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Abstract

The Norton product is defined on each eigenspace of a distance regular graph by
the orthogonal projection of the entry-wise product. The resulting algebra, known as
the Norton algebra, is a commutative nonassociative algebra that is useful in group
theory due to its interesting automorphism group. We provide a formula for the
Norton product on each eigenspace of a Hamming graph using linear characters. We
construct a large subgroup of automorphisms of the Norton algebra of a Hamming
graph and completely describe the automorphism group in some cases. We also show
that the Norton product on each eigenspace of a Hamming graph is as nonassociative
as possible, except for some special cases in which it is either associative or equally
as nonassociative as the so-called double minus operation previously studied by
the author, Mickey, and Xu. Our results restrict to the hypercubes and extend to
the halved and/or folded cubes, the bilinear forms graphs, and more generally, all
Cayley graphs of finite abelian groups.

Mathematics Subject Classifications: 05A15, 05E30, 17D99

1 Introduction

Distance regular graphs have many nice algebraic and combinatorial properties and have
been extensively studied. For instance, (the adjacency matrix A of ) a distance regular
graph I' = (X, F) with vertex set X and edge set E has d + 1 distinct eigenvalues
Oy > 61 > --- > 60; and the corresponding eigenspaces Vj, Vi, ..., Vy form a direct sum
decomposition of the vector space RY := {f : X — R} = R where d is the diameter
of I'. Furthermore, there is a general method to obtain the eigenvalues and eigenspaces
of a distance regular graph; see, for example, Brouwer, Cohen and Neumaier [3, §4.1].
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One can define an interesting product on each eigenspace V; of a distance regular
graph [' by doing the entry-wise product of two eigenvectors in V; and projecting the
resulting vector back to V;. The gives an algebra, known as the Norton algebra, which
is commutative but not necessarily associative. It was studied in group theory due to
its interesting automorphism group [6, 27|. In fact, this idea dates back to Norton’s
construction of algebras admitting 3-transposition groups with connections to the monster
simple group discovered by Griess [12].

When T' belongs to certain important families of distance regular graphs (i.e., the
Johnson graphs, Grassmann graphs, dual polar graphs, and hypercube graphs), Levstein,
Maldonado and Penazzi [18, 22] constructed the eigenspaces from a filtration of vector
spaces corresponding to a graded lattice associated with I', and derived an explicit formula
for the Norton product on the eigenspace of V;. Recently Terwilliger [29] obtained a more
general formula for ()-polynomial distance-regular graphs. But for ¢ > 2 the Norton
algebra structure on V; has not been determined.

In this paper we focus on the Hamming graph H(n,e), whose vertex set X consists
of all words of length n on the alphabet {0,1,...,e — 1} and whose edge set E consists
of all unordered pairs of vertices differing in exactly one position. As an important
family of distance regular graphs, the Hamming graphs are useful in multiple branches of
mathematics and computer science. Their eigenvalues are well known [3, §9.2] and their
eigenspaces have been investigated from various perspectives. For example, Valyuzhenich
and Vorob’ev [31] studied the minimum cardinality of the support of an eigenvector of a
Hamming graph, and for certain Hamming graphs with special parameters, Sander [25]
constructed bases for their eigenspaces using vectors over {0, 1, —1}.

If we allow extension of scalars to the complex field C, there is a nice complex eigenbasis
of the Hamming graph H(n, e) consisting of all linear characters of its vertex set X = Z”
viewed as a group, and a real eigenbasis can be obtained by taking the real and imaginary
parts of these characters. In fact, this is valid for any Cayley graph of a finite abelian
group; see, for example, Lovasz [20, Exercise 11.8] and DeVos-Goddyn-Mohar-Samal [11].
It will be an interesting problem to determine whether an eigenbasis over Z (or even over
{0,1, —1}) can be obtained.

As an application of the linear character approach, we provide a formula for the Norton
product on each eigenspace V; of the Hamming graph H(n,e), and use this formula to
study the automorphism group Aut(V;) of the Norton algebra V;. It is known that the
automorphisms of the Hamming graph H(n,e) form a group isomorphic to the wreath
product &, 6, [3, Theorem 9.2.1]. We show that Aut(V}) = &.1S,, by constructing
all idempotents in Vi, but Aut(V;) could be much smaller or bigger than this group is
i # 1. In general, we construct a large subgroup of Aut(V;), which is related to the wreath
product of the semidirect product Z. x Z} of the group Z, and its multiplicative group
7% with the symmetric group &,,. A complete description of Aut(V;) for i > 2 will be a
problem for future study.

We also determine the extent to which the Norton product on V; is nonassociative. For
a given binary operation * on a set Z, let C, ,, be the number of distinct results obtained
by inserting parentheses into the expression zg * 21 * -+ * 2,,, where 2, 21,..., 2, are
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Z-valued indeterminates. It is well known that C, ,, is bounded above by the ubiquitous
Catalan number C,, = m%rl(%;”) We have C,,, = 1 for all m > 0 if and only if *
is associative, and we say * is totally nonassociative if C,,, = C,, for all m > 0. In
general, C, ,, measures how far the operation * is from being associative. The sequence
(Clm)m=0 was called the associative spectrum of the binary operation % by Csédkany and
Waldhauser [7]. Braitt and Silberger [2] studied this sequence for a groupoid (G, %) and
called it the subassociativity type of (G,x). Independently, Hein and the author [13]
also proposed the study of C, ,, for a binary operation *. For further investigations of
this nonassociativity measurement, see, e.g., Hein and the author [14] and Liebscher and
Waldhauser [19].

We show that the Norton product x on each eigenspace V; is totally nonassociative
except for some special cases in which it is either associative for trivial reasons or equally
as nonassociative as the double minus operation & defined by a &b := —a — b for all
a,b € C, in the sense that any two ways to parenthesize z0© 216 - - - & z,, produce distinct
results if and only if so do the same two ways to parenthesize of zgx 21 %- - -xz,,. Therefore
in the last case we have C, ,, = Cg,, given by the sequence A000975 [28] in OEIS [26],
according to Csdkany and Waldhauser [7] and work of the author, Mickey, and Xu [16].

Below is a summary of our results on the Norton algebra of the Hamming graphs.

Theorem 1. Fori=0,1,...,n, the (complex) Norton algebra V; of the Hamming graph
H(n,e) satisfies the following.

e It has a basis {x, : u € X;}, where X; is the set of elements in X = Z2 with exactly
1 nonzero entries, such that if u,v € X; then

* o Xutv qu +veE Xz
Xu ™ X 0 otherwise.

e For e = 3, its automorphism group is trivial if i = 0, is isomorphic to S, 1 &,
ift =1 or 630691 if i = n and e = 3, and admits a subgroup isomorphic to
(Ze % ZX)1G, ifi > 1.

e [ts product x is associative if i = 0, equally as nonassociative as the double minus
operation © if e = 3 and i € {1,n}, or totally nonassociative ife =3 and 1 <i <n
orife>4and1 <i<n.

The nonassociativity measurement in Theorem 1 is very similar to what we obtained
in previous work [15] on the Norton product on the eigenspace V; of the Johnson graphs,
Grassmann graphs and dual polar graphs based on the formulas by Levstein, Maldonado
and Penazzi [18, 22]. The results on the automorphism group and nonassociativity in
Theorem 1 do not include the case e = 2 as it is somewhat different from the case e > 3.

In fact, the Hamming graph H(n,2) is the well-known hypercube @Q,,, and the linear
characters of its vertex set X = Z} are all real (actually over {0,1, —1}). Furthermore, as
the hypercube @, is both bipartite and antipodal, it can be halved and folded [3, §9.2.D].
The halved cube or half-cube %Qn can be obtained from the hypercube @, by selecting
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vertices with an even number of ones and drawing edges between pairs of vertices differing
in exactly two positions. The folded cube [, can be obtained from the hypercube graph
(), by identifying each pair of vertices at distance n from each other. Applying both
constructions above to the hypercube @, gives the folded half-cube %Dn. These graphs
are all distance regular and their eigenvalues are known [3, §9.2.D].

Since these graph are also Cayley graphs of finite abelian groups, we can study their
Norton algebras using the same method as for the Hamming graphs, with the linear char-
acters naturally indexed by certain sets and the Norton product of two linear characters
Xs and xr determined by the symmetric difference SAT = (S —T)U (T — S) of the
indexing sets S and T'. The automorphism groups of their Norton algebras are related to
the hyperoctahedral group &P = 7,16, (the Coxeter group of type B,,) consisting of all
bijections f on the set {+1,...,+n} satisfying f(—j) = —f(j) for all j € [n], its center
{£1} consisting of the constant functions f = +1, and its subgroup &2 (the Coxeter
group of type D,,) consisting of all f € &8 with [{j € [n] : f(j) < 0} even. Our results
are summarized below, where V;(I') denotes the ith eigenspace and the corresponding
Norton algebra of a distance regular graph I'.

Theorem 2. Fori=0,1,...,n, the (real) Norton algebra V;(Q,) satisfies the following.

o [t has a basis {xs : S C [n], |S| =1} such that for all S,T C [n| with |S| = |T| =1,

0 otherwise.

{XMT if |SAT| = i
Xs*XT =

e [ts automorphism group is trivial if 1 = 0, equals the general linear group of the
underlying vector space if i > |2n/3| ori is odd, and admits S /{£1} as a subgroup
if 1 <1< nis even.

e Its product is associative if i =0, i > |2n/3] ori is odd, but totally nonassociative
otherwise.

Fori=0,1,...,|n/2], there is an algebra isomorphism V;((,)) = Vo (Q,).

Theorem 3. For i = 0,1,...,|n/2|, the (real) Norton algebra V;(1Q,) satisfies the
following.

o [thasabasis{xs:S C[n|, |S|=i}if0<i<n/2or{xs:SCIn|, |S]=1 1€S}
if it =n/2 such that for all S, T C [n] with |S| = |T| =i we have

XSAT if ‘SAT‘ =1
XS *XT = § X(SAT)e if |[SAT|=n—1
0 otherwise.

Hence Vi(5Qn) = Vi(Qn) if i < [n/3] or n—i is odd, and Va(3Q4) = Va(Qs) =
Vi(5Q3).

.
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e [ts automorphism group admits a subgroup isomorphic to &P if i and n are not both
even and (i,n) # (1,2), or &2 /{+1} if i and n are both even and (i,n) # (2,4).

o [ts product x is associative if i = 0, i < [n/3] is odd, i and n — i are both odd, or
n—1 is odd and i > |2n/3], but totally nonassociative otherwise.

Fori=0,1,...,d = [n/4], there is an algebra isomorphism V;(30,) = Va;(3Qn).

Our method is also valid for the bilinear forms graph H,(d,e), whose vertex set is
X = Matg(F,) consisting of all d x e matrices over a finite field I, and whose edge set
E consists of unordered pairs zy of vertices x,y € X with rank(x —y) = 1. This is a
distance regular graph of diameter d (assuming d < e) and can be viewed as a g-analogue
of the Hamming graph H(d,e) [3, §9.5.A]. If d = 1 then H,(d,e) is a complete graph
isomorphic to the Hamming graph H(1,¢%). In general, H,(d, e) is a Cayley graph of the
finite abelian group X, so the linear character approach applies.

Theorem 4. For i =0,1,...,d < e, the (complex) Norton algebra V;(H,(d,e)) satisfies
the following.

e [t has a basis {x, : u € X, rank(u) = i} such that

Xuso if Tank(u+v) =1
Xu* Xv = .
0 otherwise.

o [ts automorphism group admits subgroups isomorphic to

Matge(F,) % (GLg(Fy) x GLe(F,)/{(cla,cl.) : c € F)}).

e [ts product is associative if i = 0 or totally associative if d > 2 andi=1,...,d.

