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Abstract

A signed graph is a pair (G,o0), where G is a graph (loops and multi edges
allowed) and o : E(G) — {+, —} is a signature which assigns to each edge of G a
sign. Various notions of coloring of signed graphs have been studied. In this paper,
we extend circular coloring of graphs to signed graphs. Given a signed graph (G, o)
with no positive loop, a circular r-coloring of (G, o) is an assignment v of points of
a circle of circumference r to the vertices of GG such that for every edge e = uv of G,
if o(e) = +, then 1 (u) and ¥ (v) have distance at least 1, and if o(e) = —, then ¢ (v)
and the antipodal of 1(u) have distance at least 1. The circular chromatic number
Xc(G, o) of a signed graph (G, o) is the infimum of those r for which (G, o) admits a
circular r-coloring. For a graph G, we define the signed circular chromatic number
of G to be max{x.(G,0) : ¢ is a signature of G}.

We study basic properties of circular coloring of signed graphs and develop tools
for calculating x.(G,o0). We explore the relation between the circular chromatic
number and the signed circular chromatic number of graphs, and present bounds
for the signed circular chromatic number of some families of graphs. In particular,
we determine the supremum of the signed circular chromatic number of k-chromatic
graphs of large girth, of simple bipartite planar graphs, d-degenerate graphs, simple
outerplanar graphs and series-parallel graphs. We construct a signed planar simple
graph whose circular chromatic number is 4 + % This is based and improves on a
signed graph built by Kardos and Narboni as a counterexample to a conjecture of
Mécajova, Raspaud, and Skoviera.
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1 Introduction

Assume r > 1 is a real number. We denote by C" the circle of circumference r, obtained
from the interval [0, 7] by identifying 0 and r. Points in C" are real numbers from [0, 7).
For two points z,y on C”, the distance between = and y on C", denoted by dmod r)(Z,¥),
is the length of the shorter arc of C” connecting x and y. Given two real numbers
a and b, a,b € [0,7), the interval [a,b] on C” is a closed interval of C" in clockwise
orientation of the circle whose first point is a and whose end point is b. For example
if » > 4, then [4,1] = {t | 4 <t < r,or0 < t < 1}. Intervals [a,b), (a,b] and
(a,b) are defined similarly. The length of the interval [a, b] is denoted by ¢([a,b]). Thus
d(mod r)(m7 y) = mm{ﬂ([x, y])’ E([y7 I'D}

Given a graph G, a circular r-coloring of G is a mapping f : V(G) — C" such that
for any edge uwv € E(G), dmodan (f(u), f(v)) = 1. The circular chromatic number of G is
defined as

Xe(G) = inf{r : G admits a circular r-coloring}.

The concept of circular coloring of graphs was introduced by Vince in 1988 in [26],
where a different definition was given and the parameter was called the “star chromatic
number”. The term “circular chromatic number” was coined in [33] and the above defini-
tion was given in [30]. One important feature of the circular chromatic number is that
for any graph G, x(G) — 1 < x.(G) < x(G) and hence x(G) = [x.(G)]. In this sense,
the invariant x.(G) is a refinement of x(G) and it contains more information about the
structure of G. The circular chromatic number of graphs has been studied extensively in
the literature, and the reader is referred to [33, 34| for surveys on this subject.

A signed graph is a graph G = (V| E) (allowing loops and multi-edges) together with
an assignment o : £ — {4+, —}, denoted (G, o). An edge with sign — is a negative edge
and an edge with sign + is a positive edge. If (G, o) is a signed graph in which all the
edges are positive (respectively, negative), then (G, o) is denoted as (G, +) (respectively,
(G,—)). When the signature is clear from the context, we may omit the signature and
denote the signed graph by G.

In this paper, we extend the concept of circular coloring of graphs to signed graphs.
We remark that an extension of circular coloring to signed graphs was also introduced in
[11]. However, the extension defined in this paper is different. The difference between
these two extensions is further discussed in Section 8.

For each point x on C", the unique point of distance 3 from x is called the antipodal
of x and is denoted by z. Given a set A of points on C", the antipodal of A, denotes by
A, is the set of antipodals of points in A.

Definition 1. Given a signed graph (G, o) with no positive loop and a real number 7, a
circular r-coloring of (G, o) is a mapping f : V(G) — C" such that for each positive edge
e =uv of (G,0),

d(modr) (f(u)’ f(U)) > 1,

and for each negative edge e = uv of (G, 0),

d(mod?‘) (f(U), f(U)) 2 1.
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The circular chromatic number of (G, o) is defined as
Xe(G,0) =inf{r > 1: (G, o) admits a circular r-coloring}.

Note that if e = uv is a negative edge, the condition dmodr)(f (), f(v)) > 1 is equiv-
alent to dmoar)(f(u), f(v)) < § — 1. This definition can be equivalently viewed as an
assignment ¢ of intervals of length 1 (whose center is determined by f) to the vertices
such that for a positive edge uv, the intervals ¢(u) and ¢(v) do not intersect and for a
negative edge uv, the intervals ¢(u) and ¢(v) do not intersect.

Observe that if (G, o) has no edge, then x.(G,0) = 1, and if (G, o) has an edge, either
positive or negative, then (G, o) is not circular r-colorable for r < 2. As graphs with no
edge are not interesting, in the remainder of the paper, we always assume that r» > 2.

It follows from the definition that for any graph G, x.(G,+) = x.(G). So the circular
chromatic number of a signed graph is indeed a generalization of the circular chromatic
number of a graph.

Definition 2. For a simple graph G, the signed circular chromatic number x5(G) of G is
defined as
Xo(G) = max{x.(G,0) : o is a signature of G}.

The circular chromatic number of a graph is a refinement of its chromatic number:
for any positive integer k, a graph G is circular k-colorable if and only if G is k-colorable.
The same is also true for the chromatic number of signed graphs based on the notion of
O-free coloring defined by Zaslavsky [27].

Definition 3. Given a signed graph (G, o) and a positive integer k, a 0-free 2k-coloring
of (G,0) is a mapping f : V(G) — {£1,£2,..., £k} such that for any edge e = uv of
(G, 0), f(u) # o(e)f(v).

Proposition 4. Assume (G, o) is a signed graph and k is a positive integer. Then (G, o)
is 0-free 2k-colorable if and only if (G, o) is circular 2k-colorable.

Proof. Assume f:V(G) — {£1,+£2,...,+k} is any mapping. Let

(v) = f) =1, if fv) € {1,2,...,k}
g —f)+k—1, if f(v) € {~1,-2,...,—k}.

It is straightforward to verify that g is a circular 2k-coloring of (G, o) if and only if f is
a 0-free 2k-coloring of (G, o). ]

The number of colors used in the O-free coloring is always even. There have been
several attempts to introduce an analogue coloring which uses an odd number of colors.
The term “O-free" indeed distinguishes this coloring from a similar coloring where 0 is
added to the set of colors and the set of vertices colored with 0 induces an independent
set. To be precise, a (2k 4 1)-coloring of a signed graph uses colors {0, £1, ..., £k}, and
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the constraint is still the same: for any edge e = wv of G, f(u) # o(e)f(v). In a (2k+1)-
coloring of a signed graph, the color 0 is different from the other colors. The antipodal of
0 is O itself. The set of vertices of color 0 is an independent set of GG, and for every other
color ¢, vertices colored by color ¢ may be joined by negative edges. In some sense, for
any odd integer k, (2k,2)-coloring of signed graphs defined in Section 2 provides a more
natural generalization of O-free coloring to k-coloring of signed graphs, where the colors
are symmetric.

In this paper, we shall study basic properties of circular coloring of signed graphs. We
shall explore the relation between the circular chromatic number and the signed circular
chromatic number of graphs, and prove that for any graph G, x.(G) < x3(G) < 2x.(G).
We prove that the upper bound is tight even when restricted to graphs of arbitrary
large girth or bipartite planar graphs. Furthermore, we construct a signed planar simple
graph whose circular chromatic number is 4 + % Macajova, Raspaud, and Skoviera [16]
conjectured that every signed planar simple graph is 4-colorable. By Proposition 14,
this is equivalent to say that x3(G) < 4 for every planar graph G. Kardos and Narboni
[12] refuted this conjecture by constructing a non-4-colorable signed planar graph. Our
construction improves on the example of Kardos and Narboni. Thus we show that the
supremum of the signed chromatic number of planar graphs is between 4 + % and 6. The
exact value remains an open problem.

2 Equivalent definitions

There are several equivalent definitions of the circular chromatic number of graphs. Some
of these definitions are also extended naturally to signed graphs.

Note that for s,t € [0,7), d(moar)(s,t) = min{|s—t|,r —|s—t|}. So a circular r-coloring
of a graph can be defined as follows, which is sometimes more convenient.

Definition 5. A circular r-coloring of a signed graph (G, o) is a mapping f : V(G) —
[0,7) such that for each positive edge uv,

1< |f(w) - flo)| <r—1

and for each negative edge uv,

—lor |[f(u) = f(v)] = = + 1.

either |f(u) — f(v)] < 2

N3

If 7 is a rational number, then in a circular r-coloring of a signed graph (G, o), it suffices
to use a finite set of colors from the interval [0, 7). We may assume that r = £, where p
is even and subject to this condition 2 is in its simplest form. For i € {0,1,...,p — 1},
let I; be the half open, half closed interval [é, %) of [0,7). Then U’ I; is a partition of
[0,7). Assume f : V(G) — [0,7) is a circular r-coloring of a signed graph (G, o). Then
for each vertex v of G, let g(v) = 7 if and only if f(v) € I;. If e = uv is a positive edge,
then 1 < |f(u) — f(v)] < £ —1. This implies that 1 — % <|g(u) —g(v)| < B -1+ %.
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Since g|g(u) — g(v)| is an integer, we conclude that 1 < |g(u) — g(v)| <2 —1. If e = wv
is a negative edge, then either |g(u) — g(v)| < § — 1+ é or [g(u) —g(v)| > 5 +1— %.
Since p is even, £ is an integer. As g|g(u) — g(v)| is an integer, we conclude that either
lg(u) —g(v)| < & —1or |g(u) —g(v)| = &+ 1. It is crucial that p is an even integer.
For otherwise £ is not an integer, and we cannot conclude that [g(u) — g(v)| < & —1 or
|9(u) — g(v)| = & + 1. Indeed, if p is odd, then the set {0, %, Ce p%l} is not closed under
taking antipodal points.

The above observation leads to the following equivalent definition of the circular chro-
matic number of signed graphs. For i, j € {0,1,...,p—1}, the modulo-p distance between
7 and j is

d(modp)(i7j> = HllIl{lZ _j|7p - |Z - j|}
Given an even integer p, the antipodal color of z € {0,1,...,p—1} is Z = x + §(mod p).

Definition 6. Assume p is an even integer and ¢ < £ is a positive integer. A (p,q)-
coloring of a signed graph (G, o) is a mapping f : V(G) — {0,1,...,p — 1} such that for
any positive edge uv,

d(moap) (f(w), f(v)) = q,
and for any negative edge uv,

dmod p) (f(w), f(v)) = ¢.

The circular chromatic number of (G, o) is
Xc(G,0) = inf{g : p is an even integer and (G, o) has a (p, ¢)-coloring}.
q

Note that d(modp)(i,J) = ¢ is equivalent to
¢<li—jl<p—q

A homomorphism of a graph G to a graph H is a mapping f : V(G) — V(H) such
that for every edge uv of G, f(u)f(v) is an edge of H. It is well-known and easy to
see that a graph G is k-colorable if and only if G admits a homomorphism to K}, the
complete graph on k vertices. Similarly, circular chromatic number of graphs could also
be defined through graph homomorphism. For integers p > 2q > 0, the circular clique
K, has vertex set [p] ={0,1,...,p— 1} and edge set {ij : ¢ < |i — j| <p—q}. Then a
circular %—coloring of a graph G is equivalent to a homomorphism of G to K.

