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Abstract

Given an integer r > 1 and graphs G, Hy, ..., H,, we write G — (Hy,..., H,)
if every r-coloring of the edges of G' contains a monochromatic copy of H; in color
i for some i € {1,...,r}. A non-complete graph G is (Hy,..., H,)-co-critical if
G - (Hy,...,H,), but G+ e — (Hy,...,H,) for every edge e in G. In this
paper, motivated by Hanson and Toft’s conjecture [Edge-colored saturated graphs,
J Graph Theory 11(1987), 191-196], we study the minimum number of edges over all
(K, Tr)-co-critical graphs on n vertices, where T denotes the family of all trees on
k vertices and G — (K¢, Ty) if for every 2-coloring 7 : E(G) — {red, blue}, G has a
red K, or a blue tree in Tj. Following Day [Saturated graphs of prescribed minimum
degree, Combin. Probab. Comput. 26 (2017), 201-207], we apply graph bootstrap
percolation on a not necessarily Ki-saturated graph to prove that for all ¢ > 4 and
k > max{6,t}, there exists a constant c(¢, k) such that, for alln > (¢t —1)(k—1)+1,
if G is a (K4, Tx)-co-critical graph on n vertices, then

e(G) > <4t2_9 +% m> n— clt, k).

Furthermore, this linear bound is asymptotically best possible when ¢ € {4,5} and
k > 6. The method we develop in this paper may shed some light on attacking
Hanson and Toft’s conjecture.

Mathematics Subject Classifications: 05C55, 05C35

1 Introduction

All graphs considered in this paper are finite, and without loops or multiple edges. For a
graph G, we will use V(G) to denote the vertex set, F(G) the edge set, |G| the number
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of vertices, e(G) the number of edges, Ng(z) the neighborhood of vertex x in G, §(G)
the minimum degree, A(G) the maximum degree, and G the complement of G. If A, B C
V(G) are disjoint, we say that A is complete to B if every vertex in A is adjacent to
every vertex in B; and A is anti-complete to B if no vertex in A is adjacent to a vertex
in B. The subgraph of G induced by A, denoted G[A], is the graph with vertex set A
and edge set {zy € E(G) : x,y € A}. We denote by B\ A the set B — A, eq(A, B) the
number of edges between A and B in G, eg(A) the number of edges of G[A], and G \ A
the subgraph of G induced on V(G) \ A, respectively. If A = {a}, we simply write B\ a,
eq(a, B), and G \ a, respectively. For any edge e in G, we use G + e to denote the graph
obtained from G by adding the new edge e. The join G + H (resp. union G U H) of two
vertex disjoint graphs G and H is the graph having vertex set V(G) UV (H) and edge set
EGYUEH)U{zy:x € V(G),y € V(H)} (resp. E(G)U E(H)). Given two isomorphic
graphs G and H, we may (with a slight but common abuse of notation) write G = H.
For an integer ¢ > 1 and a graph H, we define tH to be the union of ¢ disjoint copies of
H. We use K,, and T}, to denote the complete graph and a tree on n vertices, respectively.
For any positive integer r, we write [r| for the set {1,2,...,7}. We use the convention
“A :=" to mean that A is defined to be the right-hand side of the relation.

Given an integer r > 1 and graphs G, Hy,..., H,, we write G — (Hy,...,H,) if
every r-coloring of F(G) contains a monochromatic H; in color i for some i € [r]. The
classical Ramsey number R(Hi,...,H,) is the minimum positive integer n such that
K, — (Hy,..., H,). Following Nesetfil [13], and Galluccio, Simonovits and Simonyi [10],

Definition 1. A non-complete graph G is (Hy, ..., H,)-co-critical if G - (Hy, ..., H,),
but G +e — (Hy,..., H,) for every edge e in G.

It is simple to check that Ky is (K3, K3)-co-critical, where K denotes the graph
obtained from Kj by deleting exactly one edge. It is worth noting that every (Hy, ..., H,)-
co-critical graph has at least R(Hy, ..., H,) vertices.

Remark. Following Galluccio, Simonovits and Simonyi [10], we exclude the complete
graphs in the definition of (Hy, ..., H,)-co-critical graphs, else every complete graph on
fewer than R(H,,..., H,) vertices is (Hy, ..., H,)-co-critical.

The notation of co-critical graphs was initiated by Nesetfil [13] in 1986 when he asked
the following question regarding (K3, K3)-co-critical graphs:

Are there infinitely many minimal co-critical graphs, i.e., co-critical graphs
which lose this property when any vertex is deleted? Is K the only one?

This was answered in the positive by Galluccio, Simonovits and Simonyi [10]. They
constructed infinitely many minimal (K3, K3)-co-critical graphs without K35 as a subgraph.
Szab6 [15] then constructed infinitely many nearly regular (K3, K3)-co-critical graphs with
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low maximum degree. It remains unknown whether there are infinitely many strongly
minimal co-critical graphs, where an (Hy, ..., H,)-co-critical graph is strongly minimal co-
critical if it contains no proper subgraph which is also (Hy, ..., H,)-co-critical. This is one
of the most intriguing open problems proposed by Galluccio, Simonovits and Simonyi in
[10]. One interesting observation made in [10] is that if G is (Hy, ..., H,)-co-critical, then
X(G) = R(Hy,...,H,) — 1. They also made some observations on the minimum degree
of (K3, K3)-co-critical graphs and maximum number of possible edges of (Hj, ..., H,)-co-
critical graphs.

We want to point out here that Hanson and Toft [12] in 1987 also studied the minimum
and maximum number of edges over all (Hy, ..., H,)-co-critical graphs on n vertices when
H,,..., H, are complete graphs, under the name of strongly (|Hi|,...,|H,|)-saturated
graphs. Recently, this topic has been studied under the name of Ry (Hy,..., H,)-
saturated graphs [5, 9, 14].

Definition 2. A graph G is (Hy, ..., H,)-Ramsey-minimal if G — (Hy, ..., H,), but for
any proper subgraph G’ of G, G' -» (Hy,..., H,).

