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Abstract

The main result of this paper is the construction of a bijection of the set of
words in so-called standard order of length n formed by four different letters and
the set N of all subspaces of a fixed n-dimensional maximal isotropic subspace of
the 2n-dimensional symplectic space V' over Fo which are not maximal in a certain
sense. Since the number of different words in standard order is known, this gives
an alternative proof for the formula of the dimension of the universal embedding of
a symplectic dual polar space G,. Along the way, we give formulas for the number
of all n- and (n — 1)-dimensional totally isotropic subspaces of V.

Mathematics Subject Classifications: 05B25, 68R15

1 Introduction

Configurations of points and lines are of significant importance since they occur for in-
stance as designs in combinatorics, geometry and algebra. These structures have been
extensively documented in [Lev29, Grii09, PS13], and historically, projective geometry has
provided important examples like the Fano plane [Dem68]. The configurations induced by
a projective geometry are completely characterized by a set of axioms for its points and
lines, and analogously we can find the configurations induced by the (dual) polar spaces.
The axiomatic formulation of a polar space was given in [BS74], while the axioms for a
dual polar space were developed in [Cam82]. An important example of a polar space is

*C. Segovia is supported by catedras CONACYT and Proyecto CONACY'T ciencias béasicas 2016, No.
284621.

THE ELECTRONIC JOURNAL OF COMBINATORICS 27(4) (2020), #P4.39 https://doi.org/10.37236/9754


https://doi.org/10.37236/9754

Figure 1: The Cremona-Richmond configuration.

the set of all totally isotropic subspaces of a given symplectic space whereas the set of all
maximal isotropic subspaces form a dual polar space.

In this article we consider a symplectic space V of dimension 2n. We denote by P,
the set of all maximal totally isotropic subspaces of V' and by L, the set of all totally
isotropic subspaces of dimension n — 1. They form a configuration of points and lines
Gn = (Pn, L) called the symplectic dual polar space, where the incidence relation is given
by inclusion of the subspaces. In the case when V' is a Fo-vector space, this structure is
completely understood and there is a vast literature on this matter [BCN89, Bru06, BC13].
The case n = 2 is of great importance because it gives the self-dual configuration called
Cremona-Richmond configuration [Cre77, Ric00] whose exciting history can be found in
[Bak10a, Bak10b]. In Figure 1 we show the Cremona-Richmond configuration, which has
fifteen points and fifteen lines such that every point is contained in exactly three lines and
every line contains exactly three different points. Starting from the symplectic dual polar
space G,, we construct its universal embedding U(G,) := Fo(P,)/n(F2(L,)), where 7 :
Fyo(L,) — Fy(P,) sends every line to the sum of its three elements. Brouwer conjectured
that the value of dim(U(G,,)) is given by the sequence (x,)n,en = (2,5,15,51,187,...) with
T, = (2" + 1)(2"7! + 1)/3 which is the sequence A007581 in [Slo]. This conjecture was
proved by P. Li in [Li01] and independently by A. Blokhuis and A. E. Brouwer in [BB03].
In this paper we are mainly concerned with the procedure employed by P. Li in [Li01] where
he considers sets N™ of subspaces of a fixed n-dimensional maximal isotropic subspace of
a 2n-dimensional symplectic space V over Fo. These subsets N™ are not maximal in a
sense to be made precise in Section 3. Every set N™ is subdivided into a disjoint union of
families which are constructed inductively. In our work we construct a bijection between
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the set N™ and a set of words of length n in so-called standard order, formed by four
different letters. Moreover, this bijection respects the inductive construction thus allowing
us to construct every element of N in a very simple way. As a consequence, our procedure
gives an alternative proof of the formula for the dimension of the universal embedding
U(G,) since the number of words can be easily counted. This construction establishes a
relationship between the first and the second of the many different interpretations of the
sequence (T,)neny = (2,5,15,51,187,...) (the sequences A007581 and A124303 in [Slo])
in the following list:

1. The dimension of the universal embedding of the symplectic dual polar space [BB03,
Li01].

2. The density of a language with four letters [MR05, SW15].

3. The number of isomorphism classes of regular fourfold coverings of a graph L with
Betti number n = 8(L) and with voltage group Fy x Fy [HK93].

4. The number of non-equivalent states of a Hanoi graph associated to the Hanoi tower
with n discs and four pegs [HKMP13].

5. The dimension of a certain centralizer algebra associated to a group of order 96
[KO16].

6. The dimension of the space of symmetric polynomials in 4 noncommuting variables
[BRRZ08, RS06].

7. An invariant of the group Z% of cobordism type, see [Segl19, CS18|.

Actually, all this is part of a more general setting with an arbitrary prime number p. In
[SW15] we considered a language with p? letters as a quotient of (Z, X Z,)" by the special
linear group SL(2,7Z). In the case of a dual polar space, we consider the totally isotropic
subspaces of an [F,-vector space V', where we get configurations with points P,, and lines
L, satisfying

n

P = [T+ 1) and 12,00] = =P TT0 + ).

k=1
. . . . . . n__ . .
where every line has p+ 1 points and every point is contained in ’;Tll lines. For instance,

for n = 2 this produces a sequence of self-dual configurations ((p + 1)(p* + 1))p ., for
prime numbers p, i.e., 1591, 4031, 15651, 40071, ... which we will call the p-Cremona-
Richmond configurations. The sequence 15,40, 156,400, 1464, ... appears as the sequence
A131991 in [Slo].

It is not a coincidence that there are many different but equivalent approaches to
the sequence (Z,)neny = (2,5,15,51,187,...) and the mathematics involved is of great
interest. In terms of a language with four letters, we have a correspondence with ordered
set partitions producing some type of quasi-Young diagrams which gives the dimension of
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the space of symmetric polynomials in four noncommuting variables [RS06]. The results
of the present work produce a bijection between a language and a base for the symplectic
Grassmannian of a dual polar space. In fact, this resembles the case for partitions when
we count the number of irreducible representations of the symmetric groups and in a
certain way, we have the number of n-cells for the Grassmannian [MS74].

