is an obvious bijection
from k-labeled Dyck paths to k-labeled Dyck words. For example, the k-labeled Dyck
word corresponding to the k-labeled Dyck path in Figure 3 is

UDUUUU D3U D3 DoUUU DyD3DyDoU D Dy (16)

From now on, we will identify k-labeled Dyck paths with k-labeled Dyck words using
this bijection. Note that Dyck, (k;ao,ay,...,ax) is then the set of k-labeled Dyck words
of length 2n in which the number of D;’s is equal to a; for 0 <7 < k. We can count such
words by using a well-known cyclic argument. We first need another definition.

An eztended k-labeled word of length 2n + 1 is a sequence w = wy . .. wq, 1 of letters
in {U, Dy, Dy, ..., Dy} satisfying the following conditions:

o w =U.
e The number of U’s is equal to n + 1.

e The labels of any consecutive D,’s are in weakly decreasing order, i.e., if w; = D,
and w;y1 = Dy, then a > b.

Define EW,,(k) to be the set of all extended k-labeled words of length 2n + 1. For
w=wi ... wen1 € EW,(k), we define the integer index(w) using the following algorithm.
Here, w = wy ... wa, 1 is cyclically ordered, which means that w, is followed by ws, ws is
followed by ws, and so on, and wsy,; is followed by w;.

e Find a letter U followed by a D; for some 0 < 7 < k in cyclic order and delete this
pair U and D; from w. Repeat this until there is only one letter left, which must
be U.

e If the remaining U is the jth U in the original word w then define index(w) = j.
We also define the shifting operator s : EW, (k) — EW,,(k) by
s(w) = Wiwiy1 -+ Wop W1 - - Wi,
where ¢ is the largest integer with w; = U.

Example 14. Let w = UD,DoUU DU € EW3(1). Then by the algorithm,
UD\DyUU DU — DoUUD\U — DyUU — U,

we get index(w) = 2 since the remaining U is the second U in w.
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Since the above algorithm treats the word w cyclically one can easily see that the
following lemma holds.

Lemma 15. For any element w € EW,,(k), we have
index(s(w)) = index(w) +1 mod n + 1.

Observe that for w = wyws . .. wa,+1 € EW, (k) we have w; ... ws, € Dyck, (k) if and
only if index(w) = n + 1. Therefore, by Lemma 15, for each w € EW, (k) there is a
unique integer 0 < j < n such that s/(w) = w'U for some k-labeled Dyck word w’ of
length 2n. This defines a map p : EW,,(k) — Dyck,, (k) sending w to p(w) = w'. Again,
by Lemma 15, this is a (n + 1)-to-1 map. Note that w and w’ have the same the number
of steps D; for each 0 < i < k. We have proved the following proposition.

Proposition 16. There is an (n + 1)-to-1 map p : EW, (k) — Dyck, (k) preserving the
number of D;’s for 0 < i < k.

We now can prove Theorem 11 easily.

Proof of Theorem 11. By Proposition 16, (n + 1)| Dyck,, (k; ag, a1, - . ., ax)| is the number
of elements w € EW,, (k) in which D; appears a; times for 0 < ¢ < k. Since consecutive
D;’s are always ordered according to their subscripts, such elements w are obtained from
the sequence U . ..U of n+1 U’s by inserting a; D;’s after U’s in ((";1)) ways for 0 < i < k
independently. Thus we have

k

(n+ 1)] Dyck, (ks ag, ax, ... ax)| = [ [ ((”a+ 1))

i=0

which completes the proof. n
As corollaries we obtain formulas for | Dyck, (k, d)| and | Dyck™® (k).

Corollary 17. We have

o= () ()

Proof. By Theorem 11,

o005 A2

The above sum is equal to the number of k-tuples (Ay, ..., Ax) of multisets such that
each element x € A; satisfies (n + 1)(i — 1)+ 1 <z < (n+ 1)i and 3.0, |A;] = n — d.
Since such a k-tuple is completely determined by A := A; U---U Ay, the sum is equal to
((k(:j;))), the number of multisets of size n — d whose elements are in [k(n 4 1)]. Thus
we obtain the formula. O
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Corollary 18. We have

2) B 1 kn+k+2n—-3\/n+k—2
| Dyek, = (k)] = k(n+1)+n—2< n k—1 )

Proof. We will use the following standard notation in hypergeometric series:

() - 3o

120

where (a); = a(a+1)...(a+i—1). By Proposition 8 and Corollary 17,

21|Dyck )\(<d+z_1>)

