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Abstract

The intersection distribution of a polynomial f over a finite field IF, was recently
proposed by Li and Pott [Finite Fields and Their Applications, 66 (2020)], which
concerns the collective behaviour of a collection of polynomials {f(z) + cz | ¢ €
[F,}. The intersection distribution has an underlying geometric interpretation, which
indicates the intersection pattern between the graph of f and the lines in the affine
plane AG(2,q). When ¢ is even, the long-standing open problem of classifying o-
polynomials can be rephrased in a simple way, namely, classifying all polynomials
which have the same intersection distribution as 2. Inspired by this connection, we
proceed to consider the next simplest case and derive the intersection distribution
for all degree three polynomials over F, with ¢ both odd and even. Moreover, we
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initiate to classify all monomials having the same intersection distribution as 2,

where some characterizations of such monomials are obtained and a conjecture is
proposed. In addition, two applications of the intersection distributions of degree
three polynomials are presented. The first one is the construction of nonisomorphic
Steiner triple systems and the second one produces infinite families of Kakeya sets
in affine planes with previously unknown sizes.

Mathematics Subject Classifications: 11T06, 51E15, 51EK10, 05B07

1 Introduction

Throughout this paper, let F, = F,» be a finite field with characteristic p and f a
polynomial over F,. The intersection distribution of f originates from an elementary
problem concerning the interaction between the graph {(z, f(z)) | € F,} of f and the
lines in the classical affine plane AG(2, q). More precisely, for 0 < i < ¢, we ask about the
number of affine lines intersecting the graph of f in exactly ¢ points. Note that there are
q vertical affine lines of the form {(z,y) | y € F,}, where x ranges over F,. Since each of
these vertical lines intersects G in exactly one point, we shall omit them and restrict to
the remaining ¢ non-vertical lines. As an attempt to answer this question, the following
concept of intersection distribution was proposed in [22, Definition 1.1(1)].

Definition 1.1 (Intersection distribution). For 0 < i < ¢, define
vi(f) = [{(b,c) € Fg | f(x) —bx — ¢ =0 has 7 solutions in F }|.

The sequence (v;(f))L, is the intersection distribution of f. The integer vo(f) is the
non-hitting index of f.

We remark that for 0 < i < ¢, there are exactly v;(f) non-vertical lines, which intersect
the graph {(z, f(z)) | = € F,} in exactly ¢ points. In particular, the non-hitting index
vo(f) is the number of affine lines which does not hit the graph of f. The intersection
distribution of a polynomial f conveys considerable information of f. For instance, the
non-hitting index wvo(f) measures the distance from f to linear functions, and to the so
called o-polynomial (when ¢ is even) or to x? (when ¢ is odd) [22, Result 1.7]. Thus,
intersection distribution serves as a new viewpoint to distinguish polynomials, which is
different from the usual extended-affine equivalence ([5, p. 1142]) and the Carlet-Charpin-
Zinoviev equivalence [5, Definition 1], [6, Proposition 3]. Moreover, the aforementioned
geometric interpretation indicates that for the point set in the classical projective plane
PG(2,q) arising from a polynomial f, detailed information follows from the intersection
distribution f (see for instance [22, Proposition 3.2]).

Having explained the reason why the intersection distribution is interesting, we proceed
to consider its computation. First, we have the following basic equations, which essentially
have been stated in [22, Proposition 2.1] (see also [18, Lemma 12.1]).
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Proposition 1.2. Let f be a polynomial over F,. The following equations hold.

sz(f) = q27
1=0
sz(f) = q27

1

()

i(i = Dvi(f) = qlg — 1).

=2

q

Secondly, to facilitate the computation of the intersection distribution, the following
definition was proposed in [22, Definition 1.1(2)].

Definition 1.3 (Multiplicity distribution). Let f be a polynomial over F,. For b € F,
and 0 < 7 < ¢, define

M;(f,b) = |{c € F,| f(x) — bx — ¢ = 0 has i solutions in F,}|.

The sequence (M;(f,b))L, is the multiplicity distribution of f at b. The multiset of
sequences {(M;(f,b))l, | b € F,} is the multiplicity distribution of f.

By definition, for 0 < i < ¢, there are exactly M;(f,b) lines among the parallel class
of ¢ affine lines {y = bz + ¢ | ¢ € F,}, which intersect the graph of f in i points. From
now on, we use F; to denote the set of nonzero elements in F,.

Remark 1.4.

(1) By definition, for a polynomial f over F, and 0 < i < ¢, we have

vil(f) =Y Mi(f,b).

beF,
Hence, the multiplicity distribution of f implies its intersection distribution.

(2) Let f(z) =" ,a;z", where n > 2 and a, # 0. Note that for each 0 < i < ¢, we
have M;(f,b) = M;(a,;*(f — a1z — ap),a,* (b —ay)). Hence, in order to compute the
intersection distribution of f, one can assume without generality that a; = ag = 0
and a, = 1.

(3) Let f be a permutation polynomial and f~! be its inverse. Clearly, M;(f,0) =
M;(f~',0) = g. Moreover, note that for b € IF7, the two equations f(z) —br —c =0
and f~1(z)— %:L‘ + ¢ = 0 have the same number of solutions. Hence, f and f~! have
the same multiplicity distribution and therefore, the same intersection distribution.

We remark that in general, computing the intersection and multiplicity distributions
is a nontrivial problem. In [22, Appendix B], the multiplicity distributions of monomials
z? over F,, where d € {p’,p' + 1, ‘75—1, q;—l, q — 2,q — 1}, have been determined. Indeed,
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combining [22, Propositions B.1, B.9] and Remark 1.4(1)(2), we have the following propo-
sition. For the sake of simplicity, from now on, we only list the first few values of the
intersection distribution v;(f) and multiplicity distribution M;(f,b) with i at most 4, and
the unmentioned values are all zeros.

Proposition 1.5. Let 2% be a monomial over F,.

(1) If p =2, then

{Mo(x2, 0)

07 Ml(x270) =q, M2($2,0) = 07
1w :

My(z%,b) = 1(22,0) =0, My(x?,b) =2, ifb+#0.
(2) If p is odd, then for each b € F,
-1 -1
My(22,b) = qT My(a2b) =1, My(a?b) = qT

In particular, for each polynomial f over F, with degree two, we have

_aqlg—1) _alg—1)

Uo(f) 9 ) Ul(f>ZQ7 Uz(f) 9 (1-1)

Consequently, the intersection distribution of polynomials with degree two is clear. We
remark that f having degree two forces v;(f) = 0 for each i > 2, so that the intersection
distribution (1.1) follows from Proposition 1.2. A natural question is, if we drop the
degree two condition, is there any other polynomial which has intersection distribution
(1.1)? Historically, this problem has been intensively studied in terms of classifying ovals
or hyperovals in the classical projective planes (see [18, Chapter 8] for instance). When
q is odd, a famous result due to Segre [25] indicates each polynomial f satisfying (1.1) is
in some sense equivalent to 2. On the other hand, when ¢ is even, the situation is much
more subtle. In this case, a polynomial f with the same intersection distribution as z?
is called an o-polynomial. The classification of o-polynomials, especially o-monomials, is
a long-standing problem which has attracted much attention (see [7, 8, 18, 27] and the
references therein).