The paper is organized as follows. In Section 2 we discuss the set W" of words of
length n in so-called standard order formed by four letters and we give a procedure for
the construction of all the words W™ from the ones in W". We obtain two proofs for the
formula for [W"| (proof of formula (1) on page 7 and Remark 6). In Sections 3 we outline
several facts on isotropic subspaces of symplectic Fo-vector spaces and the symplectic dual
polar space. Additionally, we review Li’s proof for the formula of the dimension of the
universal embedding of the symplectic polar space Sp,,(2) which allows us to construct
the bijection between the words W™ and Li’s vector spaces N *! in Section 4. This gives a
new proof for the formula for the dimension of the universal embedding of the symplectic
dual polar space in Theorem 18. In Appendix A we present the decomposition of the
collinearity graph I' for n = 2 and n = 3 in its subgraphs I';. In Appendix B we show
the construction of W+ from W" for n = 1,2,3, 4. Finally, in Appendix C, we present
a classification of words in W™ according to the eight cases specified in Section 2.

2 Languages

Let us consider a language with the four letters 0,1,2,3. For n € N we define Wwn =
{a1...a, : a; = 0,1,2,3} to be the set of all possible words of length n formed by
the letters 0,1,2,3. In this article we will be mainly concerned with the subset W" of
words in the so-called standard order [AS16, MRO5]. The set W™ consists of the words

aas . ..a, € W™ such that there exist 1 < J < k with:
R1
2 aj = 1,

(R1) a; =0 for i< j,

(R2)

(R3) a; €{0,1} for j<i<k,
(R4)

(R5)

=

=

4) ap =2 if k< n,
R5) a; € {0,1,2,3} for i > k.

Note that (R5) applies only if & < n. For a word a = ajas. .. a, the rules above can be
written compactly as

0 é a; é maxj<i{aj} + 1, 1 g 7 g n.

Note that our set W" is the special case W3' of the more general sets W' defined in
[SW15] for arbitrary prime numbers p.

Definition 1. The cardinality of W™ is called the density of the language W™. We use
the notation gy (n) := |[W"|.
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Example 2. We have W' = {0}, consisting of 1 word, W? = {00, 01}, consisting of 2
words, W3 = {000, 001,010,011, 012}, consisting of 5 words. For n = 4 there are 15 words
and the elements of W* are

0000 0001 0010 0011 0012
0100 0101 0102 0110 0111
0112 0120 0121 0122 0123.

The following theorem was already shown in [MRO05] and [SW15].
Theorem 3. For n € Ny the density of the language W™ is

W7 = g () = EHDETED 0

In the present work, we want to provide a different point of view, motivated by the
work of Li [Li01], and we will give an alternative proof of Theorem 3 after Proposition 4.
In what follows we study some facts which are fundamental for the proof of this theorem.

Let n > 2. We will show how all words in W"t! can be constructed from the words
in W".
e Case 1. Take an arbitrary word in W™ and attach 0 at the end. This gives a valid
word in W™t The number of all such words is gy (n).

e Case 2. Take an arbitrary word in W™ and attach 1 at the end. This gives a valid
word in W”t! and it is not contained in the words obtained in case 1. The number
of all such words is gw(n).

For Cases 3, 4, 5 we take an arbitrary word a = ajas...a, in W" which ends in 2 or
3. Note that this implies 1 € {aq, ..., a,_1} and that therefore a = ajas...a, 1fa, is a
valid word in W™+ for ¢ = 0,1, 2.

e Case 3. Insert the letter 0 before a,. Then we obtain the valid word a =
aias . ..a,—10a, € W".  Clearly this word is not contained in the words con-
structed so far.

e Case 4. Insert the letter 1 before a,,. Then we obtain the valid word a =
aias . ..apn_11la, € W™, Clearly this word is not contained in the words con-
structed so far.

e Case 5. Insert the letter 2 before a,. Then we obtain the valid word a =
aias . .. an_12a, € W™ Clearly this word is not contained in the words con-
structed so far.

The number of words in each of the Cases 3, 4, 5 is

#(words of length n ending in 2 or 3) = gw(n) — #(words of length n ending in 0 or 1)
= gw(n) —2gw(n — 1),

since #(words of length n ending in 0) = #(words of length n ending in 1) = gw(n — 1)
as in Case 1 and Case 2.
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e Case 6. Let ¢ = ajas...a, in W™ which ends in 2 or 3 and such that 2 €

{al, ceey an_l}.
Insert the letter 3 before a,,. We obtain the valid word @ = a1as . .. a,_13a, € W
Clearly this word is not contained in the words constructed so far.

e Case 7. Let a = ajay...a, in W™ which ends in 2 or 3 and such that 2 &
{ai, ..., ap_1}.
This implies that a,, = 2 and a; € {0,1} for 1 < j < n— 1. Attach 3 to obtain the
new word @ = aas . ..a,_123 € W™ Clearly this word is not contained in the
words constructed so far. The number of all such words is equal to the number of
strings of length n — 1 consisting only of 0 and 1, with exception of the zero string.
So the number of the words in this case is 2772 — 1.

The total number of words in the Cases 6 and 7 together is

#(words of length n ending in 2 or 3) = gy (n) — #(words of length n ending in 0 or 1)
=gw(n) —2gw(n —1).

e Case 8. Let @ =0...012 € Wn*!, Clearly this word is not contained in the words
constructed so far.

We say that a word @ € Wt is in Case k for k =1, ..., 8, if it is constructed from
a word a € W™ as described in Case k.

Proposition 4. Let n > 2. Then each word in W™ is constructed as in exactly one of
the Cases 1 — 8 above.

Proof. Let a = ajas . ..apa,4 € WnTL

e Suppose that a,1 € {0,1}. Then clearly @ is constructed either as in Case 1 or in
Case 2.

e Suppose that a,1 € {2,3}. Note that this implies 1 € {ay,...,a,}.

— If a,, = 0, we can erase it and obtain the valid word a = a; ...a,_1a,41 € W™
If we now apply the procedure of Case 3, we recover a.

—Ifa,=1landa=ay...a,_10,y1 is a valid word in W™, then we can apply the
procedure of Case 4 and we obtain again a. If a = a; ...a,_1a,1 is not a valid
word in W™, then necessarily @ = 0...012 and we have the word of Case 8.

—Ifa,=2anda=ay...a, 10,41 is a valid word in W™, then we can apply the
procedure of Case 5 and we obtain again a. If a = a; ...a,_1a,41 is not a valid
word in W, then necessarily a,,1 = 3 and 2 & {ay, ..., a,_1}. Then we can
apply the procedure of Case 7 to the word @’ = a; ... a,_1a, and we recover a.
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— If a,, = 3 then necessarily a = a;...a,_1a,.1 is a valid word in W™ and we
can apply the procedure of Case 6 to recover a. O

In Appendix C we give a classification of the words of W™ according to the cases
described above and in Appendix B we show explicitly how W"*! is constructed from W™
for n = 2,3,4. Proposition 4 allows us to prove the formula (1) as follows.

