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Abstract

Let g be a bounded symmetric measurable nonnegative function on [0, 1], and
llgll = f[o 12 g(x,y)dxdy. For a graph G with vertices {v1,vs,...,v,} and edge set
E(G), we define

t(G,g) = /[0 ; H g(xi,zj) dridzy - - - dxyy .

n

{viw; }EE(G)

We conjecture that (G, g) = ||g]| IE@) holds for any graph G and any function g with

nonnegative spectrum. We prove this conjecture for various graphs G, including
complete graphs, unicyclic and bicyclic graphs, as well as graphs with 5 vertices or
less.

Mathematics Subject Classifications: 05C35, 05C22, 26D20

1 Introduction

Let p be the Lebesgue measure on [0, 1]. Let H denote the space of bounded measurable
real functions on [0, 1], and G C H denote the subspace of symmetric functions. Let H
and G, denote the subsets of nonnegative functions in ‘H and G, respectively.

Let G be a simple graph with vertices {v1,vs,...,v,} and edge set E(G). We would
like to know what conditions on G and g € G, guarantee that

|E(@)
t(G, 9) d:ef/ H g(xi, xy) dp™ > (/ gd/f) ) (1.1)
O™ fu:,0;)eB(G) [0.1]?

One approach is to ask what graphs G satisfy (1.1) for every function g € G,. It is easy
to show that such graphs can not have odd cycles, so only graphs with chromatic number
2 are suitable candidates. It led to
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Conjecture 1.1 ([21, 22]). Let H be a bipartite graph with two vertex sets V = {vy, vo,
v, Wo=Awg,we, ..., wy, b and edge set E(H) C V x W. Then for any function
h € Hy (not necessarily symmetric)

|E(H)|
t(H,h)C‘:ef/ I @iy demt™ > (/ hd,ﬂ) . (1.2
0,1)¢m [0.1)2

(viyw;)EE(H)
We discuss Conjecture 1.1 in Section 3.

For a (simple or bipartite) graph G, let E(G) denote its edge set, and e(G) = |E(G)|.
For a simple graph G, let V(G) denote its vertex set, and v(G) = |[V(G)|.

The 1-subdivision of a simple graph G is a bipartite graph H = Sub(G) with vertex
sets V(G) and E(G), where v € V(G) and e € E(G) form an edge in H if v € e in G.

We call a bipartite graph H symmetric if it has an automorphism ¢ which switches
its vertex-sets V and W: ¢(V) =W, (W) =1V.

We call a function g € G, doubly nonnegative if there is a function h € H such that
g(z,y) = f[0,1] h(z, z)h(y, z)du(z). Equivalently, a doubly nonnegative function is a non-
negative symmetric function with nonnegative spectrum. We call a function g € G, com-
pletely positive if there is a function h € H, such that g(z,y) = f[O,l] h(z, 2)h(y, z)du(z).
The terms “doubly nonnegative” and “completely positive” come from matrix theory;
there exist functions which are doubly nonnegative but not completely positive (see Sec-
tion 2).

In this article, we study two problems: (a) what functions g € G, satisfy t(G,g) >
1g]|‘“ for all simple graphs G (we call such functions nice); and (b) what graphs G satisfy
the same inequality for any doubly nonnegative function g (we call such graphs good).

If G is good, then Conjecture 1.1 holds for H = Sub(G). We show in Section 3 that
for a fixed G, inequality (1.1) holds for any completely positive function ¢ if and only if
Conjecture 1.1 holds for H = Sub(G). Thus, it is reasonable to expect that all completely
positive functions are nice.

Conjecture 1.2. All doubly nonnegative functions are nice. All simple graphs are good.

Our Theorem 2.1 demonstrates that there are nice functions which are not doubly
nonnegative.

If chromatic number x(G) = 2, then goodness of G should follow from Conjecture 1.1.
In Sections 4-7, we give examples of good graphs G with y(G) > 3. In particular, we
prove that complete graphs, graphs whose complements consist of disjoint edges, unicyclic
and bicyclic graphs, generalized theta graphs, and graphs with < 5 vertices are all good.