In this paper, we pursue a result analogous to the one stated above. More precisely, we
take one step forward to consider the intersection distribution of degree three polynomials.
This is the next simplest case as the degree three condition ensures that v;(f) = 0 for each
1 > 3. Together with Proposition 1.2, the intersection distribution of each degree three
polynomial f can be determined by exactly one of v;(f), 0 < ¢ < 3. By Remark 1.4(2),
it suffices to determine the intersection distribution of z* — ax? for each a € F,, and we
have the following complete description.

Theorem 1.6. Let f(x) = x3 — ax? be a polynomial over F,. If p # 3, then we have

P —q+2

*—3q+2
2 B '

- (1.2)

Uo(f): ) Ul(f) UQ(f):q_la U3(f>
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If p=3 and a =0, then we have

w( =D =Dy —0 (=2 )
If p=3 and a # 0, then we have
wih =T wn=TD gy —g (=12

In order to derive the above theorem, we present a detailed computation determining
the multiplicity distribution of degree three polynomial 2 — ax? in Section 2. To achieve
this, we consider the number of F,-solutions to

23— pr—c=0, ifp#3, or 23—z —c=0, ifp=3,

where ¢ € F, and f is either 1 or a primitive element of F,. When the equation has
at least one solution zy € F,, we give a characterization of the number of F,-solutions
in terms of xy. In Section 3, we proceed to consider a much more challenging problem,
namely, determining all monomials which have the same intersection distribution as x3.
Although a complete answer is by far elusive, we make some detailed analysis and present
strong restrictions to these monomials. Moreover, based on the numerical experiment, we
propose a conjecture classifying all monomials having the same intersection distribution as
x®. As an application, in Section 4, we observe that polynomials over Fs» with intersection
distribution (1.3) produces Steiner triples systems. Interestingly, some numerical results
indicate that certain distinct monomials satisfying (1.3) generate nonisomorphic Steiner
triple systems. In Section 5, applying the multiplicity distribution of 23 —ax?, we construct
several infinite families of Kakeya sets in affine planes, whose sizes are different from the
known ones. Section 6 concludes the paper and proposes a few open problems.

2 The multiplicity and intersection distributions of degree three
polynomials

In this section, we consider the multiplicity distribution of degree three polynomial. In
view of Remark 1.4(2), we only need to consider a degree three polynomial of the form
z3 — ax?, where a € F,.

From now on, we always denote a primitive element of finite field F, by a. Given a
finite field IF, and a positive integer N | ¢ — 1, we use C’(()N’q) to denote the set consisting of
nonzero N-th powers in F,. Suppose « is a primitive element of [F, then for 0 <i < N—1,
define CM = oiCM = {aiz | 2 € CSVP}. Hence, when ¢ is odd, we know that C*
is the set of nonzero squares and Cl(z’q) is the set of nonsquares in F,.

The following proposition says, roughly speaking, in order to determine the multiplicity
distribution of z* — az?, it suffices to compute M;(z?,0), M;(z3 1), M;(23, «) and when
p =3, also M;(2® — 22,0).
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Lemma 2.1.

(1) When p = 2, we have

and
b M; (23,0 ifb 1
M;(2® — az®,b) = M;(2®, < + 1) = (°,0), Zf abz )
a Mi($37 1)7 Zfa_z % 1,
where a # 0 and b € TF,,.

(2) When p = 3, we have

=
8

w

(=}

)7 Zfb - O;
M;(2%,b) = <x3, 1), ifbeCq?,
M;(a3,a), ifbeC®?.

)
Fora+#0 and b € F,, we have M;(x* — ax? b) = M;(z* — 22,0).
(8) When p > 3, we have

Mi(2%,b) = { My(23,1), ifbe CPY,

and
b1 Mi(2?,0),if 35 = =3,
Mi(a® —ax®,b) = Mi(a®, — +2) = { Mi(a® 1), if 5+ § € G,
M(2%,0), if &+ 1eo??,

where a # 0 and b € TF,.

Proof. In all the three cases, the expression of M;(x3,b) is clear. So we only need to
consider M;(x® —az?,b) with a # 0. For this purpose, we consider the number of solutions
in F, to the equation 23 — az? — bx — ¢ = 0.

If p=2or p > 3, namely, gcd(3 q) = 1, dividing a® on both sides and replacing

with z, we have 2% — 2? — Lo — & = 0. Replacmg x with « + 3 in the latter equatlon
leads to 2 — (4 + ;)x (;3 + 322 + =) = 0. Note that fixing a and b, when c ranges
over Fy, so does 5 + 3% + % 27 Hence M;(z® — az®,b) = M;(2%, % + 1). Note that when

p=2, My(z®, 5 + 1) = M;(2®, % + 3). The rest follows easily.
If p = 3, namely, ged(3,q) = 3, dividing a® on both sides and replacing 2 with z, we

have 2° — 2% — Lz — 5 = 0. Replacing  with z — 3%, we have 2% — 22 — ga% - 12124 + 8a6) —
0. Note that fixing a and b, when c¢ ranges over F,, so does = — % + Sbaﬁ Hence,
M;(23 — az?,b) = M;(z3 — 22%,0). O
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Note that M;(z3,0) is easy to compute. Moreover, when p = 3, M;(2%,1) and M;(23, )
are also straightforward.

Lemma 2.2. (1) When p 7& 3, we have

My(23,0) = 220 A7y (23,0) = 1, My(23,0) = 0, M (23, 0)
ifg=1
Mo(23,0) = 0, M1(23,0) = q, My(23,0) = 0, M3(23,0) = 0,
if ¢ =2 (mod 3).

a—
3 )

(mod 3),

(2) When p =3, we have
Mo(23,0) =0, M(2*,0)=¢q, Ms(2*0)=0, Ms(2*0)=0,

9
Mo(23,1) = gq Mi(2%1) =0, My(a?1)=0, M2 1)=

Mg(x3,oz) =0, Ml(x3,oc) =g, M2(x3,oz) =0, M3(x3, a) =0.

W

Now we introduce the concept of cyclotomic number, which will be used later. For
0 < 4,5 < 1, define the cyclotomic numbers of order 2 as

G ) =11+ CP0) NP7
The cyclotomic numbers of order 2 are well known, see for instance [26].

Lemma 2.3. Let q be an odd prime power. If ¢ =1 (mod 4), we have

q—>5 g—1 1
(0,0)g = BV (0,1)g = (1,0)g = (1,1)g = i
If ¢ =3 (mod 4), we have
q+1 q—3
(07 1)!1 = T? <O70>q = (170)(1 = (17 l)q = T

Employing the cyclotomic numbers of order 2, we proceed to prove the following
preparatory lemma.

3

Lemma 2.4. Let Tr be the absolute trace defined on F,. For the equations 2° —x —c =0

or z* — ax — ¢ =0, assume that xo € F, is a solution.

(1) When p = 2, we have
1 if Tr(%) =Tr($) = Tr(1) + 1,
Hr €F |2 —2—c=0} =42 ifxge{0,1}, or equivalently, ¢ = 0,
3 if Tr(%) = Tr(1) = Tr(1), zo # 1.