Proof of Formula (1). By Proposition 4 we know that, for n > 2,

W™ = gw(n+ 1) = 29w (n) + 4[gw(n) — 29w (n — 1)] + 1
= 6gw(n) —8gw(n —1) + 1.

From Example 2 we obtain that [W!| =1, [IW?| = 2, hence formula (1) is satisfied for
n = 1,2. Now suppose that the formula holds for all 7 < n. Then

gw(n + 1) = 69w (n) —8gw(n —1) +1

2n—1 1 2n—2 1 2n—2 1 2n—3 1
_ T ADET A T DET D)
3 3

2n2 4]
— % [6(2" ! +1)—8(2" 3 +1)] +1
2P+ )(2h—1)+3
B 3
B 22n71 + 2n+1 _ 2n71 +1 _ 227171 4+ on 4 27171 +1
B 3 - 3
@2+t

Remark 5. An alternative proof of Proposition 4 makes use of the formula (1) for |gw (n)|
which was already proved in [MRO05] and [SW15]. Then it is sufficient to prove that the
number of words obtained by the Cases 1 to 8 is equal to |W"!| because we already
know that all cases are disjoint and that every word constructed in these cases belongs to
Wn+l That is, we have to show that

gw(n+1) =2gw(n) + 6[gw(n) — gw(n —1)] + 1.

This is a straightforward calculation.

Proposition 4 gives yet another way to calculate |IW"| as the next remark shows.

Remark 6. We showed that with the rules in Cases 1 to 8, each word in W™ which ends
in 0 or 1 gives rise to exactly two words in W"™! (Cases 1 and 2). They again end in 0
or 1. Each word in W which ends in 2 or 3 gives rise to exactly six words in W"*!, two
of which end in 0 or 1, and four of them end again in 2 or 3 (Cases 3, 4, 5 and either 6 or
7). In addition we have the word from Case 8.
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Let gw(n) = |W"| and

s(n) = number of words in W" which end in 0 or 1,

t(n) = number of words in W" which end in 2 or 3.
Then we obtain ¢(1) =#(2) =0, t(3) =1, s(1) =1, s(2) =2, s(3) =4 and for n > 2

gw(n+1)=2s(n)+6t(n)+1, s(n+1)=2s(n)+2tn), t(n+1)=4t(n)+ 1.

Iterating the formula for ¢(n), we find t(n) = £- 32 L. For s(n) we find

n—3 n—3
) 1 . .
__ on—3 _ s\ — on—1 - 2n—4-25
s(n) =2"7s(3) + E tn—j)=2""+ 3 g 27(2 T —1)
Jj=1 7j=1
9 n—4 n—4

__ on—1 2n—6—j j
=2 —|—§ <E_ 2 7 — E_ 2]>

2

— 2n71 4+ = 277, 2 Z 2] on— 1 (2TL72 _ 1)(27173 o 1)

w
C»DIN)

1 1
— 5(3 . 2n—1 + 22n—4 . 2n—1 . 2n—2 + 2) — g(2271—4 + 2n—1 + 2n_2 + 2)
So we find again formula (1) for gy (n):

1 1
gw(n) = s(n) +t(n) = 3 (22t g2l 2224 qn 2 ) = 3

e+
_ . .

[2277,73 + 21171 + 277,72 + 1]

Definition 7. Let us introduce some more notation. We define the following subsets
of W™
Wy :={a1...a,-10:0a; =0,1,2,3} = all words ending in 0,
Wit :={ai...an—11:0a; =0,1,2,3} = all words ending in 1,
Sy :={ai...an—20b, :a; =0,1,2,3, b, = 2,3} = all words ending in 2 or 3 with a,—1 =0,
St :={ai...an—21b, :a; =0,1,2,3, b, = 2,3} = all words ending in 2 or 3 with a,—1 =1,
Sy :=={a1...an—22b, :a; =0,1,2,3, b, = 2,3} = all words ending in 2 or 3 with a,—1 =2,
Sy :={a1...an—23b, :a; =0,1,2,3, b, =2,3} = all words ending in 2 or 3 with a,—1 =3,
S" =Sy USTuUSyuUSy,
Cl:={a1...ap—223:a; =0,1},
Cy :={a1...ap—12:a; =0,1} = all words with a,, = 2 and no other 2,
cr={0...012}.
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Observe that CT C 53, C§ C ST and that
Wn+1 — Wéw—i-l L W1n+1 L S(?)H—l L S{L—H L S;H—l L Sg-i—l

where LI denotes the disjoint union. Now we define the insert operators for k =1,... , n+1
and £ =0,1,2,3 as follows:

. 17+l B
kot W — W pelar...an) =ai...ap1lag. .. ap.
For n € N and 1 < j < n we define the erase operators
. 17n—1 o
E;l W= W y E;Z(al...an)—al...aj,lajﬂ...an.

It should be observed that for a € W" and j € {1,2,...,n}, the word E}(a) is not
necessarily a word in W1,

With this new notation, the results of this section so far can be summarized as follows.
Theorem 8 is essentially Proposition 4 with the constructions of words expressed by maps
which will be useful later in Theorem 9 and Theorem 17.

Theorem 8. Let n € N. Then the following maps are bijections:

Ao S"— St (Case 3)

An . Sn N Sn-i—l Cm-{-l’ C 4

Al o WP — Wt (Case 1) An,1 . Sl B i C3+1 Ecase 5;
) no_. n_, gn n 7 ase

Ay s WP — WP (Case 2) AZQ oo sz+1 1 o
n3 - 2 O3, ase

Az Cy — (Case 7)

and Wn+1 — W(;H_l L Wln—i-l L SSL-H L (5711+1 \ C«g—i—l) L (S;H_l \C?—H) L Sg-i—l L C{H—l L C;)H_l
is the disjoint union of the images of the maps above and Cy+.
The inverses of the maps above are

Bt Sptt— s,
EZ—H . S?-l—l \ C«g—i—l N Sn,
+1 . +1 +1
EML . gt ontt o g
ErtL SpHl  5m\ OF,
n+1 . n+1 n
ENT Ci™ — (5.

n+1 . n+1 n
EM Wittt s W,
n+1 . n+1 n
Eyy Wi = W,

Moreover,

(Wrt | = Wit = gw(n),
[So = ST\ G5 = S5\ OF Y| = gw(n) — 29w (n — 1),
1S5 + 101 = gw(n) — 2gw(n —1).

