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Abstract

A hypergraph H is super-pancyclic if for each A C V(H) with |A] > 3, H
contains a Berge cycle with base vertex set A. We present two natural necessary
conditions for a hypergraph to be super-pancyclic, and show that in several classes
of hypergraphs these necessary conditions are also sufficient. In particular, they are
sufficient for every hypergraph H with 6(H) > max{|V(#H)], W}.

We also consider super-cyclic bipartite graphs: (X, Y')-bigraphs G such that for
each A C X with |A| > 3, G has a cycle C4 such that V(C4)NX = A. Super-cyclic
graphs are incidence graphs of super-pancyclic hypergraphs, and our proofs use the
language of such graphs.
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1 Introduction

1.1 Longest cycles in bipartite graphs and hypergraphs

For positive integers n, m, and § with § < m, let G(n, m,d) denote the set of all bipartite
graphs with a bipartition (X,Y’) such that |X| =n > 2,|Y| = m and for every z € X,
d(xz) = 6. In 1981, Jackson [4] proved that if 6 > max{n, mT“}, then every graph G €
G(n,m,d) contains a cycle of length 2n, i.e., a cycle that contains all vertices of X. This
result is sharp. Jackson also conjectured that if G € G(n,m,d) is 2-connected, then the
lower bound on ¢ can be weakened.

Conjecture 1 (Jackson [4]). Let m,n,d be integers. If 6 > max{n, ™}, then every

2-connected graph G € G(n, m,d) contains a cycle of length 2n.

Recently, the conjecture was proved in [8]. The restriction § > mTJ“r’ cannot be weak-

ened any further because of the following example:

Example 2. Let ny > ny > ng > 1 be such that ny; + ny + n3 = n. Let G3(ny,no,n3) €
G(n,36 —4,0) be the bipartite graph obtained from Ky o, U Ks_2,, U Ks_2,, by adding
two vertices a and b that are both adjacent to every vertex in the parts of size ny, ns, and
ns. Then a longest cycle in G3(ny,ng2,n3) has length 2(ny + ny) < 2(n —1).

Very recently [9], the bound was refined for 3-connected graphs in G € G(n, m, ).

Theorem 3 ([9]). Let m,n,é be integers. If § > max{n, mzlo}, then every 3-connected
graph G € G(n,m,0) contains a cycle of length 2n.

A construction very similar to Construction 2 shows that the bound %10 is sharp.

The results can be translated into the language of hypergraphs and hamiltonian Berge
cycles.

Recall that a hypergraph H is a set of vertices V(H) and a set of edges E(H) such
that each edge is a subset of V/(#H). We consider hypergraphs with edges of any size. The
degree, d(v), of a vertex v is the number of edges that contain v.

A Berge cycle of length ¢ in a hypergraph is a set of ¢ distinct vertices {vq,...,vs}
and ¢ distinct edges {eq,...,e¢} such that for every i € [{], v;, v;11 € e; (indices are taken
modulo ¢). The vertices vy, ..., v, are the base vertices of the cycle.

Naturally, a hamziltonian Berge cycle in a hypergraph H is a Berge cycle whose set of
base vertices is V(H).

Let H = (V(H), E(H)) be a hypergraph. The incidence graph of H is the bipartite
graph I(#H) with parts (X,Y’) where X = V(#), Y = E(#) such that for e € Y,v € X,
ev € E(I(H)) if and only if the vertex v is contained in the edge e in H.

If H has n vertices, m edges and minimum degree at least ¢, then I(H) € G(n,m,9).
There is a simple relation between the cycle lengths in a hypergraph H and its incidence
graph I(H): If {v1,...,v} and {ey,...,e,} form a Berge cycle of length ¢ in #H, then
vier ... vepvy is a cycle of length 2¢ in I(H), and vice versa.
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1.2 Super-pancyclic hypergraphs and super-cyclic bigraphs

Recall that an n-vertex graph is pancyclic if it contains a cycle of length ¢ for every
3 < ¢ < n. There are a number of interesting results on pancyclic graphs, see e.g.
survey [10]. A similar notion for hypergraphs and a strengthening of it were recently
considered in [8].

A hypergraph H is pancyclic if it contains a Berge cycle of length ¢ for every ¢ > 3.
Furthermore, H is super-pancyclic if for every A C V(H) with |A| > 3, H has a Berge
cycle whose set of base vertices is A.

While the notion of super-pancyclic graphs is useless, since only complete graphs have
this property, the notion for general hypergraphs is nontrivial. For example, Jackson’s
proof [4] that for 6 > max{n, 42}, each graph G € G(n,m,d) has a cycle of length 2n
yields a stronger statement. In the language of hypergraphs, it implies the following.

Theorem 4 ([4]). If 6 > max{n, 32}, then every n-vertex hypergraph with m edges and
minimum degree at least o 1s super-pancyclic.

It is interesting to find broader conditions guaranteeing that a hypergraph is super-
pancyclic. The notion of super-pancyclicity translates into the language of bipartite
graphs as follows.

By an (X, Y)-bigraph we mean a bipartite graph G with a specified ordered bipartition
(X,Y). An (X,Y)-bigraph is super-cyclic if for every X’ C X with |X’| > 3, G has a
cycle C' with V(C') N X = X'; we say that C' is based on X'.

To state necessary conditions for an (X, Y')-bigraph to be super-cyclic, we need a new
notion. For A C X, the super-neighborhood J/\\T(A) istheset {y €Y : |N(y) N A| > 2}.

If G is a super-cyclic (X,Y)-bigraph, A C X, and C is a cycle based on A, let
B=V(C)NY. Then B C N(A) and G[A U B] is 2-connected. Since adding a vertex of
degree at least 2 to a 2-connected graph keeps the graph 2-connected, we conclude that
every super-cyclic bigraph satisfies the following?.

IN(A)| > |A], and

For each A C X with |A| > 3: = ‘ (1)
G[AU N(A)] is 2-connected.

We conjecture that these necessary conditions for a bigraph to be super-cyclic are also
sufficient.

Conjecture 5. If G is an (X, Y)-bigraph satisfying (1), then G is super-cyclic.

To give partial support for Conjecture 5, let us somewhat refine the notion of super-
cyclic bigraphs.

1Jachoon Kim [6] observed that to check condition (1), it is sufficient to verify that G[A U N(A)] is
2-connected only when |A| = 3, though |N(A)| > |A] still needs to be checked for all A. When |A| > 3,
if GJAU N(A)] is not 2-connected, there is a subset A’ C A with |A’| = 3 for which G[A’ U N(A')] is also
not 2-connected.
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For an integer k > 3, a bipartite graph G with partition (X, Y") is k-cyclic if for every
X" € X with |X'| = k, G has a cycle C that is based on X'. If G is k-cyclic for all
3 < k < |X|, then it is super-cyclic.

In a series of claims, we prove the following.

Theorem 6. If G is an (X,Y)-bigraph satisfying (1), then G is k-cyclic for k = 3,4,5,6.
Another result supporting Conjecture 5 was proved in [8] (in slightly different terms).