In Section 6, we consider a strengthened variant of inequality (1.1) which in many
instances is easier to prove than the original one. We say that a simple graph G is extra-
good if for any doubly nonnegative function g and any bounded measurable nonnegative
functions fi,..., fue) on [0,1],

v(G)

e(@)
/ I gz Hfi(:c@-) A" > ( , 1Pf(fﬁ)g(ar,y)f(y) d/f) , (1.3)

01D o v }eB(G)
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1/(2¢(G)) ‘ - ,
. Obviously, if G is extra-good, then G is good. For

where f(z) = (IT] fi(@))
each graph that we proved to be good, we also were able to prove that it is extra-good.
It is possible that every good graph is extra-good.
A connection to Kohayakawa—Nagle-Ro6dl-Schacht conjecture is discussed in Section 8.
In Section 9, we discuss generalizations of inequality (1.1) for bounded measurable

nonnegative symmetric functions of r > 3 variables.

2 Doubly nonnegative and completely positive matrices

A doubly nonnegative matriz is a real positive semidefinite square matrix with nonnega-
tive entries. A completely positive matriz is a doubly nonnegative matrix which can be
factorized as A = BBT where B is a nonnegative (not necessarily square) matrix. It is
well known (see [3]) that for any & > 5 there exist doubly nonnegative k x k matrices
which are not completely positive.

For a k x k matrix A = [a;;], we define a function g4 on [0,1]* as g(z,y) = a;; for
(t—1/k<z<i/k, (j—1)/k<y<j/k, and g(z,y) = 0 if zy = 0. Obviously, g4 is a
doubly nonnegative (completely positive) function if and only if A is a doubly nonnegative
(completely positive) matrix.

If A(H) is the adjacency matrix of a k-vertex simple graph H, then the number of
homomorphisms from G to H is equal to t(G, g H))k:v(G).

Notice that if a nonzero k x k matrix A has zero diagonal, then g4 is not nice, since
t(G,g4) = 0 for any graph G with chromatic number x(G) > k. We are going to
demonstrate that presence of a single positive diagonal entry can be sufficient to make g4
nice.

Theorem 2.1. Let P be a symmetric permutation matriz of order k with a > 1 diagonal
entries equal to 1, and b > 1 pairs of off-diagonal entries equal to 1 (a +2b = k). Then
gp, while not being positive semidefinite, is a nice function.

Proof. P has eigenvalues 1 with multiplicity a+b, and —1 with multiplicity b > 1. There-
fore, P is not positive semidefinite. If graph G has connected components G1, Gs, ..., G,
then ¢(G, g) = [[;~, t(G, g). Hence, to prove (1.1) for g = gp it is sufficient to consider
connected graphs G. If G is a tree, then validity of (1.1) follows from (1.2) (Conjecture 1.1
has been proved for trees by various authors; a short proof can be found in [11]). Hence,
we may assume that G is not a tree. If n = v(G), then e(G) > n. As P has a > 1 diagonal
entries equal to 1, we get t(G, gp) = a (1/k)" > (1/k)*%) and Jop2 9P A = 1/k. O

3 More on Conjecture 1.1

The earliest known works where inequalities of type (1.1) and (1.2) appear are [18] and [2].
In 1959, Mulholland and Smith [18] proved that for any symmetric nonnegative matrix A
and any nonnegative vector z,

(z'AFz) - (z"2)*' > (z2"Az)", (3.1)
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where equality takes place if and only if z is an eigenvector of A or a zero vector. Note
that (3.1) is a particular case of (1.1) where H is the k-edge path P.

Almost at the same time, Atkinson, Watterson and Moran [2] proved that nm -
s(AATA) > s(A)?, where A is an (asymmetric) nonnegative (n x m)-matrix, and s(A)
is the sum of entries of A. They presented their inequality in both matrix and integral
form, and conjectured validity of (1.2) for H = P, with k > 3.

In 1965, Blakley and Roy [4], being unaware of the article [18], rediscovered (3.1).

Lately, Conjecture 1.1 has been proved for various bipartite graphs (see [6, 7, 8, 9, 12,
15, 17, 19, 21, 22, 23, 24, 25]), among them: trees, complete bipartite graphs, and graphs
with 9 vertices or less. Some of the authors restricted (1.2) to symmetric functions h.
Nevertheless, the proofs of their results can be extended to asymmetric h as well. Let
S be the class of bipartite graphs that satisfy Conjecture 1.1, and &, be the class of
bipartite graphs H that satisfy (1.2) for all A € G,. Obviously, & C &,. It would be nice
to prove & = G,.

Theorem 3.1. If H € G, 1is symmetric, then H € .
In the proof of Theorem 3.1, we will use the so called “tensor-trick” lemma.