Theorem 9. For every word a = ay ...a, € W™ exactly one of the following holds.
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(a) There is exactly one sequence of maps A', A* ... A""! such that a = A""'--. AY(0)
where the A7 are maps of type Aﬁya as in Theorem 8.

(b) There is exactly one k < n and ezactly one sequence of maps Ak ARFL AP such
that a = A" 1... A¥(d') where the A7 are maps of type Ay, as in Theorem 8 and

ad=0...012¢e Wk,

Proof. The claim follows immediately from Theorem 8. Recall that W™ is the disjoint
union of the ranges of the seven maps given in Theorem 8 and C¥ = {0...012}. Therefore,
every word a € W™ belongs either to C% or to the range of exactly one of the seven maps.
If a € C}, then (b) holds with ¥ = n. Otherwise there is exactly one map A"~! and,
by the bijectivity of these maps, exactly one @’ € W™ ! such that a = A" 'a’. Now we
repeat his process until we either fall in case (b) for some 1 < k < n or we reach the word
0. O

3 Symplectic dual polar spaces

For a symplectic space (V,w) of dimension 2n over the field with two elements [Fy, consider
subspaces U with w(U) = 0, called totally isotropic. A subspace U of V is called a
mazimal totally isotropic subspace if it is totally isotropic and not properly contained in
any other totally isotropic subspace of V. Every maximal totally isotropic subspace X
has dimension n. Every totally isotropic subspace X with dim X = n — 1 is contained in
exactly 3 different maximal totally isotropic subspaces. Moreover, every maximal isotropic
subspace contains exactly 2" — 1 totally isotropic subspaces of dimension n—1. We obtain
a configuration of points and lines G, := (P,, L), called the symplectic dual polar space,
where

e P, = the set of all maximal totally isotropic subspaces of V;
e [, = the set of all totally isotropic subspaces of dimension n — 1 of V.
In [BCN89, Lemma 9.4.1], Brouwer, Cohen and Neumaier give the following formula for

the number of all maximal totally isotropic subspaces of a 2n-dimensional symplectic

space:
n on

Pl = [(2" +1) and |£,| = H (2% +1).

k=1 k=1

Every totally isotropic subspace X with dim X = n — 1 is contained in exactly p+ 1
different maximal totally isotropic subspaces. We obtain a configuration of points and

lines G, (p) :== (Pn(p), L.(p)), where

n TL 1 n ’VZ n
IPn(p)I=Z[(k) ”“] Hp +1) and|£|— 1Hp +1).
P k=1 k=1

k=0

For p = 2 we denote G,, := G,(2).
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Definition 10. For the symplectic dual polar space G, we define its collinearity graph
I' as the graph whose vertices are the points of P,, and two vertices are adjacent if and
only if the corresponding points are collinear in G,. This is also called the Menger graph,
see [Cox50].

For example, G; consists of one line and three points, so its collinearity graph is a
triangle.

Definition 11. An embedding of G, is an Fy-vector space F together with a map 6 :
P,, — E such that

1. 8(P) # 0 for every P € P,,
2. E = span{Rg(0)} where Rg(d) = 0(P,,) is the range of 6.
3. 0(P)+6(Q) +0(R) =0 for every line L = {P,Q, R} € L,,.

Such an embedding can be constructed as follows. Let Fy(L,) and Fo(P,) be the
Fo-vector spaces freely generated by the lines £,, and the points P, respectively. Since
every line L € L, can be written as L = {P,Q, R} where P,Q, R € P, are the three
points contained in L, we have the following map

The quotient U(G,) := Fo(P,)/n(Fa(L,)) is called the universal embedding module and
we define the canonical map
0:P, — UG).

Clearly this is an embedding of G,; it is called its universal embedding. Note that any
other embedding is a quotient of the universal embedding. The dimension of the universal
embedding of the polar dual space is dim(U(G,,)).

Brouwer proved in 1990 that

_ 2+ 12"+ 1)
dim(U(Gy)) > ;

(2)
and conjectured that (2) is in reality an equality. The conjecture was proved by Li [Li01]
and independently by Blokhuis and Brouwer [BB03].

Theorem 12 ([Li01, BB03]). The dimension of the universal embedding of the polar dual
space, dimU(G,,), is
2"+ 1)(2" ' +1)

3 :

Definition 13. Let P and ) be vertices in a connected graph I'. A path from P to Q)
of length n is an ordered set of vertices Vo) = P, Vi,...,V, = @Q such that V;_; and V; are
connected by an edge. The minimal length of all paths connecting P and (@) is called the
distance between P and ().

dimU(G,) =
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Definition 14. Consider the collinearity graph I' associated to the symplectic dual polar
space G, and fix a vertex X, in the graph I'.  We denote by I'y the induced subgraph
formed by the vertices of I' which have distance k from Xj.

It can be shown that all maximal isotropic subspaces P, @) and R of V satisfy the
following;:

1. dim(XoNP)=n—kif and only if P € T';.

2. P and @ belong to the same connected component of I'; if and only if Xo N P =
XoNQ.

3. The induced subgraph I, consists of exactly one connected component and I'; con-
sists of exactly 2" — 1 disjoint connected components.

4. Suppose P, @), R are pairwise different and collinear. Then two of the spaces belong

to the same I'y, and the third one belongs to I'y_;.

Example 15. Following [Li01], we write vectors w € V as row vectors w = (wy, . .., Way,)
v1

and for vectors vy,...,v, € V, we set ( : ) := span{vy, ..., v}

Vg

e Let n=1. Then V = [F2 and its maximal isotropic subspaces are exactly the spans
of the non-zero vectors of V. So we have P; = {(10), (01), (11)} and £; = {(00)},
in particular dim U(G;) = 2.

e Let n = 2. Then V = Fj and the elements of P, are exactly the 15 following
two-dimensional maximal isotropic subspaces:

1000 1000 1001 1001 1010
0100/’ 0101 )"’ 0110/’ 0111 )”’ 0100/
1010 1011 1011 1100 1101
0101/ ° 0110/~ 0111 )” 0011/~ 0011/~
1000 1010 0100 0101 0010
0001/’ 0001/’ 0010/’ 0010/’ 0001/~
The lines £, are exactly the 15 following one-dimensional isotropic subspaces:

(0001), (0100), (0111), (1010), (1101),
(0010), (0101), (1000), (1011), (1110),
(0011), (0110), (1001), (1100), (1111).

e Let n = 3. Then V = TF§ and the sets P3 and L3 consist of 135 point and 315 lines,
respectively (see Appendix A).
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In the rest of this section we describe briefly how Li in [Li01] used certain vector spaces
to count dim U(G,,) and thereby proved Theorem 12. Since (2) was already known, only
the reverse inequality < had to be proved.