We define Ryin(Hi, ..., H,) to be the family of all (Hy,..., H,)-Ramsey-minimal
graphs. A graph G is Ry (Hy, ..., H,)-saturated if no element of Ryin(Hi, ..., H,) is a
subgraph of G, but for any edge e in G, some element of R (Hj, ..., H,) is a subgraph
of G + e. It can be easily checked that a non-complete graph is (Hq, ..., H,)-co-critical
if and only if it is Ry (Hi, ..., H,)-saturated. From now on, we shall use the notion
of (Hy,..., H,)-co-critical other than R (Hq,. .., H,)-saturated, as the former is much
simpler and straightforward.

Let R = R(Ky,, ..., K;,) be the classical Ramsey number for K., ..., K;,. Hanson and
Toft [12] proved that every (Kj,,..., K}, )-co-critical on n vertices has at most e(Tgr_1,)
edges and this bound is best possible, where T_; ,, is the Turan graph on n vertices with-
out K. They also observed that for alln > R, the graph Kr_s+K,_ryois (K, ..., K )-
co-critical. They further made the following conjecture that no (K, ..., K;,)-co-critical
graph on n vertices can have fewer than e(Kr_s + K, _pi2) edges.

Conjecture 3 (Hanson and Toft [12]). Let G be a (K3, ..., Ky, )-co-critical graph on n
vertices. Then

e(G) > (R—2)(n— R+2)+ (32_2).

This bound is best possible for every n.
Conjecture 3 remains wide open, except that the first nontrivial case, (K3, K3)-co-
critical graphs, has been settled in [5] for n > 56. Structural properties of (K3, Ky)-

co-critical graphs are given in [2]. Motivated by Conjecture 3, we study the following
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problem. Let Ty denote the family of all trees on k vertices. For all ¢,k > 3, we write
G — (Ky, Ty) if for every 2-coloring 7 : E(G) — {red, blue}, G has either a red K; or a
blue tree T}, € Tx. A non-complete graph G is (K, Ti)-co-critical if G - (K, Ty), but
G +e — (K, Ti) for all e in G. The main purpose of this paper is to study the structural
properties of (K, Ty)-co-critical graphs on n vertices in order to obtain the minimum size
among all such graphs. By a classic result of Chvétal [4], R(K;, Tx) = (t — 1)(k — 1) + 1.
Hence, every (K, Tr)-co-critical graph has at least R(K;, Tx) = (t —1)(k— 1)+ 1 vertices.
Following the observation made in both [10] and [12], every (K%, T¢)-co-critical graph on
n vertices has at most e(TR( Kt,ﬁ)*L”) edges. We focus on studying the minimum number
of possible edges over all (K}, Ti)-co-critical graphs on n vertices. Very recently, Rolek
and the first author [14] proved the following.

Theorem 4 (Rolek and Song [14]). Let n, k € N.

(1) Every (K, Ty)-co-critical graph on n > 18 vertices has at least |5n/2| edges. This
bound is sharp for every n > 18.

(i) For allk =5, if G is (K3, Ty)-co-critical on n > 2k + ([k/2] +1)[k/2] — 2 vertices,

then
e(G) > (g + % m) n — c(k),

where c(k) = (% [%W + %) k — 2. This bound is asymptotically best possible.

To state our results, we need to introduce more notation. Given a family F, a graph
is F-free if it does not contain any graph F € F as a subgraph. We simply say a
graph is F-free when F = {F'}. Erdés, Hajnal and Moon [7] in 1964 initiated the study
of the minimum number of edges over all K;-saturated graphs on n vertices (see the
dynamic survey [8] on the extensive studies on K;-saturated graphs). Theorem 5 below is
a result of Day [6] on Kj-saturated graphs with prescribed minimum degree. It confirms
a conjecture of Bollobds [1] when ¢ = 3. It is worth noting that Day applied r-neighbor
bootstrap percolation on a K;-saturated graph to prove Theorem 5, where graph bootstrap
percolation was introduced in [3]. Theorem 6 is a result of Hajnal [11] on K;-saturated
graphs.

Theorem 5 (Day [6]). Let ¢ € N. There exists a constant ¢ = c(q) such that, for all
3<teNandalln €N, if G is a K;-saturated graph on n vertices with 6(G) > q, then
e(G) = qn —c.

Theorem 6 (Hajnal [11]). Let t,n € N. Let G be a K;-saturated graph on n wvertices.
Then either A(G) =n—1 or §(G) = 2(t — 2).
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For a (K3, Ty)-co-critical graph G, let 7 : E(G) — {red, blue} be a 2-coloring of F(G)
and let E, and Ej be the color classes of the coloring 7. We use G, and G, to denote
the spanning subgraphs of G with edge sets F, and Ej, respectively. We define 7 to
be a critical coloring of G if G has neither a red K; nor a blue T € T under 7, that
is, if G, is K;-free and Gy, is Ti-free. For every v € V(G), we use d.(v) and N,.(v) to
denote the degree and neighborhood of v in G,, respectively. Similarly, we define d,(v)
and Ny(v) to be the degree and neighborhood of v in Gy, respectively. One can see that
if G is (K3, Ti)-co-critical, then G admits at least one critical coloring but G' + e admits
no critical coloring for every edge e in G.

In this paper, we first establish a number of important structural properties of (K, T )-
co-critical graphs in the hope that the method we develop here may shed some light
on attacking Conjecture 3. Theorem 7(h) below is crucial in the proof of Theorem 8.
Following Day [6], we apply g-neighbor bootstrap percolation on a not necessarily K;-
saturated graph, to prove Theorem 7(h), but with more involved rules.

Theorem 7. For all t,k € N with t > 3 and k > 3, let G be a (K, Ty)-co-critical
graph on n wvertices. Among all critical colorings of G, let T : E(G) — {red, blue} be a
critical coloring of G with |E,| mazimum. Let Dy, ..., D, be all components of Gy. Let

H =G\ (Uiep E(GIV(D:)]). Then the following hold.
(a) A(G,) <n—2and §(G,) = 2(t —2).

(b) For all i,j € [p] with i # j, if there exist w € V(D;) and v € V(D,) such that
w ¢ E(H), then H[Ny(u) N Ng(v)] contains Ko as a subgraph.

(c) For every wv € E(H), if v is contained in all K, o subgraphs of H[Ny(u)|] and
{v} = V(D;) for some j € [p], then |D;| = k — 1 for all D; with u ¢ D; and
D;\ Ny (u) # @, where i € [p).