Consequently,
Mo(JIS’ 1) = %17M1(x37 1) = g -1 MQ( ) = ( ) = %7 me odd,
Mo(2%,1) = 42, My (23,1) = 4, Ma(23,1) = 1, M ( 351)= %1 if m even.
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(2) When p = 3, we have

1 if2zy+ 1€ C*,
Hr €F,|2® —2®> —c=0}| =<2 ifxy € {0,1}, or equivalently, c =0,
3 if2z9+1¢€ C'(()Q’Q) and xo # 0.

Consequently, we have

My(z® — 22,0) = % My (2® — 22,0) = %,
My(2® —2%,0) =1, Ms(z® — 22,0) = %
(3) When p > 3, for p € {1,a} and
.1 yB=1,
j_{4ﬁﬁ=m
we have
if 1 — e 50 2)

2 zf3€BC' ) and zi € {g,%},
if 1 — 3””0 e BCY
and ? 7é g whenever 3 € 60(52"1).

{r €F, | 2° - Bz —c=0}| =

Consequently, we have

;

MO(:C3>6) = q;g,l?Ml(x3>ﬁ) = q%jaM2<x375) =1 —|—j,M3($3 ﬁ) 46_3j>
if p=1 (mod 12) or m even,

MO(:E37/B) = 1 Ml(x37ﬁ) = q+jaM2('r3 B) =1 —j,M3(l'3,ﬁ) = 1= 4;+3j

if p="7 (mod 12) and m odd,

MO($375) = a3l M1($37ﬁ) = %5M2<x375) =1- ]7M3( 37ﬁ) = #7
if p=>5 (mod 12) and m odd,

(2%, 8) = 1+ j, Ms(2®, ) = =52,

if p=11 (mod 12) and m odd.

\

Proof. We first prove (1). Suppose 23

— o — ¢ = 0 has exactly two solutions in F,. Then
23—z —c= (x—x1)(x—12)? for some distinct 2, x5 € F,. Comparing the coefficients, we
have z; = 0, 75 = 1, and ¢ = 0. Therefore, My(z®,1) = 1 as 2®> —x — ¢ = 0 has exactly two
solutions in [, if and only if ¢ = 0 and the two solutions are 0 and 1. Next, we proceed to
consider when 23 — 2 — ¢ = 0 has exactly one or three solutions. Suppose 22 — 2 —c =0

has one solution z € F,, then we can factor 2* — 2 — ¢ = (z — ) (2?® + zoz + 25 — 1),
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where ¢ = z3 + x9. We need to check if 2? + zoz + 23 — 1 = 0 has solutions in F,,
where 2o € {0,1}. Note that 22 + 2oz + 2§ — 1 = 0 is equivalent to 1+ % = (%)2 +Z
0

xo "
Hence, z? + 2oz 4+ x§ — 1 = 0 has no solution if and only if Tr(=- =) = Tr(1) + 1, and
two solutions if and only if Tr(%) = Tr(1). Note that Tr(2) = Tr(moﬂ( L+ :1301+1>) =

Tlr(%—l—xol+1 —l—m) Tr(L -). If m is odd, then there are § —1 choices of 2o € F,\{0, 1},

such that Tr(xo) Tr(1) + 1 = 0. Thus, M;(2*,1) = £ — 1. Moreover, there are £ —

choices of zy € F,\{0, 1}, such that Tr(%) = Tr(1) = 1. Thus, M3(2*,1) = 1(4—1) = L2
and therefore, the value of My(z?,1) follows immediately. Similar arguments lead to the
values of M;(x?, 1) when m is even.

The proofs of (2) and (3) are very similar to each other. Below, we only prove (3)
with 8 = a. Suppose 2® — az — ¢ = 0 has exactly two solutions in F,. Then 2® —az —c =
(x — z1)(x — x2)* for some distinct z1,29 € F,. Comparing the coefficients, we have

7 = %O‘, x5 = %, and 1 + 25 = 0. Hence, 2° — ax — ¢ = 0 has two solutions in F,

3
if and only if 3 € ozC'(()Q’q) and ¢ = £22, /2. In this case, we have My(z*, o) = 2, where
{2¢/5,—/5} and {—2,/%,/5} are two sets of solutions. Next, we proceed to consider
when 22 — az — ¢ = 0 has exactly one or three solutions. Since z° — ax — ¢ = 0 has
one solution zy € F,, we can factor 2° — ax — ¢ = (z — o) (2 + zox + 22 — ), where

¢ = x3 — axy. We need to check if 22 + zox + 23 — a = 0 has solutions in F,, where

x5 & {%,%}. Since 2? + woxr + 25 —a = 0 is equivalent to (x4 %) = a— ?%, it
has zero or two solutions if and only if 1 — ?f” € C’ 20 or 1 — 3% € C’ ’q). We first

consider the case of ¢ = 1 (mod 4). If 3 € C’O 29 then the number of nonzero square
2
22 € 9 such that 1 — ¢ 9 s equal to (1,0), = 1. Note that when x4 = 0,

we have 1 — 32’00 =1c C ’q. Thus, M;(2%,a) = 2- 22 +1 = 21 Similarly, the

number of nonzero square z3 € C’(()Q’q), such that 1 — % e 9 s equal to (1, 1), =1

Hence, Mz(z3, o) = 2 - q%l . % = %. It 3 e C’{Q’Q), then the number of nonzero square

22 e O\ {¢,%2}, such that 1 — 3:32) e O, is equal to (0,0), = %. Note that

when 7y = 0, we have 1 — ?fo =1¢€ C2q. Thus, My(23,a) = 2- 22 +1 = 23.

Similarly, the number of nonzero square z2 € C*% \ {¢,%2}, such that 1 — %’ e C*,

is equal to (0,1), — 1 = %. Note that a minus one appears in the previous equation,

as 1 — 3m3 € C (29 when z§ = §. Therefore, Ms(z®, a) = 2 . 3= %. Note that
)

3 e C’ ’q if and only if 3 € @P) or m is even. Consequently, we have

5 e C*9 i p=1,11 (mod 12) or m even,
Cflq) if p=5,7 (mod 12) and m odd.

Hence, ¢ = 1 (mod 4) and 3 € Cézq) is equivalent to p = 1 (mod 12) or m even. Similarly,
¢ =1 (mod 4) and 3 € C*? is equivalent to p = 5 (mod 12) and m odd. Therefore,
two out of the four cases in (3) with 5 = a have been completed by the above argument.
Applying an analogous approach to the ¢ = 3 (mod 4) case, we complete the proof of (3)
with § = a. O
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Remark 2.5. We note that for F, = Fam, the value of M;(2*,1) has been computed in [20,
Appendix]. Moreover, as a special case, the multiplicity distribution of x* follows from
the result of Bluher [3, Theorem 5.6], see also [22, Proposition B.9).

Combining Lemmas 2.1, 2.2 and 2.4, we can completely determine the multiplicity
distribution of degree three polynomials.

Theorem 2.6. The multiplicity distribution of f(z) = 2* — az? over F, = Fpm is as
follows.