Lemma 3.2 ([21, 22]). If there exists a constant ¢ = cy > 0 such that for any h € Hy ,
e(H)
t(H,h) > c- (f[()lPhduQ) , then H € &.

Proof of Theorem 3.1. It is sufficient to consider the case when H is connected. Denote
by n the size of each vertex set of H, so the total number of vertices is 2n. Let h € H.
Define its “transpose” h' as h'(x,y) = h(y,x). As H is symmetric, t(H,h) = t(H,h").
Define symmetric function h € G. as follows:

0 if0<z,y<1/2;

iL([E,y): h(2z,2y —1) if0<z<1/2<y<1;
h(2y, 20— 1) f0<y<1/2<a<1;
0 if1/2<x,y<1.

Notice that f[o 2 hdp® = (1/2) [ hioj2 dp?. As H is connected,
t(H,h) = 272" (t(H, h) +t(H,h")) = 2'"2" t(H, h).

. - - e(H)
Since H € S, we get t(H,h) > <f[0 2 hdﬂz) . Hence,

e(H)
t(H, h) > 22n—1—e(H) (/ hd,uQ) ,
[0,1]2

and by Lemma 3.2, H € . m
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Remark 3.3. Tt is a classical fact that there exists a measure preserving bijection between
any two atomless measure spaces with total measure 1. In particular, if p; and uy are
atomless measures on [0, 1], and a bipartite graph H € & has vertex sets of sizes n and
m, then for any bounded non-negative function i on [0, 1]?, measurable with respect to

:U’1®/*L27
e(H)
/ I iy derdey > (/ hdmduz) :
[0,1]nFm [0,1]2

(vi,w;)EE(H)

Theorem 3.4. If Conjecture 1.1 holds for a bipartite graph H, and all vertices from
the first vertex set of H have the same degree a, then t(H,h) > t(Kq, h)*H/e for any
h € Hy. If all vertices from the second vertexr set of H have the same degree b, then
t(H,h) = t(Ky1, h)* D/ for any h € H,.

Proof. We will prove the first part of the statement (the proof of the second part is
similar). Notice that e(H) = na. It is sufficient to consider functions h € H, that
are separated from zero: infjg;2h > 0. Denote ¢(z) = f[o y bz, y)dp(y). Then ¢ =

f[o 1 e(x)*dp > 0, and f(z) = p(z)*/c is positive and bounded on [0, 1]. Consider a mea-
sure i, on [0, 1] defined by du, = fdu, so u.([0,1]) = 1. Denote /ﬁ(x, y) = h(z,y)f(x)"Ye.
Clearly, h is bounded and measurable with respect to p, ® p. By Remark 3.3,

1/n
t(H,h)l/”Z/ I r@iy)dpdpm
[0,1]n+m (Ui,w]')EE(H)
1/n
— / I 7 y)duidem

[

O1™™ (v, ;) EE(H)

/0 ”ﬁ(x,y)du*(l’)du(y)y

=l </ w(x)“dﬂ) - / px)dp = t(Kiah) . -
[0,1] [0,1]

Theorem 3.5. For a fized graph G, inequality (1.1) holds for any completely positive
function g if and only if Conjecture 1.1 holds for H = Sub(G).

Proof. Suppose that Conjecture 1.1 holds for H = Sub(G), and a function g is completely

positive. There exists h € H such that g(z,y) = f[o 1 h(z,2)h(y, z)du(z). Then t(G, g) =
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t(H,h). Every vertex in the second vertex set of H has degree 2. By Theorem 3.4, we
have t(H,h) > t(Kqq,h)*H/2 As e(G) = e(H)/2 and t(Ky1,h) = f[o 2 gdu?®, we get

(1.1).

Now suppose that (1.1) holds for any completely positive function g. Let h € H,.
Set g(z,y) = [y h(@,2)h(y, 2)du(z). Then t(H,h) = t(G,g) = (Jiop 9ap*)"@ >
(Jio.2 hrs?)*' = (fig o hedps?) D). O

4 Subdivisions that are norming

We say that a bipartite graph H with vertex sets V' = {vy,vq,...,0,} and W = {wy, w,,
..., Wy, } has the Hélder property if for any assignment f: E(H) — H,

e(H)

/[0 b I oy damt < [ tH f). (4.1)

e=(v;,w;j)EE(H) e€E(H)

It is known (see [10, 16]) that every graph H with the Holder property (except a star
with even number of edges) is a norming graph: t(H, h)'/*) is a norm on H. Conversely,
every norming graph has the Holder property.