(d) If 6(H) <2t —5 and k > t, then for any vertex u € V(H) with dg(u) = 6(H), no
edge of H[Ny(u)] is contained in all K; o subgraphs of H[Ng(u)].

() k=2t —1—6(H) and §(H) >t — 1.

0 gewwm > (3]5]~3) 00 €~ U7/ - 1)

(g) H is connected.

(h) For every g € N with ¢ >t — 1, there exists a constant c¢(q, k) such that, if 6(H) > q,
then e(H) = gqn — ¢(q, k).

ot
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We prove Theorem 7 in Section 2. We then apply Theorem 7 to study the size of
(K4, Ti)-co-critical graphs. We prove Theorem 8 in Section 3.

Theorem 8. Let t,k € N with t > 4 and k > max{6,t}. There exists a constant ((t, k)
such that, for allm € N withn > (t —1)(k—1)+ 1, if G is a (K}, Ty)-co-critical graph on

n vertices, then
44—-9 1|k
> g (e — ,
e(G)/( 5 —1—2[2-‘)71 0t k)

Finally we prove that the linear bound given in Theorem 8 is asymptotically best
possible when t € {4,5} and k > 6. Proof of Theorem 9 is given in Section 4.

Theorem 9. For each t € {4,5}, allk > 3 and n > (2t — 3)(k — 1) + [k/2][k/2] — 1,
there exists a (K, Tr)-co-critical graph G on n vertices such that
44-9 11k
2

e(G) < (T + 5D n+ C(t k)

where C(t, k) = %(t2+t—5)k2—(2t2+2t_11)/{;_w_% (5] (2t =3)(k—1) — [£])
when k > 4 and C(t,3) = —2t> + 5t — 2.

With the support of Theorem 4 and Theorem 9, we believe that the linear bound given
in Theorem 8 is asymptotically best possible for all £ > 3 and k£ > 3.

2 Structural properties of (K, Ty)-co-critical graphs

We first prove the following lemma.

Lemma 10. For allt,k € N with t > 3 and k > 3, let G be a (K, Ti)-co-critical graph
on n vertices. Let 7 : E(G) — {red, blue} be a critical coloring of G. Then the following
hold.

(a) For every component D of Gy, |D| < k —1 and G[V(D)] = K|p,.

(b) If Dy,---, D, are the components of Gy with |D;| < k/2 for all i € [g], then V (D),
-+, V(Dy) are complete to each other in G,, and so ¢ <t — 1.

Proof. To prove (a), let D be a component of G,. Since G} is Ti-free, we see that
|D| < k — 1. Suppose next that G[V(D)] # Kp. Let u,v € V(D) be such that
uv € E(G). We obtain a critical coloring of G 4+ uv from 7 by coloring the edge uv blue,
a contradiction.

To prove (b), suppose there exist vertices u € V(D;) and v € V(D) such that uv ¢ E,,
where i, j € [q] with ¢ # 7. Then uwv ¢ E(G) and so we obtain a critical coloring of G+ uv
from 7 by coloring the edge uv blue, a contradiction. Thus V(Dy),---,V(D,) are complete
to each other in G,.. Since G, is K;-free, we have ¢ <t — 1. O
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We are now ready to prove Theorem 7.

Proof of Theorem 7: Let G, 7, Dy,..., D, and H be given as in the statement. Then
n > (t—1)(k—1)+1. By Lemma 10(a), |D;| < k—1 for all i € [p]. Hence, G} has at least
t components because |G| =n > (t — 1)(k — 1) + 1. We first prove Theorem 7(a). Since
7 was chosen so that |F,| is maximum, G, is K;-free but G, + e contains a copy of K; for
every e € E(G,). Hence G, is K;-saturated. Suppose there exists a vertex z € V(G) such
that d,.(x) = n — 1. Note that G, \ x is K;_;-free because G, is K;-free. Since G # K,
there must exist u,w € N,(z) such that vw ¢ E(G). By Lemma 10(a), u,w belong to
different components of GG,. But then we obtain a critical coloring of G + uw from 7 by
first coloring the edge uw red, and then recoloring xu blue and all edges incident with

u in Gy red, contrary to the fact that G + ww has no critical coloring. This proves that
A(G,) < n — 2. Since G, is K;-saturated, by Theorem 6, §(G,) > 2(t — 2).

To prove Theorem 7(b), let u € V(D;) and v € V(D;) be such that uv ¢ E(H), where
i # 7. Suppose H[Ng(u) NNy (v)] is K;_o-free. Since |D,| < k—1 for all £ € [p], we obtain
a critical coloring of G+wuwv from 7 by first coloring the edge uv red, and then recoloring all
red edges in G[V(Dy)] blue for all ¢ € [p], a contradiction. Therefore, H[Ng(u) N Ny (v)]
contains K;_ 5 as a subgraph. This proves Theorem 7(b).

To prove Theorem 7(c), let uv € E(H) be such that v is contained in all K;_5 subgraphs
of H[Ng(u)] and {v} = V(D;) for some j € [p|. We may assume that v € V(D,) and
{v} =V(D,-1). Note that H[Ng(u)] \ v is K;_o-free. Suppose there exists an £ € [p — 2]
such that D, \ Ng(u) # @ but |Dy| < k —2. Let w € V(Dy) \ Ng(u). Then wv € E,,
else we obtain a critical coloring of G + wv from 7 by coloring the edge wv blue. Since
H[Ng(u)]\ vis K;_o-free, we then obtain a critical coloring of G +ww from 7 by coloring
the edge uw red, and then recoloring wv blue and all red edges incident with w in G[V (D,)]
blue, a contradiction. This proves Theorem 7(c).

To prove Theorem 7(d,e), let uw € V(H) with dy(u) = 6(H). We may assume that u €
V(D). By Theorem 7(b), du(u) = t—2. Let Ny (u) := {u1, ..., usc)}. By Theorem 7(b)
applied to v and any vertex in V (H)\(V(D,)UNg(u)), we see that H[Ny(u)] must contain
K, 5 as a subgraph. We may assume that H[{ui,...,u_2}| = K;—5. Then we may further
assume that u; € V(D,_;) for all i € [t — 2]. Let v € V(H) \ (V(D,) U Ny (u)).