Definition 7. An edge-sign preserving homomorphism of a signed graph (G, o) to a signed
graph (H, ) is a mapping f : V(G) — V(H) such that for every positive (respectively,
negative) edge uv of (G, o), f(u)f(v) is a positive (respectively, negative) edge of (H, ).

We write (G,0) =2 (H,7) if there exists an edge-sign preserving homomorphism of

(G, o) to (H, ).
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For integers p > 2q > 0 such that p is even, the signed circular clique K , has vertex
set [p] = {0,1,...,p — 1}, in which ij is a positive edge if and only if g < |z —Jl<p—q
and ij is a negatlve edge if and only if either |i —j| <L —qor|i—j|>2L+q Ifqg=1,
then K7, is also written as K.

Note that in K, each Vertex 7 is incident to a negative loop. When £ > 4, there are
parallel edges of different signs. Furthermore, the subgraph induced by all the positive
edges of K, is the circular clique K4, which is known to be of circular chromatic number
B, thus we have x.(K;,,) = 2’
The following lemma gives another equivalent definition of the circular chromatic

number of a signed graph.

p

Lemma 8. Assume (G,0) is a signed graph, p is a positive even integer, q is a positive
integer and p > 2q. Then (G, o) has a (p, q)-coloring if and only if (G, o) =25 K., Hence
the circular chromatic number of (G, o) is

Xe(G,0) = inf{g L (G,0) 25 K3, )

As homomorphism relation is transitive, we have the following lemma.
Lemma 9. If (G,0) 2% (H,7), then x.(G,0) < x.(H, ).

For a real number r» > 2, we can also define K to be the infinite graph with vertex
set [0,7), in which zy is a positive edge if 1 < |x —y| < r—1 and xy is a negative edge if
either |z —y| <5 —1or |z —y| > 5+ 1. Then it follows from the definition that a signed
graph (G, o) is circular r-colorable if and only if (G,0) admits an edge-sign preserving
homomorphism to K. If r = Cisa rational and p is an even integer, then it follows from
the definition that K is a subgraph of K. On the other hand, it follows from Lemma 8
that K admits an edge-sign preserving homomorphism to K . Note that if 7 > r then
f:00,7) — [0,7") defined as f(x) = T,TQC is an edge-sign preserving homomorphism of K?
to K.

Lemma 10. Given even positive integers p,p’ and positive integers q,q , satisfying q <

o3

/

/
and ¢’ < %, ng < %, then K., i K-

Proof. Let r = }—q’,r’:%. Then K, K 2 K i)KS O

Assume (G, 0) is a signed graph. A switching at vertex v is to switch the signs of
edges incident to v. A switching at a set A C V(G) is to switch at each vertex in A,
that is equivalent to reversing the signs of all edges in the edge-cut E(A,V(G)\ A). A
signed graph (G, o) is a switching of (G,o’) if it is obtained from (G, o’) by a sequence
of switchings. We say (G, o) is switching equivalent to (G, o’) if (G, o) is a switching of
(G,0’). It is easily observed that given a graph G, the relation “switching equivalent” is
an equivalence class on the set of all signatures on G.
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It was observed in [28] that if (G, o) admits a 0-free 2k-coloring then every switching
equivalent signed graph (G, ¢’) admits such a coloring: If ¢ is a O-free 2k-coloring of (G, o),
then after a switching at a vertex v one may change the color of v from ¢(v) to —c(v) to
preserve the property of being a 0-free 2k-coloring. The same argument applies to circular
r-coloring.

Proposition 11. Assume (G,0) and (G,0’) are switching equivalent, say (G,o’) is ob-
tained from (G,o) by switching at a set A. Then every circular r-coloring of (G,o)
corresponds to a circular r-coloring of (G,0’). In particular, x.(G,0") = x.(G,0).

Proof. Assume f is a (p,q)-coloring of (G,0) and (G,o¢’) is obtained from (G,o) by
switching at a set A. Let g : V(G) — {0,1,...,p — 1} be defined as

flv), ifveV(G)—A,

g<v>:{” ,rree
flo)+5, ifveA

Here the addition f(v) + £ is carried out modulo p, so that f(v) + % € {0,1,...,p — 1}.

It is easy to verify that ¢ is a (p, ¢)-coloring of (G, o). O

Assume (G, 0) is a signed graph and c is a (p, ¢)-coloring of (G, o) (where p is even and
subject to this condition £ is in its simplest form). Let A = {v: c(v) > £} and let (G, o)
be obtained from (G, o) by svvltchlng at A. It follows from the proof of Proposition 11
that there is a (p, ¢)-coloring ¢’ of (G, 0”) such that ¢/(v) < § — 1 for each vertex v. Let

K., be the signed subgraph of K, induced by vertices {0,1,...,5 —1}.

Definition 12. Assume (G, 0) and (H,7) are signed graphs. If there is a signed graph
(G, ') which is switching equivalent to (G, o) such that (G,o’) =% (H, ), then we say
(G, o) admits a switching homomorphism to (H,w). We write (G, o) 5" (H, ) if (G, 0)
admits a switching homomorphism to (H, 7).

Then we have the following lemma, which can be viewed as another definition of
circular chromatic number of signed graphs.

Lemma 13. Assume (G,0) is a signed graph. Then
X(G,0) = inf{g - p is even and (G, 0) %' Kg;q }.

Thus, in particular, Lemma 9 and Lemma 10 can be restated with a switching homo-
morphism in place of edge-sign preserving homomorphism.

Note that in the graph K »» every pair of distinct vertices are joined by a positive edge
and a negative edge, and moreover, each vertex 7 is incident to a negative loop. Thus we
have the following result.

Proposition 14. A signed graph (G,o) is (2k,1)-colorable, or equivalently 0-free 2k-
colorable, if and only if there is a set A of vertices such that after switching at A, the
result is a signed graph whose positive edges induce a k-colorable graph.
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In the study of circular coloring of signed graphs, switching-equivalent signed graphs
are viewed as the same signed graph. The problem as which signed graphs are equivalent
was first studied by Zaslavsky [28]. We define the sign of a cycle (respectively, a closed
walk) in (G, o) to be the product of the signs of the edges of the cycle (respectively, the
closed walk). One may observe that a switching does not change the sign of a cycle of
(G,0). A result of Zaslavsky, fundamental in the study of signed graphs, shows that a
switching equivalent class to which (G, o) belongs is determined by signs of all cycles of

(G,0).

Theorem 15. 28] Two signed graphs (G,o01) and (G, 02) are switching equivalent if and
only if they have the same set of negative cycles.

Thus we have the following proposition (see [22] for more details).

Proposition 16. A signed graph (G,o) admits a switching homomorphism to a signed
graph (H,m) if and only if there is a homomorphism f from G to H such that for every
closed walk W of (G, o), W and f(W) have the same sign.

The next lemma follows from Theorem 15.

Lemma 17. A signed graph (G,o) admits a switching homomorphism to (H,m) if and
only if there is a mapping of vertices and edges of (G, o) to the vertices and edges of (H, )
which preserves adjacencies, incidences, and signs of closed walks.

For a non-zero integer ¢, we denote by C, the cycle of length |¢| whose sign agrees
with the sign of . So for example C'_, is a negative cycle of length 4. Observe that the
signed graph K ikok_1 18 obtained from C_g; by adding a negative loop at each vertex.
Note that adding negative loops to a signed graph or deleting them does not affect its
circular chromatic number. So we may ignore negative loops in (G, o). However, as a
target of switching homomorphism, negative loops are important, because we can map
two vertices connected by a negative edge to a same vertex v, provided v is incident to a
negative loop.

3 Some basic properties

Given a signed graph (G, o) and a circular r-coloring ¢ of (G, o), the partial orientation
D = Dy(G, o) of G with respect to the circular r-coloring ¢ is defined as follows: (u,v)
is an arc of D if and only if one of the following holds:

e v is a positive edge and (¢(v) — ¢(u))(mod r) = 1.
e uv is a negative edge and (¢(v) — ¢(u))(mod r) = 1.

Definition 18. Assume (G, 0) is a signed graph and ¢ is a circular r-coloring of (G, o).
Arcs in Dy(G, o) are called tight arcs of (G, o) with respect to ¢. A directed path (re-
spectively, a directed cycle) in Dy(G, o) is called a tight path (respectively, a tight cycle)
with respect to ¢.
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Lemma 19. Let (G,0) be a signed graph and let ¢ be a circular r-coloring of (G,o). If
Dy(G,0) is acyclic, then there exists an ro S 1 such that (G,0) admits an ro-circular
coloring.

Proof. For a given signed graph (G,o) and a circular r-coloring ¢ of (G, o), suppose
that D4(G, o) is acyclic. Moreover, we assume among all such ¢, Dy(G, o) has minimum
number of arcs. First we show that D,(G, o) has no arc. Otherwise, since Dy(G, o) is
acyclic, Dg(G, o) has an arc (v, u) such that u is a sink. Thus for every positive edge uw,
(¢p(w)—¢(u))(mod ) > 1 and for every negative edge uw, (¢(w)—d(u))(mod r) > 1. As G
is finite, there exists an € > 0 such that for every positive edge uw of (G, o), (¢(w) —¢(u))
(mod 1) > 1 + € and for every negative edge uw, (¢(w) — ¢(u))(mod ) > 1 + €.

Let ¢(x) = ¢(x) for x # w and ¥(u) = ¢(u) + €. Then ¢ is a circular r-coloring of
(G,0) and Dy(G,0) is a sub digraph of D4(G, o), in which (v,u) is not an arc and no
new arc is created. So Dy (G, o) is acyclic and has fewer arcs than Dy (G, o), contrary to
our choice of ¢.

As Dy(G, o) has no arc, it follows from the definition that there exists € > 0 such that
for any positive edge uwv,

I+e<|o(u) = o) <7 —(1+¢)
and for any negative edge uv,

L+e <o) — o(v)| <r—(1+e).

Let ro = 17 and let ¢ : V/(G) — [0,7") be defined as ¢ (v) = ) " Then 1 is an ro-circular
coloring of (G, o). O

Corollary 20. If x.(G,0) = r, then every circular r-coloring ¢ of (G,0) has a tight
cycle.

The converse of Corollary 20 is also true.

Lemma 21. Given a signed graph (G,0), x.(G,0) = r if and only if (G,0) is circular
r-colorable and every circular r-coloring ¢ of (G, o), has a tight cycle.

Proof. One direction is proved in Corollary 20. It remains to show that if x.(G,0) < r,
then there is a circular r-coloring ¢ of (G, o) such that Dy(G, o) is acyclic.
Assume y.(G,0) =" <r. Let ¢ : V(G) — [0,7') be a circular 7’-coloring of (G, o).