This paper is structured as follows. In Section 2 we review the linear character eigen-
basis for any Cayley graph of a finite abelian group and use this basis to establish a
formula for the Norton product on each eigenspace. Then we carefully examine the Nor-
ton algebras of the Hamming graphs in Section 3, investigate their automorphisms groups
in Section 4, and measure their nonassociativity in Section 5. We extend our results to
the halved and/or folded cubes in Section 6 and to the bilinear forms graphs in Section 7.
We conclude this paper with some remarks and questions in Section 8.

2 Cayley graphs of finite abelian groups

In this section we study the Norton algebras of a Cayley graph of a finite abelian group
using the linear characters of the group. First recall that a distance reqular graph is a
graph with distance d(—,—) such that the number of vertices z with d(z,z) = i and
d(y,z) = j depends only on i, j, and k = d(zx,y), but not on the choices of the vertices
x and y. Such a graph satisfies many nice properties and has been an important topic
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in algebraic combinatorics; see, for example, Brouwer—-Cohen—A. Neumaier [3] and van
Dam-Koolen-Tanaka [8].

In particular, if I' is a distance regular graph of diameter d, then there are exactly
d + 1 (real) eigenvalues 6y > 0; > --- > 6 and the corresponding (real) eigenspaces
Vo, Vi,...,Vyq form a direct sum decomposition of R¥ := {f : X — R} = R, Using
the orthogonal projection 7; : RX — V; one can define the Norton product * on each
eigenspace V; by 7 x 7' := m;(7-7') for all 7,7’ € V;, where 7 -7’ is the entry-wise product,
e, (Tx7)(x) :=7(x)r'(z) for all z € X. This gives a commutative but not necessarily
associative algebra known as the Norton algebra.

For some important families of distance regular graphs (the Johnson graphs, Grass-
mann graphs, dual polar graphs, and hypercube graphs), Levstein, Maldonado and Pe-
nazzi [18, 22] used a graded lattice to construct a filtration of vector spaces and obtained a
formula for the Norton product on the eigenspace of the second largest eigenvalue. Based
on this formula we [15] studied the nonassociativity of the Norton product, with the result
on the hypercube graphs extended to the Hamming graphs. For the other eigenspaces of
these graphs and for the eigenspaces of other distance regular graphs, the Norton algebra
structure has not been determined yet.

Now we use linear characters to give a complete description of all Norton algebras of a
distance regular graph if it is also a Cayley graph of a finite abelian group, with the ground
field R extended to the complex field C. Note that there is a classification of distance
regular Cayley graphs of finite abelian groups given by Miklavi¢ and P. Sparl [23].

We first review some basic properties of linear characters. Let G be a group and let
R* denote the multiplicative group of all units in a ring R. A linear character of G is a
group homomorphism x : G — C*. The linear characters of G form an abelian group G*
under the entry-wise product defined by

(x - xX)(9) == x(9)x'(g) forall x,x" € G" and g € G.
The following result is well known and we include a short proof here for completeness.

Theorem 5. The group G* of all linear characters of a finite abelian group G is isomor-
phic to G and is an orthonormal basis for the space C¢ := {¢ : G — C} = C!°! endowed
with the inner product

(6,0} = —

= > olg)(g)  for all ¢, € C.

geG

Proof. For any x € G* and any g € G with order n, we have x(¢g)" = 1 which implies
Ix(9)| = 1 and x(g) = x(¢)~!. Thus a finite cyclic group Z. has e distinct linear characters
given by x4(b) := w® for all a,b € Z,, where w := exp(27i/e) is a primitive eth root of
unity. Moreover, if (G; and (2 are finite abelian groups then y is a linear character of
G; x G9 if and only if x = x7 - x2 for some linear characters x; € G7 and 2 € Gj.
Therefore G* 2 G for any finite abelian group Gj in particular, |G*| = |G| = dim(C%). If
X € G* then (x, x) = 1 since x(9)x(9) = |x(9)] =1 for all g € G. For distinct x, x’ € G*,
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we have x(h) # x/(h) for some h € G and thus

1 1

bex) =1 > XX (9) " = e D x(gh)x' (gh) ™ = x(h)x'(h) ™ (x. X)
geG geG
which implies that (y,x’) = 0. Therefore G* is an orthonormal basis for CC. O

Let G be a finite abelian group expressed additively, and let S be a subset of G — {0}
such that s € S = —s € S. The Cayley graph I' = TI'(G, S) of G with respect to S has
vertex set X = G and edge set E = {zy : y — x € S}. The eigenvalues and eigenvectors
of I are those of its adjacency matric A = [azy)syex, Where agy is one if xy € E or zero
otherwise. An eigenbasis of I is a basis for the vector space C* consisting of eigenvectors
of ' An explicit construction of such a basis is well known in the abelian case |20,
Exercise 11.8]; for the nonabelian case, see, for example, Babai [1], Brouwer-Haemers [4,
Proposition 6.3.1], and Lovész [21].

Theorem 6. For any Cayley graph T' = T'(X,S) of a finite abelian group X, the linear
characters of X form an eigenbasis of I' with each linear character x corresponding to the

eigenvalue x(S) =Y s x(8).

Proof. By Theorem 5, the linear characters of X form a basis for the space CX. Each
linear character y of X is an eigenvector of I' corresponding to the eigenvalue x(S) since

(A(@) = D> x(y) =D x(s)x(x) = x(S)x(x) forallz € X. O

y—z€S seS

Since any Cayley graph I'(X,S) of a finite abelian group X has an eigenbasis X*
consisting of all linear characters of X, we can define the Norton product x * x' of two
linear characters y and x’ in the same eigenspace of I' by projecting the entry-wise product
X - X’ back to this eigenspace. We provide a formula for this product below.

Theorem 7. For any Cayley graph I'(X,S) of a finite abelian group X, if two linear
characters x and x' of X correspond to the same eigenvalue x(S) = x'(S) then

X*X,:{x-x if () (8) = x(9)
0, otherwise.

Proof. Given linear characters x and x’ of X with x(5) = x/(5), the entry-wise product
X - X' is still a linear character of X with the corresponding eigenvalue (x - x’)(S). The
projection onto the eigenspace containing x and x’ fixes y - x" if (x - X/)(S) = x(S) or
annihilates it otherwise. O

In the remainder of this paper we elaborate the aforementioned linear character ap-
proach to the Norton algebras in the context of the Hamming graphs, halved /folded cubes,
and bilinear forms graphs, as these graphs are simultaneously distance regular graphs and
Cayley graphs of finite abelian groups. Even though their eigenspaces can be realized over
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R, we allow extension of scalars to the complex field C so that we can apply Theorem 6
and Theorem 7 to obtain linear character bases and explicit formulas of the Norton prod-
uct for all eigenspaces. When there are multiple graphs involved, we let V;(I") denote the
1th eigenspace of I and the corresponding Norton algebra.

3 Hamming graphs

In this section we study the Norton algebras of the Hamming graphs. Given integers
n > 1 and e > 2, the finite abelian group X = Z! consists of all words of length n on
the alphabet Z, = {0,1,...,e— 1} with addition performed entry-wise modulo e. We can
write an element # € X as either a word = z; - - - x,, or a function x : [n] — Z., where
n] = {1,2,...,n}. If (1) = --- = x(n) = ¢ for some constant ¢ € C then we write
x = c. The support of x is supp(x) := {j € [n] : (j) # 0}. Let X, denote the set of all
x € X with |supp(z)| = i.

The Hamming graph H(n,e) is the Cayley graph I'(Z?, X), which is a distance regular
graph of diameter d = n. For ¢ = 0,1,...,n, the ith eigenvalue of H(n,e) and its
multiplicity are [3, §9.2]

]

0, = (n—i)e—n and dim(V,-):<n)(e—1)".

Maldonado and Penazzi [22] showed that the Norton product on the eigenspace V;
of the Hamming graph H(n,2) is constantly zero. For e > 3, we showed in previous
work [15] that the Norton algebra V;(H(1,e)) has a spanning set {1, ..., 7.} such that

Vi %V = 0; and @i*@j:—(@i+@j)/(€—2), 1<Z7é]<6 (1)

and the direct product of n copies this algebra is isomorphic to the Norton algebra
Vi(H (n,e)). Now using linear characters we can determine all Norton algebras of H(n,e).

3.1 Basis and Norton product

For every u € X we define a linear character x, of X by

Xu(Z) == H WD) = 2jem v for all 7 € X. (2)
J€ln]
Here w := exp(27mi/e) € C is a primitive eth root of unity, which satisfies the following:

e ifj=0,

3
0 ifj=1,...,e—1. 3)

1+wj+w2j+---+w(e_l)j:{

The proof of the above identity is an easy exercise. We are ready to provide our first main
result on the Hamming graphs.
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Theorem 8. For i = 0,1,...,n, the (complex) eigenspace V; of the Hamming graph
H(n,e) has a basis {x, : u € X;} such that for all u,v € X,

* _ Xu+v qu +vE Xz
Xu 7 X 0 otherwise.

Proof. By Theorem 5 and its proof, {x, : u € X} is a complete set of distinct linear
characters of the abelian group X = Z" and thus a basis for C*. For each u € X, the
linear character x, is an eigenvector of H(n,e) corresponding to the eigenvalue y,(X)
by Theorem 6.

To compute the eigenvalue x,(X;), suppose u € X; and let x € X;. Then we have
x(j) # 0 for a unique j € [n] and thus y,(z) = w"9?W) If j ¢ supp(u) then u(j) = 0
and x,(7) = 1. If j € supp(u) then w*V) is a nontrivial eth root of unity and the sum
of xu(z) = w"9*0) as x(j) runs through {1,2,...,e — 1} with j fixed is —1, thanks to
Equation (3). Thus

Z Z W'k = (n — i) (e —1) +i(—1) = 6;.

j€[n] k€Z.—{0}

This implies that {x, : u € X;} is a basis for V;. For any u,v € X; we have

(Xu Hw DG for all € X,

JEMN]

Thus Xu * Xo = Xutv € V; where j = [supp(u + v)|. The projection of x,, to V; is either
itself if 7 =7 or zero otherwise. O]

Example 9. The complex eigenbasis for the Hamming graph H(2, 3) given in Theorem 8
consists of the rows of the matrix below, which are indexed by vertices (written as words).

X |00 10 01 20 11 02 21 12 22
Yol 1 1 1 1 1 1 1 1 1
xo| 1l w 1 ? w 1 ?* w W?
xo| 1l w? 1 w w? 1 w w w
Yool 1 1 w 1 w w? w w W?
x| 1 1 w? 1 o w W w w
xii| 1l w w W ow?r 1l 1w
x| 1 w? w w 1 w? W w 1
xz| 1 w w? W1l w ow w1
x| 1 W w? w w w 1 1 u?

The first row spans Vy with xoo * Xoo = Xoo, the next four rows span Vi, and the last
four rows span V5. The Norton algebras V; and V5 are isomorphic to each other by the
following charts (a coincidence between Corollary 12 and Proposition 14).
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* | Xo1 Xo2 X10 X20 * X110 X120 X211 X22
Xot | Xo2 O 0 0 X1t | x22 0 0 0
X02 0 xo1 O 0 X12 0 xa1 O 0
X1 | 0 0 x20 O X21 | O 0 xi2 O
X20 | O 0 0 X X22 | O 0 0 xu

Remark 10. Although the basis given in Theorem 8 consists of complex vectors, we can
obtain a real basis by taking real and imaginary parts of the vectors. Let X? := {u € X; :
2u = 0} and let X;" and X, be the sets of all u € X; — X? with u(j) > e/2 or u(j) < e/2,
respectively, where j is the smallest integer such that u(j) # e/2. For each u € X, define
& X — R by

cos (Zje[n] 2”"(i)x(j)> ifue X;"uUXp?

sin (Zje[n] M) ifue X,

e

for all z € X. One sees that for i = 0,1,...,d = n, the eigenspace V; of H(n,e) has a
real basis {&, : u € X;}. Below is an example for the Hamming graph H(2,3), which can
be further normalized to an eigenbasis over Z.

