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Abstract

The Maker-Breaker connectivity game on a complete graph K, or on a random
graph G ~ Gy, is well studied by now. Recently, London and Pluhdr suggested
a variant in which Maker always needs to choose her edges in such a way that her
graph stays connected. It follows from their results that for this connected version
of the game, the threshold bias on K, and the threshold probability on G ~ G,
for winning the game drastically differ from the corresponding values for the usual
Maker-Breaker version, assuming Maker’s bias to be 1. However, they observed
that the threshold biases of both versions played on K, are still of the same order if
instead Maker is allowed to claim two edges in every round. Naturally, London and
Pluhdr then asked whether a similar phenomenon can be observed when a (2 : 2)
game is played on G, ,. We prove that this is not the case, and determine the
threshold probability for winning this game to be of size n~2/3+0(1),

Mathematics Subject Classifications: 05C57, 05C40, 05C80
1 Introduction

A positional game is a perfect information game played by two players on a board X
equipped with a family of subsets F C 2%, which represent winning sets. During each
round of such a game both players claim previously unclaimed elements of the board. For
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instance, in the (m : b) Maker-Breaker variant, Maker and Breaker take turns claiming up
to m (as Maker) or up to b (as Breaker) such elements. Maker wins the game by claiming
all elements of a winning set; Breaker wins otherwise. If m = b = 1, the game is called
unbiased. Otherwise, we call the game biased with m and b being the respective biases of
Maker and Breaker.

Note that Maker-Breaker games are bias monotone in the sense that claiming more
elements of the board never hurts the corresponding player. Given (X, F) and having
Maker’s bias m fixed, we thus can find an integer by, called the threshold bias, such that
Breaker wins the (m, b) Maker-Breaker game if and only if b > by holds (except for trivial
games, where Maker can win before Breaker’s first move).

In our paper, we will consider a variant of such Maker-Breaker games played on a graph
G sampled according to the binomial random graph model G,,, (for short we will write
G ~ G, ), where we fix n vertices and each edge appears with probability p independently
of all other choices. It is well known that for monontone increasing graph properties F
this model always comes with a threshold probability p* (see e.g. [5]) such that

P (G ~ G, satisfies F) — 1 p=o(p")

For some properties F there is even a sharp threshold in the sense that

if
P (G ~ G, satisfies F) — {(1) ?f
i

holds. One such example will be given in the following paragraph.

Maker-Breaker connectivity game. The Maker-Breaker connectivity game is a
game variant played on the edges of a graph G with F consisting of all spanning trees of
G. Lehman [20] stated that Maker wins the (1 : 1) Maker-Breaker version of this game
as the second player if and only if the graph G contains two edge-disjoint spanning trees.
Since the complete graph K,, can be decomposed into even more spanning trees, a natural
question is to ask what happens when Breaker’s power gets increased by making his bias
larger. Chvétal and Erdés [6] initiated the study of the (1 : b) variant and they could
prove that its threshold bias is bounded from above by (1 + o(1))n/Inn. A matching
lower bound was later given by Gebauer and Szabé [14].

Now, if in the (m : b) game on K, Maker and Breaker do not play according to a
deterministic strategy but instead they play purely at random, the final graph consisting
of Maker’s edges will behave similarly to a random graph G ~ G,,, with p =m/(m + ).
It is well known that the (sharp) threshold probability p* for G ~ G,,, being connected,
i.e. where G ~ G,,, turns from almost surely being disconnected to almost surely being
connected, satisfies p* = (14 o(1))Inn/n (see e.g. [4], [18]). Surprisingly, when m = 1,
the latter corresponds to b = (1 + o(1))n/Inn and thus perfectly matches the threshold
bias mentioned above. In other words, for most values of b, a randomly played (1 : b)
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Maker-Breaker connectivity game on K, is very likely to end up with the same winner as
the corresponding deterministically played game. This phenomenon usually is referred to
as probabilistic intuition. There is a wide range of other games fulfilling this property as
well, for example the perfect matching game, the Hamiltonicity game [19] and the doubly
biased (m : b) connectivity game when Maker’s bias satisfies m = o(Inn) [17]. But there
also exist games, where this intuition fails, such as the diameter game [2] and the H-game

3].