Theorem 7 ([8]). Let 6 > max{n, 2}, If G € G(n,m,d) satisfies (1), then G is
super-cyclic.

We use Theorem 6 and the ideas of the proof of Theorem 3 to strengthen Theorem 7
as follows.

Theorem 8. Let § > max{n, ™} If G € G(n,m,0) satisfies (1), then G is super-
cyclic.

In terms of hypergraphs, our result is as follows.

Corollary 9 (Hypergraph version of Theorem 8). Let § > max{n, 252}, If the incidence

graph of an n-vertex hypergraph H with m edges and minimum degree 6(H) satisfies (1),
then H is super-pancyclic.

We present the main proofs in the language of bipartite graphs. We will say that an
(X,Y)-bigraph G is critical if the following conditions hold:

(a) G satisfies (1) but is not super-cyclic,
(b) N(X)=Y, and
(c) for every X' C X with X' # X, G[X' UY] is super-cyclic.

Note that every graph satisfying (1) is either super-cyclic or has a critical subgraph.

Furthermore, we say that a critical (X,Y')-bigraph G is saturated if, after adding any
X,Y-edge to GG, the resulting graph is super-cyclic.

In Section 2 we prove basic properties of critical bigraphs. Based on this, in Section 3
we prove Theorem 6 for k = 3,4, and 5. In Section 4 we discuss saturated critical graphs,
which will be useful in the last two sections. In Section 5 we prove Theorem 6 for k = 6.
In Section 6 we prove Theorem 8.

2 Properties of critical bigraphs

For all (X, Y)-bigraphs G below we assume | X| > 3, since G is trivially super-cyclic when
| X <2

Lemma 10. Suppose that an (X,Y)-bigraph G satisfies (1). Then |[N(x) N N(2')| > 1
for all distinct z,x' € X.
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Proof. Let 2 be any vertex in X — {z,2'} and A = {z,2/,2"}. If N(z) N N(2') = &,
then G[AU N(A)] — 2” has no z, 2/-path, contradicting (1). O

Claim 11. Let G be a critical (X,Y)-bigraph. Then G is 2-connected.

Proof. This is by the fact that Y = N(X) and by (1). O

Recall that for a vertex v € V(G) and a set U C V(G), a v,U-fan of size t is a set of
t paths from v to U such that the only common vertex of any two distinct paths is v. In
view of Claim 11, the classical Dirac’s Fan Lemma [3, 11] implies the following fact.

Lemma 12. Let G be a critical (X,Y)-bigraph, v € V(G), and U C V(G) with |U| > 2.
Then G has 2 paths from v to U having only the vertex v in common.

Let G be a critical (X, Y)-bigraph with |X| =%k + 1 and zy € X, where k > 2. Note
that if k& < 2, then GG cannot be critical, since it is trivially super-cyclic. By definition,
G — {xo} is super-cyclic. In particular, it has a cycle C' = zyy129ys . . . Tpyrr1 based on
X —{zo}. We index the vertices of C' modulo k; for example, 25,1 = z1. We derive some
properties of such triples (G, xq, C).

Claim 13. For all y;,y; € N(xo), x; and x; have no common neighbor outside C. Simi-
larly, x;+1 and ;41 have no common neighbor outside C'.

Proof. If z; and z; have a common neighbor y ¢ V(C), then the cycle

TiYyr - - TiYTiYj—1 - - - YiloYjTjg1 - .- L1

is based on X, contrary to assumption. If x;;; and z;4; have such a common neighbor,
consider the cycle C' in reverse and apply the same argument. O

Claim 14. For every y; € N(xo), x; and xo have no common neighbor outside C'; simi-
larly, ;11 and xo have no common neighbor outside C'.

Proof. If x; and xy have a common neighbor y ¢ V(C), then we may extend C to a
cycle based on X by replacing the edge z;y; with the path z;yxoy;. The proof for x;,; is
similar. O

Claim 15. For every i, if ; has a common neighbor y with x¢ outside C, then x;.1 has
no common neighbor with xy outside C', except possibly for y.

Proof. If x;11 and x¢ have a common neighbor 3 ¢ V(C'), with ¢y # y, then we may extend
C to a cycle based on X by replacing the path x;y;z;,1 with the path z;yxoy z;,1. O

Lemma 16. The vertex xy has at least two neighbors in C.
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Proof. Let A be the subset of X consisting of x(, together with all x; that do not have a
common neighbor with zy outside C.

If |A| > 3, then G[AUN(A)] is 2-connected by (1), so x¢ has at least two neighbors in
N(A). Each of these neighbors must also be adjacent to at least one vertex in A — {zo}.
By our choice of A, these neighbors must be in C'; and we are done.

If |[A] < 2, then xy has a common neighbor outside C' with all but at most one
of x1,29,...,2,. By Claim 15, two consecutive vertices x;, z;11 cannot have different
common neighbors with zy outside C'. Therefore there is a vertex yo outside C' adjacent
to xg and to all but at most one of x1,xa, ..., x}.

By Claim 11, d(zg) > 2. So there are two possibilities:

e If x4y has a neighbor y; in C| then at least one of z; or x;, is adjacent to yy; then
it has a common neighbor with zy outside C', contradicting Claim 14.

e If 7 has a neighbor ¥ outside C, then y; has a neighbor z; in C' because 6(G) > 2.
By Claim 15, x;_; and x;,1 cannot have common neighbors with z outside C' except
possibly for y;. If z;_1 # ;41 then at least one of them is adjacent to yo, which
is a contradiction. Otherwise, if z; 1 = z;4; then k = 2 and |X| = 3. If 24 has a
neighbor y{ that is adjacent to x;_1, then we have a contradiction. If there is no such
neighbor, then let A = {xo, z;,z;_1}. We see that G[A U N(A)] is not 2-connected,
a contradiction.

Therefore the case |A| < 2 is impossible, completing the proof. O

3 3-, 4-, and 5-cyclic graphs
Theorem 6 makes four claims: for k = 3,4,5,6. In this section, we prove three of them.
Claim 17. All (X,Y)-bigraphs G satisfying (1) are 3-cyclic.

Proof. Suppose the claim is false and take a vertex-minimal counter-example, so that
|X|=3and Y = N(X). Then G is critical. By Claim 11, G is 2-connected, so it contains
a cycle.

Suppose the longest cycle C' = x1y1 229221 of G has 4 vertices and does not include the
vertex x3. By Lemma 12, there are 2 paths from z3 to V(C) having only z3 in common.
Then G would contain a cycle of length 6 unless the paths are just x3y; and x3ys. Suppose
that y3 € Y (note that |Y| > 3 by (1)). Again, by Lemma 12, there are 2 paths from ys
to V(C) having only y3 in common. Then G would contain a cycle of length 6 unless the
paths are just ysz1 and ysxo. Then we get a 6-cycle x1y123y222y371. O

Claim 18. All (X,Y)-bigraphs G satisfying (1) are 4-cyclic.