(1) When p =2, if m odd, then we have

MO(fvb):Ole(fab)ZQ7M2(fab):07M3(fab):Oy
ifa=b=0, ora#0, %:1,
Mo(f,0) = T2, My (f,0) = 4 = 1, My(f,b) = 1, Ms(f,b) = %52
ifa=0,b#0, ora+#0, %7&1,
and if m even, then we have
Mo(f,b) = 252, My (f,b) = 1, Ma(f,0) = 0, Ms(f,b) = %5+,
ifa=b=0, ora#o,a%zl,

(f b) = qT? (f b) 7M2(f7b) = 17M3(f7b> = %7
ifa=0,b#0,ora#0, % #1.

(2) When p = 3, we have
{Mo(x3,0) = 0, M, (2%,0) = ¢, My(2,0) = 0, My(22,0)

0, ifbe{otuc®?,

Mo(2%,b) = 22 M, (2°,) = 0, Ma(23,b) = 0, M3(2%,b) 1, ifbe CSQ,q).

Moreover,

Mo(f.0) =3, Mi(f.b) =
where a # 0 and b € TF,.

3

Ma(f0) =1, My(f,b) = 1=,

qg—1
2 )

(8) When p >3, if p=1 (mod 12) or m even, or p =7 (mod 12) and m odd, set

-1 ifp=1 (mod 12) or m even,
-1 ifp=7 (mod 12) and m odd.

Then we have
My(f,0) = 242 My(£,0) = 1, My(£,0) = 0, M3 (f,b) = %5,
ifa=b=0, ora;é(),a%:_%
Molf.5) = 54, Mi(£,5) = 54, Ma(£,) = L+ 5, Ma(£,) = =22,
ifa=0,beC ora#0, k+5ecd?,
Mo(f,0) = G, My (f,0) = B4, My(f,b) = 1 — j, My(f,b) = =43,
ifa=0,beCP?, ora#o,a%jt%ecl@q),

\
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If p=>5 (mod 12) and m odd, or p =11 (mod 12) and m odd, set

b 1 if p=>5 (mod 12) and m odd,
-1 ifp=11 (mod 12) and m odd.

Then we have

(M()(fa b) = O>Ml(f7 b) =4q, MZ(fa b) = 07M3(f7 b) = 07
ifa=b=0, ora#0, a%:—%;

MO(fa b) = %17M1(f7 b) = q7§+k7M2(f7 b) =1- k’M?)(fa b) = #7
ifa=0,beCP ora+0, L+ie e,

Mo(f,b) = 558 Mi(f,b) = 575, Ma(f.b) = 1+ k, My(f,b) = =5,

2
Fa=0,b€CPD, ora b0, bt

\

According to Remark 1.4(1), Theorem 1.6 immediately follows from Theorem 2.6.
Remark 2.7. Let f € F,[x] be a polynomial of degree 2 < d < ¢ — 1. Define

Ny ={ceF,| f(x) + cx is a permutation over F,}.

Lower and upper bounds on the non-hitting index vy(f) involving ¢, d and |N;| were
derived in [22, Proposition 3.4]. More precisely, we have

90— INGl) <o) < o= T21)(a — V). 2.)

Since the size of Ny is in general difficult to compute, the tightness of the bounds in (2.1)
remains unclear. On the other hand, Theorem 1.6 provides some instances where the
bounds are actually tight, which can be achieved by polynomials of the form 23 — az?. In
fact, the lower bound in (2.1) is tight, when p = 2, m odd, or p = 5,11 (mod 12), m odd,
or p =3, a # 0. The upper bound in (2.1) is tight, when p = 3 and a = 0.

Let f be a polynomial over F,. For b € F, and 0 < 7 < ¢, define
M;(f,b) =|{ceF, | f(z) — bxr — ¢ = 0 has i nonzero solutions in F,}|.

Employing Theorem 2.6, we can derive the intersection distribution of some other mono-
mials closely related to degree three polynomials.

Theorem 2.8. Let f(z) = 2% be a polynomial over F,. Then the following holds.
(1) If p=2, m odd and d € {%,q— 3}, then

¢ —1 ¢ —q+2
Uo(f) = 3 Ul(f) = T’
() =a-1, w() =002
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(2) If p=2, m even and d = q — 3, then

wi =T =L =0
_(g=1D(g—4) q-1
v3(f) = S — va(f) = =5
(8) Ifp=3 andd € {%,q—?)}, then
i) = QIO gy 20
3(¢—1) (¢—1)(¢—3)
U2(f> = 9 ) US(f) = 6
(4) If p >3, q=1 (mod 3) and d = q — 3, then
wip) =GN gy OZ2EE gy D
w(n =D oL
(5) If p>3,q=2 (mod 3) and d € {%,q — 3}, then
i) = CEREY -y L dat
_5(g-1) _(g=1)(g—5)
UQ(f) = 9 ) U3(f) = T

Proof. We only prove (4), since the other cases are similar. For b,c¢ € F,, consider the
number of solutions to the equation 27973 — bz — ¢ = 0. Note that 0 is a solution if and
only if ¢ = 0. Clearly,

1 ifb¢ P9
{z e F, | 2973 — bz =0} = {4 £ z 023761)-
If ¢ # 0, then it is easy to see that every nonzero solution to 2972 — bx — ¢ = 0 is also
a nonzero solution to (2)* — £ —b = 0. Hence, we need to count the number of nonzero
solution to 2* — cx — b = 0, where b € F, and ¢ # 0. Note that 2® — cx — b = 0 has a zero
solution if and only if b = 0. Moreover, 2° —cx = 0 has 3 solutions and 2 nonzero solutions
if and only if ¢ € C’éQ’q), and has 1 solution and no nonzero solution if and only if ¢ € sz’q).
Thus, it remains to compute M;(x?%, ¢), for each ¢ € ;. Employing Theorem 2.6(3), we

have

Mg (a®,¢) = 552, Mi(a®,¢) = G52, My (2P, ) = 24 j, M (2, ¢) = 475, if e € G,
MJ('IB?C) - %ZaMf(‘T37c) - q+;727M2*<x370) - ]- _ja M§($3,C> - q746+3371f cE 0527(])7
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where

. J1  ifp=1 (mod 12) or m even,
A if p=7 (mod 12) and m odd.

Combining the above observations, we derive the intersection distribution. O]

So far, not much is known about the non-hitting index of monomials. Employing
Theorems 1.6 and 2.8, in Table 2.1, we give an update of [22, Table 3.2], where an entry
with superscript B represents the non-hitting index derived from Theorems 1.6 and 2.8,
an entry with superscript s represents the non-hitting index which has not yet been
understood, an entry without superscript represents the non-hitting index known before.
Note that in the table, when (d,q — 1) = 1, we group d and its inverse modulo ¢ — 1
together. As we shall see, when ¢ < 11, the non-hitting index of each monomial has been
explained.