Let ¢(v) = Zap(v). Then it is easy to verify that ¢ is a circular r-coloring of (G, o) and

Tor

D4(G, o) contains no arc (and hence is acyclic). O

Proposition 22. Any signed graph (G, o) which is not a forest has a cycle with s positive
2(s + 1)
2a +1

edges and t negative edges such that x.(G,0) = for some integer a.
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Proof. Assume x.(G,0) = r and ¥ : V(G) — [0,r) is a circular r-coloring of (G, o).
By Lemma 21, D,(G, o) contains a directed cycle B. Assume B consists of s positive
edges and t negative edges. We view the colors as the points of a circle C" of circum-
ference r, which is obtained from the interval [0,7] by identifying 0 and r. Assume
B = (v1,v9,...,0s1¢). If v;u;41 is a positive edge, then traversing from the colors of v;,
one unit along the clockwise direction of C”, we arrive at the color of v;11. If v;0;41 is a
negative edge, then from the color of v;, by first traversing ¢ unit along the anti-clockwise
direction of C" then traversing along the clockwise direction a unit distance, we arrive at
the color of v;,1. Therefore, directed cycle B represents a total traverse along the circle
C" distance s — (5 — 1) - ¢, at end of which one must come back to the starting color. So

s—(g—l)xtzrxa

for some integer a. Hence
2(s + 1)

) O
20+t

Since s+t < |V(G)|, and r > 2, given the number of vertices of G, there is a finite
number of candidates for the circular chromatic number of (G,o). Thus we have the
following corollary.

Corollary 23. Assume (G,0) is a signed graph on n vertices. Then x.(G,o) = P for
q

some p < 2n. In particular, the infimum in the definition of x.(G,o) can be replaced by

It also follows from Corollary 23 that there is an algorithm that determines the circular
chromatic number of a finite signed graph. Of course, determining the circular chromatic
number of a signed graph is at least as hard as determining the chromatic number of
a graph, and, hence, the problem is NP-hard and, unless P=NP, there is no feasible
algorithm for the problem. Nevertheless, it is easy to determine whether a signed graph
(G, o) has circular chromatic number 2.

Proposition 24. Any signed graph (G, o) with at least one edge has x.(G,0) = 2, and
Xc(G,0) =2 if and only if (G, 0) is switching equivalent to (G, —).

Assume x.(G,0) = r and f : V(G) — [0,7) is a circular r-coloring of (G,0). Let
A={v: f(v) =2 §}. Let (G, 0’) be obtained from (G, o) by switching at A. Then

is a circular r-coloring of (G,0’). A tight cycle B = (vy,v9,...,v;) with respect to f is
also a tight cycle with respect to g. However, for each edge (v;, vit1), (g(v;), g(viy1)) is an
arc on the circle of length 7 along the clockwise direction.
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Recall that the core of a graph G is a smallest subgraph H of G to which G admits a
homomorphism. If (G, o) is a signed graph and H is a subgraph of G, then we denote by
(H, o) the signed subgraph of (G, o), where o in (H, o) is considered to be the restriction
of 0 to E(H). We define the sp-core of a signed graph (G, o) to be a smallest signed
subgraph (H, o) such that (G, o) admits an edge-sign preserving homomorphism to (H, o).
The switching core of a signed graph (G, o) is a smallest signed subgraph (H, o) such that
(G, o) admits a switching homomorphism to (H, o). That the sp-core and the switching
core of a finite signed graph is unique up to isomorphism and thus the well-definiteness
is shown in [20].

It follows from the definition that the switching core of (G, o) is isomorphic to a signed
subgraph of a sp-core of (G, 0).

Lemma 25. Assume r = Pisa rational, p is an even integer and with respect to this
q

condition b 1s in its simplest form. Then K;.q is the unique switching core of K.
q b

Proof. Since Kg;q is a subgraph of K and K g IA(;;q, it suffices to show that K;;q is a
switching core, i.e., it is not switching homomorphic to any of its proper signed subgraphs.

Assume to the contrary that there is a switching homomorphism of K to a proper
signed subgraph of K*, say (H,o0). As (H,0) ™5 K5 _ and Kg;q 1 (H,0), we have

pa
Xc(Ha 0) - Xc(K;;q) = §

Let ¢ be a switching homomorphism of (H, o) to Kg;q. By Corollary 20, there is a
tight cycle C' with respect to ¢. Assume C' = vivy---v; is a cycle of length [. It follows
from the definition of tight cycle that ¢(viy1) — ¢(v;) = g(mod ). Thus lg = =P for some

positive integer m. Since (%, ¢) = 1, we conclude that I > £. So [V(H)| = [V(C)| =1 >
5= \V(k;f;q)‘ and hence (H,0) = RS?Q' )

Lemma 26. Assume r = p 1S a rational, p 1s an even integer and with respect to this
q

condition £ is in its simplest form. Then K, is the unique sp-core of K.
q ;

Proof. As K} 22, K, it is enough to prove that K is a sp-core. Let (H,o) be
the sp-core of K which is a proper subgraph and let ¢ be an edge-sign preserving
homomorphism of K3 to (H,o). Since any edge-sign preserving homomorphism is, in

particular, a switching homomorphism and by Lemma 25, k; is a subgraph of (H, o).

q
Observe that for each vertex u of K, there are two corresponding vertices u; and ug of
K;;q such that a switching at u; gives us. Furthermore, there exists a positive edge uus
in K. So p(u1) # p(uz). Moreover ¢(v;) # ¢(u;), for any 4, j € {1,2} and for anonther
g» @S otherwise we have an edge-sign preserving homomorphism of K, to
its proper subgraph by mapping u to v. It is a contradiction.

vertex v of K?
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4 Circular chromatic number vs. signed circular chromatic num-
ber

The following lemma follows from the definitions.

Lemma 27. For any integers p,q, satisfying p > 2q > 2, for any i, j € [p], ij is an edge
of Kpq if and only if ij 1s both a positive edge and a negative edge of K3, .

Let D be the signed graph on two vertices v and v which are adjacent by two edges:
one positive, another negative. This signed graph normally referred to as digon.

Corollary 28. For any simple graph G, let (G',T) be obtained from G by replacing each
edge of G by a digon. Then x.(G',7) = 2x.(G).

For a graph G and an arbitrary signature o, with the definition of (G’, 7) given in the
previous corollary, we have (G, o) C (G', ), thus

Corollary 29. For every graph G, x3(G) < 2x.(G).

As adding or deleting negative loops does not affect the circular chromatic number,
the signed graph (G, o) obtained from K, by replacing each edge with a pair of positive
and negative edges has circular chromatic number %. So Corollary 29 is tight. However,
this signed graph has girth 2, i.e., has parallel edges. The following result shows that the
bound in Corollary 29 is also tight for graphs of large girth.

Theorem 30. For any integers k,g = 2, for any € > 0, there is a graph G of girth at
least g satisfying that x(G) =k and x5(G) > 2k — e.

The proof of Theorem 30 uses the concept of augmented tree introduced in [1]. A
complete k-ary tree is a rooted tree in which each non-leaf vertex has k children and all
the leaves are of the same level (the level of a vertex v is the distance from v to the
root). For a leaf v of T, let P, be the unique path in T from the root to v. Vertices in
P, — {v} are ancestors of v. A gq-augmented k-ary tree is obtained from a complete k-ary
tree by adding, for each leaf v, ¢ edges connecting v to ¢ of its ancestors. These ¢ edges
are called the augmenting edges from v. For positive integers k, q, g, a (k,q, g)-graph is a
g-augmented k-ary tree which is bipartite and has girth at least g. The following result
was proved in [1].

Lemma 31. For any positive integers k,q, g > 2, there ezists a (k,q, g)-graph.

Assume T is a complete k-ary tree. A standard labeling of the edges of T is a labeling
¢ of the edges of T" such that for each non-leaf vertex v, for each i € {1,2,...,k}, there is
one edge from v to one of its child labeled by i. Given a k-coloring f : V/(T') — [k] of the
vertices of T' (which does not need to be proper), the f-path Py = (v1,vs,...,0y,) of T
is the path from the root vertex v; to a leaf v,, of T' so that for each ¢t =1,2,...,m — 1,
f(vi) = d(vivipr).

Proof of Theorem 30

Assume k, g > 2 are integers. We shall prove that for any integer p, there is a graph
G for which the followings hold:
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1. G has girth at least g and chromatic number at most k.
2. There is a signature o of G such that (G, o) is not (2kp, p + 1)-colorable.

Let H be a (2kp, k, 2kg)-graph with underline tree T'. Let ¢ be a standard 2kp-labeling
of the edges of T'. For v € V(T'), denote by ¢(v) the level of v, i.e., the distance from v to
the root vertex in T'. Let 6(v) = £(v)(mod k).

For each leaf v of T, let w,1, Uy 2, ..., U, be the vertices on P, that are connected to
v by augmenting edges. Let u,, € P, be the closest descendant of u,; with 0(u,,;) = i
and let e, ; be the edge connecting u;” to its child on P,.

Let s,; = ¢(e,;) and let

Avi =A{svissvi+1,....80:+p}, Boi={a+kp:ac A}, Cpi=Ay;UDB,,.

The addition above are carried out modulo 2kp.
As |Cpil = 2(p+ 1) and UF_,C,; C [2kp], there exist distinct indices 4,5 such that
CoiNCyy #0.
Note that B, ; is a kp-shift of A, ;. Soif A,; N A,; # 0, then B,; N B, ; # 0. In this
case,
d(mod 2kp) (¢(ev,i)7 ¢(6v,j>> < p.

Otherwise A,; N B, ; # ( (and hence B,; N A, ; # () and

d(mod 2kp) (Cb(ev,i) ) ¢(€U7j)) < p-

Let L be the set of leaves of T'. For each v € L, we define one edge ¢, on V(T') as
follows:

® If dimod 2kp) (P(€0,i), #(e05)) < p, then let e, be a positive edge connecting uj, ; and

/
um.

® If d(mod 2kp) (#(€0,i), Pev)) < p, then let e, be a negative edge connecting u, ; and

/
UUJ.

Let (G, o) be the signed graph with vertex set V (7T") and with edge set {e, : v € L}, where
the signs of the edges are defined as above. We shall show that (G, o) has the desired
properties.

First observe that @ is a proper k-coloring of G. So G has chromatic number at most
k.

Next we show that G has girth at least g. For each edge e, = uj u;, ; of G, let B,
be the path of H which is the union of the subpath of P, from u;,; to u,; and the path
Uy ;0U, ; and the subpath of P, from u, ; to u;j Then B, has length at most 2k. If C' is
a cycle in GG, then replace each edge e, of C' by the path B,, we obtain a cycle in H. As
H has girth at least 2kg, we conclude that C' has length at least g and hence G has girth
at least g.

Finally, we show that (G, o) is not (2kp, p + 1)-colorable. Assume f is a (2kp,p + 1)-
coloring of (G, o). As f is a 2kp-coloring of the vertices of T', there is a unique f-path
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P,. Assume e, = u, ;u, ;. It follows from the definition of f-path that f(u;;) = é(e,;)

V8 v,5 "
and f(u, ;) = ¢(e, ;). It follows from the definition of e, that if e, is a positive edge, then
d(mod 2kp) (¢(ev,i)7 ¢(€’U,j)) < D- If ) Is a negative edge? then d(mod 2kp)<¢(€v,i>7 ¢(ev,j)) < p.
This is in contrary to the assumption that f is a (2kp, p + 1)-coloring of (G, o). ]

Remark: The graph constructed above is shown to have chromatic number at most k.
2kp

However, since = < x.(G,0) < 2x(G), we conclude that x(G) = k when p + 1 > 2k.
It is not known whether there is a finite k-chromatic graph of girth at least g and with
X3(G) = 2k. Also it is unknown whether for every rational £ and integer g and any € > 0,
there is a graph G with x.(G) < £ and x¢(G) > %p — €.

A graph G is called k-critical if x(G) = k and for any proper subgraph H of G,
X(H) =k — 1. The following result about circular chromatic number of critical graphs of

large girth was proved in [33].

Theorem 32. For any integer k > 3 and € > 0, there is an integer g such that any
k-critical graph of girth at least g has circular chromatic number at most k — 1 + €.