To proceed to prove Theorem 7(d), assume dy(u) < 2t — 5 and k > t. Suppose
H[Ng(u)] has an edge, say ujug, that is contained in all K; o subgraphs of H[Ng(u)].
Then both H[Ng(u) \ ui] and H[Ng(u) \ us] are K; o-free. By Theorem 7(b) applied
to u and any vertex in V(H) \ (V(D,) U Ng(u)), V(H) \ (V(D,) U Ng(u)) must be
complete to {uy,us} in H. Then V(D,_1) UV (D,—2) € Ng(u) \ {us,...,u—2}. Thus
\V(Dp—1) UV(Dyp_s)| = 0(H) —(t —4) <t—1< k—1, because §(H) < 2t — 5 and
t < k. Then we obtain a critical coloring of G + uv from 7 by first coloring the edge uv
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red, and then recoloring wyus blue and all red edges incident with w in G[V'(D,)] blue, a
contradiction. This proves Theorem 7(d).

To proceed to prove Theorem 7(e), note that |N,(u) NV (D,)| = |N,(u)| — dg(u). By
Theorem 7(a), |N,(u)| > 2t — 4. Since D, is a component of G, we see that N,(u) N
V(D,) # @. It follows that |V (D,)| = [{u}| + |[No(u) N V(D,)| + |N.(u) NV (D,)| >
1+14+(2t—4)—dp(u) = 2t—2—dy(u). By Lemma 10(a), 2t —2—dg(u) < |V(D,)| < k—1,
which yields & > 2t — 1 — dy(u). Suppose next that 6(H) = t —2 < 2t — 5. Then
k>t+ 1. But then H[{ui,...,us—2}| is the only K; o subgraph of H[Ny(u)], contrary
to Theorem 7(d). This proves Theorem 7(e).

We next prove Theorem 7(f). By Lemma 10(a,b), |D;| < k—1, G[V(D;)] = K|p,) for all
i € [p], and at most t—1 of the D,’s have less than k/2 vertices. Sincen > (t—1)(k—1)+1,
we see that n — (t — 2)([k/2] — 1) > (t — 2)|k/2] + k. Let r be the remainder of
n— (t —2)([k/2] — 1) when divided by [k/2], and let s > 0 be an integer such that

—(t—=2)([k/2] = 1) = s[k/2] + .

Then 0 < 7 < [k/2] — 1. Let £ = t — 2 + min{l,r}. It is straightforward to see
that if » # 0, then ¢ = t — 1 and >.7_, eq(V(D;)) is minimized when: ¢ — 1 of the
components, say Dy, ..., Dy are such that |Dy|,...,|Di—1| < k/2 with |Dy|+---+|Dy_1| =

(t—2)([k/2]—1)+r, and the remaining s components, Dy, -+, D;_1 4, are such that |D;| =
= |Di_14s] = [k/2];if r =0, then £ = ¢ — 2 and Y 7, eq(V(D;)) is minimized when:

t — 1 of the components, say D1, Ds, ..., D; 1 are such that |Dy],...,|D;_1| < k/2 with
|Dy|+ -+ |Diq| = (t —2)([k/2] — 1), and the remaining s components, Dy, -+, D14
are such that |Dy| = -+ = |D;_145| = [k/2]. Using the facts that s[k/2] +r =n — (t —

2)([k/2] — 1) and r < fk:/ﬂ — 1, it follows that

if;e(;(vwi)) (N = (5 G5| - 3)
> (n—(t=1)([k/2] = 1)) G @ - %)
- (3]3]-3) - €= vz -y

To prove Theorem 7(g), suppose that H is disconnected. Let x,y € V(H) be such
that = and y are in different components of H. By Theorem 7(b), {x,y} C D; for some
i € [p], and there must exist a vertex w € D, such that zw ¢ E(H) and yw € E(H),
where j € [p] with j # i. By Theorem 7(b), x and w have at least t —2 common neighbors

This proves Theorem 7(f).

in H. But then z and y must be in the same component of H, a contradiction. This
proves Theorem 7(g).
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It remains to prove Theorem 7(h). By Theorem 7(g), H is connected. Let ¢ € N with
g = t—1. Assume 6(H) > q. Following Day [6], we next apply g-neighbor bootstrap
percolation on H. Note that H is not necessarily Ki-saturated. Given a set S C V(H)
and any vertex v € V(H), let Ng(v) := Ng(v) N S and dg(v) := |Ng(v)|. Let R C V(H)
be any nonempty set. Let R’ := R and for i > 1, let

R :=R7'U{veV(H)|dg-(v) > q}.

Let R := Ui=o R, the closure of R under the g-neighbor bootstrap percolation on H.
Then
e(H[R]) = q(|R| — |R]),

because every vertex in R’ \ R'™! is adjacent to at least ¢ vertices in R"™!. Let Y/(R) :=
V(H)\ R. Finally, for any v € V(H), let
we(v) == dg(v) + dy(r)(v)/2.

We call w, (v) the weight of v (with respect to R). Then

en(RY(R) +en(Y(R) = Y w,(v).
vEY (R)

Within Y(R), we define B(R) to be the set {v € Y(R) | w,(v) < ¢}, which we call the
set of bad vertices. We next show that there exists a constant ¢;(q, k) and a nonempty
set R C V(H) with |R| < ¢1(q, k) such that B(R) = @.

Assume B(R) # @ for our initial R. Our goal is to move a small number of vertices
into R so that the remaining vertices in B(R) have strictly larger weight. To achieve this,
let

Ur :={U C R | U = Ng(v) for some v € B(R)}.

Note that for every vertex v € B(R), dg(v) < ¢ — 1. Thus

R R
yuR!<1+\Ry+<‘ ’>+---+(| ‘).
2 qg—1

Let Up := {Uy,Us, . .., Uy} and let u; € B(R) with Ng(u;) = U; for alli € {1,..., [Ug|}.
Then dg(u;) < ¢, and so dy(ry(u;) = 1 because dg(u;) > q. Let z; € Y(R) such that
wiz; € E(H) for all i € {1,...,[Ug[}, and let X(R) := {z1,22,...,2,}. By the choice
of U and w1, u, ..., u,, , for every vertex v € B(R), we see that Np(v) = Ng(u;) for
some i € {1,2,...,|Ug|}. Finally, let

S(R) :={v € B(R) | Nr(v) = Ng(u;) and {v,z;} C D; for some i € [|[Ug|] and j € [p]}.

