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Abstract

The k-cut number of rooted graphs was introduced by Cai et al. as a generaliza-
tion of the classical cutting model by Meir and Moon. In this paper, we show that
all moments of the k-cut number of conditioned Galton-Watson trees converge after
proper rescaling, which implies convergence in distribution to the same limit law re-
gardless of the offspring distribution of the trees. This extends the result of Janson.
Using the same method, we also show that the k-cut number of various random or
deterministic trees of logarithmic height converges in probability to a constant after
rescaling, such as random split-trees, uniform random recursive trees, and scale-free
random trees.

Mathematics Subject Classifications: 60C05, 60F05, 05C05

1 Introduction and main result

In order to measure the difficulty for the destruction of a resilient network Cai et al. [12]
introduced a generalization of the cut model of Meir and Moon [30] where each vertex
(or edge) needs to be cut k € N times (instead of only once) before it is destroyed. More
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and The Swedish Foundations’ starting grant from Ragnar Séderbergs Foundation.
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precisely, consider that the resilient network is a rooted tree T,,, with n € N vertices. We
assume that sibling vertices in T,, are ordered. (Such trees sometimes are referred to as
plane trees.) We destroy it by removing its vertices as follows: Step 1: Choose a vertex
uniformly at random from the component that contains the root and cut the selected
vertex once. Step 2: If this vertex has been cut k times, remove the vertex together
with the edges attached to it from the tree. Step 3: If the root has been removed, then
stop. Otherwise, go to step Step 1. We let K;(T,,) denote the (random) total number of
cuts needed to end this procedure the k-cut number, i.e., Kx(T,,) models how much effort
it takes to destroy the network. (For simplicity, we will omit the subscript k& and write
IC(T,,).) It should be clear that one can define analogously an edge deletion version of
the previous algorithm, where one needs to cut an edge k times before removing it from
the root component. Then, one would be interested in the number IC.(T,) of edge cuts
needed to isolate the root of T,,.

The case k = 1 (i.e., the traditional cutting model of Meir and Moon [30]) has been
well-studied by several authors. More precisely, Meir and Moon estimated the first and
second moment of the 1-cut number in the cases when T, is a Cayley tree [30] and a
recursive tree [31]. Subsequently, several weak limit theorems for the 1-cut number have
been obtained for Cayley trees (Panholzer [33, 34]), complete binary trees (Janson [24]),
conditioned Galton-Watson trees (Janson [25] and Addario-Berry et al. [1]), recursive
trees (Drmota et al. [16], Tksanov and Mohle [23]), binary search trees (Holmgren [19])
and split trees (Holmgren [20]). In the general case k > 1, the authors in [12] established
first moment estimates of KC(T,,) for families of deterministic and random trees, such as
paths, complete binary trees, split trees, random recursive trees and conditioned Galton-
Watson trees. In particular, the authors in [12] have proven a weak limit theorem for
K(T,) when T, is a path consisting of n vertices. More recently, Cai and Holmgren [11]
also obtained a weak limit theorem in the case when T,, is a complete binary tree.

In this work, we continue the investigation of this general cutting-down procedure in
conditioned Galton-Watson trees and show that (T, ), after a proper rescaling, converges
in distribution to a non-degenerate random variable. More precisely, let & be a non-
negative integer-valued random variable such that

El(]=1 and 0<o®:=Var(f) < co. (1)

We further assume that the distribution of £ is aperiodic. This last condition is to avoid
unnecessary complications, but our results can be extended to the periodic case. We
then consider a Galton-Watson process with (critical) offspring distribution £. Let T,, be
the family tree conditioned on its number of vertices being n € N, providing that this
conditioning makes sense. The main result of this paper is the following. We write L to

denote convergence in distribution. (In the rest of the paper CRT stands for Continuum
Random Tree.)

Theorem 1. Let k € N. Let T,, be a Galton-Watson tree conditioned on its number of
vertices being n € N with offspring distribution & satisfying (1). Then,

o Vkn 2k (T,) N ZGRT, (S M — 00, (2)
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where Zcrr 18 a non-degenerate random variable whose law is determined entirely by its
moments: E[Z2pr] =1, and for ¢ € N, E[Zxr] = kg with

(w1t tyg)?

nk,q:—q!/ / Yi(yr+ ) (yi + -+ yge > F(yge) dyg - dyn,  (3)
0 0

where y, = (Y1, ..,Y,) € R and

Fq(yq) :_/0 /0 /0 exXp <_ ! Qk' ia dzg--- day day.

Furthermore, if E[P] < oo for every p € Zso, then for every q € Zo,

o~V YREK(T,)Y — E[Z&sr], as n — oo.

In the case k = 1, Theorem 1 reduces to a Zcrr having a Rayleigh distribution with
density ze=**/2, for z € R,. More precisely, one can verify that Mg = 29T (1 + ¢q/2),
for ¢ € Z>(, which are the moments of a random variable with the Rayleigh distribution;
in this paper I'(-) denotes the well-known gamma function. As we mentioned earlier,
the case k& = 1 has been shown in [25, Theorem 1.6] (or Addario-Berry et al. [1]). We
henceforth assume throughout this paper that k£ > 2.

It is also important to mention that we could not find a simpler expression (in general)
for the moments 7, except for some particular instances. For ¢ = 1, we have

L (K)F /1 1
=272 r(-)r{1—-=).
o =20 () (1 5)

Then Theorem 1 provides a proof of [12, Lemma 4.10], where an estimation of the first
moment of IC(T,,) was first announced but whose proof was left to the reader. One can also
compute with the help of Mathematica the second moment of Zcgrr or other particular

examples. However, the expressions are too involved and we decided not to include them.
On the other hand, let (Uy,...,U,) be ¢ ii.d. leaves of a Brownian CRT and de-

fine the vector (L™, L™, ... LOFT) where LF®" = 0 and L™ is the total length
of the minimal subtree of a Brownian CRT which connects its root and the leaves of
Ui, ..., U; see [3, Lemma 21| from where one can deduce explicitly the distribution of

(LGRT, LYRT, . LIRT). From the proof of Theorem 1, we obtain, for ¢ € N, that

00 1 Tg—1 {1_ LZCRT _ LZC_RT xic -
nk,qzq!/o /O /0 E[eXp(— =l i v )] dx,,

where X, = (x4, ...,21) € R%. This suggests that it ought to be possible to build the
random variable Zcrr by some construction that can be interpreted as the k-cut model
on the Brownian CRT defined by Aldous [2, 3]. The appearance of the Brownian CRT
in this framework should not come as a surprise since it is well-known that if we assign
length n~/2 to each edge of the Galton-Watson tree T,,, then the latter converges weakly
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to a Brownian CRT as n — oco. We believe that this connection can be exploited even
more than the one used in this work in order to obtain the precise distribution of Zggrr.
For example, ideas from [6] and [1] could be useful to answer this question.

The approach used in this work consists of implementing an extension of the idea of
Janson [25], which was used in [12], in order to study the k-cut model on deterministic
and random trees. The authors in [12] introduced an equivalent model that allows them
to define IC(T,,) in terms of the number of records in T, when vertices are assigned
random labels. More precisely, let (E;,)i>1veT, be a sequence of independent exponential
random variables with parameter 1; Exp(1) for short. Let G, == > ;. Eip, for r € N
and v € T,. Clearly, G,, has a gamma distribution with parameters (r,1), which we
denote by Gamma(r). Imagine that each vertex v € T,, has an alarm clock and v’s clock
fires at times (G,,),>1. If we cut a vertex when its alarm clock fires, then due to the
memoryless property of exponential random variables, we are actually choosing a vertex
uniformly at random to cut. However, this also means that we are cutting vertices that
have already been removed from the tree. Thus, for a cut on vertex v at time G,.,, (for
some r € {1,...,k}) to be counted in IC(T,,), none of its strict ancestors can already have
been cut k times, i.e.,

Gy < min{Gy,, : v € T,, and u is a strict ancestor of v}.
When the previous event happens, we say that G, ,, or simply v, is an r-record and let
L, =[Gy < min{Gy, : u € T, and u is a strict ancestor of v}], (4)

where [[-] denotes the Iverson bracket, i.e., [S] = 1 if the statement S is true and [S] =0
otherwise. Let KC.(T,) be the number of r-records, i.e., K.(T,) == > . Ir,. Then, it
should be clear that

’UGTn

K(T.) £ 3 K.(T), (5)

1<r<k

where £ denotes equal in distribution.