As a consequence of Theorem 32 and Corollary 29, we know that for any integer & > 3
and € > 0, there is an integer g such that any k-critical graph G of girth at least g has
signed circular chromatic number at most 2k — 2 + ¢. However, this bound is not tight.
The following proposition follows from Proposition 14.

Proposition 33. If G is a k-critical graph, then x3(G) < 2k — 2.

Proof. Let o be a signature on G. If (G,0) = (G,+), then x.(G,0) < x(G,0) = x(G) =
k. If o(e) = — for some edge e, then the subgraph of G induced by positive edges has
chromatic number at most £ — 1. Hence x.(G,0) < 2(k — 1). O

5 Signed indicator

In the study of coloring and homomorphism of graphs, using gadgets to construct new
graphs from old ones is a fruitful tool. In this section, we explore the same idea for signed
graph coloring.

Definition 34. A signed indicator T is a triple Z = (I', u, v) such that I is a signed graph
and u, v are two distinct vertices of I'.

Definition 35. Assume () is a signed graph, Z = (I", u, v) is a signed indicator and e = xy
is an (either positive or negative) edge of 2. By replacing e with a copy of T, we mean
the following operation: Take the disjoint union of 2 and Z, delete the edge e from (2,
identify x with v and identify y with v.

There is a subtle issue in the above definition. An edge e = xy is an unordered pair.
So we can write it as e = yx as well. However, by identifying y with u and identifying
x with v, the resulting signed graph is different from the one as defined above. To avoid
such confusion, it is safer to first orient the edges of €2 and then replace the directed edge e
with Z. However, for our usage in this paper, the difference does not affect our discussion,
so we just say replace the edge e with Z.
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Definition 36. For a graph G and a signed indicator Z, we denote by G(Z) the signed
graph obtained from G by replacing each edge with a copy of Z.

For a signed graph € and two signed indicators Z,,Z_, we denote by Q(Z,,Z_) the
signed graph obtained from €2 by replacing each positive edge with a copy Z, and replacing
each negative edge with a copy of Z_.

Definition 37. Assume Z = (I',u,v) is a signed indicator and r > 2 is a real number.
For a,b € [0,7), we say the color pair (a,b) is feasible for Z (with respect to r) if there is
a circular r-coloring ¢ of I' such that ¢(u) = a and ¢(v) = b.

Note that if (a,b) is feasible for Z, then for any t € [0,7), (a +t,b+t) and (—a, —b)
are also feasible for Z. Here the calculation is modulo r. Thus if we know feasible pairs
of the form (0,b) for b € [0, 5], then we know all the feasible pairs.

Definition 38. Assume Z = (I, u,v) is a signed indicator and r > 2 is a real number.
Let
Z(Z,r)={be]o, g] : (0,b) is feasible for Z with respect to r }.

Observe that for Z = (T',u,v), Z(Z,r) # 0 if and only if x.(I') < r. One useful
interpretation of Z(Z,r) is that this is the set of possible distances (in C") between the
two colors assigned to u and v in a circular r-coloring of T'.

Let the sign of a path P in (G, o) be the product of the signs of the edges of P.

Example 39. If ' is a positive 2-path connecting v and v, and Z = (I', u,v), then for
any €, 0 < e <1,and r =4 — 2¢,

Z(Z.r)= 10,54,

If T” is a negative 2-path connecting v and v, and Z’ = (I, u, v), then for any ¢, 0 < € < 1,

and r = 4 — 2e,
ﬂﬂﬂ:ké]

If I consists of a negative 2-path and a positive 2-path connecting u and v, and Z"” =
(I'" u,v), then for any €, 0 < e < 1, and r =4 — 2¢,

Z(T'1) =[5~ 4.

Lemma 40. Assume Z = (I',u,v) is a signed indicator, r > 2 is a real number.

(1) If Z(Z,r) = |t, g] for some 0 <t < 5, then for any graph G,
Xe(G(Z)) = txe(G).

(2) If Z(Z,r) = t, g —t] for some 0 <t < %, then for any graph G,
X(G(I)) = 2tx.(G).
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Proof. (1) Let v = 7. If x.(G) < r'" and f is a circular r’-coloring of G, then g : V(G) —
[0,7) defined as g(z) = (x) satisfies the condition that for any edge e = zy of G,

d(mod r)(9(), g(y)) > t.

S0 d(moear)(9(),9(y)) € Z(Z,r), and the mapping g can be extended to a circular r-
coloring of the copy of I' that was used to replace edge e. So the mapping g can be
extended to a circular r-coloring of G(Z).

Conversely, assume x.(G(Z)) < r. Let g be a circular r-coloring of G(Z). Then for
any edge zy of G, d(mear (9(),9(y)) € Z(I, r), Le, t < dmoan(9(2),9(y)) < 5. Let
f:V(G) = [0,r) be deﬁned as f( ) = 19(z). Then for any edge xy of G, dmod ) (f(x) —
f(y)) = 1. Hence f is a circular colormg of G.

(2) Let " = 4. If x.(G) < 7" and f is a circular r’-coloring of G, then g : V/(G) — [0, §)
defined as g(x) = tf(x) satisfies the condition that for any edge e = zy of G,

t < d(modr)(g(x)ag(y)) <5t

N3

S0 d(modr) (9(),9(y)) € Z(Z,r), and the mapping g can be extended to a circular -
coloring of the copy of I' that was used to replace e. So g can be extended to a circular
r-coloring of G(Z).

Conversely, assume x.(G(Z)) < r. By vertex switching, we may assume that g(z) €
[0, 5) for every vertex x of G(I). Then for any edge zy of G, d(moar)(9(x),9(y)) € Z(I',r),

ie, t < dimoan(9(z),9(y)) <% —t Let f:V(G) — [0,7) be defined as f(z) = 1g(z).
Then for any edge e = xy of G, 1 |f(z)— f(y)] < —1. Hence f is a circular r’-coloring
of G. O

A similar proof implies the following:

Lemma 41. Assume I, and Z_ are indicators, v = 2 is a real number and

Z(Zs,r) = [t 5 Z(Z-r) = [0.5 1]

Jor some 0 <t < 5. Then for any signed graph €,
Xe(QUZ4, Z-)) = txe().

Corollary 42. Let T = (T, u,v) be the indicator, where T consists of a positive 2-path
and a negative 2-path connecting u and v. Then for any graph G,

4
AGID)=4— ————.
WGD) =1
Proof. Let € = -2 and r = 4—2e. By Example 39, Z(Z,r) = [¢, 5 —¢]. Note that 1’ = L.
The conclusion follows from Lemma 40. O
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We note that G(Z) defined above is the same as S(G) defined in [20]. In [20], it is shown
that by using S(G) construction and the graph homomorphism, the chromatic number
of graphs can be captured by switching homomorphisms of signed bipartite graphs. This
corollary shows, furthermore, that x.(S(G)) also determines x.(G).

Definition 43. Let I'; be a positive 2-path connecting u; and v,. For i > 2,
e if 7 is even, then let I'; be obtained from I';_; by

— adding two vertices u;, v;,
— connecting u; to u;_q by a positive edge, u; to v;_; by a negative edge,

— connecting v; to u;_1 by a negative edge, v; to v;_; by a positive edge;
e if 7 is odd, then let I'; be obtained from I';_; by

— adding two vertices u;, v;,

— connecting each of u; and v; to each of u;_; and v;_; by a positive edge.
For example, I'y and I'; are illustrated in Figure 1 and Figure 2 respectively.

Uy

V4

Figure 1: T'y Figure 2: T'5

Lemma 44. LetZ; = (I';, u;, v;). Assumei > 1,0 < e < % andr = 4—2¢. The followings
hold:

e [fi is odd, then
Z(Zi,r) = [O,g — ie].

e [fi is even, then
r
Z(Iw T) = [iea _]'
2
Proof. We prove the lemma by induction on i. For ¢ = 1, this is trivial and observed in
Example 39.

Assume 7 > 2 and the lemma holds for ¢/ < 7.
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Case 1 i is even.

Assume ¢ is a circular r-coloring of I'; with ¢(u;—1) = 0. As Z(Z;_1,7) = [0, 5—(i—1)¢],
we may assume that ¢(v,_1) € [0, 5 — (i — 1)e].

The possible colors for u; are [1, 5 +1 —ie], and the possible colors for v; are [3—¢€,7)U
[0, 1 —ie]. So the possible distances between ¢(u;) and ¢(v;) are [ie, 5], i.e.,

Z(Zi,r) = [ie, i]
2
Case 2 7 is odd.
Assume ¢ is a circular r-coloring of I'; with ¢(u;—1) = 0. As Z(Z;_y,7) = [(i — 1)e, 5],
we may assume that ¢(v;_1) € [(i — 1)e, 5].
The possible colors for u; and v; are [1 + (i — 1)e,3 — 2¢|. So the possible distances
between ¢(u;) and ¢(v;) are [0,2 — (i + 1)e] = [0, § — i€], i.e.,
r .
Z(Zi,r) =0, i i€].
[l

Corollary 45. For any € > 0, there is a signed bipartite planar simple graph T with
Xe(I') >4 — 2e.

Proof. Let 2% <i< % Let I, be obtained from the disjoint union of I'y;_; and I'y; by
identifying ug;—1 in I'g;—; and ug; in I'y; into a single vertex u), and identifying ve;—; in
['y;—1 and vy; in I'y; into a single vertex v,. It follows from the construction that I', is a
signed bipartite planar simple graph.

Let Z} = (I, uj, v;). Then for r =4 — 2¢, £ — (2i — 1)e = 2 — 2ie < 2ie. Hence

1) ) T

(T r) = Z(Tyir,7) N Z( Lo, ) = [0, g — (2i — 1)] N [2ie, g] — .

So I'! is not circular r-colorable. ]

Corollary 46. If i = 2k, then for any graph G,

Ak (G) 4
Xe(G(T) = Ex.(G) +1 B kx.(G)+1

Proof. By Lemma 44, Z(Z;) = [ic, 5], where ie = k(4 —r). It follows from Lemma 40
(1) that G(Z;) is circular r-colorable if and only if r > iex.(G). By replacing ie with

k(4 —r), we conclude that G(Z;) is circular r-colorable if and only if r > ki?é)i)l’ and
k(G
hence x.(G(Z;)) = kxc)gG()Ql‘ O
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6 Circular chromatic number of signed graph classes

We have shown that x5(G) < 2x.(G) and this bound is tight even for graphs G of large
girth. However, when restricted to some natural families of graphs, the upper bound can
be improved.

Given a class C of signed graphs we define x.(C) = sup{x.(G,0) : (G,0) € C}. In
light of Corollary 28 and the fact that negative loops do not affect the circular chromatic
number, we shall restrict to signed graphs with no digons and no loops, i.e., the underlying
graphs are simple graphs.

We denote by

e 5D, the class of signed d-degenerate simple graphs,

e SSP the class of signed series parallel simple graphs,

e SO the class of signed outer planar simple graphs,

e SBP the class of signed bipartite planar simple graphs,

e SP the class of signed planar simple graphs.
d
Proposition 47. For any positive integer d, x.(SDy) = 2L§J +2.

Proof. First we show that every (G,o0) € 8D, admits a circular (2[%] + 2)-coloring.
Equivalently, (G,0) admits an edge-sign preserving homomorphism to K? whose

2[4 ]+2
vertices are labelled 0,1,...,2[%| + 1 in a cyclic order. Recall that in K2SL¢J+2 between
2

any pair of vertices x;,x; there are both positive and negative edges, unless i = j or
i = j+ 4] +1. When i = j, there is a negative loop but no positive loop; when
i=j+ 4] +1, z;z; is a positive edge but not a negative edge. Thus, given a vertex u
of (G,0) and a partial mapping ¢ of (G, o) to K§L4J+2’ if at most d neighbors of u are
already colored, then ¢ can be extended to wu. This now can be applied on the ordering
of vertices of G which is a witness of G being d-degenerate.