Proof. Suppose the claim is false and take a vertex-minimal counter-example, so that
|X| =4 and Y = N(X). Then G is critical. Let o € X = {x¢, 1, x2, 23} have maximum
degree. By Claim 17, G — {zo} has a 6-cycle C' = x1y122Yy223y3T1.
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Case 1: z( has a neighbor y, outside of C. By Lemma 16, x( is adjacent to at least
two of {y1,y2,ys3}; since §(G) > 2, yp is adjacent to at least one of {z1,x9,23}. Then
there is an edge of C' both of whose endpoints are adjacent to xy or yo; without loss of
generality, it’s z1y;. We can replace x1y; by z1yoxoy:, extending C.

Case 2: All of xy’s neighbors are in C'. Then the neighbors of x in C have degree at
least 3, and all other vertices in Y at least 2. Since |Y| > |X|, there are also vertices of
X with degree 3, and since xy was chosen to have maximum degree in X, its degree is at
least 3. Therefore z, is adjacent to all of {y1,ys,ys3}.

Since |Y'| > 4, there is yp € Y outside C. By Claim 11, y, has at least two neighbors
in X, and neither of them is xy. Without loss of generality, y, is adjacent to x; and s,
and so G has a cycle zoy122y021Y323Y2T0-

In both cases, we get an 8-cycle, a contradiction. O]

Claim 19. All (X,Y)-bigraphs G satisfying (1) are 5-cyclic.

Proof. Suppose the claim is false and take a vertex-minimal counter-example, so that
|X| =5 and Y = N(X). Then G is critical. Let zq € X = {xg, 1,22, 23,24} have
maximum degree. By Claim 18, G — {z¢} has an 8-cycle C' = x1y122YoT3Y374Y4.

Case 1: z( has a neighbor y, outside of C. By Lemma 16, x is adjacent to at least
two of {y1, Y2, ys, ys}; since 6(G) = 2, yo is adjacent to at least one of {xy, xo, 23, 24}. In
almost all cases, there is an edge of C' both of whose endpoints are adjacent to z or ¥,
in which case we are done as before. The remaining case is unique up to relabeling C
without loss of generality, xq is adjacent to y; and y, and y, is adjacent to zy.

If 23y, is an edge, then there is a 10-cycle 21y1Z2y2T0Y0Z4y373ya1, and similarly there
is a 10-cycle if z,y;3 is an edge. If neither is an edge, then N({xo, z1,x3}) contains y; and
Y2, but not ys or y4, so it needs a third vertex (call it y5) which is outside C, adjacent to
x1 and either to z¢ or to x3. In either case, we get a 10-cycle: one of

T1Ys5T3Y2L2Y1T0Y0T4Y4T1 O T1Ys5XoY1X2Y2T3Y3L4Y4X 1.

Note that in Case 1, we did not use that xy has maximum degree.

Case 2: All of xy’s neighbors are in C. In this case, as before, we argue that xy must
have degree at least 3. Say x¢ is adjacent to {y1,ys, y3}; we make no assumption about
whether zq is adjacent to y4.

We can replace x5 or x3 by xy to get new cycles using the same vertices yi, 2, Y3, Y4
of Y. If 9 or x3 has a neighbor other than vy, ys, y3, ¥4, then we can apply Case 1.

So all the other vertices of Y (and there must be at least one) must be adjacent only
to z1 and z4. Since they can be swapped in for y, to get a new cycle, if y, is adjacent to
any of xg, xo, r3, we can also reduce to a cycle C' where Case 1 applies. Therefore y, is
also adjacent only to z; and xy.

But now N({zo,x1,z2,23}) = {y1,v2,y3} which violates (1). In all cases, we get a
contradiction. O
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4 Saturated critical bigraphs

Recall that a critical (X, Y')-bigraph G is saturated if adding to G any X, Y-edge results
in a super-cyclic bigraph.

Lemma 20. If G is a saturated critical (X,Y)-bigraph, then for every y € Y, |[N(y)| #
| X] — 1.

Proof. Suppose G is a saturated critical (X, Y')-bigraph, and for yo € Y and zy € X we
have N(yo) = X — {zo}. Since G is critical, G — {x¢} is super-cyclic, but G has no cycles
based on X. Let |X| = k. Since G is saturated, G +yozo has a 2k-cycle yox1y122Ys - . - TrYo
where x;, = x9. Then G contains path P = yoz1y122 ... Tp.

By the choice of yo, {z1,...,2k-1} € N(yo). Thus if z; is adjacent to any y, for
1 < j < k-2, then G has cycle xy;7;yj—1 ... YoZTj+1Yj+1 - - - Tk, & contradiction. Hence
x has only one neighbor on P. Let Ng(zx) = {yx—1,21,22,...,2s}. Since G is 2-
connected, s > 1. Again, if any z; is adjacent to any z; for j < k — 2, then G has
cycle Tp2,xyj—1 ... YoTj41Yj+1 - - - T, a contradiction. Hence N(z;) = {xp_1, 25} for all
1 <7 < s. Switching z; with y,_1 we conclude that N(ygx_1) = {xx_1, 2} So, the only
vertex of X — {x;} at distance 2 from zy, is x;_1, a contradiction to Lemma 10. O

Lemma 21. If G is a saturated critical (X,Y)-bigraph and some xq € X has degree 2,
then

(a) each of its neighbors is adjacent to all vertices in X, and
(b) d(z) =4 for every v € X — {xo}.
In particular, at most one vertex in X has degree 2.

Proof. Suppose G is a saturated critical (X, Y')-bigraph, and d(zq) = 2 for some xy € X.
Let N(zg) = {v1,y2}. We first prove part (a):

N(y1) = N(y2) = X. (2)

Indeed, suppose N(y;) # X for some j € {1,2}. Then by Lemma 20, | X — N(y,)| > 2,
say, {z,2'} € X — N(y;). Consider A = {xg,z,2'} and B = Ng(A). Then y; ¢ B and so
daraus) (o) < 1, a contradiction to (1). This proves (a).

Suppose (b) does not hold and consider an x € X —{z¢} such that d(z) < 3. Note that
by (a), x is adjacent to y; and yo. For any 2’ € X — {x, 2}, Claim 17 for A = {x, 2/, 2}
yields that there is a common neighbor y(2’) of z and 2’ distinct from y; and ys. Since
d(z) < 3, all y(2') coincide, and hence there is a vertex y adjacent to all vertices in X
apart from z, a contradiction to Lemma 20. This proves (b). m

Lemma 22. If G is a saturated critical (X,Y)-bigraph, then for every y € Y, |N(y)| #
| X| — 2.
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Proof. Suppose G is a saturated critical (X,Y)-bigraph, and N(yy) = X — {2/,2"} for
some yo € Y. Let | X| = k.

Assume d(z') > d(z"). By Lemma 21, d(z’) > 3. Since G is saturated, it has a path
P = yoz1y122 . . . yp—12 where x, = 2’. We may assume z” = z; for some j.