Loosely speaking, we then consider the well-known depth-first search walk or contour
function V,, = (V,,(t),t € [0,2(n — 1)]) of the (ordered) tree T, as depicted in Figure 1,
that is, V},(¢) is “the depth of the ¢-th vertex” visited in this walk; this will be made precise
in the next section. As it is well-known (see Aldous [3, Theorem 23 with Remark 2] or
[29, Theorem 1]), when T, is a conditioned Galton-Watson with offspring distribution
satisfying (1), we have that

(n~Y2V,(2(n — 1)t),t € [0,1]) %267 'B™,  as n — o0,

in C([0,1],R,), with its usual topology, and where B™ = (B*(t),t € [0,1]) is a stan-
dard normalized Brownian excursion. It has been shown in [12, Lemma 2.1] that!

'For two sequences of non-negative real numbers (Ap)n>1 and (By)p>1 such that B,, > 0, we write
A, ~B,if A,/B, > 1asn — oo
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Figure 1: An example of a depth-first search walk in a tree and the corresponding V/,.

E[l,.,] ~ Cypd,(v)~"/*, for some (explicit) constant C,; > 0, where d,(v) is the depth
of the vertex v € T,,. Let o denote the root of T,. Thus, heuristically

Crkg  Crg /2(n1) dt
du(0) 7k 72 g Va(t)r/*

E[K,.(T,) | T,] ~
veT,\{o}

. _Crk /1(Vn(2(n—1)t))_£ dt
T 0 Vn

_ C,«,k o\ & ! dt
T (5) /0 Bex(t)r/k’

in distribution, as n — oo. (The reader should bear in mind that the above calculation is
not rigorous at all and that the purpose is only to illustrate the idea of proof.) One then
expects that

1
o kTR R [K(T,)] ~ CoxE { / (2B(t)) """ dt} . as n— 0o,
0

which coincides with the right-hand side of (3) when r = ¢ = 1. Note that this informal
computation suggests that? E [K,(T,)] = O(n'~2), for r € {1,..., k}. As a consequence,
Markov’s inequality implies that n‘”ﬁlCr(’]I‘n) — 0 in probability, as n — oo, for r €
{2,...,k}. As shown later, by the identity in (5), it would be enough to prove Theorem 1
for ICy(T,,) instead of IC(T,,).

In the rest of the paper, Section 2 and Section 3 make the above argument precise
and extend it to higher moments. This will allow us to use the method of moments for
proving Theorem 1. In Section 4, we also apply the same idea to get all moments of the
number of records in paths and several types of trees of logarithmic height, e.g., complete
binary trees, split trees, uniform random recursive trees and scale-free trees.

2 Preliminary results

The purpose of this section is to establish a general convergence result for the number of
1-records K1(T,) of a deterministic rooted ordered tree T,. The results of this section

2For two sequences of non-negative real numbers (Ap)n>1 and (By)p>1 such that B,, > 0, we write
A, = O(B,) if limsup,, , ., An/B, < 0.

ot
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can also be viewed as a generalization of those in Janson [25] and in Cai, et al. [12].
Furthermore, these results will allow us to study the convergence of IC(T,) not only for
conditioned Galton-Watson trees, but also for other classes of random trees in Section 4.
We start by defining a probability measure through a continuous function in the same
spirit as in [25, Theorem 1.9]. Let I C R, be an interval. For a function f : [ — R, and
t1,...,tg € I with ¢ € N, we define

q q—1
Li(ty, ..oty =Y flte) — Y inf  f(t), (6)
— 7 telti) )]
where t(1), ..., 1 arety, ..., t, arranged in nondecreasing order. Notice that L¢(ty,...,1,)

is symmetric in ¢y, ...,t, and that L(¢) = f(¢) for t € I. Define
Df(tl) = Lf(ﬁ) and Df(tl, ce ,tq) = Lf(tl, ce ,tq) - Lf(tl, e ,tq_l), for q = 2. (7)

We also consider the functional

(8)

G(ty,x,) = exp

(_Df(tl)l’lf +--+ Df(tl, ce ,tq)$§>
k! ’

for x, = (z1,...,2,) € RL and t, = (t1,...,t,) € I9. If I = [0,1], we further define, for
qg €N, mo(f) :=1and

—ql/ / / / / / #(tg,%,) dX, dt,, for ¢ > 2, (9)

where X, = (2, ...,21) and t, = (tg, ..., t1).
Theorem 2. Let k € N. Suppose that f € C(]0,1],Ry) is such that fol f)~VEdt < oo.

Then there exists a unique probability measure vy on [0, 00) with finite moments given by

/ uy(dz) = my(f),  for q € Lo,
[0,00)

Proof. We only prove uniqueness here. The proof for existence follows along the lines
of [25, Proof of Theorem 1.9, Pages 18-19] and details are left to the interested reader.
Informally speaking, the idea in [25] for the proof of existence is to build a sequence of
functions that satisfy the conditions of Lemma 3 below. Define the function

Hyolt, / / / (b, x,) dZ,. (10)

By changing the order of integration, we obtain that

qu / / / Gf tq,Xq qu,
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for x, = (21,...,2,) € RL and t, = (t1,...,t;,) € [0,1]%. By making the change of
variables x, = wy, Tg—1 = Wq + Wg—1, ..., 21 = Wy + - - - + wy, we see that

k
q
Hp,(t,) = exp | —— ZDf b1, ... t;) (Z wj) dw,,
j=i

[0,00)7

where wy = (wy,...,w,) € RY. From the inequality (zy +--- + )" > 2§ + - + 2}, we
observe that

Hs,(t,) < H/Oooexp< ZDf (t1,...,t; ) dw;
" q J —1/k
— r(1+1/k>qr(1+k)q/kﬂ<z (t, ..., 1; )

7=1 =1

q
= DL+ 1K) TA+E)Y Lty ... b))

=1

< TR+ BT fe) (1)

where for the last inequality we have used the fact that L;(t1,...,t;) > maxicj< f(t;),
for 1 < i < g. The later follows from the symmetry of L; see [25, Lemma 4.1] for a proof.
Then, the previous inequality allows us to conclude that

0<my(f) <T (14 1/k)IT+ k)" (/1 f(t)—l/kdt)q.

We conclude that there exists a > 0 such that 3 = mq(f)fl—? < oo, for 0 < z < a.
Then a probability measure with moments m,(f) has a finite generating function in a
neighbourhood of 0. Thus, it is well-known that this implies that the probability measure

is unique; see, e.g., [18, Section 4.10]. ]

Consider a rooted ordered tree T,, with root o and n € N vertices. We now explain how
T,, can be encoded by a continuous function. We define the so-called depth-first search
function |2, page 260], ¥, : {0,1,...,2(n — 1)} — { vertices of T,,} such that 1), () is the
(7 + 1)-th vertex visited in a depth-first walk on the tree starting from the root o. Note
that v, (i) and ¥, (i + 1) always are neighbours, and thus, we extend v to [0,2(n — 1)] by
letting, for 1 <i <t <i+1<2(n—1), ¥,(t) to be the one of ¥, (i) and 1, (i + 1) that
has largest depth (recall that the depth of a vertex v € T, is the distance, i.e., number of
edges, between o to v). Let d,(v) be the depth of a vertex v € T,,. We further define the
depth-first walk V,, of T,, by

Va(i) = dn(4(7), 1 €{0,...,2(n = 1)},
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and extend V,, to [0,2(n — 1)] by linear interpolation. Thus V,, € C(]0,2(n—1)],Ry). See
Figure 1 for an example of V,,. Furthermore, we normalize the domain of V;, to [0, 1] by
defining

V() = V,(2(n — 1)t) and V,(t) = [V,(2(n — 1)1)], (12)

for ¢t € [0,1]. Thus V,, € C([0,1],R.). Note that d,(¢(t)) = [V.(t)], for ¢ € [0,2(n — 1)].
Moreover,

maxd,(v) = sup  V,(t) = sup V,(t). (13)
v€Ty t€[0,2(n—1)] te[0,1]

We now state the central result of this section, that is, a general limit theorem in
distribution for the number of 1-records K1(T,,) of a deterministic rooted tree T,, with n
vertices. It is important to notice that Ki(T,,) is a random variable since the 1-records
are random. From now on, we always assume that k& > 2.