Theorem 4.1. If Sub(G) has the Hélder property then G is good.

Proof. Let H = Sub(G). If g(z,y) = f[o,l] h(z, z)h(y, z)du(z) then t(G,g) = t(H,h).

Select a pair of edges €, ¢” in H which subdivide the same edge of G. Assign fo = fer = h
2¢(Q)
and f, = 1 for e # ¢/,¢”. Then the left hand side of (4.1) is (f[o 2 gd;ﬂ) , and the

right hand side is ¢(G, g). O

The 1-subdivision of cycle C), is an even cycle (5, which is a norming graph. The
1-subdivision of the octahedron K345 is norming (see [8, Example 4.15]). Hence, C,, and
K99 are good graphs.

In a norming graph, the degrees of vertices are even (see Observation 2.5 in [10]).
Hence, Sub(K5,) is not norming. While Sub(K3) = Cg is norming, it is not known
whether Sub(Ky,.1) with r > 2 is norming. We will prove in the next section that all
complete graphs are good.

5 Complete graphs are good

Theorem 5.1. If graph G is good, and graph G is obtained from G by adding a new
vertex adjacent to all vertices of G, then Gy is good.

Corollary 5.2. The complete graphs are good.

Theorem 5.3. If graph G is good, and graph G, is obtained from G by adding two vertices
adjacent to all vertices of G but not to each other, then Gg is good.
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Corollary 5.4. Any graph whose complement is a set of independent edges is good.

To prove Theorems 5.1 and 5.3 we need a couple of auxiliary results. For g € G, we
denote gl = [, 9d1*.

Lemma 5.5. If function g is doubly nonnegative, then t(Ks,g) > t(Ki,9)*? and
t<K4 - 679) 2 t<K2,27g>5/4'

Proof. As g is doubly nonnegative, g(x,y) = f[O,l] h(z,z)h(y, z)du(z). Then t(K3,g) =
t(Cs, h), t(K12,9) = t(Py, h), t(Kag,g9) = t(Cs, h), where P, denotes the 4-edge path.

As Cs is norming, and Pj is a subgraph of C, we have t(Cg, h)Y/® > t(Py, h)'/*.

By the Cauchy-Schwarz inequality, t(K; — e,g) lg|| = t(K3,9)* = t(Cs,h)?> As
t(Cor, h)'/?* is the (2k)-th Schatten norm of h, we get t(Cs, h)'/¢ > ¢(Cs, h)Y/®. Hence,
tH(Ky—e,9) > t(Ks2,9)*2 ||~ = (K22, 9)"/". 0

For n > m > 1, let K,, — K,, denote the complement of K,, in K,,. It follows from
Lemma 5.5 that for m = 1,2 and any doubly nonnegative function g,

(K2 = Kinyg9) = H(Kom, 9) - llgll - (5.1)
Thus, Theorems 5.1 and 5.3 follow from the next proposition.

Proposition 5.6. Let integer m be such that (5.1) holds for all doubly nonnegative func-
tions. If graph G is good, and graph G, is obtained from G by adding a group of m
independent vertices that are adjacent to all vertices of G, then G, is good.

Proof. We may assume v(G) > 2. It is sufficient to consider functions g that are sepa-
rated from zero: infjg ;2 g > 0. Then function p(xy,...,z,) = f[o 1 I12, g(ziy)du(y) is
positive and bounded on [0,1]™. For each x = (z1,...,2,) € [0,1]™, consider measure

px on [0,1], defined by dux = fxdu, where fx(y) = 1%, 9(zi,y)e(z1, .. xm) ™t It s
easy to see that px([0,1]) = 1, and g is bounded and measurable with respect to fix ® fix.
By Remark 3.3,

e(G)
t(G,g,ux)d—“/ T 9wiv) dl® > </[01]2gdui> :

01D o 0 e B(G)

Hence,

t<Gm7g>—/[] HG, Gy taror)P(T1, oy ) D dpu(ar) - - - dpa(,,)
0,1]™

e(@)
2/ </ gdul, . mm> ez, am) D du(zy) - dp(a)
o \Jjo1p2

m e(G)
:/[oum (/{0”2 9(y, 2) [ [ (9(i, v)g(as, 2)) du(y)du(z)>

=1

X 90(1‘17 B 7xm)V(G)_2e(G) dl’b(wl) e dﬂ(l’m)
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As 1+¢e(G) —v(G)/2 < e(G), by using the Holder inequality, we get