We next show that Algorithm 1 below yields a nonempty set R C V(H) with B(R) = @.
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Algorithm 1: Building a nonempty set R C V(H) with B(R) = &
Data: H :=G\ (U,., F(G[V(D;)])) is a spanning subgraph of G, with
d(H)>q
Result: A nonempty set R C V(H) with B(R) = @
1 Set R to be a set containing an arbitrary vertex in H;

2 while B(R) # @ do
s | Set Rtobe RUX(R)US(R)UU
4 end

i€[p|

U
4 Na(e):

Let R; be the set R obtained in the i-th iteration of Line 2 when running Algorithm 1.
Then for all i > 1, R;_y € R;, Ri_y C R;, Y(R;)) € Y(R;_1) and B(R;) € B(R;_1). To
see why w, (v) > w, (v) for all v € B(R;), we next introduce a control function on
V(H), because dealing with w,(v) directly is difficult. Let ¢,(v) := >, cn, () [r(®) for
all v € V(H), where for all z € V(H),

1, if xr € R,
fr(z) =< 1/2, if v € R\ R,
dr(x)/(2q), ifz €Y (R).

It is worth noting that ¢, (v) < w,(v) for every vertex v € V(H), because dg(z) < g—1
for all z € Y/(R). Similarly, for all i > 1, f,  (x) < f, (2) for every x € V(H), because
Y(R;) CY(R;—1). We next claim that

(*) for all i > 1 and every v € B(R;), ¢, (v) = ¢, (v) +1/(29).

Proof. Let i > 1 and v € B(R;). Then v € B(R;_1), since B(R;) C B(R;_1). Let Ug,_,,
{uy, ... ’uluRi,l\} C B(R;-1), and {z1,... ’xluRi,l\} C Y(R;-1) be defined accordingly for
Ri—y. Then Ng, ,(v) = Npg,_,(u;) for some j € {1,2,...,[Ug,,|}. To prove ¢, (v) >
¢p,_ (V) +1/(2q), it suffices to show that f, (z) > f, (z)+1/(2q) for some x € Ny (v).
v 1} © Y(Ria) N Ry we see that f,, (@) = d,_ (@)/(24) < (g -

1)/(29) =1/2-1/(2q), and f, () =1> f, (x) +1/(29) for all z € {y,... ,x‘uRFl‘}.
We may assume that vz, ¢ E(H) for all ¢ € {1,...,|Ug,_,|}, otherwise we are done.
Since v € B(R;), by the choice of z; and S(R;_1), we see that {v,z;} € V(D,) for all
¢ € [p]. By Theorem 7(b) applied to v and z;, H[Ng(v) N Ny (z;)] contains K; 5 as a
subgraph. Let W be the vertex set of such a K;_, subgraph. It follows that W & R;_;, else
G, [W U{uj,x;}| = Ky, since Ng, ,(v) = Ng, ,(u;) and w;z; € E(H). Let x € W\ R;_;.
If 2 € Ri_y \ Ri_y, then fRH(x) = 1/2 and fRi(x) =1, and so fRi(x) > fRiil(x) +
1/(2q), as desired. If x € Y(R;_;), then either + € R; or € Y(R;). In both cases,
we have f, (z) =dg, ,(z)/(2¢9) <1/2-1/(2q). If z € R;, then fr, (x) = 1/2 and so
fo () = fr_ (2) +1/(2¢). Finally, if v € Y(R;), then dg,(z) > dg, ,(z) + 1 because

Since {z1,...,x
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z; € R;\ Ri—1 and R,_; C R;. Hence, fr, (x) = dRi(x)/(2q) > (dRiil(x) +1)/(2q) =

Fo,, (1) +1/(29).

In all cases, we have shown that there exists some vertex z € Ny (v) such that f,, (z) >
[l

fr_ (x) +1/(2q). Hence, ¢, (v) = ¢, (v)+1/(2q) for alli > 1 and v € B(R;).

i—1

By (*), Algorithm 1 stops after m < 2¢? iterations of Line 2 because ¢, (v) < w,(v) < q
for each v € B(R). Hence R,, C V(H) with R, # @ but B(R,,) = @. For all i > 0,

[Ur,|
[Ria| <Rl + [ X (R)| + [S(R:)] + | U Ng, ()|

< Rl + U, | + (k= 2)[Ug,
= |R;| + (k+ q— 2)|Ug,

R; R;
<Irl+Gog=2) (1 ird+ (15w (J5)),

which only depends on ¢ and k. It follows that by Algorithm 1, there exists a constant
c1(q, k) and a non-empty set R C V(H) with |R| < ¢1(q, k) such that B(R) = @. Then
wg(v) = ¢ for all v € Y(R) and so

en(RY(R)) +en(Y(R) = Y wy(v) > qlY(R).

veY (R)

+ (¢ — 1)U,

Therefore,

e(H) =e(H[R)) + ey(R,Y(R)) +eu(Y(R))
R| - |R|) + q|Y (R)|
R| —c1(q, k) + q|Y (R)]

where ¢(q, k) = qc1(g, k). This proves Theorem 7(h).
This completes the proof of Theorem 7. n

3 Lower bound on the size of (K, T)-co-critical graphs

We begin this section with a useful lemma, which may be of independent interest. We use
a(@) and w(G) to denote the independence number and clique number of G, respectively.
It is worth noting that Lemma 12 is stronger than Theorem 11 when o(G) > |G|/2:
Theorem 11 yields that |\gcr S| > 0, while Lemma 12 not only yields |gez S| > 6(G)+1
but also characterizes the case when }ﬂ ser S ‘ = 1. For completeness, we include a proof
here due to Hehui Wu. For a graph G, a set A C V(G) is stable if G[A] has no edges.
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Theorem 11 (Hajnal [11]). Let G be a graph and let F be the family of all maximum
stable sets of G. Then
Us

SeF

ﬂ S > 20(G).

SeF

+

Lemma 12. Let G be a graph with o(G) > |G|/2 and let F be the family of all maximum
stable sets of G. Then

s

SeF

> 5(G) + 2a(G) — |G| = 6(G) + 1.