Table 2.1: The non-hitting index of all power mappings in F,, ¢ < 16

q | (d,vo(z))

2 [(1,1)

3 1(1,2), (2,3)

4 [(1,3), (2,6), (3,5)

5 | (1,4), (2,10), (3,8), (4,7)

7 T(L.6), (2,21), (3,16), (4,15, (5,18, (6, 11)

8 | (1,7), ({2,4},28), ({3,5},21), (6,28), (7, 13)

9 | (1,8), (2,36), (3,24), (4,30), (5,24), (6,28)™, (7,32), (8,15)

11 | (1,10), (2,55), ({3,7},40)™, (4,45)® (5, 38), (6,35), (8,45)™, (9,50), (10, 19)

13| (L12), (2,78), (3,56)%, (4,57)%, (5 “60)%, (6,58), (7,48), (8,69)%, (9,56)%
(10,54)% (11,72), (12,23)

16 | (5.15), (2,8},120), (3,85), (4,60), (5,102), (6,85)%, ({7, 13}, 75)", (9,85),
(10,87)*, (11,90)%, (12,70)*, (14,120), (15,29)

3 Monomials having the same intersection distribution as =3

A polynomial f € F[z] is called z3-like, if it has the same intersection distribution as z?

over F,. In this section, inspired by the open problem of classifying o-monomials, which is

equivalent to finding all monomials over IF, = Fom with the same intersection distribution

as 2, we consider z3-like monomials. First of all, we display several classes of z3-like

monomials.

Theorem 3.1. (1) Whenp =2 and 1 < d < q — 1, the monomial 2% is x®-like in the
following cases:

(1a) d =2'+1, ged(i,m) =1,
(1b) d = (28 +1)7! (mod ¢ — 1), ged(i,m) = 1, m odd,
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(1c) d = —2' (mod ¢ — 1), ged(i,m) =1, m odd.

(2) When p = 3, the monomial x¢ is x3-like in the following case:
(2a) d =3, ged(i,m) = 1.

(3) When p > 3, the monomial 2¢ is 23-like in the following cases:

(3a) d =3,
(5b) d = %, p =5 (mod 6), m odd, where % is the inverse of 3 modulo q — 1.

The proof of the above theorem follows from Remark 3.3 below. As we shall see, Theo-
rem 3.1 contains the obvious z3-like monomials. Besides, there are more monomials which
are conjectured to be z3-like. Below, we propose two conjectures based on a numerical
experiment done for all monomials over I, in the following ranges:

-p=2and 1 <m <21,
-p=3and 1 <m < 13,
- p>3andq<10°.

Conjecture 3.2. (1) The following two families of monomials z¢ over F, = Fsm are
x3-like 1:

- d=3mt1N/2 12 and d~', m odd,
-d=2-3"1'4+1and d!, m odd.

(2) The two families in Part (1), plus those in Theorem 3.1, are all the z3-like monomials.
Remark 3.3.

(1) When p = 2, Family (la) in Theorem 3.1 contains quadratic monomials, whose
intersection distribution follows from [3, Theorem 5.6] (see also [22, Proposition
B.9]). The monomials in (la) are permutations whenever m is odd. Their inverses
are exactly those in Family (1b). The monomials in Family (1c) are closely related
to quadratic monomials, since for each b,c¢ € F,, the equations x=% — bz — ¢ = 0

2041

and bz cz? —1 = 0 have the same nonzero solutions, and replace x by i in the

latter one, we have y2 1 — ¢y — b = 0, which goes back to the quadratic monomials

case. Fach monomial in Family (1c) has an inverse belonging to the same family.

(2) When p > 3, the monomial in Family (3a) of Theorem 3.1 is a permutation if and
only if p = 5 (mod 6) and m being odd. Hence, Family (3b) consists of the inverses
of Family (3a) whenever they exist.

!This conjecture has been stated in a preprint version of this paper. Based on the knowledge of the
preprint, Li, Li, and Qu proved Conjecture 3.2(1) [23].
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(3) According to Parts (1) and (2), when p # 3, all z3-like monomials are the obvious
ones. In contrast, the p = 3 case is more interesting since some less obvious mono-
mials occur. On one hand, the Family (2a) contains linearized monomials, whose
proof is easy (see for instance [22, Table 3.1]). Moreover, each monomial in Family
(2a) has an inverse belonging to the same family. On the other hand, the two more
families in Conjecture 3.2(1) are still mysterious.

(4) Tt is worthy to note that the exponents in Conjecture 3.2(1) are all three-valued
decimations in regard to the cross-correlation distribution of ternary m-sequences
(see [11, Theorem 6(A)] and [17, Theorem 4.9]). We note that for 1 <i < m — 1,
the decimations d and 3'd have the same cross-correlation distribution. On the
other hand, we think the intersection distribution is a more subtle property, since
for 1 <i<m—1, 2% and 2*'¢ over Fym have different intersection distributions in
general.

Next, we make some progress towards Conjecture 3.2(2), by providing some restrictions
on the monomials satisfying (1.2) or (1.3). Recall that an affine line is an i-secant line to
Gy, if it intersects Gy in exactly ¢ points. Since every pair of distinct points in Gy could
determine a 2-secant line, the largest value of va(f) is Q(q—;l). In this sense, we observe
that vo(f) = ¢—11in (1.2) and vo(f) = 0 in (1.3) are both very small, which means there
are very few 2-secant lines to Gy. Next, we are going to show that this unusual geometric
property can be interpreted in an algebraic way, which gives strong restrictions on the
monomials satisfying (1.2) or (1.3).

Considering monomials with intersection distribution (1.2), we need to understand
under what conditions, there are exactly ¢ — 1 distinct 2- secant lines to Gy. As a prepa-
ration, we have the following two lemmas. We write gq(z) = 2= ad = {94(2) |
x € F,\ {1}} to denote the image set of gq(x) over F, \ {1} The following lemma is easy
to see.

Lemma 3.4. Let f be a polynomial over F,. For distinct x1,x5 € Fy, with 1 # 0, write
y= 22 €F,\{1}. Then we have the following.

(1) Two points (x1, f(x1)), (2, f(z2)) € Gy determine a 2-secant line to G if and only

if the equation £& )_ﬁ“) = (xjg)_f;“

if f(z) = 2¢, then the two points (x1,x%), (z2,73) € G; determine a 2-secant line to

has exactly one solution x = x4. In particular,

Gy if and only zf yiol ¢ H, q has exactly one preimage y under gq. Furthermore, if
x9 # 0 or equwalently y # 0, by interchanging the roles of x1 and x5, the two points

(z1,29), (z9, 28) € G} determine a 2-secant line to Gy if and only if (11//:‘2:1 € Hyq

has ezxactly one preimage 1/y under g4.

(2) For f(x) = x% and each y € F,\ {1} such that L= _1 has exactly one preimage y
under gq, the ¢ — 1 pairs of distinct points {{(:pl,xl) (:pg,x2)} | 21,9 € T 22 = 4}

q’
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determine q¢ — 1 distinct 2-secant lines to Gy. Moreover, suppose that

{y e F,\ {1} | L has evactly one preimage y under gq}
_{ylayl »?/%?Jg >"'aysays 7y1ay27"'7yt}7
where no element in {yy,ys, -,y } s the inverse of any other element. Then there

are exactly (s +t)(q — 1) distinct 2-secant lines to Gy.

(3) The two points (x1, f(x1)), (z2, f(z2)) € Gy determine a 3-secant line to Gy if and
H@)—f ) flas) -t )

r—T1 T2—T1
if f(x) = 24, then the two points (x1,x%), (x2,23) € G; determine a 3-secant line to

only if the equation has exactly two solutions. In particular,

Gy if and only zf L c H, 4 has exactly two preimages under gq.