(G, §) (Ko, g) (@ VE/2

= {(Crg) - ( /[ L) dulen) - dul)

> ( / 9(y, 2)
[071]m+2 i

- t(Km—i-Q - Kmag)

>€(G)—V(G)/2

e(@)
(9(zi, y)g(2s, 2)) du(y)dp(z)dp(zy) - - du(wm))

)

_::13

Ll
Q-

As Conjecture 1.1 holds for complete bipartite graphs (see [21]), K, is good. By using
(5.1), we get

tH(Gomrg) = H(Kom, g) OO 24Ky, )" D [|g]
v G mv(G G Gm
= t(Kam, 9)" 2 g1 = g™ gl = [lg]|*“. O

6 Extra-good graphs

Theorem 6.1. If G is vertezx-transitive and good, then G is extra-good.

Proof. We denote n = v(G), f(z) = (IT\, fi(x)"/*' and g(z,y) = f(2)g(x,y)f(y).
Notice that g is doubly nonnegative. Since G is vertex-transitive, any permutation of the
functions fi, fs, ..., f, does not change the value of the integral on the left hand side of
(1.3). By applying the Hélder inequality to the geometric mean of all n! possible integrals,
we get

J

0,1 {vi,v;4 }GE

ot [Ae) > [ stows) [ 1O dy

[0,1]" {vi,v; }GE =1

/ g(ﬂfi, x;) dp”

0,1 {vs,v4 }EE
Since G is good,

J

0,1) {vi,v; }GE

e(@)
g(ifi,ﬂfj) dp" > (/ g(z,y) d,u2) ) 0
[0,1]?
Corollary 6.2. Cycles and complete graphs are extra-good.

Theorem 6.3. If vertex v is a leaf in graph G, and G — v is extra-good, then G is
extra-good too.
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Proof. Let v(G) = n+ 1, V(G) = {v1,...,Vn,Vn41}, and v = v,4; is a leaf. For
a set of functions fi,..., fu, fur1, define f; = f; for i = 1,...,n — 1, and f,(x) =
(@) Jio1 92, y) fas1(y) du(y). Then

n+1 .
Jowwor JU st Tttt = [ T atewss) [Tt

{viv; }EE(G) 011" (4, v} eE(G—v)

WV

~ ~ e(G)—1
( - f(@)g(z,y) f(y) du2>

_ IS(G)_l,

)1/(26(G)2

where f(x) = (T, /() ' Set (2) = [ 9 9) foss (0)du(y),

112/ ()" g(, y) s (y)dp®, Izz/ frr(@)g(x, ) (y) " dp®.
[0,1]2 [0,1)2

It is easy to see that [} = f[o 1 () Yo(x)dp = 1, and similarly, I, = 1. By the Holder
inequality,

e(Q)
S R U e e T ( oy 79 9) 1) dug) :
0,1

where

n+1

n n—1
PO = (2ot =11 e o =i (fa0) ¢ o =[] £ O
i=1 i=1 i=1
A connected graph G is called unicyclic if e(G) = v(G), and bicyclicif e(G) = v(G)+1.

Corollary 6.4. Trees and unicyclic graphs are extra-good.

Let P(ky, ks, ..., k) denote a graph consisting of two vertices joined by r internally
disjoint paths of length ki, ko, ..., k.. Such a graph is called theta graph (see [5]). If r = 2,
then P(kq, ks) is simply a cycle of length ki + k.

Theorem 6.5. P(ky, ks, ..., k) is extra-good.

Let C(ky,ko,m) denote a graph which consists of two cycles of length k; and ko
connected by a path of length m > 0 (when m = 0, the cycles share a vertex). Notice
that P(ky, ko, k3) and C(ky, ke, m) are the only bicyclic graphs without leaves. In view
of Theorems 6.3 and 6.5, in order to prove that all bicyclic graphs are extra-good, it is
sufficient to show that C(kq, ko, m) is extra-good. This will follow from the next result.

Theorem 6.6. Let graph G be formed by attaching a cycle to one of the vertices of graph
G. If G is extra-good, then Gq is extra-good.
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Corollary 6.7. Bicyclic graphs are extra-good.