Moreover, if (\ger S = {u}, then a(G) = (|G| +1)/2 and u is an isolated verter in G.

Proof. Let X € Fand Y :=V(G)\ X. Then | X| = o(G) > |G|/2, and so | X| > |Y]. Let
H := G[X,Y] be the bipartite subgraph of G with V(H) = X UY and E(H) = {zy €
E(G):z € X,y € Y}. Let T be a stable set of H with |7 maximum and let X; := X\ 7,
Yi =Y NT and Y, := Y \T. Then |Yi|+ | X\ Xq| = |T] > |X| = | Xq| + [ X \ Xy| >
Y| = |Y1] + |Ya|, which implies that | X;| < |Yi] and | X \ X;| > |Y3]. We next show
that H' := G[X \ Xi, Ys] contains a matching that saturates Ys. For any S C Y3, we
have |[Ng/(S)| = |S], else T" := (T'\ Ng/(S)) U S is a stable set of H with |T'| > |T, a
contradiction. By Hall’s Theorem, there exists a matching, say M, of H' that saturates
Ys. Let Xp:= V(M) N X and X3 := X \ (X; UX,). Then

[ Xs| = | X[ = [Xa| = [Xo| > [X] = [Y] = 2a(G) - |G] > 0,

because |X;| < |Y1], | Xz| = |Y2| and a(G) > |G|/2. Note that X; UY] is anti-complete to
X\ X, in H. By the choice of T, a( H[ X, UY1]) < |X3|. Moreover, a(H|[X,UY3]) < | X5
because M is a perfect matching of G[ X3, Y2]. Then for any S € F, |SN(X;UY))| < | Xy|
and [SN (X2 UYs)| < | Xa|. Therefore, | X3 > |[SNX5| = |S]—[SN (X UY))|—[SN (XU
Yo)| = | X| — | X1| — | X2| = | X3|. It follows that |[S N X3] = |X3|. Then X3 C S. Hence,
X35 C (\gerS by the arbitrary choice of S.

Next, suppose there exists a vertex u € X3 with dg(u) = d > 0. Let Ng(u)
{v,...,vq}. Then {vy,...,v5} C Ya. Let uy,...,uq € Xy be such that wv; € E(M)
for all i € [d]. For each i € [d], let M* := (M \ wv;) U {uv;}, Xi := V(M) N X and
Xi= X\ (X7 UX:). Then u; € X; and M" is a perfect matching of G[X3,Ys]. By
the arbitrary choice of M, u; € (gorS. Therefore, |Nger S| = {u1,...,uqs} U X3 >
d+ 2a(G) — |G|) =2 0(G) + 2a(G) — |G| = §(G) + 1, as desired.

Finally, if (Ngc 7S = {u}, then 1 = |Nger S| = d+ 2a(G) — |G]. 1t follows that d = 0
and a(G) = (|G| + 1)/2, because 2a(G) — |G| > 0.

This completes the proof of Lemma 12. O
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We are now ready to prove Theorem 8.

Proof of Theorem 8: Let G be a (K, Ti)-co-critical graph on n vertices, where t > 4
and k£ > max{6,t}. Thenn > (t —1)(k — 1)+ 1 and G admits a critical coloring. Among
all critical colorings of G, let 7 : E(G) — {red, blue} be a critical coloring of G with |E,|
maximum. By the choice of 7, G, is K;-saturated and G, is Tj-free. By Theorem 7(a),
d(G,) =2t —4. Let Dy,---, D, be all components of Gy. By Lemma 10(a), |D;| < k —1
for all ¢ € [p]. Then (¢t —1)(k—1)4+ 1 < n < p(k —1). This implies that p > ¢. Let
H = G\ (Uig E(GIV(D;)])). Then H is a spanning subgraph of G,. Clearly, H is
K;-free.

Assume first that §(H) > 2t —4. By Theorem 7(h) applied to H and ¢ = 2t — 4, there
exists a constant ¢(2t — 4, k) such that e(H) > (2t — 4)n — ¢(2t — 4, k). This, together
with Theorem 7(f), yields that

e(G) = e(H) + 3 e(GIV (D))

> (2t — 4)n — c(2t — 4, k) + (1 m - 1) (n— (t—1)([k/2] — 1))

_ (H L1 [ED " 6(2;_ 42k) _21@ C1)([k/2] — 1)
2 212 ’ 2
:(M;9+%

) et

as desired, where ¢;(t, k) = ¢(2t — 4, k) + (¢t — 1)([k/2] — 1)%

Assume next that 6(H) < 2t — 5. Note that k > max{6,t} > ¢ for all t > 4. Let u €
V(H) with dg(u) = (H). We may assume that u € V(D,). Let Ny (u) = {u1,. .., usm)}
By Theorem 7(b) applied to u and any vertex in V(H) \ (V(D,) U Ny (u)), we see that
H[Npg(u)] must contain K; o as a subgraph. We may assume that H[{uy,...,u_2}] =
K 5. Then we may further assume that u; € V(D,_;) for all i € [t — 2]. Note that
H[Ng(u)] is K;_i-free and w(H[Ng(u)]) = t —2 > |Ng(u)|/2. Let F be the family
of all K; 5 subgraphs of H[Ng(u)]. By Theorem 7(d), |\ cr Al < 1. By Lemma 12
applied to the complement of H[Ny(u)], we have |(),.rA| = 1. We may assume that
Nacr A = {u1}. By Lemma 12 again, |Ny(u)| = 2t — 5, uy is complete to Ng(u) \ uy
in H and w; is contained in all K; 5 subgraphs of H[Ng(u)]. Then H[Ny(u) \ uy] is
K;_s-free. By Theorem 7(b) applied to w and any vertex in V(H) \ (V(D,) U Ny (u)),
V(H)\ (V(D,) U Ng(u)) must be complete to uy in H. Thus {1} = V(D,_1). By
Theorem 7(h) applied to H and g = 2t — 5, there exists a constant ¢(2¢t — 5, k) such that
e(H) > (2t —5)n — c¢(2t — 5,k). Recall that p > ¢t. If p=1t, thenn=(t —1)(k—1) +1
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and |V(D;)| = k — 1 for i € [p] with ¢ # p — 1. In this case,

H) + zp: e(G[V (D

> ((2t — )n—c(2t—5,k’))—|—(p—1)(k—1)(k—2)/2
=(2t=5)n—c(2t =5,k))+(n—1)(k—2)/2
=(2t—6+k/2)n —c(2t —5,k) — (k—2)/2

SEEI () P

for all £ > 6, as desired, where co(t, k) = ¢(2t — 5, k) + (k — 2)/2.