A different approach to give Breaker more power is to play unbiased, but to thin the
board instead. Stojakovié¢ and Szabé [23] initiated the study of Maker-Breaker games
played on a random graph G ~ G, p, their main question being to find the threshold
probability p* at which an almost sure Breaker’s win turns into an almost sure Maker’s
wins. The existence of such a (not necessarily sharp) threshold is guaranteed by the
fact that the property of Maker having a winning strategy is monotone increasing. Now,
for the connectivity game it is obvious that the threshold probability needs to satisfy
p* = (1 +0(1))Inn/n since for smaller p a random graph G ~ G,,,, almost surely con-
tains isolated vertices (see e.g. [4], [18]). Stojakovié¢ and Szabé could show that indeed
p = (140(1))Inn/n is enough for Maker to win the connectivity game on G ~ G,, , almost
surely. Interestingly, this threshold probability asymptotically equals the reciprocal of the
threshold bias for the corresponding Maker-Breaker game on K, — another phenomenon
which has also been observed for many other natural games (see e.g. [10], [15], [22], [23]).

Connector-Breaker games. Recently, under the name PrimMaker-Breaker games,
London and Pluhér [21] introduced a connected version of the Maker-Breaker games dis-
cussed above. These games, which we will call Connector-Breaker games in the following,
are played in the same way as the already described Maker-Breaker games, with the only
difference that Connector (in the role of Maker) needs to choose her edges in such a
way that the graph consisting of her edges stays connected throughout the game. While
London and Pluhar [21] studied the Connector-Breaker connectivity game on K,,, where
Connector aims for a spanning tree of K,,, even more recently Corsten, Mond, Pokrovskiy,
Spiegel and Szabé [8] discussed the variant in which Connector aims for an odd cycle of
K,,. For the unbiased game, London and Pluhar proved the following:

Theorem 1.1. Playing the (1 : 1) Connector-Breaker game on a graph G with n vertices,
Connector wins as the first player if and only if G contains a copy of H,, where H, is
the graph K, _29 with an additional edge inside its two-element color class.

Moreover, one can easily see that for b > 2 the (1 : b) Connector-Breaker connectivity
game is won by Breaker on every graph G [21]. Thus, the threshold bias for such a game
equals 2. Also, if the game is played on G' ~ G,, ,, then, by the theorem above, p needs to
be almost 1 for Connector to have a winning strategy on G almost surely. Note that both
these observations are in huge contrast to the results for the Maker-Breaker analogue.
However, by increasing Maker’s bias by just 1, London and Pluhar [21] showed that the
situation changes suddenly.
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Theorem 1.2. Playing the (2 : b) Connector-Breaker game on K,, Connector wins if
b<n/(8lnn), and Breaker wins if b > n/Inn.

This result shows that increasing Connector’s bias makes a huge difference. In partic-
ular, the threshold bias in the (2 : b) variant is of the same order as in the corresponding
Maker-Breaker game and thus, in contrast to the (1 : b) games, both variants behave
similarly. Naturally, this made London and Pluhér [21] ask whether something similar
could be observed when playing the (2 : 2) game on a graph G ~ G,,,, and if it might
behave similarly to the (1 : 1) Maker-Breaker version. In this paper we show that the
latter is not the case, and we prove the following result:

Theorem 1.3. The threshold probability p* for the (2 : 2) Connector-Breaker connectivity
game on G ~ G, is of size n~ /3o,

Hence, even if Connector’s bias gets increased, a much denser random graph is neces-
sary for Connector to have a chance at winning almost surely the connectivity game than
in the respective Maker-Breaker variant of this game.