Lemma 3. Suppose that (Ty)nz1 is a sequence of ordered (deterministic) rooted trees, and
denote the corresponding normalized depth-first walks by V and V Suppose that there ex-

1/k _
ists a sequence (ay)n>1 of non-negative real numbers with lim, ., a, = 0, lim,,_,. na, /k—

oo and a function f € C([0,1],Ry) such that

(a) a,Vo(t) = f(t), in C([0,1],Ry), as n — oo.

(b)/ ann 1/’“dt—>/f )" VE At < oo, as n — co.

Then, for each q € Zo,
n~9a, YFE[IC, (T,)] — m,(f),

as n — 0o, where my(f) is defined in (9). Moreover, n’lagl/lel(Tn) —d>Zf, as n — oo,
where Zy is a random variable with distribution vy defined by Theorem 2.

Before proving Lemma 3, we need to establish some preliminary results and to intro-

duce some further notation. For ¢ € N and vertices vy,...,v, € Ty, let Ly, (vq,...,7,)
be the number of edges in the subtree of T,, spanned by vy, ...,v, and its root o (i.e.,
the minimal number of edges that are needed to connect vy,...,v, and o). We write

D, (v1) = Ly(v1) and D, (v1,...,v4) == Lp(v1,...,04) — Lp(v1,...,v4-1) for ¢ > 2. We

also consider the functional

Gn(vy, X4) = exp

(_Dn(vl)x’f—i—---—i—Dn(vl,...,vq)x’;) (14)

k!

for x, = (z1,...,2,) € RL and v, = (v1,...,v,) € TZ2. We denote by I'(k,-) the upper
incomplete gamma function of parameter k£ € N, i.e.,

[(k,z) :/ th=te7tdt, for x> 0.
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Remark 4. Let T,, be an ordered (deterministic) rooted tree with depth-first search walk
¢, and the corresponding function V. It is not difficult to see that L, and Ly, are
connected, in the sense that L,(¥n(t1),...,¥n(ty)) = L, (t1, ... ty) for ti,... t, €
[0,2(n — 1)]; see [25, Lemma 4.4] for a proof of this fact.

Lemma 5. Let T, be an ordered (deterministic) rooted tree with n € N vertices. Suppose
that there exists a sequence (ay)n>1 of non-negative real numbers such that lim,_, a,, = 0
and maxyer, d,(v) = O(a,'). Let o= 4 (; + k%l) and xo = a®. Then, for ¢ € N and
uniformly for all x € [0, zo],

where the vertices vq,...,v4 € T),.
Proof. Our claim can be shown along the lines of [12, Proof of Lemma 5.1]. O

Recall that for two sequences of non-negative real numbers (A,,),>1 and (By),>1 such
that B, > 0, one writes A,, = o(B,,) if lim,, .o A,/B, = 0.

Lemma 6. Let T, be an ordered (deterministic) rooted tree with n € N vertices. Suppose
that there ezists a sequence (a,)p>1 of non-negative real numbers with lim, . a, = 0,

limy, o0 nax " = 0o and max,et, dp(v) = O(a,'). Then the moments of K1(T,,) are given
by
a4 1 1 — —
w0 BT, = (14 Ol gt [ oo [ Byl dEy+ o),
0 0

where

3 0o T Tg—1 q

Hyq(tg) = / / / G, 7. (tg,x,) exp —a,ll/kai dx,, for ¢ eN. (15)

0o Jo 0 i=1

Proof. For simplicity, we write X, := KCy(T,,)? for ¢ € Z>¢ and note that X, = X{. For
q € N, we observe that

Xq:(X1—1+1)‘1:(Xl—l)q+qi<§>(X1—1)p:(X1—1)q+Yq.

where Y, = Zg;(l) "o (Z) (117) (—=1)P7'X;. Recall that I, is the indicator that v € T, is a

1-record defined in (4). By the previous identity, we have that
Xe= Y. L Ly, +Yo=q ) [Ewn..v)]+Y,
V1,...,0g€ETR \{o} U1,...,0gETR \{o}
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where E(v1,...,vy) = {E1y, < -+ < Ei,, and vy,...,v, are all 1-records}; recall that
Ei,, ..., B, are independent random variables with an Exp(1) distribution. To see the
last identity, note that each product Iy ,, - - I1,, occurs ¢! times with indices permuted
and for exactly one of these permutations we have that E,, <--- < Ey,,.

Consider the simple case ¢ = 2. Conditioning on F ,, = x2 < E1,, = 71, we see that
v1 and vy are both 1-records, if and only if, the following two events happen:

(i) the D, (v;) ancestors of v; are removed after time xy;

(ii) the D, (vq,v2) vertices which are ancestors of vy but not of v; are removed after time
ZIo.

Since xy < 1, we note that the event (i) implies that the vertices which are both the
ancestors of v, and vy are removed after z;. Let g(z) = P(Gamma(k) > z) for x € R;.
Since the events (i) and (ii) are independent, we have

P (E(v1,v2)) / / D”(”l (xg)D”(”l’”)e_“”l_“ dzsy day. (16)

Recall that we are assuming k > 2. Otherwise, when k = 1, the above equality is not
entirely correct since £(vy, v2) is impossible if vq is an ancestor of vy; see [25, Lemma 4.3]
for details in the case k = 1.

By generalizing the previous argument to ¢ € N, we see that

P(g(vl7 st 7 / / / Dn vl) . . g(xq)D"(vlr":Uq)e* Zg:l Zi diq
/ / / Dn (v1) | .. g(xq)Dn(vl,...ﬂ)q)e— I d)«zq

=4 +A27

where X, = (z4,...,21) € R, 29 = al and a = % (% + k%l) On the one hand, Lemma 5
implies that

[e's) k
A2</ gla)P e dmg(xo)f’"(””:()(%p (‘ o ))

2 2a,k!

we have used our assumption max,et, d,(v) = O(a,,'). On the other hand, Lemma 5 also
implies that

1 q
A = (1+0(ad")) / / / n(Vg, Xg)e” 2= % dXk,
= (140 / / / n(Vg, Xg)e™ 21" dR, + Ag,

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(1) (2021), #P1.25 10



where v, = (vq,...,v,) € T? and

q S g e fL'k
N s

this estimation can be deduced similarly as the one for the integral A;. Therefore, the
previous estimations and Remark 4 allow us to conclude that E[X,] equals to

(1+ O(aﬁi’“))q! Z / / / (Vg Xg)e "X dx,

01,.-,04€Tn\{o}

E[Y,] + o(n’aj’") (17)

Pl (n—1) 2(n—1) 5 _
=(1+0(az*))q'2™ q/ / / / / Gy, (tg, Xg)e Z=17 dx, dt,

[Y] + o(nan/k)

[Y] + o(nqaq/’“)

note that if we had not excluded the root, we would not be able to write the sum as an

integral. By making the change of variables x; = an/ kwi, for 1 < i < ¢, we have that

E[X,] = (1+O(a 2’“ 'nqaq/k/ / ,)dt, + E[Y,] + +o(n?al/").

Finally, our claim follows by induction on ¢ € N and the assumption lim,, na,l/ k=

00. O
We are now able to establish Lemma 3.

Proof of Lemma 3. First note that by condition (a) of Lemma 3 and (13), we have
maxX,er, dn(v) = Supe( 1] V,,(t) = O(az ). Thus the conditions for Lemma 5 and Lemma 6
are satisfied.