If x), is adjacent to any y; for i € [k — 2] — {j — 1}, then G has cycle

Yoli+1Yi+1Ti42 - - - TkYiZ; - - - Yo,

a contradiction. So N(z) N V(P) C {yr—1,yj—1}. Let N(xy) — V(P) = {z1,22,..., 2}
Since d(zy) >3, s > 1. Let T = X — {wg, x4—1, ;1 }. Again, if any 2, is adjacent to any
x; € T, then G has cycle yox;11Yiv1%ivo - - - Trp2eX; - . . Yo, & contradiction. Hence

Nz)NT =2 forall<l<s. (3)

Since Claim 19 implies k£ > 6, |T'| > 3. By Claim 17, for each z;,xy € T, G contains a
6-cycle Cy with V(Cy) N X = {xg, x;, x4}, say C1 = xpyxy'xyy "z, By (3) and the fact
that N(zx) NV(P) C {yj—1,Yk-1}, {¥,¥"} € {yk—1,yj-1}. In particular, zy;—1 € E(G).

Similarly, if there are x;, z; € T both not adjacent to y,_; or both not adjacent to y;_1,
then G does not contain a 6-cycle Cy with V(C1)NA = {xy, z;, xy }; however, G is 3-cyclic,
a contradiction. This means |N(yx_1) NT| > |T| — 1 and |N(y;—1) NT| > |T| — 1. Since
|T| > 3, this implies that there is z; € TNN (yx—1)NN(y;—1). Note that i & {j—1,k—1,k},
since z;_1 & T. Since x;41 & {x;, 1}, yo is adjacent to x;41.

Figure 1: 3 configurations for Lemma 22

Since G is 2-connected, z; has a neighbor in {zy_1,z;_1}. If z124-1 € E(G), then

G has cycle yoz1 . . . TiYp—1T521 Th—1Yk—2Tk—2 - - - Tiy1Yo. S0 N(z1) = {xp, xj_1} (see Fig. 1

(1)). If j # k—1, then G has the cycle yoz1 ... Tj_121T,Yj—12Y;Tj41 - - - Tp—1Yo (see Fig. 1

(2)). Hence we may suppose j = k — 1. Then by the definition of 7', i < k — 3. So G has
the cycle yox1 ... Tiyp—oTk_1Yp—1TK21TK—2Yk—2 - - - Tir1Yo (see Fig. 1 (3)), a contradiction.

]

A critical (X,Y)-bigraph G is Y-minimal if every proper subgraph G’ = (X', Y'; E')
of G satisfying (1) is super-cyclic.

Lemma 23. If a saturated critical Y -minimal (X,Y)-bigraph G has vertices y1,y2 € Y
of degree 2, then N(y1) # N(y2).
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Proof. Suppose N(y1) = N(y2) = {1, 2}, and consider the graph G’ := G — {y;} with
partite sets X and Y/ =Y — {y;}. Note that in G, each cycle of length at least 6 contains
at most one vertex in {y;,y} since the neighbors of such a vertex on the cycle must be
exactly x; and x9. Hence for each cycle C of length at least 6 in GG, there exists a cycle
C"in G' with €N X = "N X. We will show that (1) holds for &

Indeed, suppose there exists a set A C X with INer(A)| < |A|l. Then {zy, 25} C A,
NG/(A) Ng( ) — {y1}, and hence |N( )| = [A[._If [A] > 4, then |N(A {z1})| =
|A — {z1}| = |A| — 1. However, N(A {z1}) C N(A) {y1,y2}, a contradiction. So
|A| = 3, say A = {x1, 22,23}, Nor(A) = {y2,y3}, and N(A) = {y1,12,y3}. But there is
no 6-cycle in G based on A since N(y;) = N(y2) = {x1,22}. This contradicts Claim 17.

Now suppose G’ is not 2-connected. Then G’ contains a cut vertex v, and {v,y;} is a
cut set in G. This implies that 21 and x5 are in different components of G — {v,y;}, and
so v = yo. Let x5 € X — {x1,22}. Then there is no 6-cycle based on {z1, 25,23} in G, a
contradiction.

By the definition of critical Y-minimal bigraphs, G’ is super-cyclic; but then G also
is. [

Lemma 24. If G is a saturated critical Y -minimal (X,Y)-bigraph, v € X and C is a
cycle based on X — {x}, then x has at least two non-neighbors in V(C)NY.

Proof. Let | X| =k and let C' = 21y, ... Tx_1yr_121. Suppose for the sake of contradiction
that |[N(z) N V(C)| > k — 2. If N(x) contains a vertex y that is not in C, then because
G is 2-connected, y has a neighbor in V(C'), say z;. Then without loss of generality,
y1 € N(z), and we may replace the edge x1y; in C' with the path z1yzy; to obtain a cycle
based on X, a contradiction. R

So we may assume N(z) C V(C). Since |N(X)| > |X]|, there exists a vertex y €
N(X)\ V(C). Since G is 2-connected and yz ¢ E(G), y has some neighbors z; and x;
in C. If {y;,y;} € N(x) then we obtain the cycle z1y: ... 2;yz;yj-1 ... YiTYjTjt1 ... T1,
a contradiction. Similarly, we have that {y,_1,y;-1} € N(z). The remaining case is
N(y) = {zs,zi+1} and N(z) = V(C) — {y;}. By considering the cycle obtained by
replacing y; with y, we see that by symmetry, N(y;) = {x;,z;+1}. But this contradicts
Lemma 23. [

5 6-cyclic graphs

In this section, we complete the proof of Theorem 6 by proving that all (X, Y")-bigraphs
satisfying (1) are 6-cyclic. We will use N¢(x) to denote the neighborhoods of x that are
in V(C).

Lemma 25. If G is a saturated critical (X,Y)-bigraph and | X| = 6, then X contains a
vertex of degree at least 4.

Proof. Suppose all vertices in X have degree at most 3.
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Case 1: There is a vertex y € Y with d(y) > 4. By Lemma 22, d(y) # 4, so d(y) = 5.
Let x1, 29,3, x4, x5 be five neighbors of y; let C' = x1y122y223y324ysx5y521 be a cycle
containing them.

If y ¢ V(C), then xq, 9, x3, x4, x5 each have two neighbors on C' and are also adjacent
to y. Since the degree of each z; is at most 3, they cannot have any other neighbors. In
that case, the set A = {x1, zo, x4} contradicts (1), since N(A) = {y1,y}.

Therefore y € V(C); say, y = y1. Then x3, x4, x5 have two neighbors on C' and an edge
to y1, so they have degree 3. By (1) applied to A = {21, x3, x5}, 1 must have an edge to
one of vy, y3, y4; symmetrically, x5 must have an edge to one of y3, y4, y5. This yields 3
edges incident to each of x1, xa, 3, 24, T5; none of these can have any other neighbors.

By (1), IN(X)| > 6; however, since there is only one vertex in X — V(C'), N(X) C
N(X NV(C)) =Y NnV(C). This only has size 5, a contradiction.