Next assume p > t + 1. Since k > t, |[Ng(u)| < 2t — 5, and G, is K;-free, by
Lemma 10(b), there are at most t—1 many D;’s satisfying v ¢ V(D;) and D;\ Ny (u) = .
We may assume that for all i« € [p —t], Dy,...,D,_; are such that u ¢ V(D;) and
D; \ Ny (u) # @. By Theorem 7(c), |D;| =k — 1 for all i € [p —t]. Thus

Ze > (p—t)(k—1)(k —2)/2.

Note that n < (p—1)(k — 1) + 1 because {u1} = V(D,_1) and |D;| < k — 1 for all i € [p]
with ¢ # p — 1. Therefore,

H)+§G(G[V(D )])
> (2t — 5)n — (2t — 5,k)) + (p — t)(k — 1)(k — 2)/2
> ((2 t—5)n—c(2t—5,k))+%(k—i—t—kl) (k- 1)(k - 2)
= (2t — 6+ k/2)n — c(2t —5,k) — (k — 2)(th —t — k +2)/2

> (MT_QJF% EDn—c(zt—5,k)—[(t—1)k2—(3t—4)k+2t—4}/2

SEECIHEL) PR

for all k& > 6, as desired, where c3(t, k) = (2t — 5, k) + [(t — 1)k* — (3t — 4)k + 2t — 4] /2.
Let 0(t, k) := max{ci(t, k), c2(t, k), c3(t, k) }. Then

e(G) > (‘“2—_9 + % m) n— 0t k),

as desired. This completes the proof of Theorem 8. O
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4 Proof of Theorem 9

Let t € {4,5}, k > 3 and n > (2t — 3)(k — 1) + [k/2][k/2] — 1. We will construct a
(K4, Tr)-co-critical graph on n vertices which yields the desired upper bound in Theorem
9.

Let r, s be the remainder and quotient of n — (2¢t — 3)(k — 1) when divided by [k/2],
and let A := Kj_;. For each i € [t — 2|, let B; := Kj_o and C; := Kj_o. Let H; be
obtained from disjoint copies of A, By, ..., B;_o,C4,...,C;_5 by joining every vertex in
B, to all vertices in AU C; U B; for each ¢ € [t — 2| and all j € [t — 2] with j # i.
Let Hy := (s — 1) Kg/2) UrKpga141 when k > 4, and Hy := sK; UrK; when k = 3.
Finally, let G be the graph obtained from H := H; U Hy by adding 2t — 4 new vertices
T1yeoy T2, Y1, - - -, Y2, and then, for each ¢ € [t —2], joining: x; to every vertex in V(H)
and all z;; and y; to every vertex in V/(H) \ V(A) and all x;, where j € [t — 2] with j # 1.
The construction of G when t = 4 and k > 4 is depicted in Figure 1, and the construction
of G when t =5 and k > 4 is depicted in Figure 2.

Figure 1: A (K4, Ty)-co-critical graph for all k > 4.

Let 0 : E(G) — {red, blue} be defined as follows: all edges in A, By,..., B o,
Cy,...,Ci5 and Hy are colored blue; for every i € [t — 2|, all edges between x; and
B; are colored blue and all edges between y; and C; are colored blue; the remaining edges
of G are all colored red. Note that the {red, blue}-coloring of G depicted in Figure 1
(resp. Figure 2) is 0 when ¢ = 4 (resp. t = 5) and k > 4. It is simple to check that o is
a critical coloring of G. We next show that ¢ is the unique critical coloring of G up to
symmetry.

Let X :={xy,...,2s 2}t and Y = {y1,...,y—2}. Let 7: E(G) — {red, blue} be an
arbitrary critical coloring of G. It suffices to show that 7 = ¢ up to symmetry. Let G}
and G} be G, and G, under the coloring 7, respectively. Note that G[V (A) UV (B;) U
- UV(Bi—2) UX| = Kg_1y—1)- By Lemma 10(a) and the fact that GJ is Ki-free,
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Figure 2: A (K3, Tg)-co-critical graph for all k£ > 4.

GI[V(A)UV(By) U---UV(B;—2) U X] has exactly t — 1 components, say Dy,..., D;_1,
such that V(D;) is complete to V(D;) in G] for all 4,5 € [t — 1] with ¢ # j. Then each
D; is isomorphic to Kj_; in G] for all i € [t — 1]. Since every vertex in V(A) UV (By) U
-+ UV(Bi—2) UX belongs to a blue Kj_; in G}, it follows that: for each i € [t — 2], y; is
complete to V(By)U--- UV (B;_2) U (X \ x;) in GT; and V (C;) is complete to V(B;) UX
in G7. We next prove three claims.

Claim 1. A= D, for some i € [t — 1].

Proof. Suppose A # D; for all i € [t — 1]. Then for each i € [t — 1], we see that
(V(B)U---UV (B 2)UX)NV(D;) # . Let d; € (V(By)U---UV(B,o) UX)NV(D;)
for each i € [t —1]. Then dy,...,d;_; are pairwise distinct and GL[{d;,...,d;_1}] = K;_1.
Note that either X C {dy,...,di—1} or z; ¢ {dy,...,d;_1} for some i € [t — 2|. It follows
that in the former case, G7[{dy,...,d;_1,u}] = K, for any u € Cy, and in the latter case,
GI[{di,...,di—1,vy;}] = Ky, because y; is complete to V/(By) U --- UV (By_2) U (X \ 2;) in
G7. In both cases we obtain a contradiction because G} is K;-free. O

By Claim 1, we may assume that A = D, ;. Then V(A) is complete to V(B;)U---U
V(Bi—2) UX in G]. For each i € [t — 2], since G] is Tg-free, there must exist a vertex
¢; € V(C;) such that ¢; is adjacent to at most one vertex of Y in G}. Then ¢; is adjacent
to at least ¢t — 3 vertices of Y in G7. We next show that