Let us briefly give an intuition why the threshold probability p* is of the above size.
Assume Connector aims to reach a vertex = from another vertex r. It will turn out that
she can do so if we can find the following good structure: a full binary tree with root r
and k levels, the leaves of which are adjacent to x. As k tends to infinity, the density of
this structure tends to % Hence, we can expect many such structures to appear in G,

helping Connector to win the game when p becomes larger than n_%, while for smaller p
the lack of such and similar structures helps Breaker to win. More details will be given
later in the strategy discussions.

xr

Figure 1.1: Good structure for k =4

Since the proof of our theorem is rather technical and the proofs of the upper and
lower bound require different techniques, we split the theorem into two parts.

Theorem 1.4. Let € > 0 be a constant. For p < n~2*=¢ a random graph G ~ G,,
a.a.s. has the following property: Playing a (2 : 2) Connector-Breaker game on the edge
set of G, Breaker has a strategy to keep a vertex isolated in Connector’s graph.

Theorem 1.5. Let € > 0 be a constant. For p > n~2/**¢ a random graph G ~ G,,
a.a.s. has the following property: Playing a (2 : 2) Connector-Breaker game on the edge
set of G, Connector has a strategy to claim a spanning tree.
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1.1 Organization of the paper

The main focus of this paper is proving Theorem 1.4 and Theorem 1.5. In Section 2
we will give an overview over all required tools. In the Sections 3 and 4 we will describe
Breaker’s and Connector’s strategy, respectively. We will also state some lemmas, from
which it will follow that the given strategies succeed almost surely for the respective
ranges of the edge probability p. We postpone the proofs of these lemmas to Section 5
(for Breaker’s strategy) and Section 6 (for Connector’s strategy). Finally, we will give
some concluding remarks in Section 7.

1.2 Notation and terminology

The game-theoretic and graph-theoretic notation in our paper is rather standard and
most of the times it follows the notation of [16] and [24].

For a positive integer n, we set [n] := {k € N: 1 <k < n}. Foragraph G = (V, FE) we
write V(G) and E(G) for the vertex set and the edge set of G, respectively. If {v,w} is an
edge from E(G), we denote it with vw for short. A vertex w is called a neighbour of v in G
if vw € E(G) holds. The neighbourhood of v in G is Ng(v) = {w € V(G) : vw € E}, and
with dg(v) = |Ng(v)| we denote the degree of v in G. Let subsets A, B C V(G) be given.
We let Ng(v,A) = Ng(v) N A be the neighbourhood of v in A, and we set dg(v, A) =
|Ng (v, A)| to be the degree of v into A. Moreover, we let Ng(A) = J,ca Na(v), ec(A) =
{vw € E(G) : v,w € A} and eg(A, B) :=={vw € E(G) : veE A, w € B}.

Let two graphs H and G be given. If V(H) C V(G) and E(H) C E(G) holds, we call H
a subgraph of G, and we write H C G for short. We also let G\ H = (V(G), E(G)\E(H))
in this case. If there is a bijection f : V(H) — V(G) such that vw € E(H) holds if and
only if f(v)f(w) € E(G) holds, the two graphs H and G are called isomorphic (denoted
by H = (), and we also say that H is a copy of G in this case.

A path P with V(P) = {vy,ve,..., v} and E(P) = {vv;41: 1 <i < k— 1} will be
represented by its sequence of vertices, e.g. P = (v1,v9,...,v;). Its length is its number
of edges.

Assume that some Connector-Breaker game, played on the edge set of some graph
G, is in progress. At any moment during the game, let C' be the graph consisting of
Connector’s edges and let B be the graph consisting of Breaker’s edges. For short, also
set Vo = V(C), Ec = E(C) and Ep = E(B). If an edge belongs to B U C, we call it
claimed; otherwise it is called free.

Given a distribution D and a random variable X, we write X ~ D for X being sampled
according to the distribution D. We denote by Bin(n,p) the binomial distribution with
parameters n and p. Moreover, with G, , we denote the Erdds-Renyi random graph model
on n vertices and with edge probability p. If X is a random variable, we let E(X) denote
its expectation. If £ is an event, we let P(€) denote its probability. A sequence of events
&, is said to hold asymptotically almost surely (a.a.s.) if P(&,) — 1 for n — oc.