In the case that z € H,4 has exactly one preimage under g, we have the following
lemma providing crucial information about the images and the preimages of g,.

Lemma 3.5. Let f(x) = x¢ be over F,. Suppose z € H,q has exactly one preimage
y € F,\ {1} under g4. Then we have the following:

(1) If z =0, then q is odd, d is even and y = —1.

(2) Ify ¢ {0,—1}, then z ¢ {0,1}, and y=@12 ¢ {0, 1, 2} also has exactly one preimage
5 €F,\{0,£1}.

(3) If q is even and H,q4 has exactly one element z with exactly one preiamge y under
9d;, then (y,Z) = (07 1)

(4) If q is odd and H, 4 has exactly two elements z, 2’ with exactly one preimage under gq,
sayy,y' respectively, then either (y,z) = (0,1) and (v, 2') = (—1,0), ory ¢ {0, —1},
y’:% and 2 = y~It1y

Proof. (1) If 0 € H, 4 has exactly one preimage y under g4, then (d,q—1) = 2. Thus ¢ is
odd and d is even, which implies y = —1.
(2) Since y # —1, by Part (1), z # 0 and % # —1. Since y # 0, then z # 1 and y~ ¢! #£

1, which implies y~%*'2 # 2z and y # 1. Since z = %, we have y~ @1z = ((11//3’;;711 By

Lemma 3.4(1), y~ 4tz = ((11//3,)) = has exactly one prelmage 1 eTF,\{0,£1} under g4. As
the image of i ¢ {0,+1} under gg4, the element y=4"'z ¢ {O, 1}.

(3) Since H, 4 has exactly one element z with exactly one preimage y under gg, by
Part (2), y € {0,—1}. Note that ¢ being even forces y = 0. Consequently, (y, z) = (0,1).

(4) If y ¢ {0, —1}, then by Part (2), we have v/ = i and 2/ =y~ If y € {0, -1},
first, assume y = 0 and therefore z = 1. Suppose ¥ ¢ {0, —1}, then by Part (2), z =
1,2,y =412 are distinct and all have exactly one preimage under g4, which is impossible.
Hence, y' = —1 and 2’ € {0,1}. Note that z = 1 has exactly one preimage, then 2’ # 1

and (¢y/,7') = (—1,0). O
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Now we are ready to derive some restrictions on monomials satisfying (1.2).
Theorem 3.6. Let f(z) = a2 be over F, satisfying (1.2). Then

(1) Each element in H,q4 has either one or two preimages under gq. Furthermore, the
number of elements in Hy 4 having exactly one preimage under gq is either one or
two.

2) If q is even, then there exists exactly one element z € H, 4 with exactly one preimage
q7
y under g4, where (y,z) = (0,1).

(3) If q is odd, then there exist ezactly two elements z, 2" € H, 4 with exactly one preim-
age under gq, say y,y respectively, where y ¢ {0, —1}, vy = i and ' =y~ 1z,

(4)
[ ifog
(dg=1)= {3 if0 € Hyy

Proof. (1) Since v;(f) = 0 for each ¢ > 3, then by Lemma 3.4, each element in H,, has
either one or two preimages. Consider the number of elements in H, 4, which has exactly
one preimage. By Lemmas 3.4(2), if this number is either zero or at least three, then
va(f) = 0 or va(f) > 2(q¢ — 1), which contradicts (1.2). Hence, the number is either one
or two.

(2) If ¢ is even, then the preimage set F, \ {1} has odd size ¢ — 1. Combining Part (1)
and the parity, there exists exactly one element z in H, 4, which has exactly one preimage
y under g4. By Lemma 3.5(3), we have (y, z) = (0, 1).

(3) If ¢ is odd, then the preimage set I, \ {1} has even size ¢ — 1. Combining Part (1)
and the parity, there exists two elements z, 2’ € H,, with exactly one preimage under g,.
Suppose z = g4(y) and 2’ = g4(y/). By Lemma 3.5(4), we have either (y,z) = (0,1) and
(v,7) = (-1,0), or y ¢ {0,—1}, ¥/ = i and 2/ = y~4*'z. According to Lemma 3.4(2),
the former case implies vy(f) = 2(q — 1), which contradicts (1.2).

(4) If 0 ¢ H, 4, then clearly (d,q—1) = 1. If 0 € H, 4, then 0 has exactly either one or
two preimages under g4. If 0 has exactly one preimage under g4, then by Lemma 3.5(1),
we have ¢ being odd and the preimage is —1. This contradicts Part (3). Hence, 0 has
exactly two preimages under g; and therefore (d,q — 1) = 3. O]

Consequently, we have the following necessary and sufficient condition characterizing
monomials over F, satisfying (1.2), when ¢ is not divisible by 3.

Theorem 3.7. Let f(z) = z¢ be over F, where (3,q) = 1. Then f satisfies (1.2) if and
only if one of the following holds.

(1) If q is even, then 0 is the only preimage of 1 € Hy 4 under g4 and gqlr,\f0,1} is 2-to-1.

(2) If q is odd, then there exist exactly two elements z, 2 € H, 4 with exactly one preim-
age under gq, say y,y' respectively, where y ¢ {0, —1}, 3y = i and 2 =y~ 1z, and

gleq\{L%y/} 18 2-to-1.
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In both q even and odd cases, we have

1 if0¢H,
(dq—1)= ¢ Hya,
3 if0€ Hyy

Proof. The necessity follows from Theorem 3.6 and we only need to consider the suffi-
ciency. For Part (1), by employing Lemma 3.4 and Theorem 3.6(2), we have va(f) = ¢—1
and v;(f) = 0 for each ¢ > 3. For Part (2), by employing Lemma 3.4 and Theorem 3.6(3),
we have vo(f) = ¢ — 1 and v;(f) = 0 for each ¢ > 3. Together with Proposition 1.2, we
conclude that f satisfies (1.2). The greatest common divisor (d,q — 1) follows from the
2-to-1 property. ]

Similarly, we have the following necessary and sufficient condition characterizing mono-
mials over [F, satisfying (1.3), when ¢ is a power of 3.