Recall the functions H, , and H;, defined in (15) and (10), respectively. Therefore,
notice that we only need to show that

o Efn,q(tq) dfq — o Hg,(t,) dfq, as n — 0o0. (18)
s q s q

The above convergence together with Lemma 6 implies that E[K1(T,)?] = O(n%a¥")
which clearly proves the first claim in Lemma 3. The second claim follows immediately
from Theorem 2 and the method of moments.
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We henceforth prove the claim in (18). Recall that a sequence (g, ),>1 of non-negative
functions on a measure space (€2, F, ) with total mass 1, i.e., u(2) = 1, is uniformly
integrable if [, g, dp < oo for all n > 1 and

sup sup/gndu—>0, as 6 — 0.
AeF:p(A)<énzl JA

We also recall the following useful result on uniformly integrable sequences of functions.
Suppose further that g, — ¢ almost everywhere as n — oo. By [27, Proposition 4.12], we
know that

(gn)n>1 is uniformly integrable if and only if /gn du — /g du < oo, (19)

as n — oo. Then in order to prove (18), it is enough to check the following:

(i) The sequence (H,, 4)n>1 is uniformly integrable on [0,1]?, and
(i) Hn,— Hp, as n — oo.

We start by showing (i). Note that |a,V,(t) — a,V,(t)| < an for ¢ € [0,1]. Then, the
assumption (a) implies that a,V,(t) — f(t) and 1/(a,V, ()% — (1/f())**, for every
t € [0,1], as n — oo. Moreover, the assumption (b) shows that (1/(a,V,(t))Y*)us is
uniformly integrable on [0, 1]. More generally, for every fixed ¢ € N and t, = (¢4,...,1,),
define the function f]njq(tq) = (an,Viy(t1) - - ~an‘7n(tq))_1/k. We then observe that

/01.../01 H,,(t,) dt, = </1 (an‘/}n(t)>—1/k dt)q

— ( Olf(t)l/’f dt>q

0

= /01.../01 (F(t) - F(t,) ™7 dt,,

as n — o00. Thus the result in (19) shows that the sequence (H, 4),>1 is uniformly
integrable on [0, 1]9. Next notice that the inequality exp(—ai/ Moy +- - +1,)) < 1implies

that H,,(t,) < H, o (t,), where H, 3 . is defined in (10). Then the inequality (11)

anVn,q
implies that there exists a constant Cy, > 0 such that H, ,(t,) < C’kyq]’:?mq(tq). Hence (i)
follows by applying [18, Theorem 4.5].
Finally, we verify (ii). Recall that condition (a) implies that a,V,(t) — f(t), for every
t €[0,1], as n — oo. Hence, whenever 0 <t <ty <1, infiep, 4] an Vi (t) — infrepe, 107 f(2)
as n — oco. Thus, for ¢ € N, the equation (7), implies that

Dan‘/}n(t17 c.. ,tq> — Df(tl, .. 7tq)
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uniformly for ¢y,...,t, € [0,1] as n — co. Then, for x, € R% and t, € [0, 1],
1/k
Ganvn(tq,xq)e’“" Thaw Gy(ty,x,), as n— oo.
Note that for € € (0,1) there exists N € N such that

(1—e)f(t)a,"
k!

1/k

G, 5, (b xg ) T < exp (

), for n > N.

Moreover, note that condition (b) implies that the function on the right-hand side of the
inequality is integrable on {x, € Ry : 0 < 2, < --- < 21 < oo}. Therefore, it should be
clear that (ii) follows by the dominated convergence theorem. This finishes the proof. [

We can apply similar ideas as in the proofs of Lemma 3 and Lemma 6 to estimate
the mean of the number of r-records K, (T,). It is important to mention that we have
not tried to estimate higher moments of IC,.(T,,) to obtain a limit theorem in distribution
for this quantity. We believe that our methods can be used but the computations will
be more involved and we decided not to do it. Furthermore, the next results show that
KC.(T,,) is of smaller order than /C; (T, ) and hence it will not contribute (in the limit) to
the distribution of the k-cut number IC(T,,).

Lemma 7. Let T, be an ordered (deterministic) rooted tree with n € N vertices. Suppose

that there exists a sequence (a,)n>1 of non-negative real numbers with lim, ., a, = 0,

limy, oo nar* = 0o and maxyer, d,(v) = O(a;'). Then, forr e {1,... k},

1 T 1 —an ky anAn
n~"ta"PEIK(T,)] = (1 4+ O(a2F)) / / T e da:dt+0( ).

Proof. Note that the case r = 1 has been proven in Lemma 6. We follow a similar strategy
to prove the case r € {2,...,k}. Recall that I, is the indicator of the event that the
vertex v € T, is an r-record defined in (4). We observe that

oo .r—1,_—x
E[l.] :/0 Sl P(Gamma(k) > z)%®) dz

zo ,r—1,—x © r—1 —=x
N / S P(Gamma(k) > 2)%(®) dz + / : F(:) P(Gamma(k) > 2)™®) dz
0 0

:A1+A2a

where z§ = af and a = %(% +
that

k#ﬂ) On the one hand, Lemma 5, with ¢ = 1, implies

zk oo 2k
A2 g O <€2a7?k!) / xrflefx dr=0 <62a7?k!> .
0

On the other hand, Lemma 5, with ¢ = 1, also implies that

r=le=T 4, (0)ak

1 o
Ay = (1+ O(az* / ——e B dz
1 ( ( )) 0 F(T’)
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1 o ,.r—1_—x - (0)aF
=(1+ O(aé’“))/ T C o d + As,
0

oo . r—1_—x k
T dn(ma _ %%
A3—/ e dx-O(e 2%“);
w L)

this estimate can be deduced similarly as the one for the integral A;. By recalling that
K.(T,) = Zvem I,,, we conclude from the previous estimations that

where

dn(v)x

E[K,.(T,)] = (1+0(a?*)) dz + o(na’’*) (20)
UeTn\{o
1 2(n—1) . (D)]e
— (1+0(a)) - dadt + o(nall*)
1 ' 1 Vn(t)z i
= (aZF)) / / dadt + o(nal/*).
Finally, our claim follows by making the change of variables x = aFw. O]

Lemma 8. Suppose that (T,,)n>1 is a sequence of ordered (deterministic) rooted trees. Sup-
pose that there exists a sequence (a,)n>1 of non-negative real numbers with lim,, ., a, = 0,

lim,, 0 nay* = 00, and a function f € C([0,1],R) such that v, satisfies the condition
(a) in Lemma 8 and that for r € {1,...,k},

/l(an‘/}n(t))’"/k dt — /1 f@)Fdt < oo, as n — oco.
0 0
Then,
n~ta"FE[K,(T,)] — w/ f@OkAt, as n — oo.
Proof. Notice that the case r = 1 has been proved in Lemma 3. The proof of the general

case r € {1,...,k} follows by a simple adaptation of the argument used in the proof of
Lemma 3 for ¢ = 1 with the use of Lemma 7. One only needs to note that

B R ()13 3
Jo ) e = B [ o )

3 Proof of Theorem 1

Let T, be a Galton-Watson tree conditioned on its number of vertices being n € N with
offspring distribution ¢ satisfying (1). Note that in this case both the r-records and the
tree are random. Then we study C,.(T,) as a random variable conditioned on T,,. More
precisely, we first choose a random tree T,,. Then we keep it fixed and consider the number
of r-records. This gives a random variable /C,.(T,,) with distribution that depends on T,,.
We have the following lemma that corresponds to [25, Lemma 4.8].
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Lemma 9. Let T, be a Galton-Watson tree conditioned on its number of vertices being
n € N with offspring distribution & satisfying (1). For r € {1,...,k}. We have that
E[K,(T,)] = O(n'~3).