To prove that the upper bound is tight, we consider three cases. For d = 2, the signed
graphs built in Corollary 45 are all 2-degenerate and the claim of this corollary is that the
limit of their circular chromatic numbers is 4. For any odd integer d, this bound is tight
by considering the signed complete graphs (Ky.1,+). For any even integer d > 4, we now
construct a d-degenerate graph G together with a signature o such that x.(G,0) = d+ 2.

Define a signed graph €, as follows. Take (K4, +) whose vertices are labelled 1, xo, . . .,
x4. For each pair 4,5 € [d] (i # j), we add a vertex y; ; and join it to x;, z; with negative
edges, and to all the other x;’s with positive edges. Since each y; ; is of degree d and
after removing all of them we are left with a K,;, we have ); € SD;. We claim that

XC(Qd) =d+ 2.
Assume this is not true and ¢ is a circular r-coloring of Q4 and r < d + 2. With-
out loss of generality, we may assume that ¢(x1), o(z2),...,@(x4) are cyclically ordered
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on C" in a clockwise orientation. Furthermore, we may also assume that ¢(z1), ¢(x2)
has the maximum distance among all the pairs ¢(x;), p(z;4+1) where the addition of the
index is taken (mod 2d). As the distance between each consecutive pair ¢(z;), ¢(x;s1)
is at least 1, it follows that, except for @1, 2, dmodr) (¢(2:), o(2i+1)) < 2. We will now
show that there is no possible choice for y; ;4. A point between o(x;) and ¢(x;4q) for
i€{2,3,....,4 =1} uU{¢+2,...,d— 1} is at distance less than 1 from one of the two
and cannot be the color of Y1144 because TiYy14ds Tig1Yy14d L€ both positive edges. If
go(yl,H%) € [p(x1), ¢(x2)], then we show that d(moa r)(90(91,1+g)a gp(atHg) > g, which is a
contradiction because y, 4y is a negative edge. To see this, we consider clockwise
and anti-clockwise distances of ¢(y, L4 ) and p(z, L4 ). On the anti-clockwise direction,
(go(yl’H%), gp(xH%)) contains ¢ intervals of the form (z;, 1), each of which is of length
at least 1. On the clockwise direction, first of all, y, ;, 4y is a positive edge which means

d (mod 7")<90<y1,1+g)7 ¢(x2)) > 1, and, furthermore, (cp(yLH%), gp(mHg)) contains ¢ — 1 inter-
vals of form (z;,z;41) (for i € {2,3,...,4}). If go(yLH%) € [p(zq), p(z1)], then the same

argument shows that dmed ) ($(y1112), 0(¥112)) = 5. I oYy 144) € [0(a), p(za,y)] or

go(yLH%) € [g@(l‘g+1), @(x%”)], then d(modT)(w(yLH%),(p(:cl)) > ¢ which is a contradic-
tion as Y1441 is a negative edge. O]

A
It follows from Proposition 47 that x.(G, o) < QLQJ + 2.

It was proved in [20] that every simple signed K4-minor-free graph (G, o) admits a
switching homomorphism to the signed Paley graph SPals, depicted in Figure 3. It is
easy to check that SPals is a signed subgraph of K7, ;. Hence we have

1
X(80) < x(55P) < &

Figure 3: The signed Paley graph Figure 4: (F, o)

We shall prove the following result.

1
Theorem 48. x.(SSP) = x.(SO) = 30
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Proof. 1t suffices to show that x.(F,o) = % for the signed outer planar simple graph
(F, o) of Figure 4.

Since (F, o) contains a positive triangle as a subgraph, its circular chromatic number
is at least 3. By the formula of the tight cycle the only possible values are 3 and 10
It remains to show that this graph does not admit a circular 3-coloring, that is to say,
(F,0) does not admit a switching homomorphism to KgQ Note that Kg2 is equivalent
to a positive triangle, with each vertex incident to a negative loop. If ¢ is a switching
homomorphism of (F, o) to f(g;z, then at least one negative edge of the negative triangle

ryz is mapped to a negative loop, because in f(g;z every negative closed walk contains a
negative loop. Whichever edge of xyz is mapped to a negative loop, its two end vertices
are identified and the resulting signed graph has a negative cycle of length 2. But K¢,

contains no negative closed walk of length 2, a contradiction. Hence x.(F, o) = 1—??. O

In Section 5, we have seen that x.(SBP) = 4. However, we do not know if there is a
signed bipartite planar simple graph reaching the bound 4. Further improvement based
on the length of the shortest negative cycle is given in the forthcoming work [19].

Next we consider the circular chromatic number of signed planar simple graphs. Since
planar simple graphs are 5-degenerate, by Proposition 47, we have x.(SP) < 6. It was
conjectured in [16] that every planar simple graph admits a O-free 4-coloring. However, this
conjecture was disproved in [12] using a dual notion. A direct proof of a counterexample
is given in [18]. Extending this construction, we build a signed planar simple graph with
circular chromatic number 4 + %

2
Theorem 49. x.(SP) >4+ 3

We shall construct a signed planar simple graph € with x.(Q2) = 4 + % The con-
struction is by assembling certain gadgets. Similar to the gadget of [12], we start with a
mini-gadget depicted in Figure 5 and state its circular coloring property in Lemma 51.

v

Figure 5: Mini-gadget (T, ) Figure 6: A signed Wenger Graph
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Definition 50. Let r be a positive real number. Let ¢ be a mapping of a set {vq,..., v}
of points (or vertices of a graph) to C”. We denote by L0, 09,...04,841,....5, an interval of
minimum length which contains {¢(v;) : ¢ = 1,2,...,q} U{o(v;) : i = ¢+ 1,...,k} and
by Lo, 09, 09.8451,..,5, the length of this interval.

Note that the minimality of the length implies that the two end points of the interval

T o, vgiginsoe ar€ in {o(vs) 11 =1,2,...,qf U{o(vy) i =q+1,...,k}

Lemma 51. Assume ¢ is a circular (44 «)-coloring of the signed graph (T, m) of Figure 5
satisfying that 0 < a < 2. Then lyy, . € [1 — 5,1+ 5]. Moreover, for any ty,ty,t3 with
max{dmodr)(ti,t;) : 1,5 € {1,2,3}} € [1 — §,1 + §], there exists a circular r-coloring ¢
of (T, ) such that ¢p(x) = t1,p(y) = ta, d(2) = t3.

Proof. Let r = 44« and let ¢ be a circular r-coloring of (7', 7). Without loss of generality
we may assume that ¢(x), ¢(y) and ¢(z) are on C” in the clockwise order, and assume the
interval [¢(z), ¢(z)] is a longest interval among [¢(x), d(y)], [¢(y), @(2)] and [p(2), &(z)].
Thus Iym,. = [6(z),6(2)]. We first claim that [¢(2), ¢(z)] contains ¢(y). Otherwise,
either [¢(y), (y)] or [¢(y), d(y)] which is of length Z, is included in either (¢(x), ¢(y)] or
[6(y), ¢(2)). This is a contradiction as [¢(2), p(z)] is longest among the three. As @(y) is
contained in [¢(2), ¢(x)], and as y is adjacent to both z and = with a negative edge, we
conclude that [p(2), #(z)] is of length at least 2. On the other hand, since z and z are
adjacent with a negative edge, one of the two intervals, [¢(2), ¢(z)] or [¢(x), P(2)] is of
length at most § —1 =1+ 5. As a < 2, the only option is that [¢(x), ¢(z)] is of length
at most 1+ 3.

For the other direction, assume (4, . < 1— %, say Iy, . = [0, 3] for some § < 1— 5.
Each of a, b, ¢ is joined by a positive edge and a negative edge to vertices in x,y, z. This
implies that ¢(a), ¢(b), ¢(c) € [1,14+ B+ 5] U [3+ 5,3+ a+ f]. As each of the intervals
[1,1+ B+ §] and [3+ §,3 + o+ (] has length strictly smaller than 1, two of the vertices
a, b, c are colored by colors of distance less than 1 in C". But abc is a triangle with three
positive edges, a contradiction.

For the “moreover" part, without loss of generality, we assume that t3 = 0,t; €
[1—5,1+5],ta € [0,t1]. If t; € [1 — §,1], then let ¢(a) =3 + 5, ¢(b) = 2 and ¢(c) = 1;
if t; € [1,1+4 §], then let ¢(a) =3+ 5, ¢(b) = 2+ § and ¢(c) = 1. It is straightforward
to verify that ¢ is a circular r-coloring of (T, 7). O]

By taking o = % — e and a switching at the vertex z, we have the following formulation
of the lemma which we will use frequently.

Corollary 52. Let (T,7') be a signed graph obtained from (T, 7) by a switching at the
verter z, and let ¢ be a circular (X — €)-coloring of (T,n') where 0 < ¢ < %. Then

3 3
2 4
£¢;m7y72 e [§ + %7 § - %]'

We define W to be the signed graph obtained from signed Wenger graph of Figure 6
by completing each of the four negative facial triangles to a switching of the mini-gadget
of Figure 5. Next we show that TV has a property similar to signed indicators, more
precisely:
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For any circular r-coloring ¢ of W,

[GVRI )

Lemma 53. Let r = %4—6 with 0 < € <
4
g
The proof of Lemma 53 is long, and we leave it to the next section. Let I' be obtained

from W by adding a negative edge uv. Let 7 = (I, u,v). It follows from Lemma 53 that
ford <r< 13—4,

Eqb;u,v 2

@)l 1

14
Theorem 54. Let Q2 = K4(Z). Then Q is a signed planar simple graph with x.(2) = 3

Proof. First we show that () admits a circular %—coloring.

For r = 134, there is a circular r-coloring ¢ of I" with ¢(u) = ¢(v), defined as ¢(u) =
$(v) = 0, p(w) = 3, d(a1) = 2, d(22) = 1, d(x3) = 2, ¢(z4) = 3, d(w5) = 4 and
o) = o(t) = 1.

Observe that each of the four negative triangles satisfies the conditions of Lemma 51,
and that the coloring of its vertices can be extended to the inner part of the mini-gadget.

Let vy, v, v3, v4 be the 4 vertices of K. Then there is a circular 1?A‘—coloring ¢ of K4(7)
with ¢(v;) =0 for i = 1,2,3,4. So x.(©) < 4.

It remains to show that x.(€2) > &. Assume to the contrary that x.(Q) < 4, let ¢
be a circular r-coloring of €2 for some 4 < r < 13—4 (for the purpose of applying Lemma 53,
we assume 7 > 4). Without loss of generality, assume ¢(v1), ¢(vs), ¢(vs) and ¢(vy) are
on C" in this cyclic order.

As (Z,7) C [5,% — 1], we know that for any 1 < i < j <4,

4

5 < Lmoan($(v:), B(v5)) <

By symmetry, we may assume

d(mod r) (@(v1), @(v3)) = L([P(v1), @(v3)]) and d(mod r)(H(v2), d(va)) = L([B(v2), d(v4)])-

Hence
([o(v1), (va)]) = £([d(v1), ¢(v2)]) + £([B(v2), P(vs)]) + L([P(v3), d(va)]) = 3 X g > g -1
and
(([9(va), p(01)]) Z 7 = (€([p(01), D(vs)]) + £([D(v2), P(va)])) = 2 > g - L
This implies that d(modr)(@(v1), #(vs)) > 5 — 1, a contradiction. O
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7 Proof of Lemma 53

Assume to the contrary that ¢ is a circular r-coloring of W with £y, = 1 < 5. Without
loss of generality, we assume that ¢(u) = 0 and ¢(v) = 1. Since each of ¢(z) and ¢(¢) is

of distance at least 1 from both ¢(u) and ¢(v), we have:

14 4 e]U[lo € 11+77 ] 'f77<1 €

= ——|U[—— =, = —€, fn< - -2

ORIOER SRR TERE o2 ®
[5_5734_77_5], otherwise.