X |00 10 01 20 11 02 21 12 22
oo | 11 1 1 1 1 1 1 1

Xxo| 0 V32 0 V32 V32 0 —v3/2 V32 —V3)2
X0 | 1 —1/2 1 -1/2 —1/2 1 -1/2 —1/2 —1/2
Xoo| 0 O V3/2 0 V3/2  —V3/2 V3/2 —V3/2 —/3)2
Xz | 11 ~1/2 1 -1/2  -1/2 -1/2  -1/2  —1/2
xu | 0 v3/2 V3/2 V32 —Vv3/2 —V3/2 0 0 V3/2
xa |1 —1/2 —1/2  —1/2 1 -1/2 —=1/2 —1/2 1

xiz | 0 V3/2 —V3/2 —/3)2 0 V3/2  V3/2  —V/3/2 0

X2 | 1 —1/2  —1/2 —1/2 —1/2 —1)2 1 1 —1/2

Recently, there has been work on the minimum cardinality of the support of eigenfunc-
tions of a Hamming graph; see for example, Valyuzhenich and Vorob’ev [31]. The linear
characters may provide another possible approach to such problems.

3.2 Algebra structure

Theorem 8 leads to the following result on the structure of the Norton algebras of H(n, e).

Corollary 11. Fori=0,1,...,n, we have a direct sum decomposition of vector spaces
ViiH(n.e) = € Vs
SCln]:|S|=t

where Vg := span{y, : u € X;, supp(u) = S} is isomorphic to V;(H(i,e)) as an algebra.
This direct sum becomes a direct product of algebras if i = 0,1,n or if e = 2 and either
i > |2n/3] ori is odd.
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Proof. Using the basis provided in Theorem 8, one sees that the eigenspace V;(H(n,e))
is the direct sum of subspaces Vg for all i-sets S C [n|. By the formula for the Norton
product on V;(H (n,e)) in Theorem 8, each direct summand Vj is a subalgebra isomorphic
to Vi(H (i,e)) by sending y, to xg for all u € X; with supp(u) = S, where @ is obtained
from u by deleting all zero entries. Finally, the above direct sum becomes a direct product
of algebras in the following cases.

e If i =0 or : = n then this direct sum has only one summand.
e If i =1 then x, * x, = 0 whenever u,v € X; with supp(u) # supp(v).

e If ¢ = 2 and either i > |2n/3] or i is odd then x, x x, = 0 for all u,v € X; by
Proposition 20, which will be provided later. O

The above corollary includes a previous result as a special case.

Corollary 12 ([15]). The Norton algebra Vi(H (n,e)) is isomorphic to the direct product
of n copies of the Norton algebra Vi(H(1,¢€)).

We have another similar result on the Norton algebra V,,(H(n, 3)).

Lemma 13. For any u € X; with supp(u) = S and u(S) C Z), the span Vi, of {Xku : k €
le — 1]} is a subalgebra of the subalgebra Vs of V;(H(n,e)) satisfying V,, = Vi(H(1,e)).

Proof. We have supp(ku) = S for all k € [e—1] since u(S) C Z). Thus V,, is a subalgebra
of Vg and is isomorphic to the Norton algebra Vi (H (1, e)) via Xgu — Xk- O

Proposition 14. The Norton algebra V,,(H(n,3)) is isomorphic to the direct product of
2"~ copies of the Norton algebra Vi(H(1,3)).

Proof. By Lemma 13, there is a subalgebra V,, = V;(H(1,3)) spanned by ., and xa, for
all u € X,,. Let v and v be distinct elements in X,,. We have {u(j),v(j)} = {1,2} for
some j € [n] and thus u 4+ v = 0. This shows that V,, is orthogonal to V,, if u # 2v, and it
is clear that V,, =V, if u = 2v. Thus V,,(H(n,3)) is isomorphic to the direct product of
2"~1 copies of Vi(H(1,3)). O

Example 15. The Norton algebra Vo(H(2,3)) has a basis {x11, X12, X21, X22}. The span
of x11 and xa2 is isomorphic to V3 (H(1,3)), and so is the span of x12 and x2;. These two
copies of Vi(H(1,3)) are orthogonal in V2(H(2,3) and form a direct product. Similarly,
the Norton algebra V5(H (3,3)) is the direct product of four subalgebras, each of which is
isomorphic to Vi (H(1,3)).

We also observe that there is no identity for the Norton product * on V;(H(n,e))
unless 7 = 0.

Proposition 16. The Norton algebra V;(H(n,e)) is unital if and only if i = 0.

Proof. Any element of V;(H(n, e)) can be written as ) ¢ cuXu. For any v € X; we have
Z CuXu* Xv = Z CuXutv = Xv
ueX; ueX;: utveX;

if and only if 0 € X; and ¢y = 1. The result follows immediately. O
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3.3 Hypercube

Finally, we focus on the case e = 2. In this case the Hamming graph H(n,2) is known
as the hypercube @Q),,. The basis given in Theorem 8 for each eigenspace of @, is real
and actually over {0,1,—1} since w = —1 when e = 2. Moreover, each element u € X;
is uniquely determined by its support S = supp(u), which is an i-subset of [n], and the
linear character x, = xg is given by

Xs(z) = H(—l)x(j) for all x € X.
jes
Using the symmetric difference SAT := (S —T)U (T — S) of two sets S and T" we can
rephrase Theorem 8 for the hypercube @,, below.

Corollary 17. Fori = 0,1,...,n, there exists a basis {xs : S C [n], |S| =i} for the
eigenspace V; of the hypercube graph Q,, such that for all S,T C [n] with |S| = |T| =1,

{XSAT Zf |SAT| =1
XSs*XT =

0 otherwise.

Proof. This follows immediately from Theorem 8 with e = 2. O

Example 18. The Norton algebra V5(Q3) has a basis {xr, xs, xr}, where R = {1,2},
S ={1,3}, T = {2,3}. We have xp*Xr = Xs* Xs = X2 * Xt = 0, Xr * Xs = X7,
Xs * XT = Xgr, and x7 * xg = Xs- This agrees with the cross product on the three-
dimensional space, except for the anticommutativity.

Lemma 19. There exist i-sets S,T C [n] such that |[SAT| = j if and only if 0 < j <
min{2i,2(n — i)} and j is even.

Proof. Let S and T be i-subsets of [n] with |[SAT| = j. We have

ISNT| = (|S|+|T|—|SAT|)/2= (21 —7)/2>0 and
ISUT| = |SAT|+|SNT| = (2i+5)/2 < n.

Thus we have 0 < j < min{2¢,2(n — ¢)} and j must be even

Conversely, let j be an even integer satisfying 0 < j < min{2i,2(n — ¢)}. Then
S={1,2,...;i} and T' = {1,2,...,(20. — j)/2,i + 1,...,(2t 4+ j)/2} are i-subsets of [n]
with |[SAT| = j. O

Proposition 20. If i > |2n/3| or i is odd then the Norton algebra Vi(Q,) has a zero
product.

Proof. By Lemma 19, there exist i-sets S,T C [n] such that |SAT| = i if and only if
i < |2n/3] and i is even. Thus if i > [2n/3] or i is odd then xg * xr = 0 for all i-sets
S, T C [n]. O
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4 Automorphisms

Recall that an automorphism of an algebra (V%) is an automorphism ¢ of the underlying
vector space V' such that ¢(uxv) = ¢(u) x ¢(v) for all u,v € V. Note that we do not
assume an algebra is associative or unital. In this section we study the automorphisms of
the Norton algebras of the Hamming graph H(n,e). We begin with some special cases.

Proposition 21. The automorphism group of the Norton algebra V;(H (n,e)) is the trivial
group if 1 = 0 or the full general linear group of the underlying vector space if e = 2 and
either i > |2n/3] ori is odd.

Proof. The Norton algebra V;(H(n,e)) is spanned by an idempotent xq if i« = 0, or has
a zero product if e = 2 and either i > [2n/3]| or i is odd by Proposition 20. The result
follows. N

To deal with the remaining cases, we review some basic concepts from group theory.
If there is a homomorphism ¢ : H — Aut(/N) from a group H to the automorphism
group of a group N, then the semidirect product N x H is the Cartesian product N x H
endowed with the operation (ni, hy)(ng, ha) = (n1é(h1)(n2), hihy) for all ny,ny € N and
hi,he € H. In particular, the semidirect product Z. x Z) of the group Z. and its
multiplicative group Z) is the Cartesian product Z. x Z) equipped with an operation
defined by (a,b)(a’,b") := (a + b 'a’,bV') for all a,a’ € Z, and b,b' € Z). The identity
element of this group is (0,1), where 0 and 1 are the identity elements of Z. and Z,
respectively.

Next, the symmetric group &,, consists of all permutations on the set [n], and we let
id denote its identity. The wreath product G1 &, of a group G with G,, is the semidirect
product G" x &,,, where G" is the direct product of n copies of G and &,, permutes these
n copies. More precisely, the elements of G S,, are of the form (g,o) with ¢ € G™ and
o € 6, and with h; denoting the jth component of an n-tuple h € G", the operation of
G 16, is defined by (g,0)(¢', o) = (go(g'), 00’) where o(g") = (,1)s- - Yo(m))-

The automorphism group of the Hamming graph H(n, e) is isomorphic to the wreath
product 6,16, [3, Theorem 9.2.1], which acts on X = Z? in a natural way. However, not
all automorphisms of H(n,e) induce automorphisms of the Norton algebra V;(H(n,e))
nor can they give all automorphisms of V;(H (n,e)). This can be seen in our next result,
which involves the group (Z. x Z)) x &,,. The elements in this group are of the form
(a,b,0) with a € Z, b € (ZX)", and 0 € &,,. If (a,b,0) and (da’,¥',¢’) are in this group
then

(a,b,0)(d,b,0") = (a+b""-a(d),b-o(b),00). (4)

Here the dot “” denotes the entry-wise product on Z7, which makes Z become a ring

with (ZX)™ as its group of units, and oo’ is the composition of permutations.

Theorem 22. Each element ¢ = (a,b,0) € (Ze X Z)) 1 S,, induces an automorphism of
the Norton algebra V;(H(n,e)) by sending Xy to Xa(b - 0(w))Xp-ow) for all u € X;. Such
automorphisms form a group isomorphic to (Ze X Z) 16, ife >3 andi > 1 orife =2
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and 1 < @ < n is odd, but isomorphic to (Zy1 S,)/{(0,1,id), (1,1,id)} if e = 2 and
1 <7< n s even.

Proof. Let ¢ = (a,b,0) € (Ze X Z)) 1 S,,. Then v and b - o(u) have the same support for
any u € X; since b € (Z))". Ifu,v € X; with u+v € X; then b-o(u+v) =b-0(u)+b-0(v)
and

¢(XU*X’U) = Xa(b : J(U + U))Xb-a(u+v) = Xa(b : J(U))Xa(b : J(U))Xb-o(u)+b-a(v) = ¢(Xu) *¢(Xv>~

Similarly, if u,v € X; with v + v ¢ X; then

¢<Xu * Xv) - ¢(O) =0= Xa(b ’ 0(u>)Xb-U(u) * Xa(b ’ 0(”))Xb-o(v) = ¢(XU) * ¢(Xv)

Therefore ¢ induces an automorphism of the Norton algebra V;(H (n,e)).
If ¢/ = (a,V,0") € (Ze X ZS) 1S, then for any u € X; we have

A& (xu)) = o(xar (V- 0" (W) X0 () = Xa(b - (V) - 00" () xar (" 0" (1)) Xt ()00 ()

On the other hand, we have ¢p¢' = (a+b~"-o(d’),b- (1), 00") by Equation (4) and thus

(99")(Xu) = Xa(b- o (V) - UUI(U))Xb—l.a(a')(b ~o(b') - UUI(U))Xb~U(b’)-UU’(u)

Then we obtain ¢(¢'(x.)) = (¢¢’)(u) as Equation (2) implies

Xty (b- o) - 00" (W) = Xow(0 (¥ - ' () = X (V' - ' (1))

It follows that we have a homomorphism from (Z. x ZX) 1 &,, to the automorphism
group of V;(H(n,e)), and we need to show that its kernel is trivial if e > 3 and i > 1 or if
e=2and 1 <i<nisodd, or equals {(0,1,id), (1,1,id)} if e =2 and 1 < i < n is even.
To this end, suppose that ¢(x.) = Xu, i-€., b-o(u) =u and x,(b-o(u)) = xa(u) = 1 for
all u € X;.