Proof. By an application of the proof of Lemma 7 with a, = n~'/? (in particular, the
equality (20)), we see that

B[ (T,)[T.] < (1+0(aZ)) > /OO xz) ~2 4+ o(na/®)
veT,\{o} 7"
1 r/k r
_ (1+O(GTQF)) Z <k|)k1—\1(_‘() /k)dn(v)—r/k+0(na;/k)
veTr\{o}

= (1+ O(a%i’“))(k' r/kp r/k Zz_r/sz +0(nar/k) (21)

=1
where w;(T,) denotes the number of vertices at depth ¢ € N in T,,. Notice that

1/2J

iz <n 2k+z

i=1

by the fact that »_,_w;(T,) = n. Since E[£?] < oo by our assumption (1), [25, Theorem
1.13] implies that for all n,i € N, E[w;(T,)] < Ci for some constant C' > 0 depending on
¢ only. Therefore,

[n'/2]

> i Ewi(T,)] < n' 7% 4+ Y Blwi(T,))iF = O(n! %), (22)
i=1 =1
By taking expectation in (21), our claim follows by (22). O

We continue by studying the moments of the number of 1-records K;(T,). We denote
by s, the (random) probability distribution of o~/#n=1*1/2%/C(T,,) given T,,. Define the
random variables

my(Ty) = E[I1(T,)!T,], ¢ € Zso.

Notice that the moments of j, are given by o~ %/*p-a+d/ ?m,(T,,). We have the following
lemma that corresponds to [25, Lemma 4.9].

Lemma 10. Let T,, be a Galton-Watson tree conditioned on its number of vertices being
n € N with offspring distribution & satisfying (1). Furthermore, suppose that for every
fired ¢ € N we have that B[] < co. Then E[m,(T,)] = O(n? ).
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Proof. By an application of Lemma 6 with ¢ € N and a, = n~/? (in particular, the
equality (17) in its proof), we see that

mg(Ta) < (1+0(mH)g 3 / / / (V%) d%, + Y,
V1,...,0gETR \{o}

where Y, = Z;(l) "o (f)) (") (=1)P~'my(T,,). After a similar computation as in the proof

of the inequality (11), one sees that there exists a constant Cj , > 0 such that
me(Ty) < (1+ O(n_&))qlckqulﬂfn)q + Yo, (23)
where m1(Ty) = 3 cp,\ (o) dn(v )~Y*. Notice that

. Ln1/2J
=Y wi(Ta)i™e <72 4+ > wy(Ty)iF,

el

where w;(T,) denotes the number of vertices at depth i € N in T,,. Since E[¢7T!] < oo
for ¢ € N, [25, Theorem 1.13] implies that for all n,i € N, E[w;(T,)? < Ci for some
constant C' > 0 depending on ¢ and £ only. Therefore, Minkowski’s inequality implies
that

Lnl/Q

Elmi (T,)"]s < n' 2k+2 27187 % = O(n' ). (24)

By taking expectation in (23), we deduce from (24) that
E[mq(T,)] = E[Y,] + O(n"" %),
and our claim follows by induction on ¢ € N. O

Let I7n and ‘A/n be the normalized depth-first search walks associated with the condi-
tioned Galton-Watson tree T,,. Note that in this case V,, becomes a random function on
C([0,1],Ry). Recall that a remarkable result due to Aldous [3, Theorem 23 with Remark
2] (see also [29, Theorem 1]) shows that

n 2V, 5207 1B, as n — oo, (25)

in C([0,1], R, ), with its usual topology, and where B** = (B*(t),t € [0, 1]) is a standard
normalized Brownian excursion. Note that B®* is a random element from C([0, 1], R} );
see for example [8] or [36].

Lemma 11. Forr € {1,...,k}, we have that fol B(t)7"/k dt < oo almost surely.

Proof. One only needs to show that E[ fol B(t)~"/* dt] < co. This follows by computing
E[B(t)~"/*], for every t € [0, 1], from the well-known density function of B®(t); see [8,
Chapter II, Equation (1.4)]. O
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Therefore, Theorem 2 and Lemma 11 imply that there exists almost surely a (unique)
measure vppex with moments given by m,(2B°). The next result provides a generalization
of [25, Theorem 1.10] and it will be used in the proof of Theorem 1.

Theorem 12. Let T,, be a Galton-Watson tree conditioned on its number of vertices being
n € N with offspring distribution & satisfying (1). Then

ln S Vopex,  as m — oo, (26)
in the space of probability measures on R. Moreover, we have that for every q € N,
o~/ ket 2k (T,) imq(ZBeX), as n — oo. (27)

The convergences in (25), (26) and (27), for all ¢ € N, hold jointly. In particular, if
E[¢P] < 0o for all p € N, then for all ¢ € N and | € N,

O_—Zq/kn—lq/k-i-IQ/?kE[mq(Tn)l] N E[mq(QBex)l], as n — oo. (28)

Proof. A simple adaptation of the proof of [25, Lemma 4.7] easily shows that

1 1
(vn, / Vi (t)" Yk dt) KN (2013“,21/%% / B (t)~V/* dt), (29)
0

0

in C([0,1],R;) xR, as n — oo. By the Skorohod coupling theorem (see e.g. [27, Theorem
4.30]), we can assume that the trees (T,,),>1 are defined on a common probability space
such that the convergence in (29) holds almost surely. Therefore, the convergences (26)
and (27) follow immediately from Lemma 3. It only remains to prove (28). Recall that
we assume that E[¢P] < oo for every p € N. By Jensen’s inequality, we notice that
my(T,)t < myy(T,) for I,q € N. Hence Lemma 10 implies that E[m,(T,)'] = O(nlq—i%).
This shows that every moment of the right-hand side of (27) stays bounded as n — oo
which implies (28). O

We are now able to prove Theorem 1.

Proof of Theorem 1. Lemma 9 establishes that E[/C,(T,)] = O(n'~ %) for r € {1,...,k}.
As a consequence, Markov’s inequality implies that n‘”ﬁlCr(Tn) — 0 in probability, as
n — oo, for r € {2,...,k}. Then, by the identity in (5), it is enough to prove Theorem 1
for ICy(T,,) instead of IC(T,,). By the definition of u, and Theorem 12, for any bounded
continuous function g : Ry — R,

E[g(o Y n=H2C (T,))|T,] = /g RITN /g dvggex, as n — oo.

Taking expectations, the dominated convergence theorem implies that
o Ve~ H12kEC (T,) A ZcrT, @S mo— 00,
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where Zcrr has distribution v(-) = E[vggex(+)]. Suppose that E[(?] < oo for every p € N.
Lemma 10 implies that every moment of n=**1/2%IC;(T,,) stays bounded as n — oo which
implies the moment convergence in Theorem 1. It remains to identify the moments of
Zcrr (or equivalently v). Notice that

E[Z] = / v —E [ / 2 d} — Efm,(2B™)], for g€ N.

For ¢ € N, let Uy, ..., U, be independent random variables with the uniform distribution
on [0,1]. Let Y3,...,Y, be the first ¢ points in a Poisson process on (0, co) with intensity
xdzx, ie., Yy, ..., Y, have joint density function y; - - ~yqe’yg/2 on0 <y < <y, <oo.

It is well-known that Logex(Uy, ..., U,) L Y,, see, e.g., [25, Proof of Lemma 5.1]. Thus by
recalling the definition of the function Hypex , in (10), we see that

Y1 Yq—-1 oo 9 o ~
Blmy(25™)) = g E{Hamey(U) = ! [ [ [ e R (5 dy, (30
0 0 0

where U, = (Uy,...,U,), ¥4 = (y1,-..,y,) € R% and

_ o pm e nah + (g2 — y)ak + o (= ve)7h |
Fq(yq) ::/ / / exp (_ o q q q dx,.
0 0 0 )

Finally, the expression for the moments in Theorem 1 follows by first changing the order
of integration in (30) and then by making the change of variables w; = y; — y;_1 for
2<1<q. ]

Following the idea of the proof of Theorem 1, we obtain the following convergence of
the first moment of the number of r-records /C,(T,,). This provides a proof of [12, Lemma
4.10].