Our main results are asymptotic. Whenever necessary, we will assume n to be large
enough. We will not optimize constants, and whenever these are not crucial, we will omit
rounding signs.
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2 Preliminaries

2.1 Maker-Breaker Box game

A simple, yet very useful positional game is the following one, introduced by Chvétal
and Erdds [6], which usually is helpful to describe strategies that aim to bound the
degrees in the opponent’s graph. The game Box(p, 1; a4, ..., a,) is played on a hypergraph
(X, H), with H = {F},..., F,} consisting of n pairwise disjoint hyperedges (called bozes),
satisfying |F;| = a; for every i € [n]. In every round, BoxMaker claims at most p elements
from X that have not been claimed before, while BoxBreaker solely claims one such
element. If, throughout the game, BoxMaker succeeds in claiming all the elements of a
box Fj, she is declared the winner of the game. Otherwise, i.e. when BoxBreaker succeeds
in claiming at least one element in each box, BoxBreaker wins. The following lemma is
a well-known criterion for BoxBreaker to have a winning strategy in the Box game (see

e.g. [6], [16]).

Lemma 1. Let a; = m for everyi € [n] and assume that m > p(Inn+1), then BoxBreaker
wins the game Box(p, 1;aq,...,a,). A winning strateqy S is the following one: in every
round, BoxBreaker claims an element which belongs to a box that he does not have an
element from and which, among all such bozes, contains the largest number of Maker’s
elements.

In fact, the first sentence in the above lemma is Theorem 3.4.1 in [16], while the
mentioned strategy is contained in its proof. As an immediate corollary of the above
lemma we obtain the following:

Corollary 2.1. Let BoxMaker and BoxBreaker play the game Box(p, 1;aq,...,a,) with
bozes F; of size |F;| = a; = m. Then following the strateqy S from Lemma 1, BoxBreaker
can guarantee that the following holds for every i € [n] throughout the game: as long as
he does not claim an element in F;, the number of BoxMaker’s elements in F; is bounded
by p(lnn + 1).

2.2 Probabilistic tools and basic properties of G, ),

In this section we present a few bounds on large deviations of random variables that will
be used to identify typical edge distributions in a random graph G ~ G,,,. Most of the
time, we will use the following inequalities due to Chernoff (see e.g. [1], [18]).

Lemma 2. If X ~ Bin(n,p), then
o P(X < (1—10)np) <exp <—@> for every 6 > 0, and

o P(X > (1+46)np) < exp (=) for every § > 1.
Lemma 3. Let X ~ Bin(n, p) with expectation p = E(X), and let k > T, then

P(X > k) <e ™
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Moreover, we will make use of the well-known Markov inequality (see e.g. [18]).

Lemma 4. Let X > 0 be a random variable. For every t > 0 it holds that

As a first application of Chernoff’s inequalities we will prove a few simple bounds on
degrees that are very likely to hold in a random graph G' ~ G, ,,.

Lemma 5. Let € > 0, p = n= 3¢ and let G ~ Grp- Then with probability at least
1 — exp(—n'/372%) every vertex v € V(G) satisfies

de(v) < 2n3~°. (2.1)

Proof. For v € V(G) we have dg(v) ~ Bin(n — 1,p) with E(dg(v)) = (n — 1)p ~ np.
Applying Lemma 2 we deduce that P (dg(v) > 2np) < exp (—inl/gfs) . Taking a union
bound over all possible vertices v, the claim follows. O

Lemma 6. Let e >0, p=n"23" and let G ~ G,,,. Let A C V(G) be of size n*/3, then
with probability at least 1 —exp(—n/?) every vertex v € V(G)\ A satisfies dg(v, A) > n/?.