Claim 2. For eachi € [t — 2], | X NV(D,)| = 1.
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Proof. Suppose |X N V(D;)| # 1 for some ¢ € [t —2]. Since |X| = ¢t — 2, we may
assume that | X N V(Dy)| > 2 and X N V(D;_2) = @. We may further assume that
21,29 € V(D1). Then zyzy € Ej. Since X NV(D; 5) = @ and for all i € [t — 2],
\V(B))] =k —2 < k—1= |V(Ds_2)|, we may assume that V(B;) N V(D;_s) # & for
i € [2]. Let by € V(B1) NV(D;y_3). We see that c1y; € E, for some i € [2], because ¢; is
adjacent to at least t — 3 vertices of Y in GI. If t = 4, then GL[{b1, c1, vy, x3-;}] = K4, a
contradiction. Thus ¢ = 5. Suppose V(B1) NV (Dy) # @. Let by € V(By) NV (D). Then
GI[{b1,bs,c1,yi, x3-;}] = K35, a contradiction. Thus V(By) NV(Ds) = @. By symmetry,
V(B2)NV(Dy) = @. Then V(Dy) = V(B3)U{x3}. But then G][{b1, c1,yi, x5-i, 23} = K,
a contradiction. O

Claim 3. For each i € [t — 2], V(B;) C V(D) for some j € [t —2].

Proof. Suppose there exists an ¢ € [t — 2] such that V(B;) € V(D;) for every j €
[t —2]. We may assume ¢ = 1. Since V(B;) C V(D;) U --- U V(D;_2), we see that
k—2 = |By| > 2 Thus k > 4. We claim that V(B;) N V(D;) = @ for some j €
[t —2]. Suppose V(B1) NV (D;) # @ for all j € [t —2]. Let d; € V(By) N V(D)
for all j € [t —2]. But then GI[{dy,...,di—2,c1,ye}] = K;, where 1y, € E, for some
¢ € [t — 2], a contradiction. Thus V(By) NV (D;) = & for some j € [t — 2], as claimed.
We may assume that V(B;) N V(Dy—2) = @. Since V(By) € V(D;) for every j €
[t — 2], it follows that ¢t = 5, V(By) C V(D;) U V(D,), and V(B;) NV (D;) # @ and
V(BI)NV(Dy) # 2. Let dy € V(B1) N V(Dy) and ds € V(By) N V(Dy). By Claim 2, let
z; € X NV(Ds). Then GL[{d1,ds, x;, c1,y;}] = K5, where c1y; € E, for some j € [3] with
J # 1, a contradiction. n

By Claim 2 and Claim 3, V(B;) U V(B;) € D, for any i # j € [t — 2] and all

¢ € [t —2]. By symmetry, we may assume that V(B;) C V(D;) for all i € [t — 2].
Then V(B;) U {z;} = V(D;) for some j € [t — 2] since |V(D;)| = |V(B;)| + 1 and
V(B)U---UV(B2)UX =V(Dy)U---UV(D;_5). By symmetry, we may assume that
V(B;) U{z;} = V(D) for all i € [t —2]. It follows that for all i, j € [t — 2] with i # j,
B, is complete to B, in G, z; is complete to X \ z; and B; in G], y; is complete to C; in
7, y; is complete to C; U (X \ z;) in G7, x; is complete to B; in GJ, {x;, y;} is complete
to Hy in G7, all edges in A, By,...,B;_9,C4,...,C;_5 and Hy are colored blue under 7.

(b

This proves that 7 = ¢ and thus ¢ is the unique critical coloring of G up to symmetry. It

can be easily checked that adding any edge e € E(G) to G creates a red K; if e is colored
red, and a blue Ty if e is colored blue. Hence, G is (K, Ty )-co-critical. Note that

(X UY,V(G)\ (XUY)) = (t—2)(n— (2t —4)) + (t — 2)(n — (2t — 4+ k — 1))

(t—2)(2n — 4t — k + 9);
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ec(XUY) = (") +(t—2)(t—3); ec(V(B1) U - UV(Bis),V(C)U--- UV (Cis)) =
(t—2)(k—2)2; eq(V(C)U- - - UV (Cy_3)) = (t—2) (k;2); eq(V(A) UV (B))U---UV(B;_3)) =
((t_Q)(kgz)’Lk_l). Using the facts that s[k/2] +r=n— (2t —3)(k—1) and r < [k/2] — 1,
we see that when k > 4,

e(G):(t—Q)(Qn—4t—k+9)+<t;2)—I—(t—2)(t—3)+(t—2)(k¢—2)2—|—

(t—2)(k;2) N ((t—2)(k —22)+k—1) +(S_r>(m£2}) +r<W2; +1>

_ (2t—4)n—<t—2)k;—1(t-2)(5t— 9)

+(k=2)((t—=2)(k—2)+ (t —2)(k—3)/2+ (t — 1)(tk — k — 2t + 3)/2)
eI ERDRHHIHED

=(2t—4_)n_—( 2)(k—§(5t—9))+%(k 2)((8 +t—5)k —2t* — 2t + 11)
3(-) CE) 5 (1

1
<(2t—4)n—|—2(t + 1 —5)k* — (4% + 6t — 25)k — 1 + 23t — 40)

'1);(% k1) (H )(H )

+
4t 1 1
= += =] ) n+ s+t =5k — (2t + 2t — 11)k
2 2 2
—1 1

(
k
2
B (t_g);t 9 J [gw ((2t—3)(/f— - ED
B (?Jr% EDnJrC(t,k),

where C(t, k) = 1(t2+t—5)k?— (22 +2t —11)k— =201 L1 TEY (24 — 3)(k — 1) — [£]).
When k = 3, we have 2s < n — 2(2t — 3) and

e(G):(t—Q)(2n—4t—3+9)+<t;2)+(t_2)(t_3)+(t_2)+<(t—2)+2)+S

t—2 t
=2t —7/2)n+ ( 5 ) + (2) — (3t* — 8t +5)
= (2t —7/2)n+ C(t,3),
where C(t,3) = (";7) + (}) — (3t> = 8t +5) = —22 + 5t — 2.
This completes the proof of Theorem 9. O
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