Lemma 13. Let T,, be a Galton-Watson tree conditioned on its number of vertices being
n € N with offspring distribution & satisfying (1). Forr € {1,...k}, we have that

n I EE[C(T,)] - (k,?; F(%)Fr((j«)_ . <i> oo

Proof. The proof follows by a simple adaptation of the argument used in the proof of
Theorem 1 by using Lemma 8 (with a, = n~/?), Lemma 9 and Lemma 11. One only

needs to note that
1 ) r
E| [ B*@)"*dt :2—Lr(1——),
{/0 0 } " 2k

which follows from the well-known density function of B®*(t); see [8, Chapter 11, Equation
(1.4)]. O
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4 Further applications

In this section, we show that the results obtained in Section 2 can be used and extended
to study the k-cut model in other families of trees. In this section, let T,, be a rooted tree
(maybe random and not necessarily ordered) with n € N vertices and root o.

4.1 Paths

Lemma 14. Let T, be a path with n vertices labelled 1,...,n from the root to the leaf.

Fork € {2,3,...}, we have that n~**'/*IC(T,,) KN Zpaths S N — 00, where Zpaen 1S a non-
degenerate random variable whose law is determined entirely by its moments: E[Zgath] =
mg(f) for q € Z=o, where

2, te0,1/2],
f(t) = { 2 -2t te(1/2,1].

Proof. By [12, Theorem 1.1], we know that E[IC,.(T,)] = O(n'~%), for r € {1,...,k — 1},
and E[K(T,)] = O(Inn). Then Markov’s inequality implies that n='*Y/*.(T,) — 0
in probability, as n — oo, for r € {2,...,k}. Thus, by the identity (5), it is enough
to prove our result for ICy(T,,) instead of IC(T,). Note that the normalized depth-first
search walks V,, and V, of T,, defined in (12), are given by n~'V,(t) = f(t). and that
n= W, (t) = n~'[V,(t)] for t € [0,1]. It should be clear that the conditions of Lemma 3
are fulfilled with a,, = n=!. Therefore, our result follows from a simple application of

Lemma 3. O

Remark 15. The convergence in distribution and moments of the k-cut number of a path to
Zpath has been proved in [12, Theorem 1.5] with a very different method. The contribution
of Lemma 14 is the formula for computing the ¢g-th moment of the limiting variable Z
for all ¢ € Z>y.

4.2 General trees

The next result establishes a limit in distribution for the number of 1-records K(T,,) of a
general (random) rooted tree in the same spirit as in Lemma 3. For ¢ € N, let uy, ..., u,
be a sequence of independent uniformly chosen vertices on T,,. Recall that L, (u1,...,u,)
denotes the number of edges in the subtree of T, spanned by us, ..., u, and its root o (i.e.,
the minimal number of edges that are needed to connect uy,...,u, and o). In particular,
L,(uy) = dp(uy) is the depth of the vertex u; in T,. In the sequel, we will often use the
notation A,, = O,(B,,), where (A4,),>1 and (B,),>1 are two sequences of non-negative real
random variables such that B,, > 0, to indicate that lims_,, limsup,,_,. P(A, > éB,) = 0.

Theorem 16. Let (T,),>1 be a sequence of rooted trees. Suppose that there exists a
sequence (an)n>1 of non-negative real numbers with lim, o a, = 0, lim, na,ll/k = 0
and such that

(a) maxyer, Ly(v) = Opla,?t).
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(b) For every q € N, an(Ly(uy), ..., Ly(u, ..., uy)) a4 (Cryoe s G-+ (), asn — oo,
where (1,(s ... is a sequence of i.i.d. random variables in R with no atom at 0.

(c) For every q € N, ]l'f,[((zn[,n(ul)~~~anLn(uq))’1”‘311@1 ..... weeT\(o}y) — E[¢ 1/k] <

o0, asn — Q.

Then n_laﬁl/lel(Tn)iZg, as n — oo, where Z; is a random wvariable whose law s
determined entirely by its moments: E[Z0] =1, and for q € N,

0 Tg 1 koo k
E[Z{] = qy/o /0 /0 E |exp <_C1$1 x Sy dx,.

Proof. By the assumption (a) and Lemma 6 (in particular, the identity (17)), we see that

[, (T,)YT) = (1 +0(ai))a! Y Huglvy) + Y

V1,...,0gETR \{o}

where v, = (v1,...,v,) € T2, Y, = Eg;é —o (Z) (") (—=1)P'E[K;(T,)"T,] and

q
S 12 —~
((Vg) = / / / n(Vg, Xg)e iz dx,,

with G, defined in (14). Then we see that

nIE[K1(T,)7) = (1 4+ O(ai* ) q'E[Hy (W)L u, e fo))e] + 1 E[Yy,

where u, = (uy,...,u,). Suppose that we have proven that
03,V E o () Luye(m\ oy

. / / / o <_Clx’f+.l;!.+gqa;’;>] . a1

as n — 0o0. Then the result follows by induction on ¢ € N together with the previous
convergence.

We henceforth prove the claim in (31). From the result in (19), it is enough to check
the following:

(i) The sequence (an, ZURR (W) Ly e(T,\ {o})e} Jnz1 is uniformly integrable.

PPN a [ [ Ta—1 Gk + -+ -
(i) anq/an,q(uq)]l{uqem\{o})q}—>/0 /0 /O eXP( i %) dx,,

as n — o0.
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We start by showing (i). Since exp(—(x;+---+x,)) < 1for z4,...,2, € Ry, we have

that
. [e's) T Tg—1
H, 4(u,) < / / / Gn(ug, x4) dX,.
o Jo 0

Hence after a similar computation as in the proof of the inequality (11), one obtains that
there exists a constant Cj, > 0 such that

a, " () Liugerafopsr < Crgn ¥ (Li(ur) -+ Lo (ug)) ™ ¥ L juge(ra\ fo})s)-

Notice that our hypotheses (b) and (c) together with the result in (19) show that the
sequence

A (Ln(u) - Ln(ug)) L e (ohyo) Iz

is uniformly integrable. Hence (i) follows from [18, Theorem 5.4.5].
Finally, we verify (ii). By making the change of variables z; = an/ Fwi, for 1 < i < g,
we see that

7 /k Y S A
— q e —Qp i= Ws A
Hy, q(uy) = af Gn(ug, wy)e 1 dwy,
0o Jo 0

where w, = (wy,...,w,) € RY, W, = (wy,...,w), and

_ n Dy (ur)w} + -+ - 4+ an Dy (us, . . ., ug)wh
Gn(ug, w,) =exp | — o ,

with D,,(u1) == L, (uy) and Dy (uy,...,uy) == Lp(uy, ..., uy) — Ly(ur, ..., u,—q) for ¢ > 2.
Notice that 1{u,e(T,\{0})} < 1, as n — oo. Thus, condition (b) implies that

; }i exp <—Clwlf+.“+<‘1w§

Gn(ug, W) Liue(r,\{o}) x > ., as nm— 00.

By the Skorohod coupling theorem (see e.g. [27, Theorem 4.30]), we can assume that the
previous convergence holds almost surely together with the convergence in condition (b).
Notice that for e € (0, 1) there exists N € N such that

Gr(ve, Wo) Ly, em (o} < exp (—(1 —e)Guwi/k!), for n > N.

By condition (c), notice also that the function on the right-hand side is integrable on
{w, e RL : 0 <w, <+ <w; < oo}. Therefore, it should be clear now that (ii) follows
by the dominated convergence theorem. This concludes our proof. O]
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The next result establishes an estimate for the mean number of r-records IC,(T,,) of
a general (random) rooted tree in the same spirit as in Lemma 8. Furthermore, it shows
that IC,.(T,,) is of smaller order than C;(T,) and hence it will not contribute (in the limit)
to the distribution of the k-cut number I(T,,). We believe as well that our methods can
be used to estimate higher moments and to obtain an analogue result to Theorem 16 for
KC.(T,). We have not attempted to do it and the estimation of the mean is enough for
our purpose.

Lemma 17. Let (T,,),>1 be a sequence of rooted trees. Suppose that there exists a sequence
(an)n>1 of non-negative real numbers with lim,,_,, a, = 0, lim,,_,., na,, = oo and such that

(a) max,er, L,(v) = Op(a;?t).

n
(b) anLy(uy) KA C1, asm — oo, where ¢y is a random variable in Ry with no atom at 0.