If 1 <i < n then &, acts faithfully on i-subsets of [n] and thus taking the support
of both sides of the equality b - o(u) = u gives 0 = id. If i = n and e > 3 then we also
have o = id since if o(j) = k # j for some j € [n] then b - o(u) # u for some u € X; with
u(7) =1 and u(k) # by.

Next, if 0 =id then b- o(u) = b-u = u for all uw € X; and thus b = 1.

Finally, we consider the condition that y,(u) = 1 for all u € Xj.

e If ¢ > 3 then a = 0 as we can obtain v € X; from u by changing the jth entry to a
different nonzero number and then x,(u) = x4(v) implies a(j) = 0 for any j € [n].

e Assume e = 2 and 1 < i < n. For any distinct j,k € [n], there exists u € X; such
that u(j) = 1 and u(k) = 0. We obtain v € X; from u by switching the jth and kth
entries. Then x,(u) = xq(v) implies a(j) = a(k). Thus a is either 0 or 1, and the
latter is possible if and only if 7 is even in order to have y;(u) =1 forallu € X;. O
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When e = 2 the group in Theorem 22 becomes Z5!S,,. This group is often interpreted
as the hyperoctahedral group &P which consists of bijections f on {#1,...,+n} with
f(—=j) = —f(4) for all j € [n]. The group &2 is the Coxeter group of type B, and its
elements are called signed permutations of [n] as they are determined by their values on
[n]. We can write an element in &2 as f = (o, ¢) for unique 0 € &,, and € : [n] — {+1}
such that f(j) = e(o(j))o(y) = (eo)(j)o(j) for all j € [n], where eo is the composition
of e and 0. If f' = (0/,¢) € &2 then ff' = (¢- o', 00’), where the dot “” is the
entry-wise product, since

F(F1(5) = F(€d'(§)a’ (7)) = eaa’(j)e'o’ ()0’ (j) for all j € [n]. (5)

Comparing this with the operation in the group Z, ! S, as a special case (b = b = 1)
of Equation (4), we have a group isomorphism Z,! &, = &P by sending a € Z} to
€: [n] — {£1} with €(j) := (=1)*Y) for all j € [n]. This isomorphism takes the subgroup
{(0,id), (1,id)} of Z1 &, to the center {+1} of &Z where by abuse of notation we write
f = cif there exists a constant ¢ such that f(j) = ¢ for all j € [n]. Then we can rephrase
Theorem 22 in the case e = 2 as follows.

Corollary 23. Every signed permutation in &8 induces an automorphism of the Norton
algebra Vi(Qn) by sending xs to €(o(S))Xo(s), where €(T) := [[;cr€(j) for all T C [n].
Such automorphisms form a group isomorphic to &2 if 1 <i < n is odd or &8 /{£1} if
1 <1< n s even.

In general, the automorphism group of the Norton algebra V;(H (n,e)) does not equal
the subgroup given in Theorem 22, as shown in Example 24 below. To better understand
it, we try to construct all of the idempotents in V;(H (n, e)), as any algebra automorphism
must permute the idempotents. Here an idempotent is an element 7 satisfying n? = nxn =
1. We provide some small examples below.

Example 24. The Norton algebras Vi(H(n,e)) and V,,(H(n,3)) are isomorphic to di-
rect products of copies of Vi(H(1,e)) by Corollary 12 and Proposition 14. We have a
basis {x1,- .., Xe_1} for Vi(H(1,e)). For e = 2, the automorphism group of V;(H (1,2))
is given by Proposition 21. For e = 3, one can check that the nonzero idempotents of
the Norton algebra Vi(H(1,3)) are x1 + X2, wx1 + w?X2, and w?y; + wyz. An auto-
morphism of Vj(H (1,3)) must permute the three nonzero idempotents. Combining this
with Theorem 22 one sees that that the automorphism group of Vi (H(1, 3)) is isomorphic
S35 = Zs x Z5 . This does not hold for e = 4 though, as the Norton algebra Vi (H(1,4))
has four nonzero idempotents %XQ + %(Xl +x3) and _%XQ + %(Xl —X3), but the symmetric
group &, contains Z, X Zj as a proper subgroup.

To generalize Example 24, we need to examine idempotents carefully. Let ¢ be any
automorphism of an algebra (V,%). If two idempotents 7; and 7, in this algebra are
orthogonal, meaning that n; 1 = 0, then so are ¢(n;) and ¢(n). If an idempotent n € V'
is primitive in the sense that it cannot be written as the sum of two nonzero orthogonal
idempotents, then ¢(n) must be a primitive idempotent as well, since otherwise there
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would exist two nonzero orthogonal idempotents 7, and 7, such that ¢(n) = n;+n,, leading
to a contradiction that n = ¢~ (1) + ¢ (o) with ¢~ (n1)x¢d 1 (12) = ¢~ (m*n2) = 0. We
will find all idempotents and classify the primitive ones in the Norton algebra Vi (H(1,¢€))
in order to determine its automorphism group.

Proposition 25. Fore > 3, the Norton algebra Vi, (H (1, e)) is spanned by distinct nonzero
tdempotents

nj = _Q(aﬂxl—l—w o+ W Wy ) forj=0,1,...e—1 (6)

nitnk
e—2

idempotent in Vi(H(1,e)) can be written uniquely as == 24(77]1 +---+mn;,) for some distinct
jl?"'a.jf S [6_1]

which satisfy n; *xni, = — whenever j # k and 7)0 + -+ ne_1 =0, and any nonzero

Proof. For any j, k,{ € Z, with £ # 0, the coefficient of x, in 7; x 1, is

(ij(é—l)k + w2jw(é—2)k N w(e—l)jw(f—l—l)k . wﬁjw(ﬂ—z)k)/(e . 2)2

=((WF 4+ 2070 e DU=R R 8 /(e — 2)2

_ {<<6 — D' —wh) /(e =22 =w/(e—2) ifj=k
—(@ - w)/ (e — 2)? if j # k

where the second equality follows from Equation (3). Thus 7, is an idempotent for all
Jj € Ze and n; x m, = —(n; + m)/(e — 2) whenever j # k. Moreover, the coefficients
of X1y++sXe1 I Moy ++,Me—1 form a matrix [w¥]ocjce 1, 1<hce—1 Which is a full rank
e X (e — 1)-submatrix of the e x e Vandermonde matrix [w/*],_o. Thus 7o, ..., 7.1 span
Vi(H(1,e)) and their sum is zero thanks to Equation (3).

Now deleting any element, say 79, from the spanning set {no,...,n._1} gives a basis
for the Norton algebra Vi(H(1,e)) since its dimension is e — 1. Thus any element in
Vi(H(1,e)) can be written uniquely as ¢y + -+ + ¢e_1me_1 for some cy,...,c.1 € C.
This element is an idempotent if and only if

S 3 e S,

1<j#k<e—1
For j =1,...,e— 1, taking the coefficient of 7); in the above equation gives
2¢cjcy,
c — =cj. 7
> o556 (7)
k#j

Suppose that there exist distinct j, j' € [e — 1] such that ¢; # 0 and ¢j # 0. Then we

have 9 5
C o o CL
D D e e e DX
k] o
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This implies ¢; — ¢j + 2(¢; — ¢jr)/(e — 2) = 0, that is, ¢; = ¢;. Hence any nonzero

idempotent can be written uniquely as ¢(n;, +- - - +1n);,) for some distinct ji, ..., j, € [e—1]
and some nonzero ¢ € C. Using Equation (7) we obtain ¢ — 2(£ — 1)¢/(e — 2) = 1, so
c=(e—2)/(e—20). O
Remark 26. In our previous work [15] we found a real basis {vy,...,0.} for the Norton

algebra Vi(H(1,e)); see also Equation (1). By Equation (3) and Equation (6), for all
7,k € Z, we have

1
e —2

L o ifj+k#0
—2

n; (k) B

—2

el if j 4k =0.

s

Comparing this with our previous work [15] we have n; = v._; € R* for all j € Z,. Fur-
thermore, a similar argument as in the proof of Proposition 25 shows that n € Vi(H(1,e€))
is a nilpotent element of order 2, i.e., n # 0 and n* = 0, if and only if e = ¢(n;, +---+1;,)
with ¢ = e/2 for some nonzero scalar ¢ € C.

By Proposition 25, any nonzero idempotent n = £=2(n;, + -+ n;,) in Vi(H(1,¢€))
is determined by its support supp(n) := {ji,...,je} as the coefficient of n; in 7 is the
nonzero constant :_‘;Z for all j € supp(n) and zero for all j ¢ supp(n). In particular, if
|supp(n)] = e — 1 then we have n = —m; — -+ — 1e_1 = 19. We want to show that any
automorphism of the Norton algebra Vi(H(1,e)) must permute 7y, 71, ...,7c—1. To this
end, we study the primitive and orthogonal idempotents in this algebra.

Proposition 27. In the Norton algebra Vi(H(1,e)) with e > 3, the nonzero idempotents
are pairwise nonorthogonal and all primitive, and any two distinct nonzero idempotents
n,n' give rise to a nonzero idempotent c(n+n') if and only if

(i) supp(n) Nsupp(n’) =, L =1, and ¢ = 2:%, or

(i) supp(n) 2 supp(n’), ¢’ =e—{, and ¢ = 3ee:2zfe'

Proof. Let n and 7' be distinct nonzero idempotents in Vi(H(1,e)) with |[supp(n)| = ¢
and [supp(n’)| = ¢. We may assume that there exists k € supp(n) — supp(n’), without
loss of generality. By Proposition 25, the coefficient of n; in n %7’ is

U e=2e-2  A(e—2)
e—2e—2e—20 (e—20)(e—20)

£ 0.

This shows that 1 and 1’ are nonorthogonal. Thus every nonzero idempotent is primitive
since it cannot be written as the sum of two orthogonal nonzero idempotents.

Suppose that ¢(n+7') is also a nonzero idempotent for some ¢ € C. For each j € [e—1],
the coefficient of n; in n+ 7' is

= if j € supp(n) — supp(n')
] if j € supp(n') — supp(n)

=2 + <2 if j € supp(n) Nsupp(r))
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The first case occurs by our hypothesis on n and 7n'. Assume that the second case also
occurs. Since the coefficients in these two cases are nonzero, they must coincide, i.e., £ = ¢’
by Proposition 25. Then supp(n) Nsupp(n’) = & since the coefficient in the third case is
nonzero but distinct from the coefficient in the first two cases. It follows that the support

. . . . . . 0(672) _ -2
of the 1den21£)0tent c(n+n') has cardinality 4¢ and Proposition 25 implies =7 = =,
ie., c= .

’ e—40

Now assume that the second case does not occur. Then the third case must occur
since supp(n') # @. As the coefficient in the third case differs from the first, we have

2 4 <2 =0, ie, ¢’ = ¢ — { by Proposition 25. Then the support of ¢(n + 1) has

¢ — V' = 2{ — e elements and thus cie_;i,) = 6_26(55_6), le., c= See_jff. H

Proposition 28. For e > 3, the automorphism group of the Norton algebra Vi(H(1,€))
1s isomorphic to the symmetric group S..