5) 3e 2
Lemma 55. ¢(w) ¢ (5 — .3+ n) U (4= .24+ 3).

Proof. Let ¢(w) = ¢. First we show that § & (3 —€,3+ 7). Assume to the contrary that

)
o€ (Eg — €, 3 ‘f’77).

As x4 is joined to u and w by positive edges,

1,0 — 1], if5>§—e,
b(x2) € [5+1,%—e] o <2 2)
[1,5—1}U[5+1,%—E], if2<5<§—e.
[1+m,6 — 1] if5>§+77—6,
o(x3) € [(5+1,13—1—|—77—6] if 0 <2+, (3)
[1+77,(5—1]U[5+1,%+77—e] if2+n<5<§+n—e.

For a depiction of these cases, see Figure 7.

d(x2)

Figure 7: A sketch of locating ¢(z), ¢(z2) and ¢(x3) on C”

Claim 56. The following restrictions on the value of ¢(z) hold:
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L Ifé6 <3 and ¢p(xs) € [1,6 — 1], thenn < 5 — § and ¢(z) € [1+1n,5 — §].

II. If ¢(x2) € [5+1——e] then ¢(z) € [30—5,%+77—e].
1

I If ¢(x3) € [1+n,6 — 1], then ¢(2) € [ — £, & +n—].
IV. If6 > 2+n—e and ¢(x3) € [6+1, 5 +n—¢], thenn < =5 and ¢(2) € [1+n,5—5].
Proof of the claim: [I] Assume to the contrary (by 1) that ¢(z) € [ — §, 4 + 1 — ¢
and ¢(x9) € [1,0 — 1]. Then
1 14 11 4
d(modr)((b(xQ)’(b(Z)) > mln{_o - % - (5 - 1)7 E —€e+1-— (? +n— 6)} > g - %7
contradicting the fact that x5z is a negative edge.
[IT] Assume to the contrary (by 1) that ¢(z) € [1 + 7,5 — 5] and n < 3 — §. Then
4 €
d(mod r) (¢(‘T2)7 ¢(Z)) mln{2 +n, 0— = + } g Ea

contradicting the fact that x5z is a negative edge.

[I1T] Assume to the contrary (by 1) that ¢(z) € [1 41,3 — £], é(z3) € 1+ 1,0 — 1]
and hence 0 > 2+1. Asd € (3 —€,3+1),

Amodr) (P(23), #(2)) S0 =1 = (L+n) <1,
contradicting the fact that x3z is a positive edge.
[IV] Assume to the contrary (by 1) that ¢(z) € [{ — 5,4 +n—¢]. Asd > 2 +n—c¢,

11

d(modr)(¢($3)7 (;5(2)) < ? + n—e— (5 + ]') < ]-7

contradicting the fact that x3z is a positive edge.
This completes the proof of Claim 56. <&

To complete the proof of Lemma 55, we partition the interval (2 —€,3 + 1) into three
parts and consider three cases depending on to which part J belongs.

Case (i) 0 € (g —€24n).

As 6 <2+mn,by 3, ¢(xs) €[+ 1,4 +n—¢|. Thus ¢(zs) €[6 —3+5,53+1n— 5.
By 2, ¢(x2) € 1,0 —1JU[6 4+ 1,1 —].

Subcase (i-1) ¢(z3) € [1,d — 1] and hence (by 2) 6 > 2.
Asd <24n<3,by[I], ¢(z) €[1+n,5—5andn < 5—5 Hence d <2+n< L —5.

Consider the interval I¢ 7a,02,71 see Figure 8. If ¢(z3) is the starting point of this

interval, then since § — 1 < 3 — 5, we have

4 € 4
[¢($3)7 ¢<Z)] - [5 - g + §a g - 5]
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o (x3)

d(x2)

Figure 8: Subcase (i-1): Restrictions on the negative triangle z3xsz.

If the starting of Isz,.4,,- i ¢(22) or ¢(2), then since 6 —1 < 5 — 5, we have

€

4

In cither case, Iz, 4, has length at most 2 — €, contrary to Corollary 52.

Subcase (i-2) ¢(z3) € [0 + 1,5 —¢].

By [II], ¢(z) € [% — 5,5 + 1 —¢]. Note that /([ — 5, 5 +n—¢)=%+n—
Since d(mod ) (¢(x3),#(2)) > 1 (as x3z is a positive edge) and ¢(x3) € [0 + 1,5 + 1 — ¢,
we conclude that § < g +n —e€and

8
o(x3) € [5+1,§+77—e].
This implies that Iy, ., € [0+ 1,4 —¢]. Asd> 32 —¢ (([0+1,%5 —¢]) <1, contrary to
the fact that zox3 is a positive edge.

8
Case (ii) 0 € [2+n,§+n—e].
Depending on the ranges of ¢(z3) and ¢(x3), we consider four cases.

Subcase (ii-1) ¢(z2) € [1,d — 1] and ¢(z3) € [1 + 1,6 — 1].

By [111]7 ¢(Z> < [13_0 - 5, % +n - 6]'

As ¢(xq), p(x3) € [1,6 — 1], £([1 +n,0 — 1]) < 1 and x93 is a positive edge, we have
6 > 3 and @(x2) € [1,6 — 2]. However, the distance of points in [ — £, & 4+ 7 — €] and
[1,6 — 2] is at least 2 — i which is strictly larger than % — 5, contradicting that z,z is a
negative edge.

Subcase (ii-2) ¢(r2) € [1,6-1] and G(zs) € [T+1, F-+n—d]. (§(rs) € [=5+5, §+1-35))
By [IV], ¢(2) € [l +7,5 —§land by 1, n < 5 — 5.
Note that the interval I,.z, 4, . is one of the following intervals:

4 €4 e, — 4 ¢

[6(x5), 9(2)] C [6 — 3t33 5]7 [p(x3), p(x2)] C [0 — 3t 575 — 1],

[6(), 6(e2)] € [1+ 9,6 = 1], [6(:), 3] € [1 4+, 5 +1— 5],
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and [6(c2), 3]} [6(2),0(2)] € [1, 5 + 5~ 5]

All the above intervals have lengths at most 2 — ¢, implying that (.7, 2, . < 3 + £, this
contradicts Corollary 52.

Subcase (ii—3) d(xy) € [0+ 1, % — €| and ¢(x3) € [1 +1,0 — 1].

By 2, § < £ — ¢, and by [IH], ¢(z) € [§¥ — 5,5 +n—¢. Observe that o(r3) €

[% +n—735,3 44 5 5). S0 Iz 0. is one of the following intervals:
c 10 e 1 Cs4l 4 5 €
). (). (3. 6a)] € (54— £, 2 = ], [ola). )] € o+ 1,2+ 6 - 5],
11 10 11
022, 0(2)] S 10+ 1, 11— dl, [9(=), dla)) € [ — 5.5 —
10 4
and [p(2), 6(es)) € [ = 5.5 +6 = 3]

Thus the lyz, 20 < 3 — €, contradicting Corollary 52.

Subcase (ii-4) ¢(z3) € [0+ 1,4 — ¢ and ¢(z3) € 6+ 1,5 + 1 — .
The interval [0 + 1,5 +n — ] has length at most 2 — ¢ < 1. This contradicts the fact
that xox3 is a positive edge

Case (iii)5€(§+n—e 3+n).

Asd>8+n—e>3 —¢ by2and3, ¢(zz) € [1,0 — 1] and ¢(x3) € [1 +n,6 — 1].

As (([1 + n,0 —1]) < 1 and d(modr)(gb( 2),¢(x3)) = 1, we conclude that § > 3 and
o(z2) € [1 d — 2]. As zyz is a negative edge, and the distance between the intervals
{% - 65, g—:- n—¢€ and [1,§ — 2] is stiictlzf larger th‘im i— 5, we know that ¢(z) ¢
3 53 +n—€. Byl ¢(z) € [1+n,5— 5] and n < 3 — 5. This implies that ¢(z) and
¢(x3) are both in [1 + 7,0 — 1]. However, 6 < 3+, so f([ +n,0 —1]) < 1, contradicting
the fact that x3z is a positive edge.

This completes the proof that ¢(w) & (2 —€,3+17).

We observe that in this proof, vertex x; played no role. In other words, the conclusion
holds for the signed subgraph induced on G \ 7. In this subgraph a switching at U =
{w, x5, x3, x4, 5} results in an isomorphic copy where x; and x5 play the role of x5 and

3. Thus for the mapping ¢’ defined as ¢/ (v) = ¢(v) for v € V(W) — U and ¢'(v) = ¢(v)

for v € U, we have ¢/ (w) ¢ (2 —¢,3+7). Hence ¢p(w) & (4— 35,2 +n+5). O
If n > 1— =, then by the Lemma 55, we have no choice for ¢(w). Thus we assume in
the rest of the proof that n <1 — 5 and
3e 2 € 5
4 — -2
swyeBrna- S0l enr g

The two cases will be consider separately.

Case A. ¢p(w) € [3+n,4— .
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As uxs is a negative edge and ¢(u) = 0, we have ¢(x5) € [ — 5,5 — 5. As (([3+
3¢

2
n,4—3%]) < 1, and z5w is a positive edge, we conclude that 3+, ¢(w), ¢(x5), 5 — § occur
in this cyclic order. This implies that

4 €

d(xs) € [4+777§ - 5]-

For + = 1,2, 3,4, by considering the edges between z; and u, v, w, similar arguments
as above lead to the following restrictions on the value of ¢(x;):

%), ble) €[L,3- 2, ola) € [1+m,3~ 5], olas) € (b4, 5 +u— ]

By 1, based on the choices of ¢(z) and ¢(t), we consider four cases.

P
¢Z

" \/

Figure 9: Case A-1: Updating ranges of Figure 10: Case A-1: Restrictions on
45(331‘)78 T1T5U

o(x1) € [1,3—

1 4
Case A-17< 5 — 5 and 6(), 6(t) € [L+n. 5 — 7.

o(x5)

We will update the ranges of ¢(z;)’s as depicted in Figure 9. In this figure the range
of each ¢(z;) is shown as an interval partitioned to two parts. The full interval represents
the restriction we have started with. We then show that the dotted part of the interval
is not available for ¢(z;), thus updating the range to the solid part of the interval.

As U(1+1n,3—5]) <1, ¢(x3) € [1 + 1,3 — %] and za3 is a positive edge, the points
L+n,6(2), p(x3),3 — % occur in C" in this cyclic order. This implies that
3e

As (([2+1,3 = %]) < 1, ¢(22) € [1,3 — ¥] and zyz5 is a positive edge, the points

1, ¢(x2), d(x3),3 — 3 occurs in C” in this cyclic order. This implies that

3€

P(xs) € [1,2 — 5]'

By considering the positive edges z5t and then z4x5, similar arguments show that

1 € 1 4 €
P(xs) € [4+n,§—§] and ¢(z4) € [§+n+6,§+n—§]'
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Considering the positive edge z125 and the range of ¢(z3) given above, a similar
argument shows that

3 —— 13 2
o(x1) € 2,3 — 56] and hence ¢(x1) € [3 — %’ 5 €.
Now consider the negative triangle zyxsu. If Ipz, 250 = [0(21), ¢(5)], then Ipz, 40 C
(3 —53- 5] but (5 -535-35)= % —€e< % + 5, contrary to Corollary 52.