Theorem 3.8. Let f(x) be over Fy = Fsm. Then f satisfies (1.3) if and only if for each

y € F,, the function w is 2-to-1. In particular, f(x) = 2 satisfies (1.3) if and

kg

only if the following holds:
(1) ged(d—1,g— 1) =2,

(2) Galg\q1y s 2-to-1, which implies

1 if0¢ H,
(dq—1)= 70§ Ha,
3 if0€ Hyy

Proof. A polynomial f has intersection distribution (1.3) if and only if every two distinct

points in G ¢ lead to a unique third point in Gy, which lies on the line determined by these

f@=f@) _ fe)=f@) pac
r—x1 T2—T1

f@)-1(y)

Y Fo\{y}
is 2-to-1. Therefore, f has intersection distribution (1.3) if and only if the function

ft+y)—fy)

xT

two points. Hence, for two distinct z1, 2o € Fy, the equation

unique solution = € F, \ {z1,z2}. Equivalently, for each y € F,, we have

is 2-to-1 for each y € F,. Consider f(z) = z? For y = 0, the mapping

F
@ =971 is 2-to-1 if and only if (d —1,q — 1) = 2. Fory € [y, the mapping
F
f(xi:i(y) _ xiizd o is 2-to-1 if and only if 9d|1pq\{1} is 2-to-1. The greatest common
q
divisor (d,q — 1) follows from the 2-to-1 property. O

Theorems 3.7 and 3.8 can be viewed as analogies of [18, Theorem 8.22, Corollary 8.24],
which give characterizations of o-polynomials and o-monomials. The strict restrictions in
these theorems indicate that monomials with intersection distribution (1.2) or (1.3) are
very rare. Actually, these two theorems help to significantly reduce the computational
complexity of verifying whether a monomial has intersection distribution (1.2) or (1.3),
which leads to Conjecture 3.2.
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4 Nonisomorphic Steiner triple systems arising from monomials

In this section, we shall observe that a polynomial over Fs» with intersection distribution
(1.3) produces a Steiner triple system. More interestingly, some nonisomorphic Steiner
triple systems are obtained by employing distinct polynomials over Fgm.

Recall that a Steiner triple system STS(v) is a set system (V, B), where V is a point
set of v elements, and B is a block set consisting of distinct 3-subsets, such that every
two points are contained in exactly one block. Two Steiner triple systems (V;, B;) and
(Va, Bs) are isomorphic, if there exists a bijection between V; and Vs, which also induces
a bijection between B; and By. For a comprehensive survey about Steiner triple systems,
please refer to [9, Section I1.2]. The following is a primary example of Steiner triple
systems STS(v) with v being a power of 3.

Example 4.1. ([9, Section I1.2, Theorem 2.10]) Let V = Fam and
B = {{$1,$2,.§63} ’ T1,T2,T3 € F3m diStiIlCt, X1+ X9+ X3 = 0}

Then (V,B) forms an STS(3™). In another word, the points and lines in the affine
geometry AG(m, 3) generate an STS(3™), which is therefore named an affine triple system.

Next, we propose a construction of STS(3™) arising from polynomials over Fsm. For a
polynomial f over F, it is called F,-linearized, if f(x+y) = f(x)+ f(y) for each z,y € F,
and f(ax) = af(z) for each x € F, and a € F,. Note that f is F,-linearized only if

f(0) =0,

Theorem 4.2. Let f be a polynomial over Fsm intersection distribution (1.3). Let V =
Fsm and

f, feafe) _ feamfE)y

—x1 T2—T1

By = {{z1, 22,23} | x1, 22, x5 € F3m distinc

Then (V, By) is an STS(3™). Moreover,
(1) if f'(x) = f(x) + bz +c, then (V,By) and (V,By) are the same.
(2) if f is a permutation, then (V,By) and (V,B-1) are isomorphic.

(3) if £(0) =0, then (V,By) is an affine triple system if and only if f is an Fs-linearized
polynomial.

Proof. By Theorem 3.8, for each pair of distinct elements z, x5 € F3m, there is a unique
23 € Fam different from z; and x5, such that (m;fi_f (@) _ f (z;i IE U Hence, By is well-
defined. Since every pair of distinct elements z; and o determlnes a unique xgz, which
form a block {x1,x9, x5}, then (V, By) is an STS(3™) by definition.

Part (1) follows easily from the definition of By and By. For Part (2), note that
{x1, 29, 23} € Byifand only if { f(z1), f(x2), f(x3)} € By-1. Therefore, f is a bijection of V
and induces a bijection between By and By-1. Thus, (V, By) and (V, By-1) are isomorphic.
For Part (3), we can see that assuming f(0) = 0 does not lose any generality by Part (1).
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If f is Fs-linearized, then x3 = —x; — x5 is the unique solution to f(‘rzz fz1) f(z;) Ha)
2—T1

which leads to an affine triple system. Conversely, if (V, By) is an afﬁne triple system,

then the summation of the elements in each block is 0. Hence, for each pair of distinct
—z1— x2) flz1) _ flz2)—f(z1)

elements x; and x5, we have r3 = —x1 — x5 and it — T , which implies

f(—=x1 — x9) = —f(x1) — f(xa). Set zo = 0, we have f( 1) = —f(xl) and therefore,
f(—=x1 — x9) = f(—mz1) + f(—x2). Hence, f is an Fs-linearized polynomial over Fgm. [

Combining Theorems 3.1(2) and 4.2, the affine triple system STS(3™) can be derived
by using monomial f(z) = 2% over Fsm, where (i,m) = 1. We ask if there are other
polynomials over Fsm, which produces Steiner triple system nonisomorphic to the affine
ones. In view of Conjecture 3.2(1), we compare the Steiner triple systems derived from
the two families in it and the affine triple systems when m is small.

Example 4.3. For m being odd, let fi(z) = 23, fo(z) = 23" 2 and f3(z) = 223" ' +!
be polynomials over Fsm. According to Conjecture 3.2, fi, fo and f3 have the same
intersection distribution for 1 < m < 13, m odd. Let V = F3m. A numerical experiment
indicates the following.

(1) When m = 3, since the two permutations fy(z) = x'' and f3(z) = x'? are inverses of
each other, then by Theorem 4.2(1), (V, By,) and (V, By, ) are isomorphic. Moreover,
(V,By,) and (V, By,) are nonisomorphic.

(2) When m =5, (V,By,), (V,By,) and (V, By,) are pairwise nonisomorphic.

The isomorphism test was implemented using the build-in function “IsIsomorphic” from
the Computational Algebra System MAGMA. Assuming that Conjecture 3.2(1) is true,
we believe that f;, 1 < i < 3, produce three pairwise nonisomorphic STS(3™) when m > 5.

5 Application to Kakeya sets in affine planes

Let ¢ be the line at infinity in PG(2,q). For each point P € ¢, define {p to be a line
through P other than ¢. A Kakeya set in PG(2,q) is defined to be the point set

= (U lp) \ L.

Per

If we restrict to the affine plane AG(2,q) = PG(2,q) \ ¢, then the Kakeya set K contains
an affine line in each direction. So far, most papers concerning Kakeya sets in affine planes
focus on Kakeya sets whose sizes are close to the lower and upper bounds [1, 2, 4, 12, 13,
14, 16]. Note that the construction of Kakeya sets is easy, since for each point P € ¢, we
can choose an arbitrary line {p through P other than ¢. On the other hand, computing
the size of Kakeya set is difficult. In [13], an exhaustive search determines all possible
sizes of Kakeya sets in PG(2,q) where ¢ < 9. Inspired by this work, the authors of [22]
proposed explicitly constructions of Kakeya sets with nice underlying algebraic structures,
which are derived from monomials over finite fields and have previously unknown sizes.
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Along this line, we present infinite families of Kakeya sets from degree three polynomials
in this section. As a major advantage of our constructions, the sizes of proposed Kakeya
sets follow directly from the multiplicity distribution of degree three polynomials, which
have been computed in Section 2. For Kakeya sets in affine spaces with higher dimension,
please refer to [15, 19, 21, 24, 28|.

First of all, we remark that the concept of intersection distribution can be defined
with respect to point sets in classical projective planes PG(2,q) [22, Definition 1.3].