Case 2: All vertices in Y have degree at most 3. Let X = {x1,x9, x3, 24,25, 26}. Let
Cy = z1y122y223y3x1 be a 6-cycle based on {1, x9,x3} and let Cy = 24y4T5y526Ysx4 be a
6-cycle based on {z4, x5, 26}. We have V(C)NV (Cy) = @, since a vertex in V(Cp)NV (Cy)
would have degree at least 4.

In the cycle based on {x1, 2,24}, the vertex x; must have two common neighbors
with {z1,25}. Since A(G) < 3, at least one of them is a neighbor of z, on Cy. Without
loss of generality, let y4 be a common neighbor with z1, so that x1y, € E(G).

Now consider the cycle based on {1, x4, z5}. By the same argument, either x, or x;
must be adjacent to one of x1’s neighbors on ;. Without loss of generality, let x4y, be
that edge; then the cycle z1ys25ys5T6YsTsy1 T2y2x3y321 is based on X, a contradiction. [

Claim 26. All (X,Y)-bigraphs G satisfying (1) are 6-cyclic.

Proof. Take a vertex-minimal counterexample G with the most edges, meaning in partic-
ular that | X| =6 and Y = N(X). By Claims 17-19, G is k-cyclic for 3 < k < 5; therefore
G is critical, saturated and Y-minimal.

Let X = {x1,..., 76} and z be a vertex of maximum degree in X. By Lemma 25,
d(zg) = 4. Let C = z1y102YoT3Yy3x4Ysx5ysx1 be a cycle based on X — {x¢}. By Lemma 16
and Lemma 24, x¢ has either 2 or 3 neighbors on C, so it has at least one neighbor yg not
on C.

By symmetry, the following two cases are exhaustive.

Case 1: {y1,y3} € Nco(z). In this case, by Claim 14, no vertex y € N(zg) —V (C) can
be adjacent to x1, xo, T3, Or x4, so it must be adjacent to x5 and xg only. By Lemma 23,
Y is the only such vertex. By Claim 14 again, x4 cannot be adjacent to y4 or y5. To have
d(xg) = 4, r¢ must also be adjacent to y,, and therefore d(z4) = 4.

If zoys € E(G), then the cycle xoysxy ... y2Zeysxsysr1y122 is based on X, and if
Toys € E(G), the cycle xays ... T5ysrey1T1y5x2 is based on X. Thus, xoy, ¢ E(G) and
xoys € E(G). A similar argument shows that xsys, z3ys ¢ FE(G). However, applying
Claim 17 to A = {x9,x3, 25}, we find distinct vertices vy € N(xz2) N N(x5) and y” €
N(z3) N N(z5) such that ¥/, y" & {va,ys,ys}. Therefore x5 is adjacent to y4, s, v6, v, y",
and d(x5) > 5 > d(zg), contradicting the choice of x.
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Case 2: Ng(wg) = {y1,92}. In this case, in order to have d(xg) > 4, x¢ must have
neighbors y, v’ outside C'. By Claim 14, y and ' can only have x, and x5 as neighbors. If
y is adjacent to x4 and ¥’ is adjacent to x5, or vice versa, we contradict Claim 15; if both
are adjacent only to x4 or both only to x5, we contradict Lemma 23. O]

6 Bigraphs with high minimum degree

6.1 Properties of smallest counterexamples

Throughout this subsection, we assume that G is a vertex-minimal counterexample to
Theorem 8 with the most edges; let G € G(n,m,d) where § > max{n, ™=} Then for
each X' C X with X’ # X, G[X’ UY] also satisfies the conditions of Theorem 8 and
hence is super-cyclic.

Let G' = G[X UN(X)], i.e.,, G’ is obtained by removing only the degree-1 vertices of
G. Then G is critical and saturated. In particular, for every x € X, there exists a cycle
C in G’ (and therefore in G) such that V(C) N X = X — {z}. By Lemma 12, G’ has an
x, V(C)-fan F of size 2.

Among the triples (C, z, F) where z € X, C'is a cycle with V(C)NX = X — {z} and
Fis an x, V(C)-fan, choose a triple such that the size of F' is maximized, and subject to
this, |V (F')| is minimized. Let |V (C)| = 2¢ (so |X| = ¢+ 1). Let t be the size of F, and
let T =V(C)NV(F) ={uy,...,u}.

Fix a clockwise direction of C. For every vertex u of C, xf(u) (respectively, x5 (u))
denotes the closest to u clockwise (respectively, counterclockwise) vertex of X distinct
from u. For a set U C V(C), X} (U) = {zf(v) : u € U}. When C is clear from
the content, the subscripts could be omitted. The vertices y*(u),y (u) and the sets
X(U),Y*(U), Y~ (U) are defined similarly.

Viewing F' as a tree (spider) with root z, any two vertices u,v € V(F') define the
unique wu, v-path F[u,v]| in F. For u,v € V(C), let Clu,v] be the clockwise u,v-path in
C and let C~[u,v] be the counterclockwise u, v-path in C.

Lemma 27. t < /¢ — 2.

Proof. We first show that
t<l—|TNX|. (4)

If we TNX and y*(w) € T, then the cycle wF[w,yt (w)]yt (w)C[yt (w), w]w is based
on X, a contradiction. Similarly, y~ (w),z"(w), 2~ (w) ¢ T. Thus, |T' N X| < £/2 and
T NY|<{—2/TNX]|. This proves (4).

For the remainder of the proof, note that if Claims 13-15 are applied to G’, then the
conclusions hold for G' as well, since they are unaffected by the addition of vertices of
degree 1 in Y.

Let C' = zyy; ... zpyex1, and suppose t > £ — 1. By (4), TN X| < 1. fTNX = o,
we may assume that zy; € E(G) for all 1 < i < £ —1. By (1), IN(X)| = ¢+ 1, so
there is y € Y — V(C) with at least two neighbors in X. This will contradict one of
Claims 13-15 (possibly, in reversed orientation of C'), unless all such y are adjacent to
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only z; = 27 (y,) and z; = 21 (y,). Fix such a vertex y. Let A = X — {x,}. There exists a
vertex ¢y € (Y — V(C)) U{y,} such that ¢ € N(A), i.e., ¥ has two neighbors other than
x¢ (soy # y). Let C' be the cycle obtained by replacing y, with y. Then the vertex
violates one of Claims 13-15 with respect to C”.

If TN X| =1, then by (4), we may assume that zy; € F(G) for all 1 <i < ¢—2 and
that 2 has a common neighbor y € Y — V(C) with 2. By (1), [N(X — /)| > ¢, so there
isyo € (Y =V (C))U{ye—1, ys} with at least two neighbors in X —xz,. If yop € (Y —V/(C)),
this again will contradict one of Claims 13-15, unless N(yo) = {x¢—1,21}. In this case,
we obtain the longer cycle y1Cly1, Yo—a]ye—22yxeys_120—1Yox1. So suppose without loss of
generality yo = y, has a neighbor z € X — {x/, x1}. By the case, z # x, so suppose z = z;
for some 2 < j < ¢ — 1. Then G has cycle y,.Clye, yj—1]yj—12yzeC~ [24, ]7;y0 based on
X, a contradiction. O

Given a cycle C' and distinct x1, 29,23 € X NV(C), we say that x; and xy cross at
xg if the cyclic order is x1, 23, 22 and x1y™ (x3), 2oy~ (z3) € E(G) or if the cyclic order is
x1, e, x3 and 21y~ (x3), xoy ™t (23) € E(G). In this case, we also say that x3 is crossed by
Ty and x.