3 203 3 2137 2
Also ¢(u) = 0 cannot be an end point of the interval Iz, .. ., as 0 is at distance less

than 2 + £ from each of the four end points of the intervals that are the ranges of ¢(z)
and ¢(zs5).
Thus Lpz, w5 = [¢(25), ¢(z1)]. By Corollary 52, £([¢(x5), ¢(x1)]) = 2 + 5. Thus

(x
5
3

— €.

U([¢(z1), p(x3)]) = g — U([p(w5), d(21)]) <

— %], ¢(w) € [3+n,4— %] and ¢(x5) € [4 41,3 — 5], we conclude that

3 =3
d(w) € [p(x1), d(x5)] (see Figure 10). Since wxy and wxs are positive edges, we have

2 < U([p(x1), 9(w)]) + L([¢(w), d(5)]) = L([¢(21), p(25)]) < 5 — €,

a contradiction.
1 € 4 €
Case A-2 n < 5_57 (b(Z) S [1_'_7775_5] and (b(t) < [___7_+77_6]'

The proof is similar to the previous case. The positive edge zx3 and the negative edge
tx, further restrict the ranges of ¢(x3), ¢(x4). Then, the new ranges of ¢(x3) and ¢(z5),
together with the positive edges x3xs and x4xs further restrict the range of ¢(x2), ¢(xs).
As the computations are very similar to the previous case, we just list the conclusion of

this argument:

8(rs) € (240,32, (1) € [1,2-5], 9(as) € [ +nbe, 5 —<] and o(z) € [44, 2 5]

Next we consider the negative triangle vrsxy. As

() € [ + 1= 5.2 — dodlen) € [4-47, 5 — 5] and 6(0) = 1,

BSS

Similar analysis as in the previous case shows that

I¢>;563,I4,v = [¢(x4)7 M] and €(¢($4), M) Z o+

[GLR NN
NN e

This means that ¢([¢(z3), p(x4)]) < 2. Similarly, we have ¢(w) € [p(x3),d(x4)]. As
r3w, x4w are positive edges, we have

2 < L([9(x3), p(w)]) + £(|o(w), ¢(x4)]) = £([P(23), ¢(4)]) < 2,
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I

Figure 11: Case A-3: Updating ranges Figure 12: Case A-3: Restrictions on
of ¢(x;)’s WT5T4L3To

a contradiction.
1 10 11 4
Case A-3 7 < g—g, o(z) € [3—5,3—1-77—6] and ¢(t) € [l—l—n,g—g].
We will update the ranges of ¢(x2),. .., ¢(z5) as depicted in Figure 11.

Recall that ¢(zs) € [1,3 — %] and ¢(x5) € [4 + 1,5 — 5. If ¢(x2) € [1,2), then

d(mod r)(P(x2), #(2)) > % — 5, contrary to the fact that x5z is a negative edge. Thus

o(xe) € 2,3 — %] = 1Is.

If p(x5) € (% — g,% — 5|, then dpnoar (¢(x5), ¢(t)) < 1, contrary to the fact that st is a

positive edge. Therefore
1 €

o(xs) € [4+n, 3 5] = I.

Note that ((15) < 1. As ¢(x4) € [4+ 1,5 +1n— 5] and dmodr)(¢(25), d(x4)) = 1 (w425
is a positive edge), we conclude that the points 441, ¢(x5), ¢(x4), 5 +n — § occurs in C”
in this cyclic order and

1 4 €
- = g=1.
¢(x4)€[3+7)+6,3+7] 2] 4

Similarly, {(I;) < 1, and @yz5 is a positive edge. Recall that ¢(x3) € [1 41,3 — %]. Thus
the points 2, ¢(x2), ¢(x3) occurs in C” in this cyclic order. Hence

e

Blrs) € (1402~ 5= Iy
Finally recall that
3
o(w) € [B4+n,4 - T] =1,

The intervals I, I, I, I3, Iy are each of length less than 1, and except for I3 and I
there is no intersection among them (see Figure 12). Since ¢(I3) < 1, we have ¢(x4) ¢ I3
(because xgzy is a positive edge). Thus the points ¢(w), ¢(x5), d(x4), d(3), p(22) occur
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in this cyclic order. As C" is of length 1—; — ¢, the colors of some two consecutive vertices
of the 5-cycle wxsr x5 is less than 1, but all the edges of this cycle are positive. This
is a contradiction.

10 11
Case A-4 ¢(z),¢(t) € [3 - %, El +n—€.
Similarly, we obtain that
3€e 1 c
1 4 e 4 3e
¢(£L'5) S [§+77+€,§—§] = I5, ¢($1> € [54—7]—}—6,2— 5] = [1.

The points ¢(w), ¢(x4), ¢(x5), ¢(x1) and ¢(z2) occur in C” in this cyclic order. As all
the edges of the 5-cycle wx xsz125 are positive, this is a contradiction.

2
Case B. ¢(w) € [5 +n+ 2'3 €].
Similarly, by considering the edges between each of x;’s and vertices u, v, w, we have
that

5 e 11 5 e 11
¢(z1), p(x2) € [§+7I+§,§ — €], p(r3) € [§+77+ 5,?+n—e},
10 € 2 10 € 2
P(z4) € [§+”_§’§‘€] and ¢(x5) € [?_575_6]‘
Based on the choices of ¢(z) and ¢(t), we have four sub-cases to discuss.
10 11
Case B-1 ¢(z),¢(t) € [E — %, 3 +n—¢.

P(w)

é(x1) \/

Figure 13: Case B-1: Updating ranges Figure 14: Case B-1: Restrictions on
of gb(Ii)’S 15U

We will update the ranges of ¢(x;)’s as depicted in Figure 13.

The positive edges zx3 and tzs further restrict the ranges of ¢(x3) and ¢(z5). Then
the new ranges of ¢(x3) and ¢(z5), through the positive edges zzzy and zsxy, further
restrict the ranges of ¢(z3) and ¢(z4). By similar computation as previous cases, we have
e 8 8 e 11

¢($3)€[§+n+— 6],¢([E2)€[——|—77+§7§_

Yo 6]7
3 2°3 3
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13 € 2 10 e 13
¢(x5) € [g +n— 33 —¢] and ¢(z4) € [3 +n— 53 — 2.

Considering the positive edge x5 and the range of ¢(z3) given above, we obtain that

) e 8
o(x1) € [§+77+§7§ — €.
Next we consider the negative triangle zizsu. As ¢(x1) € [4+n,5 — 5], d(zs) € [+
n—5%—¢ and ¢(u) = 0, similar analysis shows that sz, 450 = [¢(21),d(x5)] and

(([¢p(x1), d(w5)]) = 2 + 5. Tt implies that €([¢(x5), p(x1)]) = 2 — § < 2. We observe that
d(w) € [d(x5), d(x1)] (see Figure 14) and since xsw, zqw are both positive edges, we have
that

2 < L([¢(s5, w)]) + L(P(w), d(x1)) = €([d(x5), P(21)]) < 2,

a contradiction.
1 € 10 € 11 4 €
Case B-2 n< - — - s T 4n—dand () €L +n, - — -]
ase NS 3 —5 0@ elg —g 5 tn—dandg(t) €[l +n 5~
The positive edge zz3 and the negative edge tx, further restrict the ranges of ¢(x3) and
¢(x4) respectively. Then the new ranges of ¢(x3) and ¢(x4), through the positive edges
x3x and z4xs, further restrict the ranges of ¢(z9) and ¢(x5). By similar computation as

previous cases, we have

0 ¢ 8 8 e 11
P(x3) € [§+77—|—§,§ — €], p(xq) € [§+7]+§7§ — ¢,
13 € 2 10 € 13
P(x4) € [3—1-7]— 5,5—6] and ¢(x5) € [3 33 — 2€]
Next we consider the negative triangle zzx v. As ¢(x3) € [4 + 777% — 5], plas) € [% +
_ %,% — €] and ¢(v) = 7, similar analysis shows that sz, 0,0, = [0(73), ¢(z4)] and

(([¢(x3), p(x4)]) = 2 + 5. This means that €([¢(z4), d(23)]) < 2. We observe that ¢(w) €
[6(z4), p(x3)] and as 4w, z3w are both positive edges, we have that

2 < U([p(za, w)]) + L(d(w), P(w3)) = £[d(x4), ¢(5)]) < 2,

a contradiction.
1 € 4 €
Case B-3 1 < g — 5 and ¢(2),9(t) € [L + 7,5 = 5.
We will update the ranges of ¢(z;)’s as depicted in Figure 15.
Recall that ¢(22) € [24+n+ 5,5 — ¢l and ¢(zy) € [ +n— 5,2 — €.

203
If ¢(x2) € (§ — €, 5 — €], then dpmoar (d(x2),#(2)) > 3 — §, contrary to the fact that
oz is a negative edge. Thus
) € 8
= — = —€|:= 1.
¢(3§'2)€[3+7]+2,3 6] 2

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(2) (2021), #P2.44 32



Figure 15: Case B-3: Updating ranges Figure 16: Case B-3: Restrictions on
of ¢(x;)’s WI5T4T3To

If ¢(zg) € [ +1n— 52 +n—5), then dmodr)(P(24),4(t)) > 5 — §, contrary to the fact
that x4t is a negative edge. Therefore

¢@@6ﬁ§+n—ig—4:=u

3
Note that £(I;) < 1. As ¢(x5) € [2 — 5,2 — €] and dmoar) (P(25), ¢(24)) = 1 (w425 is
a positive edge), we conclude that

Similarly, £(I5) < 1, and 2,3 is a positive edge. Recall that ¢(x3) € [2+n+5, 5 +n—¢.

27 3
Thus 8 1
€
¢(I3) € [§+7]+—,_+7]—€] 2213.

By the restriction from the positive edges xyx5 and x5 and the new range I, I5, we
have

8 e 10
> € 0 =1,
¢(x1) € [3 St e =1
Finally recall that
pw) e otnt S 2 d=1I
g 1Tz AT

The intervals I, I, I1, I5, 14 are each of length less than 1, and there is no intersection
among them. (see Figure 16) As C" is of length 1—; — ¢, the colors of some two consecutive
vertices of the 5-cycle wxoxx514 is less than 1, but all the edges of this cycle are positive.
That is a contradiction.

1 e 4 o« 10 € 11
C B-4 n<-——, 1 ,— — =] and ¢(t — = — .
ase s 3 2¢(2)€[+n3 2]an ¢()e[3 23+77 q
Similarly we obtain that
D €8 8 e 11
¢(x2)€[§+n+§’§_€]:IZ7¢(JJ3)€[§+TI+§7§+7]_€]:]37
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10 e 13 13 € 2
o(x4) € [3-“7— 5,?—25] = I, and ¢(x5) € [§+77— 33 —€ =1
Recall that

bw) €2 +n+ 5,

The intervals I, Is, I3, 14, I5 are each of length less than 1, and except for I3 and Iy
there is no intersection among them. As ¢(l;) < 1, ¢(x3) ¢ I, (since xzzy is a positive
edge). That is again a contradiction because of the 5-cycle wxszsz x5 all whose edges are
positive.

This completes the proof of Lemma 53.