To this end, Li considers the collinearity graph I' defined by G,,. As before, we fix a
point X, in I' and we set 'y, to be the set of all points in I' which have distance k from
Xp. Since every triangle in I' contains two elements from I'y, and one from I'y_; for some
k=1,...,n, it follows that 0(Y) € span{f(I'y)} for every Y € I';,_;. Thus we have the
following filtration of U(G,,)

{0} C span{f(I'o)} = span{f(Xo)} C span{f(I'1)} C --- C span{0(I'y)} = U(Gy)
and consequently

U(G,) = span{f(To)} @ (span{#(I'1)}/span{f(Io)}) & --- @& (span{f(I'y)}/span{f(T,_1)}).

Recall that two points P, () belong to the same connected component of I';, if and only if
PNXy = QNXy. Clearly, this is the case if and only if §(P) = 6(Q)) mod span{f(I'x_1)}.

Now let n > 3 and 2 < k <n—1andlet L, M C X, be subspaces with dim L =
n—k—1and dimM = n — k + 2. Then there are exactly 7 subspaces L C R; C M
with dim R; = n —k, and 237':1 0(R;) =0 mod span{f(T's_1)} where R, is any maximal
totally isotropic subspace of V' with fij N Xo = R,.

For 1 < i < n we set W; to be the Fo-vector space freely generated by all i-dimensional
subspaces of X and for 1 <4 < j < n we set W;; to be the [Fo-vector space freely generated
by all flags X <Y in Xy where dim X =i and dimY = j. Let {e;} be the natural basis
of W; and {ex<y} the natural basis of W;;. Let us define the incidence map

¢n—k : Wn—k—l,n—k+2 — Wn—k, ¢n—k(€X<Y) = Z er,.

XCLCY
dim L=n—k

Moreover, we have a natural surjection
hav—k = Wi, — span{0(I'x)}/ span{0(T'x—1)}.

It follows from the above that h,_j o ¢,_; = 0, hence the induced map

Bt : War/ Rg(én—k) — span{0(L'x)}/ span{d(T1)}

is well-defined and surjective. Therefore

dim U(G,) = dim ('span{0(T)}}) + dim (‘span{6(I')}/ span{0(T)} )
+ ”zj dim (span{@(I‘k)}/ Span{e(rk—l)}>
+ dim ((span{0(T)}/ span{o(T', 1)}
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n—2

<1+(2"-1)+ Zdim (Wj/Rg(d)j)) +1

j=1
n—2

=1+2"+ Y dim(W;) — dim(Rg(¢;))
j=1

= Z dim(W Z dim(Rg(¢;)), (3)

where in the last step we have used that dim W, = dimW, = 1, dimW,,_; = 2" — 1.
In order to evaluate the right hand side, Li introduces the following order on X, = F7.
Let e, ..., e, be the standard basis of F} and let v = aye; + -+ + a,e, and w = Bre; +
-+ + Bhe, in F. Then we define the support and weight of v as

suppv ={j:a; #0},  wtv=[suppv|

and we set m(v) = min(suppv) and M (v) = max(suppv). We obtain a total order on F3
by setting v > w if and only if thereisa 7 =1,...,n such that o = B for all 1 <k < j
and (o, 3;) = (1, 0).

If L C F3 is a subspace, we set supp L = |J,,suppv and m(L) = {m(v) : v €
L}. Tt is not hard to see that dim L = |m(L)|. The so-called reduced echelon basis
of L is the unique basis vy, ..., v, such that m(v;) is strictly increasing and m(v;) #
supp{v1, ..., Vj_1, Uj41, ..., Uxy. This basis is obtained easily if we take an arbitrary
basis of L, form the matrix whose rows are these basis vectors and apply the Gauf3-
Jordan procedure to obtain a reduced row-echelon matrix. The rows of this new matrix
form the reduced echelon basis of L. Now we define an order on the subspaces of F% as
follows. Let L, L’ be subspaces of F with dim L = dim L' = k and reduced echelon basis
vy, ...,U, and vy,..., v, respectively. Then we say that L > L’ if thereis j = 1,...,n
such that vy, = v for k > j and v; = v].

Recall that an element A € Rg ¢, is a formal sum of k-dimensional subspaces of Xj.
Let us set Ay = {maxA : A € Rg(¢x)}. Then it is not hard to see that dim(Rg(¢x)) =
| Al

Now we define N := {L € Xo} \ U} Ax to be the set of subspaces of X, which
belong to no Ay. Clearly, all the sets Ay, are disjoint. Recall that dim W, is the number
of all subspaces of Xy of dimension j. So we obtain from (3)

dim U(G,) < Z dim(W Z |A;| = |N™. (4)

Li gives a clever description of the elements in N/ using the reduced echelon basis as
follows, see also [McCO00].
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Theorem 16. Let L be a k-dimensional subset of Xo with reduced echelon basis vy >
oo =y, Then L € N™ if and only if the following four conditions are satisfied:

(N1) wtv; <2 forallj=1,... k.
(N2) If v, = vs and wtv, = wtvs = 2, then M(v,) < M (vs).

(N3) If v, = vs = v, wto, = wtvg = wto, = 2 and M(v,) = M(vs) < M(v;), then
m(ve) > M(v,).

(N4) If v, = vs = vy = v, and wtv, = wtv, = wtv, = wto, = 2, then it is impossible
that M (v,) = M(vs) = M(v) < m(vy).

Note that the last condition in (N4) is equivalent to M (v,) = M(vs) = M(vy) < M(vy)
by condition (N3). Then Li shows how N"™"! can be constructed from A™ and thus is
able to show that
2"+ 12" +1)

3 ;
proving the formula in Theorem 12. In addition, it follows that the functions Ton_, are
bijections and that Rg(¢x) = ker(h,_x).

If we modify slightly Li’s construction of N™™! from N™, then it is analogous to how
we constructed W™ from W”. In the next section we will show how this allows us to
construct a bijection between W™ and N™.