(c) For every r € {1,...k}, E[(ayLy(u1)) ™" 1 fer o] — E[Cfr/k] < 00, asn — 0.
Then, forr € {1,...k},

(k)T (r/k)

—T‘/
RT(r) El¢;*, as n — . (32)

n_lagr/kE[lCr(Tn)] —

Proof. By the assumption (a) and Lemma 7 (in particular, the identity (20)), we see that

o] xr—le—m

I'(r)

_ Ln(ka

e~ % dx + o(na’/*).

n

E[C,(T,)[T.] = (1 + O(aZ"))

veTn\{o} * 0

Hence

. i o) xr—le—x _Ln(u1)wk /K
n= E[K(T,)] = (14 O(as")) i — B e Terpopy | do+o(a/").
Therefore, our result follows by proving that

N 00 gr-le—= _ Ln(upak o gr-t _ge®
a;"* /0 Ty B [ ﬂ{mn\{o}}} dr = /0 )" [ ]d”“ wnmes

where the last integral is equal to the right-hand side of (32). Note that the case r = 1
has been proved in Theorem 16. The proof of the general case r € {1, ..., k} follows by a
simple adaptation of the argument used in the proof of Theorem 16 for ¢ = 1 and details
are left to the reader. O]

The next lemma provides a useful way to verify condition (c) in Theorem 16.

Lemma 18. Let T, be a rooted tree. Suppose that there ezists a sequence (ay)n>1 of non-

negative real numbers with lim,, .. a, = 0, lim, na,ll/ ¥ — oo and such that for every

q €N,
(Lo (), Lo (ug)) S Gy, G,), as m— o0
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where (1,(o ... 1S a sequence of i.i.d. random variables in Ry with no atom at 0 such that
E[Cfl/k] < o0. Furthermore, assume that for every q € N there exists 6 > 0 such that for
all e € (0,9)

E[W;(T,)] = o(na®/*), uniformly on 0 <i < e’ (33)

where W;(T,,) denotes the number of vertices a depth i € Z=o in T,. Then the condition
(c) in Theorem 16 is satisfied

Proof. For simplicity, we introduce the notation
Xn,q = (anLn(ul) te anLn<uq))71/k1{uq€('ﬂ'n\{o})q}

and X, = ({1 -+ ¢,)~V*, for n,q € N. Consider § > 0 such that for ¢ € (0, ) the property
in (33) is satisfied. Define the function ¢. : R, — R, given by ¢. = 0 on [0,¢], ¢. = 1 on

[2€,00), and ¢. linear on [g, 2¢]. Since Ly, e(r,\{o})} 1 we observe that
]E[Xn,q(ba(Xn_,];)] — E[quSE(Xq_k)], as n — oo.

Further, we note that qu(X;k) — 1, almost surely, as € — 0. In order to show that
condition (c) in Theorem 16 is fulfilled, it is enough to check that

lim lim E[(X,, — X, 40:(X,5))] = 0. (34)

e—=0n—oo
Notice that
B[(Xng = X8-S B [Xogl iy |

Since {X,; ¥ < e} € {1 < Ly(uy) < %'y - N {1 < Lo(ug) < €%}, it is not
difficult to see that

— 1 -
E[(Xn,q_Xn,q¢6<Xn,];))] < E . Z <anL”(U)) l/k]l{Ln(U)gal/qagl}
veT,\{o}
1 _
< B > (L) Ly ccrvany |
[ veT o\ (o)

where we have used Jensen’s inequality to obtain the second inequality. Finally, by our
choice of € (recall assumption (33)), we observe that

/905"
El(Xng = Xnge(Xpi))] <nlay ™y 0 i VFE[WI(T,)] = o(1).
i=1
This clearly implies (34) and concludes our proof. O
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Similarly, we also provide a useful way to verify condition (c) in Lemma 17.

Lemma 19. Let T, be a rooted tree. Suppose that there ezists a sequence (an)n>1 of non-
negative real numbers with lim, ., a, = 0, lim,,_,. na, = oo and such that the condition
(b) in Lemma 17 holds with a random wvariable (i satisfying E[Cl_r/k] < oo for every
re€{1,...,k}. Furthermore, assume that for everyr € {1,...,k} there exists § > 0 such
that for all € € (0,9)

E[W;(T,)] = o(nal/*™), uniformly on 0 <i < ea;’ (35)

n

where W;(T,,) denotes the number of vertices at depth i € Zsq in T,. Then the condition
(c¢) in Lemma 17 is fulfilled.

Proof. 1t should be clear that this can be shown along the lines of the proof of Lemma 18,
and therefore, we omit its proof. m

4.3 'Trees of logarithmic height

Natural examples of trees that fulfil the conditions of Theorem 16 are the class of random
trees with logarithmic height, i.e., trees T, such that max,er, d,(v) = Op(lnn). For
instance, random split trees, uniform random recursive trees, scale-free random trees and
mixtures of complete regular trees.

4.3.1 Complete binary trees

Let TP be a complete binary tree with n € N vertices, i.e., its height is [Inn|. Recall that
TP has 2° vertices at height i € {0,1,..., [Inn]}, and n—2"" 41 vertices of height |Inn],
moreover, the vertices of height [Inn| have leftmost positions among the 2™ possible
ones; see, e.g., [28, Page 401]. We use the notation lg, n = (Inn)/(In2) for the logarithm
with base 2 of n € N. It should be clear that condition (a) in Theorem 16 is satisfied with
a, = (lgon)~t. Furthermore, one readily checks that (1gy, 7)™ (L, (u1), Ly (u1, us)) KN (1,2),
as n — oo. By a simple application of [5, Corollary 1], this implies that condition (b)
in Theorem 16 is satisfied with ¢; = 1. Notice that each vertex in TP has at most
2 children. Then it should be clear that condition (c) of Theorem 16 follows from
Lemma 18 since E[W;(T2)] < 2¢ for i € Zsg. Therefore, Theorem 16 implies that
n1(lg, n)*ICy (TP) 5 Z,, as n — oo, where Z; is the random variable whose law is
determined entirely by its moments: E[Z)] = 1, and for ¢ € N,

00 T Tg—1 Ik—l——l—l’k
E[Z]] = q!/0 /0 /0 exp (—%) dx,. (36)

It should be clear that Lemma 17 and Lemma 19 imply that

E[K,(T})] = O(n(lgyn)™""")
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for r € {1,...,k}. Therefore, by the identity (5) and Markov’s inequality,
“(lgy n)VEIC(TEY 471, as n— oo,

However, it follows from the next lemma that Z; = (l{:!)%f‘(l + 1/k). Therefore, we
actually have

n gy n) RIC(TY) & 2y = (k1)YAT (14 1/k) . (37)

Remark 20. As Theorem 1.1 of [11] shows, K(T"), after proper shifting and rescaling,
also converges to a non-degenerate limit distribution with an infinite mean. Thus it is not
possible to derive the result in [11] with the method of moments which we use to derive
Theorem 1 for conditioned Galton-Watson trees. The same is true for split trees, random
recursive trees and scale-free trees.

Lemma 21. For g € N, we have that

0o pT Tg—1 k_|_+ k 1\ ¢
q!/ / / exp (—u) dg, = (k)T (1+—) .

Proof. By making the change of variables w; = z¥/k!, for 1 < i < ¢, we notice that the
integral at the right-hand side of (36) is equal to

g\ (kN)9/FT (1+ )/ /wl /wa ql wlltjk)ld*q:(k;!)”kl“ (1+%)q.