Proof. Let A be a fixed set of size n?/?. Generating G ~ G,,, yields that for every vertex
v e V(G)\ A, we have dg(v, A) ~ Bin(|A|, p) and thus E(dg(v, A)) = n°. By Lemma 2 we
deduce that P (d(;(U, A) < %ne) < exp (—éns). Taking a union bound over all possible v,
the claim follows. O

3 Breaker’s strategy

3.1 Defining bad vertices

For p = n~2/3¢ we aim to give a Breaker’s strategy that a.a.s. isolates a given vertex x

from Connector’s graph when a (2 : 2) game is played on G ~ G, ,,. In order to do so, we
first define iteratively a set B* of vertices that are bad with respect to the aim of isolating
x. If x is carefully chosen (which we will manage later) then Breaker has a strategy to
make sure that Maker in her move either does not even reach B, or in case she reaches
B? then Breaker can immediately destroy all potential threads. More details will be given
later.

The following Algorithm 1 describes how B” is constructed. We provide this pseu-
docode (instead of an iterative definition) in order to emphasise better in which order the
edges of G, will be exposed when we prove the properties (B1)-(B4) of Theorem 7.
This will be important to make sure that each step in our proof is independent of previous
discussions.

The following lemma will be crucial for Breaker’s strategy.
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Algorithm 1: Bad vertex set B” for given vertex x

Input : graph G and vertex z € V(G)
Output: number of iterations r,, bad vertex set B* = J, ., By

Blm = Ng(l'),
B* .= BY;
for : > 2 do
Bf :=={v¢ B*U{z}: dg(v,B*) > 2} ;
B* < B*U BY
if B = o
then halt with output BY,..., B ;,B* and r, =1 — 1;
end

Lemma 7. Let n be a large enough integer and let ¢ > 7Tlnlnn/Inn. For p = n=%/37¢

generate G ~ G, ,. Then a.a.s. G satisfies the following property: For every set M C
V(G) of size 3, there exists a vertex x such that Algorithm 1 produces a set B* of vertices
and a sequence (BY, ..., BY ) of disjoint subsets of B* such that the following holds:

B1 Ne(z) and eq(BT) =0,

B2) for every 2 <1 < r, and every vertex in v € BY we have dg (v, Uk@. B,f) =2,

B3) for every vertexv € V' \ (B* U{z}) it holds that de(v, B®) < 1,

(
(
(
(B4

) B
)
)
) B*N (M UNGg(M)) = .

We postpone the proof of the above lemma to Section 5 and recommend to read
Breaker’s strategy first.

3.2 The strategy

In the following we prove Theorem 1.4. Let Connector and Breaker play a (2 : 2) game
on G ~ G,,. We will show that, under the condition that the property described in
Lemma 7 holds, Breaker has a strategy that isolates a vertex from Connector’s graph.
Let V. denote the set of vertices that are covered by Connector’s edges at the end of round
r. Immediately after Connector’s first move, we have |V2| = 3 and thus, by the property
from Lemma 7 (applied with M = V}), we find a vertex z such that Algorithm 1 produces
a set BY of vertices and a sequence (BY, ..., By ) of disjoint subsets of B* such that the
Properties (B1)-(B4) hold with M = V. Notice that, at this point = ¢ V2 U Ng(V})
holds, according to (B4) and since Ng(z) C B”. .

In order to simplify notation, let By := {z} and set BZ, := 'y B as well as
BZ; := U,_, B} Breaker’s strategy is to make sure that for each round r, immediately
after his move the following property holds for every free edge vw:
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(Q1) If there exists 0 < ¢ < r, such that v € (Ng(VZ) \ V&) N BF and
w € V4, then w € BZ,.

Let us observe first that Breaker keeps x isolated in Connector’s graph, if he is indeed
able to maintain (Q1) for every free edge after each of his moves. Assume this is not the
case, i.e. there is some round r in which Connector reaches vertex x. Then immediately
after Breaker’s (r — 1)** move, we have that (Q1) holds for every free edge and still = ¢
Vg_l. From this it follows that immediately before Connector’s 7 move there cannot be a
free edge zw with w € V7. Indeed, otherwise we would need z € (Ng(VS D)\ VS HNBE
and by (Q1) we would get w € B%, = &, a contradiction. Thus, in order to reach x during
round r, Connector would need do claim a path (w, v, z) of length 2, starting with some
vertex w € V57! and ending in x. It then follows that v € (Ng(V5™') \ V&) N BY.
However, using (Q1) for the free edge wv at the end of round r — 1, this would give
w € BZ, = B§ and thus x = w, a contradiction.