N =

4 Bijection between words and vector spaces

As in [Li01] we set g(n) := |[N™|. Before we continue, let us give some examples of N
We use the notation of Example 15.

e The set of all L € N is (0) and (1) and g(1) = N = 2 = gw(2).

e The set of all L € N2 is, in ascending order, (00), (01), (10), (11), (4?) and g(2) =
NV? =5 =gw(3).

e The set of all L € N3 is, in ascending order,

(000), (001), (010), (100), (011), (101), (110),

010 100 110 100 101 100 101 (1)(1)8
001"’ 001/’ 001"’ 010/ ”’ 010/~ 011/~ 011/~ 001

and ¢(3) = |N?| = 15 = gw (4).
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Now we show how AN™ can be constructed from N™ ! for n > 2. For this to be
analogous to the process for the passage from W™ to W' we have to modify Li’s
procedure slightly.

In what follows, we identify vector spaces L with the matrix A whose rows consist of
the reduced echelon basis of L and we use the following notation: If v € F2~!, then we
denote by v € F the vector obtained from v by appending a 0 and by v € F} the vector
obtained from v by inserting a 0 between the last and second to last component of v. The
kth unit vector in Fy is denoted by ej.

We will say that a vector space L € N is in Case K for k' = 1,...,8 if it is
constructed from a vector space L € N™ ! as described in the Cases k' below. For
examples of these constructions, see the ones in Example 19.

e Case 1’. Take an arbitrary vector space in N~ with reduced echelon basis v; >
-+ = v;. Append 0 to each of these vectors in order to obtain vy > -+ > v;. Then
clearly L € N™ and dim L = dim L. We denote this construction by

aZBI: N”_1—>N”, L— L.

Note that each vector space L obtained in this way has the form L | for

0

some vector space L € N™ 1. The total number of such vector spaces L is gln—1).

e Case 2'. Take an arbitrary vector space in N~ with reduced echelon basis v; >
<+« > vp. Append 0 to each of these vectors in order to obtain v = - = v and
augment this basis by e to a reduced echelon basis of L := span{vy,...,vx, e}
Then clearly L € N™and dim L = dim L + 1. We denote this construction by

ozz’_llz N N L— L.

Note that each vector space L obtained like this has the form for

0
0 ... 01

some vector space L € N™ 1. The total number of such vector spaces L is g(n—1).

By construction, every vector space obtained in Cases 1’ and 2’ has either only zeros in
the last column or its last line is the vector e.

For the remaining cases 3’, 4’, 5, 6" and 7’ we take an arbitrary vector space L € N}
with reduced echelon basis vy > --- > v such that n — 1 € supp L and v, # er. This
means that the matrix consisting of the row vectors vy, ..., v, has at least one 1 in its last
column and the last row is not equal to €~} and L cannot have been obtained from (0)
or (1) € N'! by using only the constructions described in Cases 1’ and 2'.
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e Case 3’. Insert a 0 in front of the last goordinate of each of the basis vectors
in order to obtain v; > --- > v and set L := span{vy, ..., Uy}. We denote this
construction by

n—1 .
oy 1o L= L.

)

Clearly L € N™ and dim L = dim L.

e Case 4'. Asin Case 3/, insert a 0 in front of the last coordinate of each of the basis
vectors in order to obtain ¥y > --- > vy and set L := span{vy, ..., U, e_;}. We
denote this construction by _

a1, L L.

)

Clearly L € N™ and dim L = dim L + 1.

e Case 5'. Asin Case 3/, insert a 0 in front of the last coordinate of each of the basis
vectors in order to obtain vy > --- = U and set L := span{vy, ..., U, e'_; + €'}
We denote this construction by

n—1 .
o, 19 L L.

)

Clearly L € N and dim L = dim L + 1.
The number of vector spaces in each of the Cases 3',4', 5 is
gln —1) — #(L € N ! with last column zero or vy = ¢e""] ) = g(n — 1) — 2g(n — 2)

because #(L € N™! with last column zero) = #(L € N"~! with v, = €""}) = g(n — 2)
as in Case 1'.

e Case 6’. Let L € N™ ! with reduced echelon basis v; > --- > v, such that either
the last column of A has at least two ones (this corresponds to case 6 in [Li01]), or
such that the last column has exactly one 1 and that this 1 is not in the first row

(this is a subset of the cases 7b, ¢ and d of [Li01]).

— Case 6’a. Assume that the last column of A has at least two ones. Then every
row with a 1 in its last column must have weight 2. Set j = min{¢ : M (v,) =
n — 1} = highest row of A with a 1 in the last column. Let b < n — 1 such that
v; = ey ' 4el"1. For £ # j we let U; be the vector in F" which is obtained from
ve by inserting a 0 between the last and the second to last component of wy.
Then we set L = span{@y, ..., 0j_1, e} ' +e'"1, Ujt1, - .., Ur}. In words: we
append to A a zero column and then we push the 1s in the (n — 1)th column
below the jth row out to the new nth column. The matrix A’ corresponding
to L has exactly one 1 in the second to last column; this occurs in a row with
weight 2, different from the last row and there is at least one row of the form

e" + ¢ with a > j. Note that dim L = dim L. This is the case 6 in [Li01].
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— Case 6'b. Assume that the last column of A has at exactly one 1 and let j > 2
such that v; = e"~! + 1. Let b = max{M (v,) : £ # j}.
If b < a, then necessarily j = k and we set L= span{vy, ..., Up_1, €, el | +
er} (this is part of case 7a in [Li01]). Note that dimL = dim L + 1.
If @ <b<mn—1and there exists £ > j with b € suppuw, then v, = v}, =

ey”! and b ¢ suppv,, for m # (. We set L = span{oy, ..., 0j_1, e +
ey, Vj41, -5 Uk—1,€p_1 + €} (this is part of case 7b in [Li01]). Note that
dim L = dim L.

If a < b < n—1and there exists £ < j with b € supp vy, then wt v, = 2 and there
is ¢ < a < bsuch that vy = e?! 4 ¢! We set L = span{vy, ..., U;_1, e +
ey, Vj41, -, Uk—1, Uk, €p_q +er} (this is case 7c in [Li01]). Note that dim L =
dim L + 1.

We denote these constructions by
ozZ:i3 L+ L.

e Case 7. Let L € N™ ! with reduced echelon basis v; > --- = v such that L is
not in case 6°. Then wtv; = 2, n —1 € suppwv; and n — 1 & suppv, for j > 2.
That implies that wtv; = 1 for j > 2. Moreover, it implies that L originates from

a vector space L € N7 in Case 8 using only the constructions described in Cases 3’
and 4'.