The proofs of Theorems 6.5 and 6.6 are given in the appendix.

Consider a tree T" whose vertices are arbitrarily colored in black and white so that
at least one vertex is black. Take r disjoint copies of T" and glue together “sister” black
vertices from different copies. We call the resulting graph a multitree. For example
P(k,k,... k) is a multitree. The case of even cycle in Theorem 6.6 is a particular case
of the following statement.

Theorem 6.8. Let graph Go be formed by gluing a black vertex of a multitree to one of
the vertices of graph G. If G is extra-good, then Gg is extra-good.

Theorem 6.9. If graph G is extra-good, and graph G1 is obtained from G by adding a
new vertex adjacent to all vertices of G, then Gy is extra-good.

Theorem 6.10. If graph G is extra-good, and graph G, is obtained from G by adding two
vertices adjacent to all vertices of G but not to each other, then G4 is extra-good.

Theorems 6.8, 6.9, and 6.10 are not used in the rest of the article. We omit their
proofs as they are very similar to the proofs of Theorems 6.6, 5.1, and 5.3.

7 Graphs with small number of vertices

Theorem 7.1. All graphs with 5 vertices or less are good.

Proof. If graph G has connected components Gy, G, . . ., Gy, then t(G, g) =[]~ t(Gi, g).
Hence, it is sufficient to consider connected graphs G only. As Conjecture 1.1 has been
proved for bipartite graphs with 9 vertices or less, it is sufficient to consider connected
simple graphs with at least one odd cycle. The results of Sections 5 and 6 cover all such
graphs with < 5 vertices. A table of all 5-vertex graphs that do not have isolated vertices
can be found in [1, Figure 6]. O

Some 6-vertex graphs are not covered by the results of Sections 5 and 6, but for almost
all of them we were able to prove that they are good by using the Cauchy-Schwarz and
Holder inequalities. The only graph with 6 vertices that we were unable to prove to be
good is the complement of the 5-edge path.

8 Locally dense graphs

A simple graph H is called (g, d)-dense if every subset X C V(H) of size | X| > ¢|V(H)|
spans at least 4| X|? edges.

Conjecture 8.1 ([13]). For any graph G and §,d € (0, 1), there exists € = £(d, d, G) such
that there are at least (d*¢) — §)v(H)"(¥) homomorphisms of G into any sufficiently large
(¢,d)-dense graph H.
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When y(G) = 2, Conjecture 8.1 follows from Conjecture 1.1. It is known that Con-
jecture 8.1 holds for complete graphs and multipartite complete graphs (see[13, 20]).
Christian Reiher [20] proved Conjecture 8.1 for odd cycles. Joonkyung Lee [14] proved
that adding an edge to a cycle or a tree produces graphs that satisfy the conjecture. He
also proved that Conjecture 8.1 holds for a class of graphs obtained by gluing complete
multipartite graphs (or odd cycles) in a tree-like way. All graphs with 5 vertices or less
satisfy the conjecture.

For a nonnegative symmetric k x k matrix A, we define its density d(A) as the minimum
of xT Ax over all nonegative k-dimensional vectors x with the sum of entries equal to 1.
Clearly, d(A) < ||gall. We call a graph G density-friendly if t(G, g4) > d(A)*? for any A.
It is easy to see that any density-friendly graph satisfies Conjecture 8.1, but the converse
is not obvious.

While Conjectures 1.2 and 8.1 looks very different, the sets of graphs which are known
to satisfy them are surprisingly similar.

One can try to build a bridge between these two topics by defining

c(A) = irGlft(G, ga)l/ee)

Then Conjecture 1.2 claims that ¢(A) = ||gal| for any doubly nonnegative matrix A, and
Conjecture 8.1 claims that ¢(A) > d(A) for any nonnegative symmetric matrix A.

9 Functions of r variables

Let G be an r-uniform hypergraph with vertex set V(G) = {v1,va,...,v,} and edge set
E(G) (edges are r-element subsets of the vertex set). Let g be a bounded symmetric
measurable nonnegative function defined on [0, 1]". Denote ||g|| = f[o i 9dp” and

t(G7g) = / H g(xil7xi27"'7xi7‘) d/’[’n °

Problem 9.1. Characterize functions g such that
E(G
HG.g) > [lg]"™ (9.1)
holds for every r-uniform hypergraph G.

When r = 1, it is obvious that (9.1) holds for any nonnegative function h on [0, 1].