Proof. By Proposition 25, any permutation of the idempotents nq, ..., n._1 gives an auto-
morphism of the Norton algebra Vi (H(1,e)). It remains to show that any automorphism
¢ of the Norton algebra Vi(H(1,e)) permutes 7g, ..., 7e_1-

For any distinct j,j' € [e — 1], we have two nonzero idempotents 7 := ¢(n;) and
n' = ¢(n;) with [supp(n)| = ¢ and [supp(n’)| = ¢'. First assume e # 4, so ¢(n; + ;) is a
nonzero idempotent, where ¢ := 2. Then ¢ takes it to ¢(1+ /), which is also a nonzero
idempotent. By Proposition 27, we have ¢ = ¢ =1 or {{,¢'} = {1,e — 1}. Note that an
idempotent with support of cardinality e — 1 is —(n; 4 - - +7._1) = 1o by Proposition 25.
Thus n = n, and ' = n for some distinct k, k' € Z.. This implies that ¢ permutes
Moy - -5 MNe—1-

Now assume e = 4. By Remark 26, the nilpotent elements of order 2 in Vi(H(1,4))
are all nonzero scalar multiple of n; +n; for distinct j, ;' € {1,2,3}. Then n+17' is also a
nilpotent element of order 2. Similarly to Proposition 27, we can show that [supp(n)| =

lsupp(n’)| = 1 or {|supp(n)|, [supp(n’)[} = {1,3}. Thus ¢ permutes 1y, 71, 72, 13- O

Remark 29. Given positive integers n and k with n > 2k, the Johnson graph J(n, k) is
a distance regular graph of diameter n with vertex set X consisting of all k-subsets of
[n] and edge set £ = {xy : x,y € X, |z Ny| = 1}. By Maldonado and Penazzi [22] (see
also our work [15]), the Norton algebra Vi(J(n,k)) has a basis {v1,...,0,_1} satisfying
v;x0; = 0 for all 4, j € [n — 1] when n = 2k or ©; x0; = v; and v; x0; = —(v; + ;) /(n — 2)
for all distinct 4,5 € [n — 1] when n > 2k. Thus the automorphism group of the algebra
Vi(J(n,k)) is the general linear group GL,_; when n = 2k or the symmetric group &,
since Vi(J(n,k)) = Vi(H(1,n)) when n > 2k. Also note that H(1,n) is a complete graph
with n vertices, whose automorphism group is G,,.

Theorem 30. The automorphism group of the Norton algebra V;(H (n,e)) is isomorphic
to G 16, ifi=1ande >3, or G301 Gqn-1 ifi =n and e = 3.

Proof. By Corollary 11, the Norton algebra V; (H (n, e)) is isomorphic to the direct product
of its subalgebras Vg for all 1-sets S = {k} C [n], i.e., Vi(H(n,e)) = Vi1 x- - - x Viy. Thus
any idempotent in Vi(H(n,e)) can be expressed as n = nM) + -+ + 7™ with 79 being
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an idempotent in Vi, for all j € [n]. By Proposition 27, the idempotent 7 is primitive
if and only if all but one of n™, ... 7™ are zero. Moreover, two primitive idempotents
in V1(H (n,e)) are orthogonal if and only if they are from Vi3 and Vi, for some distinct
J, k € [n] by Proposition 27. Thus any automorphism ¢ of the Norton algebra V;(H (n,e))
must permute the subalgebras Vi3, ..., Vi,y. It follows from this and Proposition 28 that
the automorphism group of Vi(H(n,e)) is the wreath product &, &,,. The result on
Vn(H(n,3)) is similar, thanks to Proposition 14. O

Remark 31. The above theorem shows that the automorphism group of a Norton algebra
may agree with the automorphism group of the underlying graph in some cases but could
be much larger in some other cases. It is also possible to have the former smaller than the
latter. In fact, one can check that the nonzero idempotents in the Norton algebra V5(Q3)
(see Example 18) are x12+X13+X23, X12—X13—X23, —X12+X13— X23, and —x12 — X153+ X23-
Thus its automorphism group is a subgroup of &4, and it actually equals &4 since it has
a subgroup isomorphic to &% /{£1} by Corollary 23, whose order is 2%-3!/2 = 24 = |&,].
This is smaller than the automorphism group G, ! &3 of the graph ()3, whose order is
23. 3! = 48. Tt would be nice to generalize this example to the Norton algebra V;(H (n, ¢))
with ¢ > 2.

5 Nonassociativity

In this section we study the nonassociativity of the Norton product x on each eigenspace
V; the Hamming graph H(n,e) based on the results in Section 3.

Given a binary operation * defined on a set Z, define C, ,, to be the number of distinct
results that one can obtain from the expression zg* 21 - - - % 2,,, by inserting parentheses in
all possible ways, where zg, 21, . . ., 2, are indeterminates taking values from Z. We have
C\ym = 1 and the equality holds for all m > 0 if and only if * is associative. On the other
hand, it is well known that the number of ways to insert parentheses into the expression
2% 21 % - - - % 2y, 1S the ubiquitous Catalan number C,, := mLH (QnT), giving an upper bound
for Cy . It Cy 1y = Oy, for all m > 0 then * is said to be totally nonassociative. In general,
the number C, ,, is between 1 and C), and can be viewed as a quantitative measure for
how far the operation * is from being associative or totally nonassociative [7, 13]

There is a natural bijection between the ways to insert parentheses into zg*zy - - %2,
and binary trees with m+1 leaves. Here a binary tree is a rooted plane tree in which every
node has exactly two children except the leaves. Let 7, be the set of all binary trees with
m + 1 leaves. Any t € T,, naturally corresponds to a parenthesization of zg* zq % - - - % 2,,,
and we let (zg* 21 % - % 2,,,)¢ to denote the result. With the leaves of ¢ labeled 0,1,...,m
from left to right, the depth sequence of t is d(t) := (do(t),d1(t),...,dn(t)), where the
depth d;(t) of a leaf j in T' is the number of steps in the unique path from the root of ¢
to the leaf j. See Figure 1 for some examples.

Two binary trees s,t € Ty, are x-equvalent if (zo%2z1%- - -%2p)s = (20%21%- - -*2p ). The
number of equivalence classes in 7, is exactly the nonassociativity measure C, ,,. Two
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d=(3,3,21) d=(2,3,3,1) d=1(2,2,22) d=(1,3,3,2) d=(1,2,3,3)

Figure 1: Parenthesizations, binary trees, and leaf depths

binary operations are said to be equally nonassociative if their corresponding equivalence
relations agree on 7, for all m > 0.

Previously, the author, Mickey, and Xu [16] defined the double minus operation a©b :=
—a—0bfor all a,b € C and discovered that the nonassociativity measure Cg ,, agrees with
an interesting sequence A000975 [28] in OEIS [26]; see also Csdkany and Waldhauser [7].

Theorem 32 ([16]). For any s,t € Ty, we have (200216 -S2zpm)s = (200216 - - S 2Zm )1
if and only if d(s) = d(t) (mod 2), i.e., d;(s) = d;(t) (mod 2) for all j = 0,1,...,m.
Moreover, the nonassociativity measure Cg ., is given by the the sequence A000975 in
OFIS except for m = 0.

Now we turn to the Norton algebras of the Hamming graph H (n, e), which are related
to the double minus operation in certain cases. The Norton algebra Vo(H(n,e)) is one
dimensional and must be associative. In recent work [15] we obtained the following result
on the nonassociativity of the Norton algebra Vi (H (n,e)).

Proposition 33 ([15]). The Norton product x on Vi(H(n,e)) is associative if e = 2,
equally as nonassociative as the double minus operation & if e = 3, and totally nonasso-
ciative if e > 4.

We extend this result to the Norton algebras V;(H(n,e)) for i > 2 in the next few
subsections.
5.1 The case e =3
Assume e = 3 in this subsection. We begin with the subcase i = n.

Proposition 34. The Norton product  on V,(H(n,3)) is equally as nonassociative as
the double minus operation ©.

Proof. By Proposition 14, the Norton algebra V,,(H(n,3)) is isomorphic to the direct
product of 2"~ copies of V;(H(1,3)). Thus the result holds by Proposition 33. O

Now assume 1 < 7 < n. We need to recall some terminology for binary trees. Given a
vertex = in a binary tree ¢, the (maximal) subtree of t rooted at x consists of all vertices
and edges weakly below x. In particular, the left/right subtree of t is the subtree rooted
at the left /right child of the root of ¢.
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Lemma 35. For any m > 0, t € T, j € [m], and uw € X;, there exist 29,21, ..., 2m €
{Xus X2u} such that z; = x, and that (2o * 21 % - -+ % 2p)¢ equals x,, if d;(t) is even or xa,
if d;(t) is odd.

Proof. We induct on m. For m = 0, the result is trivial. Assume m > 1 below.
Let t; € T, and to € T,,, be the left and right subtrees of ¢. Then

(zox Kk zm)e = (2o % % Zmy )ty * (Zmgt1 % % Zm) ity

Assume j € [my], without loss of generality. Consider the case when d;(t) is even; the odd
case is similar. We have d;(¢;) is odd as d;(t) = d;(t;) + 1. We can obtain 2, ..., 2, €
{Xus X2u} such that (zo% - * 2z, )ty = (Zmyr1 % *2m)e, = X2u Dy applying the inductive
hypothesis to t; (with z; = x,,) and ty (with 2, = x,, if d,(t2) is odd or 2, = X2, if d;(t2)
is even). Then we have (zg % -+ * 2y, ) = Xou * X2u = Xu as desired. O

Theorem 36. Fori=2,3,...,n—1, the Norton product on V;(H(n,3)) is totally nonas-
sociative.

Proof. Let s and t be any two distinct binary trees in 7,,. We need to show that
(zo* % 2m)s # (20 %+ *2p)¢  for some zg, 21, ..., 2, € Vi(H(n,3)). (8)

We may assume that ds(j) = d;(¢) (mod 2) for all j =0,1,...,m; if not, then there exist
20y 21, - - - Zm 10 the subalgebra V,, = Vi(H(1,3)) of V;(H(n,3)) (see Lemma 13) for any
u € X; such that (zg % -+« % 2p)s # (20 % - -+ * 2,,)¢ by Theorem 32 and Proposition 33.

We proceed by induction on m. For m = 2, Equation (8) holds since any u € X;
satisfies

(X * Xu) * X—u = X2u * X—u = Xu 7 0 = Xu* (Xu * X—u)-

Now assume m > 3. Let j be the leftmost leaf with the largest depth among all leaves
in s. Then j is a left leaf, 7 + 1 is a right leaf, and they share a common parent in s. We
distinguish some cases below for the positions of j and 7 + 1 in ¢.

Case 1. Suppose that j is a left leaf and j + 1 is a right leaf, so they share a common
parent in t. Then deleting j and j+1 from s and ¢ gives two distinct trees s’ and ¢’ in 7,,_1.
Applying the inductive hypothesis to s and ¢’ gives (z{*- - -x2.,_1)s # (z4*- - %z, )p for

SOme 2y, ..., 2y, 1 0 {Xu : u € X;}. We have 2} = y, for some v € X; and we can define
2j = Zjp1 = Xou- Alsolet 2z, ;=2 for k=0,...,7—1and 2z, :=2;,_, for { = j+2,...,m.

Since zj x zj11 = Xy = 2}, we have
(2o Kk Kk zm)s = (2o * - x2my 1)s # (2o %Kk 2z = (20 %+ % 2z

Case 2. Suppose that j and j + 1 are both left leaves in ¢. Then j + 1 is contained in
the subtree 7 of ¢ rooted at the right sibling of j. Since d;(t) = d;(s) = dj11(s) = dj11(t)
(mod 2), the depth of j + 1 in 7 must be even. Thus the left subtree of  has two left and
right subtrees r; and 7, and j + 1 is in r; with an even depth. Define u, v, w € X; below
such that u+v ¢ X;, u +w € X;, and v + w € X;.
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j |1 2 3 i i+1 -~ n—1 n
u() [1 1 1 1 0 - 0 0
v(f) |0 1 1 1 0 - 0 1
w(f) |2 0 1 1 0 - 0o 2

By Lemma 35, the subtree r; can produce x, with z;11 = Xy, the subtree ry can produce
Xw, and the right subtree of r can product x,. Combining these with z; = x,, gives

Xu * ((Xo * Xw) * X20) = Xu * (Xotw * X20) = Xu* X = Xutw-

See the left picture in Figure 2, where 57 and j + 1 are in red. Then applying Lemma 35
to the tree obtained from ¢ by contracting j and r to their parent gives (2o * -« * 2p,); =
Xe(utw) 7 0, where ¢ € {1,2}. On the other hand, we have (2o x - % 2,,), = 0 since
2j % Zj+1 = Xu* Xo = 0. Thus we are done with this case.