Let v; = ef ' +e"~L If dim L = 1, we set L = span{e}l, €”_, 4e"} (this corresponds
to 1-dimensional vector spaces of case 7a in [Li01]).

If dim L > 1 and vy = "', we set L = span{el + €™, Dy, ..., o1, €*_, 4 €} (this
corresponds to some of the vector spaces of case 7b in [Li01]).

We denote these constructions by
aﬁfgl L L.
The total number of vector spaces in the Cases 6’ and 7’ together is
g(n —1) — #(L € N ! with last column zero or vy = €'~} ) = g(n — 1) — 2g(n — 2).

e Case 8. Let L = (0---011) € N™. Clearly this vector space is not contained in
the spaces constructed so far.

It is not hard to see that the vector spaces constructed above are all pairwise disjoint
and that they all belong to N™. Moreover, it can be seen that we obtain every L € N
in exactly one way.

It is clear that the cases k for words and k' for vector spaces correspond to each other.
E.g., appending a 0 to a given word corresponds to appending a zero column to a vector
space (Case 1 and 1'); appending a 1 to a given word corresponds to appending a zero
column to a vector space and adding the base vector z, (Case 2 and 2'); etc.

Therefore we obtain the following theorem in analogy to Theorem O:
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Theorem 17. Letn > 2. Then for every vector space L € N™ ezactly one of the following
holds.

(a) There is exactly one sequence of maps B, ..., B""' such that L = B"~'--- B*(0) or
L = B""'---B*(1) where the B’ are maps of type o, as in the cases above.

(b) There is exactly one k < n and ezactly one sequence of maps BX, B*1 ... B"! such

that L = B! ... Bk(z) where the B7 are maps of type &z’a as in the cases above and
L=(0...011) € N*,
Proof. From what we just saw, N is the disjoint union of {(0---011)} and the ranges

n—1 n—1 n—1 n—1 n—1 n—1 n—1 :
of the seven maps oy, an71, @ 10, Qp_11, O 19, Ay 13, Q3 . Now the proof is

essentially the same as the proof of Theorem 9: Given a vector space L € N, it is either
equal to (0---011) or it belongs to the range of exactly one of the seven maps above. If
L = (0---011), then (b) holds with k = n. Otherwise there is exactly one map B"!
among the maps above and, by the bijectivity of these maps, exactly one L' € Nt such
that L = B"'L’. Now we repeat his process until we either fall in case (b) for some
1 < k < n or we reach the vector space (0) or (1). O

Now Theorem 9 and Theorem 17 together give a bijection between Wt and N™.
Theorem 18. Let n € N. We have the following bijection
L\ Ay VA
defined as follows.
1. ¥(00) = (0), w(01) = (1).
2. Ifa=0...012 € W™ we set U(a) = (0...011) € N™.

co

Ifa=A""1-.. A%(00), we set L = B"'... B%(0).

-~

Ifa=A""1... A%(01), we set L= B""'... B%(1).
5 Ifa=A""1...A*0...012), we set L = B"~'-.. B¥(0...011)

where we use the correspondence Ay, ; <— 04231 for j = 0,1, A}, «— ozfl_ij for
Jj=0,1,2,3, and A}, | 5 azgl. In particular, IN"| = gw(n+ 1) and

@ +nE 1)

dimU(G,) = 3

Proof. From Theorem 9 and the results in this section it is clear that ¥ is a bijection, in
n n—1
particular it follows that |[N"| = gw(n + 1) = w Therefore, the formula for

dim U(G,,) follows from (2) and (4). O
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Example 19.

1000000
e V(01010010) = [ 0010000
0000010
101000
e U(0123210) = | 010100 | as the following diagram shows:
000010
A3, Als 8.1 AS
012 W 0122 W 01232 W 012321 T’el> 0123210
‘W
w
3 4 5 10100 6 101000
Qs 9o 101 Q43 1010 Qg 1 azo
(11) —_— —_— ———— | 01010 | ————— | 010100
Case 5’ 011 Case 6’a 0101 Case 2/ Case 1’
00001 000010
0100000
0010100 ) .
e U(00122333) = 0001100 | 2 the following diagram shows:
0000011
Ads A2, Ag s AT,
0012 ———— 00123 ————— 001223 ———— 0012233 ———— 00122333
Case 7 Case 5 Case 6 Case 6
\
v
4 5 01000 6 010000 7 0100000
Qs 3 0100 g o Qg o Q73 0010100
(011) —_— ——— | 00101 | ——— | 001010 | ———
Case 7 0011 Case 5 Case 6’a Case 6’b 0001100
00011 000101 0000011

We give some examples of preimages of vector spaces (they are the spaces listed in
[Li01] on page 105).

10001
o P! 01000 = 011022 because
00011
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A3 Alo A3,
012 W 0112 TI;ZS> 01102 T(;S> 011022

: K

0‘%1 101 O‘io 1001 0422 10001
(11) ——t BN ~ %2 01000
Case 4/ 010 Case 3/ 0100 Case 5/
00011
10010
o U! 01001 = 012232 because
00101
A3, Al AS 5
012 W 0122 T;z’é> 01222 T;(i) 012232
o (101 af,  (LOOT) e (10010
(11) ——22 ( ) — 22 o101 | — [ 01001
Case 5/ 011 Case 5/ Case 6’a
0011 00101
1000010
0100001
o Ul 0010001 = (01221232 because
0001000
0000101

A% 2 Aﬁ 2 Ag 1 Ag 2 A; 3
012 ———— 0122 —————— 01222 ————— 012212 ————— 0122122 ——— 01221232
Case 5 Case 5 Case 4 Case 5 Case 6 ‘/
\J

v
10001 100001 1000010
ol 101\ ot 1001 ob 01001 b 010001 o 0100001
(11) —2 —25 (0101 | —— —22, 1001001 | —= | 0010001
Case 5 011/ Case 5’ Case 4 00101 Case 5 Case 6’a
0011 00010 000100 0001000
000011 0000101

A Symplectic Dual Polar Space for n =1,2,3

Recall that G, is the symplectic dual polar space defined in Section 3. It consists of
[T5_:(2¥ + 1) points and (2" — 1) [],_;(2* + 1) lines. Each line contains exactly three
points and through each point pass exactly 2" — 1 lines because any n-dimensional [Fo-
vector space contains exactly 2" — 1 different (n — 1)-dimensional subspaces.
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Al n=1

G, consists of one line with exactly three points.