The following is Lemma 2.8 in [9]. It holds for each bipartite graph G (no restrictions).

Lemma 28 ([9]). Let C be a cycle of an (X,Y)-bigraph G, and let u,v € V(C)N X. If
w and v have at most r crossings, then dc(u) + de(v) < |V(C)|/24+ 2+ 7.

Proof. We induct on r. Suppose r = 0. Consider the two paths P, = Clu,v] and
Py = Cu,v]. In P, = vy...vp (v1 = u,vy = v), each v; € X satisfies at most one
of the following: v 1u € E(G) or v;_1v € E(G). So dp,(u) + dp,(v) < |[V(P) N X].
Similarly, dp,(u) + dp,(v) < |V(Py) N X]|. Since (X NV (P))N (X NV (P2)) = {u,v} and
V(P) UV (Py) =V(C), we get do(u) + de(v) < [V(C)|/2 4 2.

For r > 1, delete an edge incident to u that is used in a crossing, and induct. O]
Lemma 29. Ifu; € XNT, then y* (u;) has no neighbors in (F—=V (C)UXT(T)\{x*(u;)}.
Proof. Suppose y*(u;) has a neighbor z in F' — V(C'). Then the cycle

wi Flug, 2]zy™ (us) Cly™ (us), ug|ug

is based on X, a contradiction.

Suppose now that y* (u;) has a neighbor x1 in X (T)\ {x " (u;)}, where u € T satisfies
xt(u) = x1. Then the cycle z1y™ (u;)Cly™ (w;), uJuF [u, u;]u;C~ [u;, x1]x; is based on X, a
contradiction. ]

Lemma 30. If x; € XT(T), then xy cannot have a neighbor in F' — V (C).

Proof. Suppose 7 has a neighbor 3 in F' — V(C). Let u; € T be such that z; = x™(uy)
and z be a neighbor of u; in F'. Let P be a z,y’-path in F' and the cycle C’ be defined
by C" = x1C[z1, u1Ju12Py'xy. If y # z, then C” is based on X and we are done. Thus
z =y’ and hence u; € X. Let F' = F — u;. Note that F’ is an z, V(C”)-fan such that
[V(FNC)| =|V(F'NnC)|, but [V(F")| < |V(F)|, contradicting the choice of C'and F'. [
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Lemma 31. Suppose that x1,29 € XT(T). Then
(i) x1 and xo share no neighbors in' Y — V(C);
(ii) neither x1 nor x4 share a neighbor in'Y — V(C') with x.

Proof. Part (i) follows from Claim 13. From Lemma 30, if z; and z have a common
neighbor outside of C| it is not in F'. Suppose they share some neighbor y € Y — V(C).
Let 1 = 2% (u1). Then we have a longer cycle x1C[x1, ui|uy Fug, x]zyz;. The same holds
for x5 and x. This proves (ii). O

Lemma 32. Suppose ui,us € T. If 1 = x(uy) and xo = a1 (uz) cross at xz3 € XNV (C),
then

(1) w3 ¢ T

(i) G has a cycle C' containing (X NV (C) — {z3}) U {z} such that |C'| > |C|;
(iii) x3 shares no neighbors in'Y — V(C) with any vertex in the set {x} U X1 (T);
(1v) x3 has at most t neighbors on C.

Proof. Suppose that the cyclic order is z1,x3, 2o and z1y™(23), 22y~ (23) € E(G) (the
other case is symmetric).

For part (i), let y be a neighbor of z3 in F'. Let z be a neighbor of u; in F. Let P be
a z,y-path in F' and the cycle C’ be defined by

C" = a1y (w3)Cly ™ (3), urJur 2 PyxsC~ [, x1]21.

Then C’ is based on X. This contradiction proves (i).
The cycle

Cy = 21y (23)Cly™ (23), uoluo Flug, uiJus C~ [ur, zo]zoy ™ (23)C~ [y~ (23), 21]21
proves (ii).
To prove (iii), assume that y € Y — V(C) is a common neighbor of z3 and a vertex in
{z} U XT(T), and consider all cases. If yx € E(G), let
C' = vyT (23)Cly™ (23), urJus Fluy, 2]zyzsC [w3, 2171

If y is not in F[x,us], then C” is a cycle based on X, a contradiction. Otherwise, let F”
be F' — Fluy,y]. Note F” is an x, V(C")-fan where

C" = w1y (23)Cly™ (3), wa|us Fluy, ylyesC™ [w3, w12y,
and |[V(ENC)| = |V(F"NC")|, but |[V(F")] < |V(F)|, contradicting the choice of C' and
F.
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Ifu; €T, x; =x%(u;), yr; € E(G), and x; € Cly*(z3),u1], then the cycle

C" = u1Clay, x3]axsyz;Clx;, urJus Fluy, ujlu;C ™ [uy, yt(xs)]y T (23) 2y

is based on X. Similarly, if z; € C[uy,y~ (x3)], then the cycle
C" = 19C |2, uj|u; Flug, ug)usC™ [ug, x| zsyx,;Clay, y~ (z3)]y~ (x3)xs

is based on X, a contradiction. This proves (iii).
By the choice of (C, z, F') and (ii), x3 has at most ¢ neighbors on C;. The only vertices
inY NV(C)—V(Cy) are y~ (z1) and y~ (z2). If z3y~ (x1) € E(G), then the cycle
y (@)Cly (z1), vy~ (23)ly™ (w3)22Cwa, ur]ur Flur, us]usC™ [ua, ws]asy™ (1)
is based on X. If x5y~ (z3) € E(G), then the cycle
(

2101, xs)zsy ™ (22)Cly ™ (22), wr]ur Flug, uo)uaC™ [ug, y ™ (x3)|y ™ (w3) 21

is based on X. This proves (iv). O

Lemma 33. Suppose uy,ug € T, 1 = xt(u1), and xo = ¥ (ug). Then no two vertices
x3, x4 € V(C) crossed by xy and x5 have a shared neighbor in'Y — V(C).

Proof. Suppose vertices x3,z4 € V(C) N X are crossed by z; and z5 and there is some
y € (N(xz3) N N(x4)) —V(C). By Lemma 32, y ¢ V(F).