U+ w U+ w
U w U w
P o~ /\

V4w 2v : 2u 2v V4w
P o~
v w :

T )

: : PN

: . 20 .-

N

Figure 2: Case 2 and Case 3 in the proof of Theorem 36

Case 3. Suppose that j is a right leaf in ¢. Then j is contained in the subtree ry of ¢
rooted at the parent of j, and j + 1 is contained in the subtree ry of ¢ rooted at the right
sibling of the parent of j. Since d;(t) = d;(s) = d;j+1(s) = d;j+1(t) (mod 2), the depth of
J=+11in ro must be odd. Thus j+1 must be a left leaf in the left subtree of r with an even
depth. By Lemma 35, we can obtain Y, from 7 with z; = x2,, obtain 9, from the left
subtree of ry with 2,11 = X2,, and obtain X4, from the right subtree of r,. Combining
ry and 79 gives
Xu * (XQv * Xv-l—w) = Xu* Xw = Xutw-

See the right picture in Figure 2, where j and 7 + 1 are in red. Contracting r; and r, and
applying Lemma 35 again gives (2o x -+ % Zm)t = Xc(utw) 7# 0, where ¢ € {1,2}. On the
other hand, we have (zg* - - * 2,,,)s = 0 since 2; % 2j41 = Xau * X20 = 0. ]

5.2 The case e > 4

We study case e > 4 similarly as the case e = 3. We may assume ¢ > 1.
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Lemma 37. Foranym > 1,t € T, j € [m], u € X;, and c € {2,...,e — 1}, there exist
200215 -5 Zm 0 {Xo 1V € X;} such that z; = x, and (20 % 21 % -+ % Zm)t = Xeu-

Proof. We induct on m. For m = 1, we have (¢c—1)u € X; and Xu*X(e=1)u = X(e=1)u*Xu =
Xeu- Assume m > 2 below. Let t; € 7,,, and ty € 7T,,, be the left and right subtrees
of t. Assume j € [my], without loss of generality. By the inductive hypothesis, for
all ¢, = 2,...,e — 1, there exist 2,...,2m, € {Xv : v € X;} such that z; = x, and
(ZO Kook zml)tl = Xciu-

If my = 0 then we have (zo* - * 2m)t = Xeyu* Zm = Xew, Where ¢; = ¢— 1 and z,,, = x4
when ¢ > 2, or ¢y = e — 1 and z,, = x3, when ¢ = 2.

If my > 1 then we can apply inductive hypothesis to ¢, and get (zo x -+ * 2p,)¢ =
Xeru* Xw = Xew, Where ¢g =c—1and w = (e —1)(—u) = u when ¢ > 2, or ¢; = e —1 and
w = 3u when ¢ = 2. O

Theorem 38. Fore >4 and i =1,...,n, the Norton product on V;(H(n,e))) is totally
nonassociative.

Proof. The proof is similar to Theorem 36 but less technical. Let s and ¢ be two distinct

binary trees in 7,,. Defineuw € X; by u(1) = -+ =u(i) =land u(i+1) = --- = u(n) = 0.
Then cu € X; forall c =1,...,e — 1. We show that (2o x -+ * 2,,)s 7# (20 % -+ % 2,,)¢ for
SOME 20, 21, -+ -, Zm 10 {Xew : ¢ =1,...,e — 1} by induction on m. For m = 2 we have

(X * Xu) * X—u = X2u * X—u = Xu 7 0 = Xu* (Xu * X—u)-

Assume m > 3 below. Let j be the leftmost leaf of s with the largest depth. Then j
is a left leaf, j + 1 is a right leaf, and they share a common parent in s. We distinguish
some cases below for the positions of j and j + 1 in .

Case 1. Suppose that j is a left leaf and j + 1 is a right leaf, so they share a common
parent in ¢t. Then deleting j and j + 1 from s and ¢ gives two distinct trees s’ and ¢ in
Tr—1. Applying the inductive hypothesis to s’ and ¢ we obtain the desired result.

Case 2. Suppose that j and j+ 1 are both left leaves in ¢. Then j + 1 is contained in the
subtree of ¢ rooted at the right sibling of j. By Lemma 37, this subtree can produce ya,
with 241 = x,. With z; = x_,, the subtree of ¢ rooted at the parent of j gives x_,* X2, =
Xu- Applying Lemma 37 again gives (2o % -+ * 2z )t = Xew 7 0, where ¢ € {2,... e — 1}.
On the other hand, we have (2 * - - - % 2,,); = 0 since z; * 2j41 = Xy * Xu = 0. So we are
done with this case.

Case 3. Suppose that j is a right leaf in . Then j is contained in the subtree of ¢ rooted
at the parent of j, and j + 1 is contained in the subtree of ¢ rooted at the right sibling of

the parent of j. These two subtrees can produce x_», and xs,, respectively, with z; = —u
and zj41 = u, thanks to Lemma 37. Thus we can make sure (2o - - - * 2, )t = Xeu fOr any
ce€{2,...,e— 1}, while (zg % - -+ x z,,)s = 0. This completes the proof. ]

5.3 The case e = 2

Finally, we study the nonassociativity of the Norton algebras of the hypercube @), =
H(n,2).
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Lemma 39. Let S and T be i-subsets of [n] with |SAT| =i. Then for anym > 0, t € Ty,
j € [m], and distinct R, R’ € {S,T,SAT}, there exist zo,...,2m € {Xs, X7 XsaT} Such
that (zo* - - - * 2 )t = Xr and unless m = 0, this can be done in such a way that z; = X rr.

Proof. We induct on m. The result is trivial when m = 0, and it holds when m = 1 since
XS * XT = XSAT, XS * XSAT = XT, XT * XSAT = Xs, and x is commutative.

Assume m > 2 below. Let t; € T,, and t2 € T, be the left and right subtrees
of t. For the same reason as mentioned in the case m = 1, we may assume j € [my],
R = S, and R = T, without loss of generality. If m; = 0 then j = 0 and there

exist zo,...,2zm € {xs, X1, Xsar} such that zy = x1, (21 * -+ * 2m)t, = Xsar, and thus
(zox-**2m)t = XT*XsaT = Xs by the inductive hypothesis. If m; > 1 then the inductive
hypothesis gives zy, ..., zm € {Xs, X7, xsar} such that z; = xr, (20 * -+ * Zm, )1, = XsAT,

(Zmya1x % 2Zm)t, = X1, and (zo* -+ x 2, ) = XsaT*XT = Xs- The proof is complete. [

Theorem 40. The Norton product x on V;(Q,) is associative if i = 0, i is odd, or
i > |2n/3], and totally nonassociative if i is even and 1 < i < |2n/3].

Proof. The Norton algebra V5(Q,,) is one-dimensional and must be associative. If i is odd
or i > |2n/3] then the algebra V;(Q,) is also associative since xg + xyr = 0 for all i-sets
S,T C [n], thanks to Corollary 17 and Lemma 19.

Assume 7 is even and 1 < i < |2n/3] below. There exist i-subsets S and T" of [n] such
that |[SAT| =i by Lemma 19. Let s and ¢t be two distinct binary trees in 7,,. We show
that (zox- - *2m)s # (Zo* - * 2 )¢ for some zg, 21, ..., zm € {Xxs, X7, Xsar} by induction
on m. For m = 2 we have

(xs*xs)* X =07 x7 = X5 * (X5 *XT)-

Assume m > 3. Let j be the leftmost leaf of s with the largest depth. Then j is a left
leaf, 7+ 1 is a right leaf, and they share a common parent in s. We distinguish some cases
for j and j 4+ 1 in ¢.

Case 1. Suppose that j is a left leaf and 5 + 1 is a right leaf, so they share a common
parent in ¢. Then deleting 7 and j + 1 from s and ¢ gives two distinct trees s’ and ¢’ in
Tn—1. Applying the inductive hypothesis gives the desired result.

Case 2. Suppose that j and j+ 1 are both left leaves in ¢. Then j + 1 is contained in the
subtree of ¢ rooted at the right sibling of j. By Lemma 39, this subtree can produce xr
with z;11 = xg. Then the subtree of ¢ rooted at the parent of j gives xg*x1 = Xsar with
z; = Xs. Hence we can make sure (zo % -+ * 2p,)¢ € {Xs, X7, Xsar} by using Lemma 39
again. On other hand, we have (zg* -+ % 2,,,)s = 0 as zj * 241 = Xs * Xs = 0. So we are
done with this case.

Case 3. Suppose that j is a right leaf in ¢. Then j is contained in the subtree r; of
t rooted at the parent of j, and j + 1 is contained in the subtree ro of ¢ rooted at the
right sibling of the parent of j. With z; = 2,41 = xs, Lemma 39 implies that r; can
produce yr and ry can produce either g if 7o € Ty or xgar otherwise. Combining 7
and ry gives either xyr x xs = XsaT OF X7 * XsaT = Xs. Applying Lemma 39 again gives
(zox+*2Zm)t € {Xs, XT, XsaT}, Whereas (zgx- - -*2,,)s = 0. This completes the proof. [J
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Remark 41. The above proof replies on the fact that x4 x xg = x¢ for any permutation
X4, XB, Xc of the triple xg, X7, xsar. Thus one can use the same proof to show that
the cross product on the n-dimensional space is totally nonassociative for all n > 3
(see also Csdkény and Waldhauser [7, §3.5]), and that the octonions (hence all higher
dimensional Cayley—Dickson constructions) have a totally nonassociative multiplication
as well, thanks to the existence of a triple that behaves in the same way as above, except
for the anticommutativity which does not affect the proof.

6 Halved and/or folded cubes

In this section we study the Norton algebras of the halved and/or folded cubes via the
same linear character approach used for the hypercube.

6.1 Halved cube

Let ' be a distance regular graph of diameter d. For i = 0,1,...,d, let I'; be the graph
with the same vertex set as I' but with edge set consisting of all unordered pairs of
vertices at distance ¢ from each other in I'. If the graph I' is bipartite then I's has two
connected components, giving two distance regular graphs known as the halved graphs of
' [8, Proposition 2.13].

In particular, the halved cube or half-cube %Qn has vertex set X consisting of all binary
strings of length n with even weight and edge set E consisting of all unordered pairs of
vertices differing in exactly two positions. This is a distance regular graph of diameter
d=|n/2]. For i =0,1,...,d, the ith eigenvalue and its multiplicity are [3, §9.2D]

(n—20)—n

0;=——— and dim(V;) = {(n) ifi <n/2

)

(1) ifi=n/2.

2 2

With the vertex set X viewed as a subgroup of Z%, the halved cube %Qn becomes the
Cayley graph I'(X, X3) of X with respect to X, where X; := {x € X : [supp(z)| = i}.
For every S C [n] we define a linear character ys of X by

xs(x) = H(—l)x(j) for all x € X.
jes

Lemma 42. Let S, T C [n]. Then xs = xr if and only if S = T or S¢ = T, where
S¢:=[n]—S.

Proof. For each x € X, since [supp(z)] is even, we have
Xs(e) = (~1) T = (~1)Zsesr ) =y ().