A2 n=2
For G, we label the 15 points by

PR 1000 PR 1000 9 o 1001 3o 1001 PR 1010
0100/’ 0101 )"’ 0110/’ 0111 )"’ 0100/’

5o 1010 6 1011 7 1011 PR 1100 9o 1101
0101 )" 0110/ 0111 /)" 0011 /)" 0011 )"

1000 1010 0100 0101 0010
10« (0001)’ e (0001)’ 2o (0010)’ 15 (0010)’ e (0001)'

We used SageMath [ST09] to write down all lines as triples of their points:

(0,1,10), (6,7, 11), (3,4,9), (1,5,13), (12,13, 14),
(2,3,10), (0,7,8), (2,5,8), (2,6,12), (8,09, 14),
(4,5,11), (1,6,9), (0,4,12), (3,7, 13), (10, 11, 14).

We fix the vertex 0 and construct the corresponding subgraphs 'y, I'; and T's.

e [y consists only of the vertex 0.

e [’y consists of three connected components, each of which contains two vertices and
one edge.

e ['5 consists of one connected component and eight points which form a cube.

The subgraphs I'; and I'y are shown in Figure 2.

® @©

@ ®
Subgraph I'y of G, consisting of Subgraph I'y of G, consisting of one
three connected components. connected component.

Figure 2: Induced subgraphs I'y and I'; of G,.
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A3 n=3

The dual polar space G3 consists of 135 points and 315 lines. Each line contains exactly
three points and through each point pass exactly seven lines. The subgraphs I'g, 'y, 'y
and I's have the following description:

e [y consists only of the vertex 0.

e ['; has seven connected components each of which consists of two vertices and one
edge.

e ['5 consists of seven components each one with the form of a cube.

e '3 is connected and consists of 64 vertices and 224 edges.

B Construction of Wt from Wn"

Let n > 2. In this appendix we show how W™ is constructed from W™. Recall that if
a=aay...a,1a, € W" then we can do the following (cf. Remark 6):

e If a, € {0,1}: append 0 or 1. We obtain a word in Case 1 or 2.
e If a, € {2,3}: insert 0, 1 or 2 before a,,. We obtain a word in Case 3, 4 or 5.

e If a, € {2,3} and it is possible to insert 3 before a,, we do so. We obtain a word in
Case 6.

e If a, € {2,3} and it is not possible to insert 3 before a,, then necessarily a, = 2
and a; € {0,1} for 1 < j <n — 1. We append 3 and obtain a word in Case 7.

Finally, we have to add the word @ = 0...012 from Case 8. In this way we obtain all
possible words of W+,
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n=2 | last letter Oor1l n=3 | last letter Oorl 20r3
00 |01 000 | 001 |010 |O11 |012
L 4 4 4 4 {
n=3 | Case 1 000 | 010 n=4 | Case 1 0000 | 0010 | 0100 | 0110 | 0120
Case 2 001 | 011 Case 2 0001 | 0011 | 0101 | 0111 | 0121
Case 8 012 Case 3 0102
Case 4 0112
Case 5 0122
Case 6
Case 7 0123
Case 8 0012
n—=4 | last Oor1 2o0r3
0000 0010 0100 0110 0120 0001 0011 0101 0111 0121 0102 0112 0122 0123 0012
{ 4 4 | { I I 4 4 4 ! | I I
n=5 | C1 | 00000 | 00100 | 01000 | 01100 | 01200 | 00010 | 00110 | 01010 | 01110 | 01210 | 01020 | 01120 | 01220 | 01230 | 00120
C2 | 00001 | 00101 | 01001 | 01101 | 01201 | 00011 | OO111 | 01011 | 01111 | 01211 | 01021 | 01121 | 01221 | 01231 | 00121
C3 01002 | 01102 | 01202 | 01203 | 00102
C4 01012 | 01112 | 01212 | 01213 | 00112
C5h 01022 | 01122 | 01222 | 01223 | 00122
C6 01232 | 01233
Cc7 01023 | 01123 00123
C8 00012

24
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C Classification of words in W" according to the Cases 1 — 8

Let n > 2 and a = ayaz...a,_1a, € W". As before, we set E' |(a) = ajas...an_sa,
which is obtained from a by erasing its second to last letter. Recall that the word a
belongs to

e Case 1 if a,, = 0;
e Case 2ifa, = 1;
e Case 3 if a, € {2,3} and a,,_; = 0 (then automatically E"_,(a) € W 1);
e Case 4ifa, € {2,3},a, 1 =1and E" ,(a) € W1,
e Case 5 ifa, € {2,3},a, 1 =2and E" ,(a) € W™ 1;
e Case 6 if a, € {2,3} and a,,_; = 3 (then automatically E"_,(a) € W"!);
e Case Tifa, €{2,3},a,.1 =2and E" ,(a) g W"!

(equivalently: if a,_1a, =23 and a; € {0,1} for 1 < j < n —2);
e Case 8ifa, €{2,3},a, 1 =1and E" ,(a) g W"!

(equivalently: if a = 0...012).

So we obtain for n = 1,2, 3,4, 5:

’ n=1 ‘ Casel | Case 2 | Case 3 | Case 4 | Case 5 | Case 6 | Case 7 | Case &
0

’ n=2 ‘ Case 1l | Case 2 | Case 3 | Case 4 | Case 5 | Case 6 | Case 7 | Case 8
00 01

’ n=3 ‘ Case 1l | Case 2 | Case 3 | Case 4 | Case 5 | Case 6 | Case 7 | Case 8
000 001 012
010 011

] n=23 ‘ Case 1l | Case 2 | Case 3 | Case 4 | Case 5 | Case 6 | Case 7 | Case 8

0000 0001 0102 0112 0122 0123 0012
0010 0011
0100 0101
0110 0111
0120 0121
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’ n=23 ‘ Case 1l | Case 2 | Case 3 | Case 4 | Case 5 | Case 6 | Case 7 | Case 8

00000 | 00001 | 01002 | 01012 | 01022 01023 | 00012
00100 | 00101 | 01102 | 01112 | 01122 01123
01000 | 01001 | 01202 | 01212 | 01222 | 01232
01100 | 01101 | 01203 | 01213 | 01223 | 01233
01200 | 01201 | 00102 | 00112 | 00122 00123
00010 | 00011
00110 | 00111
01010 | 01011
01110 | 01111
01210 | 01211
01020 | 01021
01120 | 01121
01220 | 01221
01230 | 01231
00120 | 00121
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