Definition 5.1. Let D be a point set in PG(2,q). For 0 < i < ¢+ 1, define w;(D) to
be the number of lines in PG(2, ¢), which intersect D in exactly ¢ points. The sequence
(u;(D))™, is the intersection distribution of D. The integer uo(D) is the non-hitting
index of D.

For a (¢ + 2)-set D in PG(2,q), a point P € D is called an internal nucleus of D, if
each line through P intersects D in exactly one more point. The following is an alternative
viewpoint to understand Kakeya sets proposed in [2].

Lemma 5.2. [22, Lemma 4.1] Let K be a Kakeya set in PG(2,q), where K = ([Upe, Cp)\L-
Define the dual Kakeya set DK to be the dual of the ¢+ 2 lines {{p | P € £} U{{}. Then
DK is a (q+ 2)-set in PG(2,q) with an internal nucleus, such that |K| = ¢* — ug(DK).

Therefore, computing the size of K amounts to calculating the non-hitting index of
the dual Kakeya set DK. Moreover, to construct a Kakeya set, it suffices to construct
its dual, which is a (¢ + 2)-set in PG(2,q) with an internal nucleus. Actually, given a
polynomial f over IF, and b € I, we construct a dual Kakeya set

DE(f,0) == {{(z, f(x),1)) | x € Fo} U{((0,1,0), (1,6,0))},

which has an internal nucleus ((0,1,0)). Indeed, the non-hitting index of DK (f,b) follows
from the multiplicity distribution of f [22, Proposition 4.3]. Consequently, we have the
following proposition. Note that for a dual Kakeya set DK (f,b), we use K(f,b) to denote
the Kakeya set dual to DK (f,b).

Proposition 5.3. For a polynomial f over F, and b € F,, we have uo(DK(f,b)) =
UO(f) - MO(f7 b) and therefore, |K<f7 b)| = q2 - ?)o(f) + MO(f> b)

Therefore, the non-hitting index vy(f) and the intersection distribution My(f,b) imply
the size of K(f,b). Combining Theorems 1.6, 2.6 and Proposition 5.3, we can obtain the
size of some Kakeya sets derived from monomials.

Theorem 5.4.
(1) Suppose ¢ =0 (mod 3). Then |K(z*—az?b)| = @ ifa=0,b¢ Cézq); ora 40,
beF,, and |[K(23,b)| = Q‘JZTJF?NI ifbe C«(()Zq)_

(2) Suppose ¢ =1 (mod 3). Then |K(z3 — ax?,b)| = 2‘722& ifa=0b=0, ora#0,

L=—1 and |[K(2® — a2 b)| = 254 ifa =0, b#0, ora £ 0, 1 # 1.
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(3) Suppose ¢ = 2 (mod 3). Then |K(x® — az? b)| = ﬁjl ifa=0b=0, ora#0,

a—lg:—%, and |K(m3—ax2,b)|:2(12§—q+2 ifa=0,b#0, ora+#0, a%;é—%

In Table 5.1, we list the known sizes of Kakeya sets in PG(2,q), with prime power
g < 19. When ¢ < 9, all possible sizes follow from the exhaustive search in [13, Table
1]. When 11 < ¢ < 19, we only list the known sizes realizable by explicit constructions.
We note that when the sizes of the Kakeya sets are close to the lower and upper bounds,
there have been a series of literature concerning their construction and characterization
(1, 2, 4, 12, 13, 14, 16]. In the table, an entry with superscript B represents the size of
Kakeya sets following from the explicit constructions in Theorem 5.4, which are unknown
before. An entry with superscript % represents the size of Kakeya sets which do not have
explicit constructions so far. An entry without superscript represents the size of Kakeya
sets with known explicit constructions before.

Table 5.1: The known sizes of Kekaya set in PG(2, q), for prime power ¢ < 19

q Sizes of Kekaya sets

2 3,4

3 7,9

4 10, 12, 13, 16

5 17, 18, 19, 21, 25

7 31, 32%*, 33, 34, 35, 36, 37, 39, 43, 49

8 36, 40, 42, 43, 44%  45% 46, 47*, 48, 49, 52, 57, 64

9 49, 51*, 52, 53, 54, 55, 56*, 57, 5%, 59* 60*, 61, 62*, 63, 67, 73, 81

11 71, 75, 77, 81™, 85, 86, 87, 91, 93, 97, 103, 111, 121

13 97,103, 112, 115, 117™ 121, 127, 129, 133, 139, 147, 157, 169

16 | 136, 144, 148, 150, 160, 166, 176, 181, 192, 193, 196, 201, 208, 217, 228, 241, 256

17 | 161, 169, 189, 193" 199® 200, 209, 217, 219, 223, 229, 237, 247, 259, 273, 289

19 199, 207, 209, 247™ 253® 259, 261, 262, 271, 273, 277, 283, 291, 301,
313, 327, 343, 361

6 Conclusion

In this paper, we determined the multiplicity distribution of polynomials with the form
2% — ax?, which gives the intersection distribution of each degree three polynomial. In-
spired by the famous open problem of classifying o-polynomials, we initiated to classify all
monomials having the same intersection distribution as 2 and made some progress along
this line. Interestingly, when p = 3, numerical experiment indicated that some monomials

with the same intersection distribution as 2 led to nonisomorphic Steiner triple systems.
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Finally, the multiplicity distribution of 2® — ax? generated several families of Kakeya sets,
whose sizes are different comparing with the known ones.

Except Conjecture 3.2, we think the following four problems deserve further investi-
gation.

(1) In Table 2.1, the non-hitting indices of certain monomials have not been well un-
derstood. Therefore, it is interesting to give a theoretical explanation for these
non-hitting indices.

(2) In Section 3, we only considered z3-like monomials. On the other hand, the restric-
tion of being monomials is technical and one may further consider z3-like polyno-
mials. In view of Theorem 1.6, there are plenty of x3-like binomials when p # 3. In
addition, when p = 3, consider binomials of the form z% + ax®, where a € Fsm and
2 < dy < dy < 3™. Interestingly, an exhaustive search for 1 < m < 5 shows that all
such z3-like binomials must be linearized. More precisely, we have (dy,ds) € {(9,3)}
if m =3, (di,ds) € {(27,3)} if m = 4 and (dy, ds) € {(27,9), (81,3)} if m = 5.

(3) In Example 4.3, the fact that the Steiner triple systems being nonisomorphic follows
from a numerical computation. A theoretic proof confirming the nonisomorphism,
even only for small values of m, could be very enlightening.

(4) In Table 5.1, there are a few Kakeya sets having no theoretical constructions, whose
sizes are only known by numerical experiment. We ask for explicit constructions for
these Kakeya sets.

We mention a recent work due to Ding and Tang [10], in which polynomials over
finite fields were employed to construct combinatorial t-designs. While determining the
parameters of the ¢t-design arising from a polynomial f is difficult in general [10], we note
that the multiplicity distribution of f implies the parameters of the associated t-design.
Therefore, this design-theoretic application supplies one more motivation to study the
multiplicity distribution of polynomials over finite fields. Finally, we note that a recent
paper by Li, Li, and Qu [23] has confirmed Conjecture 3.2(1).
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