The incidence graph of an r-uniform hypergraph G is a bipartite graph Inc(G) with
vertex sets V(G) and E(G), where v € V(G) and e € E(G) form an edge {v, e} in Inc(G)
if and only if v € e in G.

If there is a function h € H such that

r

g(xy, 20, ... x,) = /[01] H h(z;,y) du(y) , (9.2)
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then (G, g) = t(Inc(G), h).

Similarly to Theorem 3.5, if Inc(G) satisfies Conjecture 1.1, then (9.1) holds for func-

tions ¢ that have representation (9.2) with nonnegative h. Similarly to Theorem 4.1, if
Inc(G) is norming (it requires r to be even), then (9.1) holds for functions ¢ that have
representation (9.2), where h € H can take negative values.
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A Proofs of Theorems 6.5 and 6.6

Proof of Theorem 6.5. The proof would be easy if all k; were even: then we could
use the Cauchy—Schwarz inequality and the fact that the tree formed by paths of length
k1/2,ks/2,. .. k./2 connected at one endpoint is an extra-good graph. To deal with odd
values of k;, we are going to subdivide the middle edge of the path. We assume that
ki,...,ks are odd, and kgyq,...,k, are even (0 < s < 7). We denote the vertices of
the ith path by v, vi1,...,v,. Gluing together vertices v,y for all ¢ produces vertex
vg. Gluing together vertices v, produces vertex v.,. The total number of vertices is
n=2+>._,(k —1), and the number of edges is m = >"\_, k;.
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Let g be a doubly negative function: g(x,y) = f[O,l] h(z, 2)h(y, z)dp(z). Let fo, foo, fij
(1<i<r,1<j<k; —1)bebounded measurable nonnegative functions on [0, 1]. Let

N V()
f = <f0fooHHfz]>

i=1 j=1
Fori=1,2,...,r, denote
. —1
P = g xO;le (H g ]7” 15 Lij >g<xlk17x00 fl,] xl,]
7=1

We need to prove I > J™, where

I= fol@o) foolmoa) [ P, T= | fx)g(a,y)f(y) dp*.
[0,1] =1 [0,1)2

We can assume that fy = fo, and f;; = fi,—; for all i and j. Indeed, we could swap f
with fs, and f; ; with f;,_; for all 4,5 (this would not change the value of I), and then
apply the Cauchy—Schwarz inequality to the geometric mean of both expressions for I.

For ¢ = 1,2,...,s (that is when k; is odd), we can add a variable z; and replace
9(Z4,(ki—1y/2, Ti(k;41)/2) 0 the expression for P; with the product of h(z;x,—1y/2, %) and
h(%‘,(kiﬂ)/% Zz) :

(ki—1)/2
P = 9(5100,%',1) H g(xi,j—lal'i,j) h(xi,(kifl)/%zi) h(xi,(kiJrl)/Zazi)

ki—1 ki—1
X H 9(Tij-1,Tig) | 9(Tiki—1, Too) H fig(wiz)
J=(ki+3)/2 J=1
Now in the expression for I we have to integrate over n + s variables. Define for i < s,
(ki—1)/2 (ki—1)/2
Qi = g(wo, i) H 9(@ij-1,Ti) Wi 1) /25 2i) H fij(@ig)
j=2
and for 7 > s,
ki/2 ki/2—1

1/2
Qi = g(o, i) Hg(xi,jflaxi,j) H fig(wiz) (fi,ki/Q(xi,ki/2)>/ .
j=2 j=1

Let A(21,. .., Zsy Tst1koy1/2,- - -+ Trk,j2) denote the integral of fo(zo) [[;_; Qs over all vari-
ables except 21, ..., 2, Toqi ko 1/2s- > Trkyy2- S€b
B(yla vy Ysy sl kgar/2y - - 7$T,kr/2)
= / A(Zl, cee s Ry ZIZ’S+1’]€S+1/2, Ce ,ill'r’kr/g) H h(yl, Zi) d/L(Zl) e d/,L(ZS) .
[0,1]° i=1
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Then
I = / A(Zh"'aZS) x5+1,ks+1/27"'7xr,kr/2>2dur )
[0,1]"

and

S

== /[0,115 E < [0,1] f(yi) h(yi, z:) du(yi)f dp(z1) - - - dp(zs)

2
= (/ B(yi, -y Yss Toithypr/20- -5 Trjey/2) d,ur) .
[0,1]"