We consider two cases. If x5 and x4 both are on C[xy, x5 or both are on Clxs, 4],
then we may assume that their cyclic order is x, x3, x4, z2. In this case, the cycle

21C[21, x3|23yx4Clas, usus Flug, urJui C [ug, xa]xey ™ (24)C [y~ (24), Z/+(373)]Z/+(373)x1

is based on X.
If one of x3 and x4 is on C[z1, xs] and the other is on C[xq, x|, then we may assume
that their cyclic order is x1, x3, 22, x4. In this case, the cycle

11C 21, 23]23yx4C [24, 2o] oy ™ (24) Cly ™ (4), wa]us Flu, ug)us C™ [ug, y™ (23)]y " (23) 21
is based on X. This proves the lemma. O
Lemma 34. Let A C X (T). Then Y, dc(w) < |A|(€ —2)+2.

Proof. Let w1, € A such that zy = 27 (uy) and xy = 2 (uy) for some uy,us € T. We
first prove that

if ug €Y and y*(z2)x1 € E(G), then de(xe) < £ — 2. (5)

The cycle C" = x1y™ (x2)Cly™ (x2), ut|ug Flug, usJusC~ [ug, 1)1 contains all vertices in C'
except xo and possibly yT(u;) (in the case that u; € X). By Lemma 29 and Lemma 30,
Ne(x3) = Ner(x9). By Lemma 27 applied to C" and xs, do(x2) = der(x9) < € — 2.
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In particular, if do(x1) = ¢, i.e., x; is adjacent to every y vertex in C, then by
Lemma 29, each xo € X(T) — {1} satisfies uy € Y. Therefore by (5), do(z2) < £ — 2.
It follows that ) ., dc(w) < |A|(£ —2) 4 2.

So suppose every w € A has do(w) < £—1, and there exist two vertices 1, xo € A with
equality. Define uy, uy as before. Then for every x3 € X (T) —{x1, 22}, either u; € Y and
3yt (z1) ¢ E(G) by (5), or u; € X and z3y™(z1) ¢ E(G) by Lemma 29. The same holds
for z3 and . Therefore do(xs) < € —2, and again >, _,deo(w) < |A|(4 —2) + 2. O

weA

Lemma 35. Suppose t > 4, uj,us € T, 1 = 21 (u1), and xo = x"(uz). Then at most
one vertex in C is crossed by 1 and xs.

Proof. Suppose vertices x3, x4 € V(C) N X are crossed by z; and xs.
Let A = X (T)U{x,x3, 24} (possibly, X T (T)N{x3, x4} # &), and A" = A—{x,x3,24}.
Note that |[A’| >t — 2, and by Lemma 34 applied to A", >~ ., dc(w) < [A'[({ —2) + 2.
Since x can have at most ¢ neighbors on C, |N(z) —V(C)| > § —t. By Lemma 32(iv),
|IN(z3) = V(C)| =2 6 —t and |N(z4) — V(C)| = 0 — t. By Claims 13-15 (applied to G)
and Lemmas 32(iii) and 33, no two distinct vertices in A have a common neighbor in
Y — V(C). Thus, remembering the ¢ vertices in Y NV (C), we get

Y204 |N(u) - V(O)

ueA
=+ |N(z) = V(O)| + |N(xs) = V(C) + [N(za) = V(C)| + Y IN(u) = V(O]
ucA’
>0+3(0—1t)+0|A|— (- )\A’|—2
>0+30 —3t+ (6 — 0+ 2)|A"| —
>0+ 36 — 3t+(5—£+2)(t—2)
>0+ 30 — 3t+(6—€+2)+(5—£+2)(t—3)—2
>0+30—3t+(0—0+2)+3(t—3)—2
=40 —3t+2+43(t—3)—2=46-9,
as claimed. 0

Lemma 36. For any x1,x5 € X, x1 and x5 cannot be separated by a set of two vertices.

Proof. Recall that G is a vertex-minimum counterexample to Theorem 8, and G' = G[X U
N(X)] is critical and saturated.

Suppose that for some x1, 25 € X, uy, us € V(G), x1 and x5 are in different components
of G — {uy,us}. Note that uy,uy € V(G'), since V(G) — V(G’) contains only vertices of
degree 1 in Y.

If there also exists z3 € X — {x1, 22} such that z3 is in a different component of
G — {uy,us} than both z; and x5, then G cannot contain a 6-cycle based on {z1, x5, x3},
since these vertices are separated by a set of size two. Hence we may assume G — {uy, us}

contains exactly two components containing vertices in X. Call these components D; and
Dy where z7 € V(Dy) and x5 € V(Ds).
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Choose any two vertices z, 2’ € X — {uy,us}; then choose a third vertex z” € X —
{u1,us} such that not all three of x, 2’, 2" are in the same component of G — {u;,us}. Let
C' be a cycle based on A = {z, 2, 2"}.

Since {uy,us} separates one of the vertices of A from the others, uy, uy € V(C); since
V(C)N X = A and neither uj nor uy is in A, we must have u;,us € Y.

Moreover, u; must have an edge to either x or 2’ in C, and therefore in G. Since
x,x" € X were arbitrary, |N(uy)| > |X| — 1. By Lemma 20 applied to G', Ng/(uy) = X,
and therefore N(u;) = X. By symmetry, we also obtain N(ug) = X.

Now suppose each component of G — {uy,us} has at least 2 vertices in X. For i €
{1,2}, set X; = X N D;. By the minimality of G, there exists a cycle C; of G based on
X7 U{z2} and a cycle Cy based on Xy U{x1}. Since D; and D, are separated by {ug, us},
Ne, (22) = Ney (1) = {ug, us}. Therefore (Cy — {x2}) U (Cy —{21}) is a cycle in G which
is based on X, a contradiction.

Thus we may assume without loss of generality that V/(D;) N X = {z1}. Note that
this implies all neighbors of x; other than u; and uy have degree 1. Let G; be obtained
from G by deleting x; and all of its neighbors except for w;.

We will show that G is a counterexample that has fewer vertices than G. Set X' =
X —{z1} = X NV(Gy). If there exists A C X’ with |A| > 3 such that |Ng, (A)| < |A],
then in G, Ng(AU {z1}) = Ne, (A4) U {uz} < |AU {21}, a contradiction.

Next, we will show that for all A with |A| > 3, Gi[AU Ng, (A)] is 2-connected. Recall
that G;—{u} = Ds. The subgraph of Dy obtained by removing all vertices in Y of degree
1is still connected. Call this subgraph H. If A = X, then G1[AUNg, (A)] = G1[HU{u, }].
Since H is connected and u, is adjacent to all vertices in X', G1[H U{u;}| is 2-connected.
Now suppose A # X’. Then by the choice of G as a minimum counterexample, there
exists a cycle C'in G with V(C)NX = AU{z1}, where No(x1) = {u, u2}. In particular,
P :=C —{xy,uy,us} is a path containing all vertices of A. In Gy, G1[AU Ng, (A)] can be
obtained from P by adding uy, which is adjacent to all of V' (P)N X, and possibly adding
some additional vertices in Y with degree at least 2. Hence it is 2-connected.