S DG ()

| Dyck®, (k

||
3
- o

(kn+n—2)I(k+n —2)! —n+1,k+n—1
= F ’ ;1) 1
W —Dln—DE= )12 ' —kn—n+2 (17)
By the Vandermonde summation formula [1, Corollary 2.2.3]
F 1) =
o ( ¢’ ) (©n
we have
2 —n+1Lk+n—-1_\ (=kn—2n—k+3),,
I “kn-n+2 ) (Ckn—n+2).
~ (bn+2n+k—-3)! (kn—1)!
 (kndn+k—=2) (kn+n-2)
By (17) and the above equation, we obtain the result. O

The constant term identities in Theorems 6 and 7 follow immediately from Theorems 9,
10 and Corollary 18. This completes the proof of Theorems 1 and 2 in the introduction.

5 More Properties of Labeled Dyck Paths

In this section we find volumes of flow polytopes of Pitman—Stanley graph PS,,; and
caracol graph Car,,; for certain flow vectors using Lidskii’s formula and k-labeled Dyck
prefixes.

A k-labeled Dyck prefiz is the part of a k-labeled Dyck path from (0,0) to (a,b) for
some point (a, b) in the path. The set of k-labeled Dyck prefixes from (0,0) to (2n—1,1) is
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(0,0)

Figure 5: An element of Dycky,,(3;2,3,2,1) whose steps are drawn in solid seg-
ments. By appending it with the two dashed down-steps, this element can be con-
sidered as an element in Dyckyy(3). This labeled Dyck path can be expressed as
UDyUUUUD3UDD,UUU DyDyDoU D, DyDgy, where the last two Dg steps correspond
to the dashed down-steps.

denoted by Dyck,, ;. We also denote by Dyck,, ;(k; ao, a1, ..., ax) the set of k-labeled Dyck
prefixes in Dyck,, ; such that the number of down-steps labeled j is a; for 0 < j < k.
Recall that Dyck,, (k) is in bijection with the set of k-Dyck words of length 2n. There-
fore one can consider an element in Dyck,, ; as a k-Dyck word of length 2n whose last i
letters are Dy’s. See Figure 5.
Now we find the cardinality of Dyck,, ;(k; ao, a1, ..., ax).

Lemma 19. We have

. k
i+ 1 n+1
\Dyckn’i(k:;ao,al,...,Gk)‘ = n+1H <( a; >)

J=0

Proof. Let EW,, ;(k) be the set of words w = w; ... ws,_;41 of letters in {U, Dy, ..., Dy}
with w; = U and exactly n + 1 U’s that satisfies the third condition of a k-labeled Dyck
word: the labels of any consecutive D,’s are in weakly decreasing order, i.e., if w; = D,
and w;11 = Dy, then a > b. For w € EW,,;(k), an index candidate of w is an integer j
satisfying the following condition:

e Find a letter U followed by a D; for some 0 < 7 < k in cyclic order and delete this
pair U and D; from w. Repeat this until there are i + 1 letters left, which must be
all U’s. Then the jth U in the original word w is one of the remaining U’s.

Note that there are ¢ + 1 index candidates for any w € EW,, ;(k).

Let EW;, ;(k) be the set of words obtained from a word w € EW,,;(k) by adding 7 Dy’s
to the left of the jth U in w for an index candidate j of w. Note that EW] ;(k) is a subset
of EW,,(k) which is defined in Section 4. Thus every w' € EW] ;(k) has length 2n +1 and
the unique index index(w’) exists. Then by the map p defined in Proposition 16, there is
an (n 4 1)-to-1 map from EW] (k) to Dyck, ;(k). Since there are (i + 1) ways to choose
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an index candidate for w € EW,, ;(k), we have

k

G+ D] ((“C‘; 1)) — (n+ 1)| Dyck, ,(k; ag, an, .., 1),

J=0

which completes the proof. O

5.1 Volumes of flow polytopes for the Pitman—Stanley graph.

Recall that vol Fps,,,(a") and vol Fpg,,, (a,b" ') were computed in [3] and [13]. In this
subsection using Lemma 19 we compute vol Fps, ,, (a1, ..., a5, 0" ") for 0 < k < 3. For
simplicity, we will consider PS,, ;5 instead of PS,, ;.