Thus ys = xse. Conversely, suppose that xs = xr for two distinct sets S, T C [n]. Then
there exists j € S — T. If there exists k € [n] — SAT then we have a contradiction
that xs(x) # xr(z) for z € X with z(j) = x(k) = 1 and all other entries zero. Thus
SAT = [n], which implies 5S¢ =T. O
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Theorem 43. The Norton algebra Vi(3Q,) has a basis {xs : S C [n], |S| = i} if
0<i<n/2or{xs:SCIn], |S|=14, 1€8}ifi=mn/2. For any S,T C [n| with
|S| = |T| =i we have

Xsar = Xsarye i [SAT| € {i,n — i}
XS * X1 = .
0 otherwise.

Proof. By Lemma 42, the set {xs : S C [n]} has cardinality 2"~! = | X| and must contain
all linear characters of X, thanks to Theorem 5. By Theorem 6, if |S| = ¢ then the linear
character yg is an eigenvector corresponding the the eigenvalue

xs(Xy) = (;) —i(n—i)+ (n;Z) = W

This proves the desired basis of Vi(%Qn) fori=0,1,...,|n/2]. Let S,T be i-subsets of
[n] with |[SAT| = j. We have xs - X7 = Xsar = X(sar)e, which belongs to V;(5Q,) if
j <n/2orV,_;(3Q,) otherwise. Thus the projection onto V; fixes xs- xr if j € {i,n—i}
or annihilates it otherwise. O

Remark 44. There is a bijection from binary strings of length n with even weight to
binary strings of length n — 1 by deleting the nth entry. This gives another way to realize
the halved cube %Qn as a Cayley graph of a finite abelian group and leads to a slightly
different (but equivalent) description of its Norton algebras.

Corollary 45. There is an algebra isomorphism Vi(3Q,) = Vi(Qy) if i < [n/3] orn —i
s odd.

Proof. Comparing Theorem 8 with Theorem 43, we see an obvious vector space isomor-
phism V;(3Q,) = V;(Q,) for all i < n/2, which becomes an algebra isomorphism if
i < [n/3] or n — i is odd, since there exist i-sets S,T C [n] such that |[SAT| =n — i if
and only if n — ¢ < 2¢ and n — ¢ is even by Lemma 19. O]

We next examine some examples of the Norton algebra Vn/2<%Qn>, which can be
obtained from V},/2(Q,) by identifying xs and xge for all S C [n] with |S| = n/2.

Example 46. The Norton algebra %(%QQ) has a basis {x1 = xa2} with x1 x x1 = 0,
and thus is isomorphic to V;(Q;). The Norton algebra ‘/2(%@4) has a basis {12, X13, X14}
consisting of nilpotent elements of order 2 satisfying

X12 % X13 = X23 = X14, X12 X X14 = X24 = X13, and X1z % X14 = X34 = X12-

Comparing this with Example 18 one sees an algebra isomorphism VQ(%QD = 1V5(Q3).
Incidentally, \/1(%@3) has a basis {x1, x2, X3} With x;%x; = 0for j = 1,2,3 and x;*xxx = Xxv
for distinct j, k, ¢ € {1,2,3}, and thus is isomorphic to V5(Q3) as well.
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Now we study the automorphism group of the Norton algebra V;(%Qn) using the
Coxeter group &2 of type D,, consisting of all signed permutations f = (e,0) € &2
with e([n]) = 1, where (1) := [[;cr€(j) for all T C [n]. We may assume ¢ > 1 and
(1,n) # {(1,2),(2,4)}, thanks to Proposition 21, Corollary 45, and Example 46.

Theorem 47. Fori = 1,...,|n/2|, every signed permutation f = (o,¢) € &L induces
an automorphism of the Norton algebra \/Z-(%Qn) by sending xs to €(o(S))Xo(s) for all
i-sets S C [n]. Such automorphisms form a group isomorphic to & if i and n are not
both even and (i,n) # (1,2), or &P /{+1} if i and n are both even and (i,n) # (2,4).

Proof. Every signed permutation f = (0,¢) € &2 induces an automorphism of W(%Qn)
since the following holds for all i-sets S,T" C [n].

o If |[SAT| = ¢ then observing that eo(S)ec(T) = eo(SAT) one can verify that
Fxs) * f(xr) = ea(S)ea(T)Xo(s)n0(r) = €0 (SAT)Xo(sam) = f(X5 % XT)-

o If [SAT| =n —i then using €([n]) = 1 we have f(xs*xr) = €o((SAT))Xo((saT))
and f(xs) * f(xr) = €0(S)ea(T)X ((o(s)20(r))e = €0(SAT)Xo((saT)e) €qual.

o If [SAT| ¢ {i,n—i} then xsxxr = 0and f(xs)*f(xr) = €0(S)Xo(s)*€0 (T ) Xo(1) =
0.

For any f' = (0/,€) € &P we have ff' = (¢- €07, 00’) by Equation (5) and thus

F(f'(xs)) = F(€0'(S)Xor(s)) = €00"(S)e'0’(S)Xaor(s) = (f ) (X5)-

Therefore we have a homomorphism from &2 to the automorphism group of Vi(%Qn). To
find its kernel, suppose f = (o,¢) € &P fixes g, i.e., o(S) € {S,5¢} and eo(S) =1 for
any i-set S C [n].

If 1 <i < n/2then we have o(S) = S since |o(5)| =i <n—i. If 3 <i=n/2 then we
also have o(S) = S since o(S) = S¢ implies o(T) ¢ {T,T¢} for the i-set T" C [n] obtained
from S by replacing any j € S with k € S¢ — {o7!(j)}. Thus ¢ = id as &,, acts faithfully
on i-subsets of [n].

For any distinct j, k € [n], there exists an i-set S C [n] such that j € S and k ¢ S.
Replacing j with k in S gives an i-set 7' C [n], and €(S) = ¢(T') = 1 implies €(j) = e(k).

It follows that e = 1 or ¢ = —1, and the latter implies that n is even as e([n]) = 1.
Conversely, if € = —1 then €(S) = 1 for all i-sets S C [n] if and only if i is even. The
result follows. O

Example 48. The signed permutation f € & given by f(1) = —1 and f(j) = j for
7 =2,3,4,5,6 does not induce an automorphism of the Norton algebra ‘/2(%@6), since f
fixes x56 = X12 * X34 but f(x12) * f(X34) = —X12 * X34 = —Xs6-

Next, we measure the nonassociativity of the Norton algebras of the halved cube %Qn

Theorem 49. Fori = 0,1,...,|n/2|, the Norton product on VL(%QH) is associative if
i =0, 1is odd and i < [n/3], i and n —i are both odd, or n — i is odd and i > |2n/3],
or totally nonassociative otherwise.
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Proof. If © = 0 then V,(%Qn) is one-dimensional and must be associative. Assume ¢ > 1
below. By Lemma 19 and Theorem 43, there exist i-sets S, 7" C [n] such that ys*xr # 0
if and only if either ¢ < 2n/3 and i is even or i > n/3 and n — i is even. If this condition
fails then * is zero and must be associative. Otherwise there exist i-sets S,T C [n] such
that xs* xr = Xsar = X(sar)- belongs to the basis for VZ-(%QH) provided in Theorem 43.
The rest of the proof goes in the same way as the proof of Theorem 40 for the hypercube

Qn. O

6.2 Folded cube

The folded cube [, can be obtained from the hypercube graph @, by identifying each
pair of vertices at distance n from each other. This is a distance regular graph of diameter
d = |n/2] whose eigenvalues and multiplicities are [3, §9.2]

0;=n—4i and dim(\/;):(;_) fori=0,1,...,d=|n/2].
i

Equivalently, we can define the vertex set of the folded cube [J,, to be X := Zj ' x {0},
and let two vertices be adjacent in [, if they differ either in exactly one position or in
all but the last position. In other words, 0J,, is the Cayley graph I'(X, X; U X,,_1), where
X, is the set of all elements in X with exactly ¢ ones. This allows us to determine the
Norton algebra structure on each eigenspace of [J,,. For every S C [n] we define a linear
character yg of X by

xs(x) = H(—l)x(j) for all z € X.
jes
Theorem 50. Fori=0,1,...,d=|n/2], the set {xs : S C [n], |S| = 2i} is a basis for
the eigenspace V; of the folded cube O, such that for all S,T C [n] with |S| = |T| = 2i we
have

0 otherwise.

{ Xsar  if |[SAT| = 2i
Xs*XT =

Proof. For any S,T C [n], we have xys = xr if and only if S — {n} = T — {n}. Thus
the set {xs : S C [n]} has cardinality 2"~! = |X| and must equal the set X* of all
linear characters of X, thanks to Theorem 5. By Theorem 6, this gives an eigenbasis of
[J,. Any element of X* can be written as ygs for some S C [n] with an even cardinality
|S| = 2i since adding or deleting n from S does not alter the corresponding character.
The eigenvalue associated with this eigenvector is

Xs (X1 U Xp) = Z (1) + Z 1+ H (1)

JjES—[n] j€Mn—1]—-S jeS—{n}
—(2i-1)4+n—-2i—-1=n—4 ifnef
—2i+n—1—-2i+1=n—-4i ifn¢bs.
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Thus {xs : S C [n], |S| = 2i} is a basis for the eigenspace V;. If S and T are 2i-subsets
of [n] then |[SAT| = |S|+|T| —2|SNT| = 2j for some integer j and xs-x7 = Xsar € Vj.
Thus the projection of xg - x7 to V; is either itself if j =i or zero otherwise. n

Remark 51. Every element u € X = Z5 ' x {0} is uniquely determined by its support,
and the linear character x,, given in the proof of Theorem 5 equals x g, where S := supp(u)
if |[supp(u)| is even or S := supp(z) U {n} if |supp(u)| is odd.

Corollary 52. For i = 0,1,...,|n/2|, the Norton algebra V;(OJ,) is isomorphic to

Proof. This follows immediately from Corollary 17 and Theorem 50. m

6.3 Folded half-cube

For any even integer n > 6, the folded half-cube %Dn has vertex set X consisting of all
even weighted elements of Zj ' x {0} and edge set E consisting of all unordered pairs
of vertices differing in exactly 2 or n — 2 positions. This is a distance regular graph of
diameter d = |n/4|. For i = 0,1,...,d, the ith eigenvalue and its multiplicity are [3,
§9.2D]

— 47)? —
0, = W and  dim(V}) = {

(7) ifi<n/4

21

1(3) ifi=n/4d

2\2¢

The folded half-cube 10J, is the Cayley graph I'(X, Xs U X,,_5) of the finite abelian
group X with respect to Xy U X,,_5, where X is the set of all elements in X with exactly
i ones. For every S C [n| we define a linear character xg of X by

xs(x) == H(—l)x(j) for all x € X.
jes

Theorem 53. The Norton algebra V;(10,) has a basis {xs : S C [n], |S
0<i<n/4or{xs:S Cln] ]S\—Qz 1 e S}t ifi=n/4 ForcmyST
|S| = |T'| = 2i we have

| = 2i} if
C [n] with

) xsar = xsare  if [SAT| € {2i,n — 2i}
XS * X1 = .
0 otherwise.

Proof. One can check that yg = xr if and only if S — [n] =T — [n] or S¢—[n] =T — [n].
Thus the set {xs : S C [n]} has cardinality 2”2 = | X|. By Theorem 5 and Theorem 6,
this set consists of all linear characters of X and is an eigenbasis of %Dn. An element
in this basis can be written as xg for some 2i-set S C [n] with ¢ < n/4, and it is an

eigenvector of %Dn corresponding to the eigenvalue xg(Xs U X,,_2) which equals

{(Q’ﬁ;l>—<2z'—1><n—2z'> F() 121 (- 20) = B fnce S

(3) —2i(n—1-20)+ ("3 ) —2i+(n—1-2) === ifn¢s.