To see the last identity, we notice that the integral at the left-hand side is simply the
probability that G; > G, > ... > G, where Gy,..., G, are independent Gamma(1/k,1)
random variables, which is equal to 1/¢! since each order of Gy, . . . , G is equally likely. O

4.3.2 Split trees

The class of random split trees was first introduced by Devroye [13] to encompass many
families of trees that are frequently used in algorithm analysis, e.g., binary search trees
and tries. Its exact construction is somewhat lengthy and we refer readers to either the
original algorithmic definition in [13, 21] or the more probabilistic version in [10, Section
2]. Informally speaking, a split tree TSP is constructed by first distributing n € N balls
among the vertices of an infinite b-ary tree (b € N\ {1}) and then removing all subtrees
without balls. Each vertex in the infinite b-ary tree is given a random non-negative split
vector V = (V4,...,V4) such that Z?Zl Vi =1 and V; > 0, drawn independently from
the same distribution. These vectors affect how balls are distributed. In the study of
split-trees, the following condition of V is often assumed (see, e.g., Holmgren [21]):

Condition A. The split vector V is permutation invariant. Moreover, P(V; = 1) =
P(V; = 0) =0, and that —log(V7) is non-lattice.
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Set p = bE[-ViInVi] € (0,Inb). Devroye [13] showed that max,crr d,,(v) = Op(Inn),
that is, condition (a) in Theorem 16 with a, = p(lnn)~'. Berzunza et al. [7, Lemma 5
and Corollary 1] have shown that pu(Inn)~'(L, (u1), Ly (u1,us)) KN (1,2), as n — oco. By
a simple application of [5, Corollary 1], this implies that condition (b) in Theorem 16 is
satisfied with (; = 1. Notice that each vertex in T{P has at most b children. Then it should
be clear that condition (c) of Theorem 16 follows from Lemma 18 since E[W;(TSP)] < b for
i € Zsp. Therefore, Theorem 16 implies that =% n=1(Inn)/* I, (T) % 7, as n — oo,
where Z; is the random variable whose law is determined entirely by its moments given
in (36). Furthermore, Lemma 17 and Lemma 19 imply that E[/C,(T5?)] = O(n(Inn)~"/*)
for r € {1,...,k}. Therefore, by the identity (5) and the Markov’s inequality,

1 () YR (TP) 5 2y = (KD)YAT (1 + 1/k).

4.3.3 Uniform random recursive trees

A uniform random recursive tree T% is a random tree of n € N vertices constructed
recursively as follows: let T} be the tree of a single vertex labelled 1, given T}, choose a
vertex in T,_; uniformly at random and attach a vertex labelled n to the selected vertex
as its child, which give T}’. The uniform random recursive tree is one of the most studied
random tree models. They appear for instance as simple epidemic models, or in computer
science as data structures. We refer to [15, Chapter 6] for background. Theorem 6.32 in
[15] shows that max,er: dn(v) = Op(Inn), that is, condition (a) in Theorem 16 is satisfied

with a, = (Inn)~'. From the results of Dobrow [14] (see also [15, Section 2.5.5]), it is

not difficult to see that (lnn)’l(Ln(ul),Ln(ul,uQ))—d>(1,2), as n — oo. By a simple
application of [5, Corollary 1], this implies that condition (b) in Theorem 16 is satisfied
with (; = 1. By [17, Equation (11)],

(Inn)’
(14 1/(Inn))!

uniformly for n > 3 and 1 < ¢ < Klnn, for all K > 1. Then it should be clear that
condition (c) of Theorem 16 follows from Lemma 18. Therefore, Theorem 16 implies

EWi(T)] = ¢ (1+0(1/(Inn)))

that n~!(Inn)Y*1C, (T™) % 7y, as n — oo, where Z; is the random variable whose law is

entirely determined by its moments given in (36). Furthermore, Lemma 17 and Lemma 19
imply that E[/C,(T™)] = O(n(Inn)~"/*) for r € {1,...,k}. Therefore, by the identity (5)
and the Markov’s inequality,

n (Inn) YR (T S 2y = (B)YAT (14 1/k) .

4.3.4 Scale-free random trees

Scale-free random trees form a family of random trees that grow following a preferential
attachment algorithm, and are commonly used to model complex real-world networks; see
Méri [32]. A scale-free random tree TS is a random tree of n € N vertices constructed
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recursively as follows: Fix a parameter a € (—1,00), and start from the tree T5' that
consists in a single edge connecting the vertices labelled 1 and 2. Suppose that T has
been constructed for some n > 1, and for every i € {1,...,n+ 1}, denote by deg, (i) the
degree of the vertex i in T5. Then conditionally given T, T5L | is built by adding an
edge between the new vertex n + 2 and a vertex v, in T5' chosen at random according to
the law
sty deg (1) + ,
P(v, =i|T) = tantl) ie{l,...,n+1}.

The standard preferential attachment tree (also known as plane-oriented recursive tree)
was made popular by Barabdsi and Albert [4] and it corresponds to the choice of o = 0.
On the other hand, if one lets &« — oo, then the algorithm yields a uniform random
recursive tree. Janson [26] showed that scale-free random trees can also be viewed as split
trees with the branching factor b = oco.

Pittel [35] showed that max,crsr d,,(v) = Op(Inn), that is, condition (a) in Theorem 16
is satisfied with a,, = (8Inn)~!, where 3 := (1+a)/(2+«). From the results of Borovkov
and Vatutin [9] (see the bibliography therein for further references), it is not difficult to
see that (8Inn)~ (L, (uy), Ly (uy,us)) A (1,2), as n — oo. By a simple application of [5,
Corollary 1], this implies that condition (b) in Theorem 16 is satisfied with (; = 1. Hwang
22, Equation 8| showed that, for « = 0, i.e., for the standard preferential attachment tree,

Vrn2 i (Inn)t
(1) (2¢/(Inn) + 1) T (i/(Inn) + 1)

uniformly for 1 < ¢ < Klnn for all K > 1. Thus by an argument similar to that for
uniform random recursive trees, we have for o = 0,

E[W(T;)] = & (1+0(1/(Inn))), (38)

2~k (Inn) VRIC(TS) 5 7y = (K)VAT (1 + 1/k). (39)

Open problem. To apply Theorem 16 to general scale-free trees, we need an estimate
of E [W;(T5)] for all & > —1, which is currently missing in the literature. Thus we leave
it as an open problem that an estimation similar to (38) holds for all & > —1. This would
imply that the convergence in (39) holds for all scale-free trees.

Remark 22. In all previous examples of Section 4.3, the limit distributions found here
are all degenerate. However, we conjecture that another normalization should yield to
non-degenerate limits. This is known to be the case, when & = 1, for complete binary
trees (Janson [24]), recursive trees (Drmota et al. [16], Iksanov and Moéhle [23]), binary
search trees (Holmgren [19]) and split trees (Holmgren [20]). In the general case k > 1,
Cai and Holmgren [11] obtained also a weak limit theorem in the case of complete binary
trees suggesting that our conjecture must be true.

4.3.5 Mixture of regular trees

Our next example provides a method to build trees that fulfill the conditions of Theorem
16 where the random variables (i, (5,... in the hypotheses are not constants. Basically,
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the procedure consists of gluing trees which satisfy the assumptions of Theorem 16. In
this example, we consider a mixture of complete regular trees but one may consider
other families of trees as well. For a fixed integer m > 1, let (d;)7, denote a positive
sequence of integers. Next, for i = 1,...,m, let h;(n) : Ry — R, be a function with
lim,, 00 hi(n) = co. Let T\ be a complete d;-regular tree with height Lhi(n)]. Since
there are d! vertices at distance j = 0,1, ..., |hi(n)]| from the root, its size is given by

ni = ny(n) = di(d™ ™ —1)/(d; — 1).

In particular, one can check that each tree T,Sfli) fulfills the assumptions in Theorem 16
with @, = Inn; and ¢; = (Ind;)™'; note that condition (c) in Theorem 16 follows from
Lemma 18 and the fact that the number of descendants of each vertex is bounded. Now
imagine that we merge all the m regular trees into one common root. This leads us to a

new tree Téd) of size n = Zzl n; +1 —m. Assume further that n;y ~ng ~ --- ~n,,, as

n — o0o. Then, we observe that the probability that a vertex of Tfld) chosen uniformly at
random belongs to the tree Téfli) converges when n — 0o to 1/m. Then, one readily checks
that this new tree satisfies the hypotheses in Theorem 16 with a, = Inn and (i, (s, . ..
are i.i.d. random variables uniformly distributed in the set {1/Indy,...,1/Ind,,}. To
see this, note that the probability that a uniform chosen vertex of T belongs to T,E‘fi)
converges to 1/m.

Acknowledgements. The authors thank the referee for suggestions which improved
the exposition of the paper.
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