Notice that f[o - Bdp” is the left hand side of (1.3) for the tree G formed by paths of length
(k1 +1)/2,..., (ks +1)/2, ksy1/2, ..., k:/2 connected at one endpoint. By Corollary 6.4,
G is extra-good, so f[o yr By = JUD. As e(G) = (m + s)/2, we get

2
I>J—S(/ Bd;[) > Jm . 0
0.1

Proof of Theorem 6.6. Let Gy be formed by attaching a k-edge cycle (vg,vq, ..., V51,
vr = vg) to a vertex v of graph G, so v = vy = vy. Let g be a doubly nonnegative func-
tion. There exists h € H such that g(z,y) = f[o 1 h(x, z)h(y, z)du(z). Assign bounded

measurable nonnegative functions on [0, 1] to all vertices of G, and denote by F(x) the
integral on the left hand side of (1.3) taken over all variables except the one that corre-
sponds to v. Assign bounded measurable nonnegative functions fi, f, ..., fx_1 to vertices
V1, Vs, ...,V 1. For functions vy, 7s,...,7:, denote

L(Zo, Trs 1, Y2, - V) = /[ - 1T (9(@imr, ) vi(as)) dpsaen) - - - dpsan—r).
0,1]7=1 55
Let I, be the value of the integral on the left hand side of (1.3) for G. Then
IGO :/ F(I‘) Ik($7x;f17f27"'7fk)7171) d,u(x)
[0,1]

Let fy be the product of all v(Gy) functions assigned to vertices of Gy. We need to prove
Ig, = J¢G0) where J = f[o 1t f(@)g(z,y) f(y)dp? and f = (fy)"/e(Go)),
Set v; = \/ fifr—i, 80 Vk—; = 7;. By the Cauchy—Schwarz inequality;,

Lz, 2 f1, 2o foe, D2 = Lz, fo, for s fro1, 1) - Te(2, 25 frot, froay oo f1,1)
> Ik(x7x;’717727"‘77k—171)2'
If £ = 2a, then

[2a<llf,$;’}/1, e V2a-1, 1) :/[ ]Ia(iC;yS’Yla <oy Ya—1, \/%)2 dll’(y)
0,1

2
2(/{ ]Ia(%y;%,---,%_l,\/%)du(y)> :
0,1
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Construct graph G, from graph G by attaching two disjoint a-edge paths to vertex v. By
Theorem 6.3, G, is extra-good. Assign functions i, ..., 7.1, /e t0 vertices of each of
the two paths. Let I, be the value of the integral on the left hand side of (1.3) for G,.
Then

2
‘[Ga :/[ }F(l’) (/[ ]Ia(%%%»---;%—l;\/%) dlu(y)) d,u(x) < ‘[GO .
0,1 0,1

The right hand side of (1.3) is the same for both Gy and G, so we are done with the case
k=2a. If Kk =2a+ 1, we have

[2a+1(3§',l';'}/1, <5 V2a) 1)

1/

= /[ - Ia(%y/;%, . 7’7(1) g(y/hy ) Ia(l'7 yl/;,y%7 o 7’Ya+1) du(y/)du(y")
0,1
- /[ ] (La(z, 4371, - - - 7a) Ry, 2) dp(y))? dp(z)
0,1

and

I [ #) et s = [ ( /[ J}h(S’Z)f(S)du(8)>2du(Z)-

[0,1]? (0,1]

Hence, by the Cauchy—Schwarz inequality,

-[2a+1(x7x;71’ < V2as ]') -J >

= (/[0’1]3 ]a(ﬁ, Y, .- ,/Va) h(y, Z) h(S, z) f(g) dlu(y)d,u(z)du(s))

2
= (/[ ][aJrl(an;ﬁ)/la' .- 77a7f) d,u(s)) .
0,1

Construct G,y from G by attaching two disjoint (a + 1)-edge paths to vertex v. By
Theorem 6.3, G, is extra-good. Assign functions 7, ...,7,, f to vertices of each of the
two paths. Let Ig,,, be the value of the integral on the left hand side of (1.3) for Goy1.
Then

2
Iy, — /[ @) ( /[ s ) du(8>) du(e) < Ioy - J -

The right hand side of (1.3) is equal to J*(©0) for Gy, and Jé(Ge+1) = J . Jo(Go) for Gy, ;.
As (1.3) holds for G4, it holds for Gy, too. O
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