2 2
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The desired basis for V;(30,) follows.
Let S,T be 2i-subsets of [n]. Then |[SAT| = |S|+ |T| —2|S NT| = 25 for some
integer j > 0. We have xg - Xr = Xsar = X(sar)e, which belongs to V;(%Dn) if j <%

or Va_;(50,) if f > 4. Thus the projection onto Vi(50,) takes xs - xr to itself if
2j € {2i,n — 2i} or zero otherwise. O
Corollary 54. For i = 0,1,...,|n/4], there is an algebra isomorphism Vi(%ljn) =
Proof. This follows immediately from Theorem 43 and Theorem 53. O

7 Bilinear forms graphs

As a g-analogue of the Hamming graph H(d,e), the bilinear forms graph H,(d,e) has
vertex set X = Maty(F,) consisting of all d x e matrices over a finite field F, and edge
set E consisting of all unordered pairs of vertices whose difference is of rank one. Assume
d < e, without loss of generality. The graph H,(d, e) is distance regular and has diameter
d [3, §9.5.A] whose eigenvalues were computed by Delsarte [9] using a recursive relation.
One can also use a method for distance regular graphs with classical parameters [3, §8.4]
to show that for ¢ = 0,1,...,d, the ith eigenvalue of H,(d,e) and its multiplicity are

d] (¢°=1)-(¢°=q7").

qd+e—i_qd_qe+1
qg—1

Qi:

1

and  dim(V;) = {

Here we use the ¢-binomial coefficient

m _ (1—qg)(1 = g% ) - (1= gt

U (1-¢)1 =g (1-9q)

which counts ¢-dimensional subspaces in the vector space Fg.

Note that dim(V;) is exactly the number of d x e matrices over F, with rank ¢ since
the column space of such a matrix is a subspace of IFZ with dimension ¢, and after fixing
any basis for this space, the columns are determined by an ¢ X e matrix over F, of rank
1. This is essentially the rank decomposition of a d x e matrix M of rank 7 into a product
M = CF of adx i matrix C' and a 7 X e matrix F'; this decomposition is unique up to a
right multiplication of C' by some invertible ¢ X ¢+ matrix R and a left multiplication of F'
by R7L.

We study the eigenspaces of the bilinear forms graph H,(d,e) using the fact that
Hy(d,e) is the Cayley graph I'(X, X1) of the finite abelian group X = Maty(F,) = Fi
with respect to X, where X; denotes the set of d x e matrices over F, with rank ¢. Let
w = exp(2mi/q) € C be a primitive gth root of unity. For each u € X, we have a linear
character y, defined by

d e
Xu(T) == H Hw“j’f””ﬂ“ = W) forall z € X. (9)

=1 k=1

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(2) (2021), #P2.30 30



Theorem 55. Fori=0,1,...,d, the (complex) eigenspace V; of the bilinear forms graph
H,(d,e) has a basis {x., : v € X;} such that for all u,v € X,

% _ Xu+v qu +ve Xz
Xu7 X 0 otherwise.

Proof. By Theorem 5 and Theorem 6, we have an eigenbasis {x, : u € X} with y,
being an eigenvector of the bilinear forms graph H,(d, e) corresponding to the eigenvalue
Xu(X1) for all w € X. To compute the eigenvalue, we apply the rank decomposition to
each x € X; and write it as x = y'z for some nonzero vectors y = (yi,...,yq) € Fg and
z = (21,...,2) € F; with the understanding that rescaling y and z to cy and ¢ 1z for
any ¢ € F;* does not alter x. Then for any u € X; we have

W) = ST

zeX1 j=1k=1

d e
SrEd D3P 1SRN

yeFd 2€F¢ j=1 k=1

o (I e g

¢-1 y€eFd k=1 z€F,
1 e d e
i >, ¢ -d'-dtl
4 y€EFd: yu=0
1

— F <qd+6—i _qd_qe + 1)

where the second last equality holds by Equation (3). Hence {x, : u € X;} is a basis of
Vi. If w,v € X; then x4 - Xo = Xuto € V; where j = rank(u + v), and the projection onto
V; either fixes x,., if ¢ = j or annihilates it otherwise. O]

Remark 56. The eigenvalue x,(X;) is a special case of the computation by Delsarte [9,
Theorem A.2] using recursion, but our calculation in the above proof is more direct.

Next, we study the automorphisms of the Norton algebra V;(H,(d,e)). If i = 0 then
this algebra is spanned by an idempotent xo and thus has a trivial automorphism group.
For ¢ > 1 we have the following result, where I,, denotes the n x n identity matrix.

Theorem 57. The automorphism group of the Norton algebra Vi(H,(d, €)) has a subgroup
isomorphic to Matqe(Fy) x ((GLq(F,) x GL(F,))/{(cla,cl.) : c € F}) fori=1,....d.

Proof. First, every x € X = Maty.(F,) induces an automorphism ¢, of V;(H,(d,e)) by
sending ., to x.(u)x, for all u € X;, as one can check the following for all u,v € Xj.
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o [futve Xz then ¢x(Xu)*¢:v(Xv) = Xﬂ?(u)Xl‘(U)XU*XU = Xx(u+U)Xu+v = be(Xu*Xv)'

o ffu+w ¢ X; then ¢x(Xu) *¢I(XU> = XI(U)X1<U)X’M * Xo = 0= (bx(Xu *XU)-
For any =,y € X, we have ¢,¢, = ¢, since if u € X; then

¢x(¢y(Xu)) - st(Xy(u) (Xu)) = Xm(u>Xy(u)Xu - X;t+y(u)Xu - ¢x+y(Xu)'

Suppose that ¢.(xu) = Xz(W)Xu = Xu, 1-€., Xz(u) = 1 for all w € X;. For any j € [d]
and k € [e], we can construct u € X; in such a way that changing its (j, k)-entry gives
another matrix «' with the same rank, and y,(u) = y,(u’) implies that the (j, k)-entry of
w is zero. Therefore x — ¢, gives a monomorphism from X to the automorphism group
of Vi(H,(d,e)).

Next, every a € GL4(F,) induces an automorphism A, of V;(H,(d,e)) by sending x,
t0 Yau for all u € X; as the following holds for all u,v € X;.

o Ifu + v € Xz then /\a(Xu> * )\a(Xv) = Xau * Xav = Xautav = Xa(u—l—v) = )\a(Xu * Xv)

o Ifu+v ¢ X; then A\y(xu) * Aa(Xo) = Xau * Xav = 0 = Aa(Xu * Xov)-

If a,a’ € GL4(F,) then A\, 0 Ay = Ao Suppose that Ay(xu) = Xau = Xu, 1-€., au = u for
all u € X;. For any j € [d], there exists u € X; such that its (1, k)-entry is one if k = j or
zero if k # 7, and au = u implies that the jth column of a coincides with the first column
of u. This shows that a = I;. Hence a — A, gives a monomorphism from GL.(F,) to the
automorphism group of V;(H,(d,e)).

Similarly, every b € GL4(F,) induces an automorphism p, of V;(H,(d,e)) by sending
Xu t0 xuwp-1 for all v € X;, and b — p, gives a monomorphism from GL.(F,) to the
automorphism group of V;(H,(d,e)). It is clear that A\, and p, commute. Suppose that
Ao = pp, ie., au = ub~! for all u € X;. Below we distinguish two cases to show that
a=cl; and b= cl, for some ¢ € Fy.

o Assume i = d = e. Taking u = I; gives a = b~!. Then au = ub~! = ua for all
u € X; means that a is in the center of GLy4(FF,), that is, a = cl; for some ¢ € F*.

e Assumei < dord < e. For any 7,5 € [d] and any k, k' € [e], let a;; and b;k, denote
the (4, 7')-entry of a and (k, k')-entry of b=1. If j # j" and k # k' then there exists
u € X; such that its (j, k)-entry is 1 and all other entries on the jth and j'th rows
and on the kth and k’th columns are zero, and taking the (j, k)-entry, (j, k')-entry,
and (j', k)-entry of au = ub™! gives aj; = by, and a;j;; = by,, = 0. Thus a = cl; and
b~ = cl, for some ¢ € FY.

It follows that the group G generated by {\, : a € GL4(F,)} and {p, : b € GL.(F,)}
is isomorphic to (GL4(F,) x GLc(F,))/{(clg,cl.) : ¢ € Fy}. This group has a trivial
intersection with the group H := {¢, : € X}, since if ¢, = A\ypp then x.(u)xu = Xaup-1
for all u € X; and ¢, must be the identity mapping. Moreover, we have pb_l)\;1¢x)\apb =
Xatz(p-1y¢ since if u € X; then

pb_1>‘;1¢x)\apb(u) = Xx(CLUb_l)Xaflaubflb - Xatx(bfl)t (U)Xu
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where the last equality holds by Equation (9) and the fact that tr(z'aub™") = tr(b~'z'au).
Hence HG contains H as a normal subgroup and must be isomorphic to H x G. O

Now we measure the nonassociativity of the Norton product on V;(H,(d,e)). The case

d =1 is already done as H,(1,e) is a complete graph isomorphic to the Hamming graph
H(1,q%.

Theorem 58. Assume d > 2. Then the Norton product « on the eigenspace V; of H,(d, e)
18 associative if 1 = 0 or totally nonassociative if i =1,...,d.

Proof. The Norton product on Vj is associative as V{ is one-dimensional. Assume i > 1.

For ¢ > 4, the proof of Theorem 38 is still valid since any u € X; gives cu € X, if
celg—1].

For ¢ = 3, the proof of Theorem 36 is still valid since one can find matrices u, v, w € X;
such that u+v ¢ X;, u+w € X;, and v +w € X;.

For ¢ = 2, the proof of Theorem 40 is still valid since there exist matrices u, v, w € X;
such that v + v = w, which implies u + w = v and v + w = u.

We leave the existence of u, v, w in the above cases as an exercise to the reader. [

8 Remarks and questions

In this paper we construct a basis for each eigenspace V; of the Hamming graph H(n,e)
using the linear characters of the vertex set X = Z! treated as a finite abelian group.
Our basis is complex and can be converted to a real basis, but the existence of a basis
over Z or even {0,1, —1} needs further investigation.

We use our basis to provide a formula for the Norton product x on V; and obtain the
following result on the automorphism group of the Norton algebra (V;, *).

e It is the trivial group if i = 0.

It is isomorphic to 6.1 6,, if i = 1.

It is isomorphic to G301 Ggn-1 if e = 3 and i = n.

e It is the general linear group of V; if e = 2 and either ¢ > [2n/3] or i is odd.

e It admits a subgroup is isomorphic to (Z, x Z}) 16, if e > 3 and i > 1.

e It admits a subgroup is isomorphic to &8 /{+1} if e =2 and 1 < i < n is even.

The groups mentioned above are all different, although most of them are related to the
wreath product with symmetric groups. It will be interesting to see a complete description
of the automorphism groups of all Norton algebras of the Hamming graph H(n,e).

We also measure the nonassociativity of the Norton product on V;(H(n,e)) and show
that this commutative product as nonassociative as possible, except for some special
cases in which it is either associative for trivial reasons (being zero or defined on a one-
dimensional vector space) or equally as nonassociative as the double minus operation
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a8 b:= —a—>b We are curious about whether the Norton algebras of other distance
regular graphs are totally nonassociative in most cases and whether they could be related
to the double minus operation or other elementary operations in some special cases.

Our results restrict to the hypercube @,, = H(n,2) and extend to the halved and/or
folded cubes. We have algebra isomorphisms V;([J,,) = V;(Q,,) and Vi(%Dn) = ‘/21(%Qn)
More generally, the folded graph I" can be defined for any antipodal distance regular graph
" and is still distance regular [8, Proposition 2.14]. We would like to know if the Norton
algebras of I and I are related in the same way as above.

For other distance regular graphs, the linear character approach should be valid as
long as they are also Cayley graphs of finite abelian groups, such as the square graph of
the hypercube [24] which is related to the halved cube and the alternating forms graphs [3,
§9.5B], but a different method may be necessary otherwise. For instance, the Johnson
graphs are not Cayley graphs in general, but they have been heavily studied and their
spectra can be obtained by linear algebra (see Burcroff [5]) or representation theory (see
Krebs and Shaheen [17]). It would be interesting to see whether the existing constructions
of the eigenspaces of the Johnson graphs could be used to determine their Norton algebras.
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