Note that PS,,;2 has 2n + 1 edges and t := (outdeg(1) — 1,...,outdeg(n +1) — 1) =
(1,1,...,1,0). Since PS,42|nt1 is the path graph on [n + 1] with edges (i,i + 1) for
1 <@ < n, one can easily see that Kpg, ,|.,,(s—t) = 1 for any sequence s > t. Moreover,

if s=(s1,...,841) = t, then s,.1 = 0. Thus Lidskii’s formula (Theorem 3) implies
n
vol Fps, (a1, ... anqp1) = ( >a51...a5".
+2( n ) 51+,;n_n S1,89, ..., 5n 1 n

(814eeey8m)=(1"7)

Thus, we have

n—k+1
vol Fpg,,,o(a1, ..., a5, b )
— § ' ( n )aiﬂ o aZkb5k+1+"'+Sn
1t Sn=n 51,82,...,8p

(815eeey8m)=(1")

n
n —
oy oy oo e
81,52,--+,5n

m=0 s1+--+sp=m Sk4+1+-+sp=n—m
(511'“73k)>(1k) (m75k+17~~~»5n)2(k71n7k)

" n
Z (m) bn_mAk,m(ab ce ,ak)Bn,k,m; <18)

m=0

where

m
J— S1 Sk
Apm(ay, ... a5) = E ( )al Coapr,
81,52, -+, Sk

S1+-+Ssp=m
(51500,5%)2(1F)

Bn,k,m: Z ( n_ms )

S Ce
ki1t t+sn=n—m kt1
(m75k+17“'7sn)>(k71n_k)

The following lemma shows that B, i, has a simple formula.
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Lemma 20. We have
Bpgm=(m—k+1)(n—k+ 1)

Proof. For a sequence (Sgy1,.-..,S,) of nonnegative integers, we have s 1 + -+ + s, =
n —m and (m, Sgy1,...,8,) = (k, 1) if and only if UD»UD* -1 .. . UD*+1UkD™ is a
Dyck path from (0,0) to (2n,0), or equivalently, UD*"U D~ ... UD?®*+ is a Dyck prefix
from (0,0) to (2n — m — k,m — k). Moreover, if such a sequence (Sgi1,...,S,) is given,
(Skf;msn) is the number of ways to label the down steps of this Dyck prefix with labels

from {0,1,...,n —m — 1} such that there is exactly one down step labeled j for each
0 < j <n—m—1 and the labels of consecutive down steps are in decreasing order. Thus

By km = | Dyckn,km,k(n —m—1;1"™)].
By Lemma 19 we obtain the formula. m
By (18) and Lemma 20, we obtain the following proposition.

Proposition 21. We have

vol Fps, ., (a1, ..., ag, b"_k+1)
= Z (;:L) V" m—k+ D) (n—k+ D" A (. ag),
m=0
where

m
_ S1 Sk
Apm(ay, ... a) = E ( )al Coapk.
S51,82,...,5k

s1+-+spg=m
(s1,0058)2(1%)

By Proposition 21, in order to compute vol Fpg, (a1, ..., ax, bk F1) it is enough to
find A (as, ..., ax). For k= 0,1, using this method we can easily recover the following
formulas in [3, 13]:

vol Fps, ., (a" ™) = a"(n+1)",
vol Fps, ,(a,b") = a(a + nb)" .

We now find a formula for this volume for vol Fpg, ., (ay, ..., a, b" %) for k = 2, 3.

n-+2 (

Proposition 22. For positive integers a, b, and c, we have
vol Fps, ,(a,b,c" ) =(a+b—c)a+b+ (n—1))" ' = (b—c)(b+ (n—1)c)" "

Proof. By Proposition 21,

vol Fps, ., (a, b, A = (n)c”_m(m —1)(n— 1) 1Ay, (a,b),
m
m=0
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where Ay o(a,b) = Az1(a,b) = 0 and for m > 2,

Aty = % (.m.)aibf = (a+b)™ — b

i \ind
(i.)>(1,1)

Thus

vol Fps, ., (a,b, A = (:1) A ((a4+0)"=0") (m —1)(n— 1)"‘”‘_1

N}

3

—_

(gn(a bye(n—1)) — gnlb, e(n — 1))

— fula+be(n—1)) + Falb,c(n — 1))), (19)

n—1

where

fe) =30 ("o = gy

n\L,Y) = z =@ )

Y 2 \m ) )
. n m, n—m n—1
gn(@,y) = ) m| )"y " =nz(z+y)" .
m=0 m

Simplifying (19) we obtain the result. ]

In a similar way one can check As,,(a,b,¢) = (a+b+ )™ — (b4 ¢)™ — ac™ ! and
obtain the following proposition. We omit the details.