Next, suppose that it is super-cyclic. By the minimality of G, G' contains no cycle C
based on X'; however, because G is super-cyclic, we may find a cycle C" = v1v, . .. vg x/ V1
in G (and therefore in GG) based on X — {z1} such that uy ¢ V(C"). If uy ¢ V(C"), then
we may replace in C” any segment v;v;,1v;42 (for v; € X) with the path v;uyzuv;4o to
obtain a contradiction. Otherwise, if u; = v; for some i, we replace the path v;_juv;o
with v;_juyxusv; .

Finally, we have [Y NG| < |Y] - (0 —1) < (46 —10) — (6 — 1) < 4(6 — 1) — 10.
The last inequality holds because we may assume that | X| > 7 and therefore § > 7, since
Theorem 6 implies Theorem 8 for |X| < 6. This shows that G is a counterexample for
Theorem 8 (with ¢’ = 6 — 1) which has fewer vertices than G, contradicting the choice of
G. O
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6.2 Proof of Theorem 8

Proof of Theorem 8. As in the previous subsection, suppose for the sake of contradiction
that G is a vertex-minimum, edge-maximal counterexample to Theorem 8. By the choice
of G, for each x € X, there exists some cycle C' with V(C)NX = X — {z}. We may
also assume that |X| > 7 and therefore 6 > 7, since Theorem 6 implies Theorem 8 for
[ X|<6.

Letting G = G[X U N(X)], it follows from our choice of G that G’ is critical and
saturated.

If there exists a pair (z,C) with an z, V(C)-fan F of size at least 4, then choose such
a triple which maximizes t = |V (F) N V(C)|, and subject to this, minimizes |V (F')|. Let
T = V(F)NV(C). By Lemmas 31 and 35, no two vertices in X(7") U {z} share a
neighbor outside of V(C'), and no two vertices in X+ (7T') cross more than one time. By
Lemma 28, for each pair z1, 25 € X (T, do(x1) + do(x2) < |[V(C)NY |+ 3 = |X]| + 2.
Therefore

Yl > vEe)nYl+ Y dvove(w)

weX+(T)u{x}
> [X[—-1+46t+1) - > de(w)
weX+(T)U{z}

> X =14+ 0(t+1) -t —t(X] +2)/2.

Since the coefficient at t is at least 6 — 1 — (6 + 2)/2 > 0 (assuming, as we do, that
d > 4), this quantity is minimized whenever ¢ is minimized, i.e., t = 4. We obtain
Y| > |X|—14506 —4—2(]X| +2), which is minimized when |X| = 4. So |Y| > 46 — 9,
a contradiction.

Now suppose that for all z € X and cycles C' with V(C)NX = X — {z}, the largest
x,V(C)-fan has size at most 3. Choose z € X with the maximum number of neighbors
of degree at least 2. If every x € X has at most 3 neighbors of degree at least 2 (and
at least § — 3 neighbors of degree 1), then we have |Y| > | X|(0 — 3) + 3; since |X| > 4,
Y| > 40 — 9, a contradiction.

Therefore = has at least 4 neighbors of degree at least 2. Let F' be a maximum z, V (C')-
fan of G and set T'= FFNV(C). By Lemma 36, |T| > 3, since & cannot be separated
from X — 2’ by a set of size 2. So |T'| = 3.

By Lemma 16, [T NY| > 2 (we apply this lemma to G’, but the conclusion carries
over to G). If [T NY| = 3, then since = has at least 4 neighbors of degree at least 2,
there exists y € N(z) — V(C'). Since all vertices in X — {z} are contained in C, y has a
neighbor ' € C. But then F'U zyz’ is an z, V(C')-fan of size 4, a contradiction.

Finally, we may assume T'N V(C) = {x1,41,y2}, where z and x; have at least 2
common neighbors outside C. In particular, {y;,y2} C N(z), and for any 2’ # z, x;, we
have N(z) N N(z") C {y1,y2}, otherwise we could find a larger x, V(C)-fan. We will show
that N(y1) = N(y2) = X. If there exists 2/, 2" € X — {x;} such that 2'y;, 2"y, ¢ E(G)
for some i € {1,2}, then there cannot exist a 6-cycle based on {x,2’, 2"}, a contradiction.
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Hence |N(y)| > |X| — 2 which implies N(y) = X by Lemma 22 (again, we apply this
lemma to G’, but the conclusion carries over to G).

Consider y € N(z) — {y1,2}. Since there is no z, V(C,)-fan of size 4, N(y) C TU{z}.
That is, N(y) = {z, 21} and so N(z) C N(z;). Recall that we chose z to have a maximum
number of neighbors of degree at least 2. Additionally, note that V(C)NY C N(X). Thus
Ne(x1) = {y1, 2}, since otherwise |N(z1)| > |N(z)|. But then {y;, 4} separates {x,z1}
from the rest of the vertices in X, contradicting Lemma 36. O]

Acknowledgement

We thank both referees for their helpful comments.

References

[1] J. A. Bondy, Pancyclic graphs I, J. Combin. Theory, 11 (1971), 80-84.

[2] J. A. Bondy, Pancyclic graphs: recent results, Infinite and finite sets (Colloq.,
Keszthely, 1973; dedicated to P. Erdés on his 60th birthday), Vol. I, 181-187. Collog.
Math. Soc. Janos Bolyai, Vol. 10, North-Holland, Amsterdam (1975).

[3] G. A. Dirac, In abstrakten Graphen vorhandene vollstandige 4-Graphen und ihre
Unterteilungen, Math. Nachr., 22 (1960), 61-85.

[4] B. Jackson, Cycles in bipartite graphs, J. Combin. Theory, Ser. B, 30 (1981), 332—
342.

[5] B. Jackson, Long cycles in bipartite graphs, J. Combin. Theory, Ser. B, 38 (1985),
118-131.

[6] J. Kim, personal communication.

[7] A. Kostochka, and R. Luo, On r-uniform hypergraphs with circumference less than
r, Discrete Appl. Math. 276 (2020), 69-91.

[8] A. Kostochka, R. Luo, and D. Zirlin, Super-pancyclic hypergraphs and bipartite
graphs, to appear in J. Combin. Theory, Ser. B, arXiv:1905.03758.

9] A. Kostochka, R. Luo, M. Lavrov, and D. Zirlin, Longest cycles in 3-connected
hypergraphs and bipartite graphs, submitted, arXiv:2004.08291.

[10] J. Mitchem and E. Schmeichel, Pancyclic and bipancyclic graphs—a survey, Graphs
and applications (1985), 271-278.

[11] D. West, Introduction to Graph Theory, second edition, Prentice Hall, 2001.

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(1) (2021), #P1.2 19


https://arxiv.org/abs/1905.03758
https://arxiv.org/abs/2004.08291

	Introduction
	Longest cycles in bipartite graphs and hypergraphs
	Super-pancyclic hypergraphs and super-cyclic bigraphs

	Properties of critical bigraphs
	3-, 4-, and 5-cyclic graphs
	Saturated critical bigraphs
	6-cyclic graphs
	Bigraphs with high minimum degree
	Properties of smallest counterexamples
	Proof of Theorem 1.8