8 Questions and Remarks

Another notion of circular coloring of signed graphs was introduced in [11]. It is different
from the definition in this paper essentially because the concept of “antipodal" points are
defined differently. Both definitions use points on a circle as colors (the discrete version
in [11] uses Zj as colors, and we can view elements of 7 as points uniformly distributed
on a circle). In [11], a fixed diameter of the circle is chosen, and the antipodal of a point
is obtained by flipping the circle along the chosen diameter. Thus for such a coloring,
the colors are not symmetric. In particular, for each of the two end points of the chosen
diameter, its antipodal is itself. In some sense, the definition in [11] more faithfully extends
the coloring of signed graphs that allows 0 (as opposed to O-free coloring) introduced by
Zaslavsky, where 0 is a special color, whose antipodal is 0 itself. We consider the speciality
of a certain color to be an undesirable feature. A circular object should be invariant under
rotation. In this sense, the circular coloring of signed graphs in this paper more faithfully
extends the circular coloring of graphs.

The circular coloring of graphs has been studied extensively in the literature. Many
of the results and problems on circular coloring of graphs would be interesting in the
framework of signed graphs. We list some specific problems below and believe that there
are many more interesting problems.

8.1 Jaeger-Zhang conjecture and extensions

For a positive integer k, we have x.(C_o) = %. On the other hand, while for a

negative odd cycle C_(g11) we have x.(C_(2x+1)) = 2, for the positive odd cycle C (a4 1)
we have X.(Cir+1)) = Xe(Cort1) = 2’2—“ These two facts can be stated uniformly by
the following definition.

Given ij € Zs, we say a closed walk W of a signed graph (G, o) is of type ij if the
number of negative edges of W (counting multiplicity) is congruent to i(mod 2), and the
total number of edges (counting multiplicity) is congruent to j(mod 2). For ij € Zy we
define g;;(G, o) to be the length of a shortest closed walk of type ij in (G, 0), setting it
to be oo if there is no such a closed walk (see [22] for corresponding no-homomorphism

lemma and relation to coloring and homomorphism).
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Let C{* be a signed cycle of length [ where the number of positive edges is odd. Then

21
Xe(CPF) = 1 It is a well-known fact that a homomorphism of a graph onto an odd
cycle gives an upper on its circular chromatic number. The following theorem, whose

proof we leave to the reader, is an extension of this fact.

Theorem 57. Given a positive integer | and a signed graph (G, o) satisfying 9;;(G,0) >

9i;(CYT) forij € Z3, we have x.(G, o) < % if and only if (G, o) ™™ Co*.

The question of mapping planar graphs of odd girth large enough to Cy;11 was shown
by C.Q. Zhang (see [14] and [29]) to be related to a conjecture of Jaeger in the theory of
circular flow. A bipartite analogue of Jaeger-Zhang conjecture was introduced in [20] and
studied in [4], a first case of which is disproved in [19]. Thus we rather pose the following
question:

Problem 58. Given a positive integer [, what is the smallest value f(l) such that for every
signed planar graph (G, o) satisfying (1) ¢;;(G, o) = ¢;;(CY) and (2) ¢;;(G,0) = f(1) for
2

all ij € Z3, we have x.(G,0) < T

The condition (1) implies that for the odd values of [ the signed graph (G, o) is
switching equivalent to (G, +) and that for even values of [ the graph G is bipartite. In
the former case we have classic Jaeger-Zhang conjecture and in the latter case we have
its bipartite analogue. That f(3) = 5 is a restatement of the Grotzsch theorem. That
f(4) = 8 is proved in [19]. For integers [ > 5 it is known that f() exists and is finite.
Furthermore, 4k + 1 < f(2k + 1) < 6k + 1 [29, 15], £(5) < 11 [6] and 4k — 2 < f(2k) <
8k — 2 [4].

8.2 Hadwiger conjecture and extensions

One of the most intriguing conjectures in graph theory is the Hadwiger conjecture which
tries to extend the four-color theorem. It claims that any graph without a K}, i-minor is
k-colorable. The case k < 3 of this conjecture is rather easy, but the case k = 4 contains
the four-color theorem. As the case k + 1 would imply the case k, the difficulty of the
conjecture only increases by k. Catlin [3| introduced a stronger version of the case k = 3
which we restate below using the terminology of signed graphs and notion of circular
coloring that we have introduced here. A signed graph (H, ) is said to be a minor of
(G, o) if it is obtained from (G, o) by a series of the following operations: 1. deleting
vertices or edges, 2. contracting positive edge, 3. switching.

Theorem 59. [3] If (G,—) has no (K4, —)-minor, then x.(G,+) < 3.

A possible strengthen of Catlin’s result was proposed independently by B. Gerard and
P. Seymour. This conjecture, which is stronger than the Hadwiger conjecture, is known
as the Odd-Hadwiger conjecture and using the development in this work can be restated
as follows.
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Conjecture 60 (Odd-Hadwiger). If a signed graph (G, —) has no (Kj1, —)-minor, then
Xe(G,+) < k.

To generalize this, one may ask:

Problem 61. Assuming (G, o) has no (K., —)-minor, what is the best upper bound
on XC(G7 _U)?

Observe that K;,C is the signed graph whose vertices are 1,2,...%k where each pair
of distinct vertices are adjacent by both a negative edge and a positive edge, and each
vertex has a negative loop. It follows from the structure of these signed graphs, in an
edge-sign preserving mapping of a signed graph (G, o) to f(gk, negative edges introduce
no restriction, while vertices connected by a positive edge cannot be mapped to a same
vertex. In other words, any such a mapping is a proper k-coloring of the subgraph G}
induced by the set of positive edges of (G,0). Recall that a switching homomorphism
of (G,0) to K3, is to find a signature ¢/ equivalent to o and an edge-sign preserving
homomorphism of (G, ") to Kj,. Therefore, based on the following definition we have
the next theorem. We define

X+(G,0) = min{x(G_,)}.
Theorem 62. Given a signed graph (G, o), we have
2X+(G7 0-> -2< XC(G7 0) < 2X+(Ga 0‘),

Let f(k) be the answer to Problem 61. By Theorem 62 one observes that if Con-
jecture 60 holds, then f(k) < 2k. Similarly, considering the result of [10] we have

f(k) = O(ny/logn).

8.3 Signed planar graphs

Let D be a digon on two vertices u and v. It is mentioned that y.(D) = 4, moreover, given
r > 4, if ¢ is a circular r-coloring of D where ¢(u) = 0, then simply by the definition
we have ¢(v) € (1,5 — 1). Thus, by Lemma 40, when D is viewed as an indicator,
we have x.(G(D)) = 2x.(G) where G is a graph (not signed) (this is a restatement of
Corollary 28). In particular, we have x.(K4(D)) = 8. Noting this is a signed planar
multigraph and that, by the four-color theorem, every signed planar multigraph without
a loop admits an edge-sign preserving homomorphism to it, we obtain x.(SPM)) = 8
where SPM denotes the class of signed planar multigraphs. Furthermore, we recall that
a signed graph with a positive loop admits no circular coloring and that adding a negative
loop to a vertex of a signed graphs does not affect its circular chromatic number.

For the class of signed planar simple graphs, the upper bound of 6 follows from the fact
that these graphs are 5-degenerate. With our definition of circular chromatic number and
development in this work, one may restate a conjecture of [16] as to “circular chromatic
number of the class of signed planar simple graphs is 4”. However, this conjecture is
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recently disproved in [12|. The first counterexample provided in [12]| is essentially the
subgraph K3(Z) of the signed graph of Theorem 54 (they become a same signed graph
after a switching). The work of [12] is based on the dual interpretation of the circular
four-coloring of signed planar graphs. The examples build there then are based on non-
Hamiltonian cubic bridgeless planar graphs. The underlying graph of the signed graph of
Figure 6 is the dual of Tutte fragment used to build the first example of a non-Hamiltonian
cubic bridgeless planar graph and referred to as Wenger graph in some literature. This
graph itself is used as a building block in a number of coloring results. Noting that a
connection to a list coloring problem and circular 4-coloring (of signed planar simple)
graphs was established by the 3rd author, [35], we refer to [13] for recent use of this
gadget in refuting a similar conjecture.

We note, furthermore, that since in Theorem 54 we give the exact value of the circular
chromatic number of K4(Z), one does not expect to improve the lower bound using this
particular gadget.

It remains an open problem to decide the exact value of the circular chromatic number
of the class of signed planar simple graphs or to improve the bounds (of 13—4 and 6) from
either direction.

8.4 Girth and planarity

Some of the questions mentioned above can be generalized in the following way:

Given an integer [ and a class C of signed graphs, such as signed planar graphs or
signed K -minor-free graphs, what is the circular chromatic number of signed graphs in
C whose underlying graphs have girth [?

As an example, a result of [21]| implies that every signed planar graph of girth at least
7 admits a switching homomorphism to the signed graph (K, M) which is the signed
graph on Kg with the negative edges forming a perfect matching. As this signed graph
has circular chromatic number 3, we conclude that:

Theorem 63. For the class SPy>7 of signed planar graphs of girth at least 7, we have
XC(SP927> < 3.

We do not know if this bound is tight. In a more refined version of the question one
might be given three values of ly;, l1o and [;; and be asked for a best bound on circular
chromatic number of signed graphs in C which satisfies ¢;;(G, o) > [;; for ij € {01,10,11}.

8.5 Spectrum

Given a family G of signed graphs, instead of the supremum of the circular chromatic
numbers of signed graphs in G, another natural problem is to determine the range of
circular chromatic numbers of signed graphs in G. For example, it is known in [9] that a
rational number 7 is the circular chromatic number of a non-trivial K ;-minor-free graph
if and only if r € [2,8] U {3}. As for signed Kj-minor-free simple graphs we extended
the upper bound to 4. It is recently shown in [25] that each rational number in [2, 4]

is the circular chromatic number of a K,;-minor-free signed simple graph. Spectrum of
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the circular chromatic number of series-parallel graphs of given girth and circular chro-
matic number of planar graphs were studied in [17, 23, 24, 31, 32]. Similar questions are
interesting for signed planar graphs and other families of signed graphs.

8.6 Complexity of the circular r-coloring problem

Given integers p and ¢ satisfying p > 2¢ > 0, the problem of circular §—coloring of signed
graphs is defined as follows.

CIRCULAR §—COLORING
INSTANCE: A signed graph (G, o).
QUESTION: Is (G, o) circular E-colorable?

That the problem is in NP easily follows from definitions and discussions in this work.
As this problem includes the problem of circular §-coloring of graphs (not signed), it is
an NP-complete problem for p > 2¢. For p = 2q¢ it is equivalent to determining if (G, o) is
switching equivalent to (G, —) for which there are algorithms of order O(n?) (for example
see Proposition 4 of [22]).

This problem is a special case of (H, 7)-coloring problem studied in [2]. More precisely,
CIRCULAR §-COLORING is the same as f(;;q—coloring problem as defined in [2]. When

§ = 2 the core of f(]‘j;q consists of a single negative loop and then f(;;q—coloring problem
admits a quadratic time algorithm. For all other choices of p and ¢, the core of K;;q

has more than two edges and has no positive loop, hence the K;;q-coloring problem is an
NP-hard problem.

To determine the complexity of the problem when restricted to certain subclasses of
signed graphs is also of high interest and remains mostly open. A particular case is the
restriction to the class of signed planar graphs. Some cases of the question are settled in
the general context of homomorphisms of graphs and signed graphs. We refer to [5] and
some of the references there. Based on such results for example we know that the problem
of circular kQ—fl—coloring restricted to the class of signed planar graphs is NP-complete for
every integer value of k. For most other values of p and ¢, 2 < § < 8, to decide the
complexity of the problem when restricted to the planar instances remains open. We note
that case § = 4 is of special interest.
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