Proposition 23. For positive integers a, b, ¢, and d, we have

vol Fps, ., (a,b,¢,d" ) = (a+b+c—2d)(a+b+c+ (n—2)d)""
—(b+c—2d)(b+c+ (n—2)d)" ' —na(c—d)(c+ (n—2)d)" >

5.2 Volumes of flow polytopes for the caracol graph.

In [3], Benedetti et al. computed vol Fegy, ., (a™) and vol Fear, ., (a,0"!) using unified
diagrams and conjectured a formula for vol Fear, ., (a,b, ¢"~?), see Proposition 26 below.
In this subsection we prove their conjecture. As before, for simplicity, we consider Car,,
instead of Car,, .

The caracol graph Car, 2 has 3n — 1 edges and t’ := (outdeg(1) — 1, ..., outdeg(n +
1)=1)=(n—-1,1,1,...,1,0). Note that s = (s1,...,8,51) > t’ implies s,,,1 = 0. Thus,
by Lidskii’s formula,

vol Fear, .o (a1, -, Gny1)

2n — 2 ) . -
— Z (S )all"'an"KCar”+2"((317"-a3n)—(n—171 1))

S$1+-+8sp,=2n—2
(51,08n) 2(n=1,1""1)
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Our goal is to find a formula for X := vol Fear,.,(a,b,¢*"1). By the above equation,

X = § ( 2n —2 >a81b82083+--~+sn
51,82, ...,8n

s1++sp=2n—2
(81,380 )=(n—1,1771)

X Kcarp ol (S1—=n+ 1,80 —1,...,8,—1).

By replacing s; by s; +n — 2, we obtain

2n — 2
X = a51+n—2b52633+...+5n
Z (31+n—2,32,...,3n>

S1++sn=n
(31:~-~75n)>(1n)

X Kcarna (51— 1,...,8, — 1).

Considering p = s1, ¢ = $9, and r = s3 + - -+ + s, separately, we can rewrite the above
equation as

2n — 2
X= ), (p )a”+”‘2b"c’"z4(p, q,7), (20)

prgtren +n—-2q,r
(p,9)=>(1,1)

where

r
A<pJQ7T): Z (83 s )KCarn+2n(p_17q_1783_17"'78n_]->‘

83+ +Ssp=r
(P,4,83,-,8n) 2 (1")

In the next two lemmas we find a formula for A(p, q,r) using labeled Dyck paths.

Note that every Dyck path of length 2n can be expressed uniquely as a sequence
UD%UD%-1 .. UD% of up steps U and down steps D for some n-tuple (di, ..., d,) € AR
such that dy +---+d,, = n and (dy,...,d,) > (1™). For nonnegative integers ay,...,a,
whose sum is at most n, let

D,(ay,... a,) = {UD"UD  UD™ ¢ Dyck, : d; > a;}.
Lemma 24. Let (s1,...,8,) € Z% with > | si =n and (s1,...,s,) = (1"). Then
Kcarnzn(51 =1, ..,8, = 1) = |Dp1(S2, ..., 80)|

Proof. Note that Caryis|, is a directed graph on [n] with edges (1,7) for 2 < i <
n and (7,7 + 1) for 2 < j < n — 1. By definition of Kostant partition function,
Kcarnzn((515--.,8,) — (1™)) is the number of nonnegative integer solutions {b1;, b; ;1 :
2<i<n,2< )< n— 1} satisfying

bio+big+ - +biy,=s5—1,
52,3 - 51,2 =59 — 1,

bjje1 —bj—1j —bi;=s;—1, (3<j<n),
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where b, ,11 = 0. The above equations are equivalent to

bio+big+ - +b =5 —1,
bijr1=(s2+ - +55)F(big+--+by)—(—1), (2<j<n).

Thus the integers b, ;11 for 2 < 7 < n — 1 are completely determined by the integers by ;
for 2 < i < n. Moreover, the condition b; ;11 > 0 for 2 < j < n — 1 is equivalent to
(s2,...,8n) + (bi2, ..., b1,) = (1"71) in dominance order. Hence Kcar, s, ((S15--.,85) —
(1)) is the number of (n—1)-tuples (by2, b13, ..., b1,) € Zggl such that byo+bi3+- - -+b1, =
s;— 1 and (s9,...,8,) + (b12, ..., b1n) = (1771).

Now let d; = s;41+b1,41 for 1 < i < n—1. Then we can express Kcar, 5[, ((51, ..., 5,)—
(1)) as the number of (n — 1)-tuples (di,...,d,—1) € Z%;" such that di + -+ + dp—1 =
n—1, (d,...,d,_1) = (1"1) and d; > s;41 for 1 < i < n — 1. Since the condition
(di,...,dn_1) = (1"71) is equivalent to the condition U D10 D%-2...U D% € Dyck
we obtain the desired result.

n—1>

]
Lemma 25. Let p,q and r be fived nonnegative integers with p+q+r =n and (p,q) >
(1,1). Then

Apar) =t =0 (" T = (TP ey

n—1 n

Proof. By Lemma 24,

r
A(pv%r) = Z (83 g >|Dn—1(Q7337~--73n)|'

S3+-FSp=r
(P,4,53,1-.,5n) 2(17)

We will give a combinatorial interpretation of each summand in the above formula
using labeled Dyck paths. Let s, ..., s, be nonnegative integers satisfying s3+---+s, =
r and (p,q,s3,...,8,) = (1"). Consider a Dyck path # = UD%1UD%-2 . UD% ¢
D,_1(q,83,...,8,). Then dy > q and d; > s;41 for 2 <7 < n — 1. Now we label the down
steps of m except the last consecutive down steps D% as follows:

e Distribute the r labels 1,2, ..., r, each label occurring exactly once, to the sequences
D1 Ddn—2 D% consecutive down steps of 7 so that the sequence D% gets 5,4
labels. There are (53 " ) ways to do this.

e Add d; — s;y; zero labels to the sequence D% and arrange the labels in weakly
decreasing order.

By this process, we obtain that (33 " )]Dn_l(q, S3,...,8,)| is the number of Dyck paths

7 = UD™1UD%-2 UD% together with a labeling on the down steps except the last
consecutive down steps D% satisfying the following conditions:

1.di =2 sy for2<i<n—1
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2.g<di<n—1—r.

3. The number of down steps labeled 7 is 1 for 1 < i < r.

4. The number of down steps labeled 0 is n — 1 —r — d;.

5. The labels of any consecutive down steps are weakly decreasing.

Summing over all possible s3,...,s, we obtain that A(p,q,r) is the number of Dyck
paths 7 = UD% -1 Dd%-2 UD% together with a labeling on the down steps of its
prefix UD%-1U D2 . UD% from (0,0) to (2n — 3 — dy,d; — 1) satisfying the above
conditions except (1). This implies

n—1—r

A(p,q,r) = Z | Dyck,, 54, 1(rsn—1—17—dy,17)].

di1=q

By Lemma 19,

Alp,q,m) = n_zlf nd_l . <<n B ?__:_ " )) (n—1)

di=

n—1—r
_ 2n—3—r—d;
=(n-1") :
(n ) dl( n—2 )

d1=q

Q

Replacing d; by n — 1 —r — 7, we have

Alp,q,7) = (n — 1)T1§(n_ 1_T—Z>(n_2+l)_
Since

mo1-r=i ("2 ) =2 -y (M 2))

we have
p—1 p—2 .
— 241 n—1+1
A — (n—1)"1 S (" 1 .
(p.q,7) = (n—1) <p+q l§:0< 09 ) (n )i:0< "1 ))
Finally the identity Zf:o (mnjl) = (m%“) finishes the proof. O
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Now we are ready to compute X = vol Feay,,,(a,b, " 1).

Proposition 26. /3, Conjecture 6.16] For positive integers a, b, and ¢, we have
Vol Fary,z(a,b,¢" 1) = Croya™ Ha+nb)(a+ b+ (n— 1)c)" 2,
Proof. By (20) and Lemma 25, we have

VOIFCarn+2 (a; b; Cn_l) - X — Y - Z7

where
m — 2 B n+p—2 B
Y = Z ( )aern qucr(pjtq—l)( >(n_1)r 1’
p+n—2q,r n—1
+q+r=n
(ha)>(1,1)
2n — 2 -2
7 = Z ( N n 5 )ap+n—2chr(n+p )(n—l)r.
r=n prn—z244qT n
o)D)

Note that in the above two sums, the condition (p,q) > (1,1) can be omitted since the
summand is zero if p =0 or (p,q) = (1,0). Thus

a"t (2n —2 n—1
Y = -1 p—114q — 1))
ST X wra-n(,") ey,

ptgtr=n
2n —2 -2
7 = Z < n 5 )ap+n—2chr(n+p )(n—l)r
pqrr=n p+n_ 4, T n
nf2n—2 n—2 9 ,
("), 2 ()
ptgtr=n

Using the multinomial theorem

Z < m )xiyjzkt”j = (zt+yt+2)™,
i,k

i+j+k=m

and its derivative with respect to t, i.e,

Z (i +J) ( mk> oy M = (4 y) (ot + gt + )"

i+j+k=m bJ
we obtain
Y =C,_1a" 'n(a+b)(a+b+ (n—1)c)" 2
Z =Ch1a™(n—1D(a+b+ (n—1)c)" 2,
and the proof follows. O
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