Hence, we know that Connector cannot reach x as long as Breaker restores (1) for
every free edge. It thus remains to verify that Breaker can indeed do so. We proceed by
induction.

For round 1, observe that immediately after Connector’s first move, there is no edge

between Vi and B* U {z}, according to Property (B4) (with M = V{2). Thus, Prop-
erty (@1) holds at the end of round 1 for every free edge, independent of what Breaker’s
first move is, as there does not exist any edge vw as described in that property.
Let us assume then, that (Q1) is satisfied immediately after Breaker’s (r — 1) move for
every free edge, and let us explain how Breaker restores (1) in the next round. Without
loss of generality we may assume that in round r Connector reaches exactly two new
vertices, say w; and ws, i.e. Vi = VC’"’1 U {wy, ws}.

If after Connector’s 7" move, there exist at most two free edges that fail to satisfy
Property (Q1) (with Vo = V), then Breaker claims these edges and by this easily restores
that (@ 1) holds for every free edge at the end of round r. So, assume for a contradiction
that immediately after Connector’s r*' move there are at least three free edges that do
not satisfy (Q1). All of these edges need to be incident to w; or ws, as before Connector’s
move the Property (Q1) was true for every free edge (where Vo = V{,™1). Without loss of
generality let ws be incident to at least two of these edges, say wov; and wovy. As these
edges fail to hold (Q1) after Connector’s ™" move, we have v; € (Ng(VE) \ V&) N BY.
and vy € (Ng(VE) \ V&) N By, for some 0 < i,y < 1y, while wy € V{5 and wy ¢ BZ; with
i := max{iy, iz }. Now, since wq has two neighbours in B*U{z}, Algorithm 1 at some point
must have added wy to B*. Thus, we conclude that wy € Bf for some k > max{iy,is}.

Consider first the case that in round r Connector reaches wy by claiming a free edge
yw, with y € V7', Then y ¢ {v,va}. Moreover, wy € Ne(V5 1)\ V4! and, since (Q1)
was true for ywy at the end of round r — 1 (with Vo = V57'), we conclude y € B%,.
But this means that wy, € B has three neighbours in BZ; (namely vi,v, and y), a
contradiction to (B2).
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Consider then the case that in round r» Connector does not reach w, as in the first
case. That is, in round r Connector claims a path (y,w;,ws) with y € Vé‘l and wy €
Ne(VEH)\ V&~ We know that wy € By, has exactly two neighbours in BZ, according to
Property (B2), and these neighbours need to be v; and vy. It follows that the third edge,
which does not satisfy (Q1) immediately before Breaker’s r'" move, cannot be incident
to wy and thus needs to be of the form vsw, with v3 € (Ng(VE) \ VE) N B for some
0 < i3 < ry. Then vs,ws € B* are two neighbours of w; and hence Algorithm 1 must
have added w; to B* at some point, say w; € Bf. Since again wy € B} has exactly two
neighbours in BZ; and these are v; and vy, we must have wy ¢ BZ;, i.e. t > k. But now,
by induction, Property (Q1) was true for the free edge yw; at the end of round r — 1,
and thus y € B%,. Moreover, as we assumed vsw; to be an edge not satisfying (Q1) after
Connector’s 7" move, we have w, ¢ BZ,, and thus i3 < ¢. Hence, we obtain that the
three neighbours wy, v3,y of w; € B belong to BE;, as we have w, € By C BZ, and
v3 € Bf, C BZ, and y € BZ,. This again leads to a contradiction with (B2). O

4 Connector’s strategy

4.1 Defining good structures

For p = n~2/3*¢ we aim to give a Connector’s strategy with which Connector a.a.s. can

reach every vertex of G ~ G, ,. In order to do so, we will first describe a few useful
structures, that are typically contained in G even after deleting a few edges and which
will help Connector later on to reach any fixed vertex within a small number of rounds.

Recall that Ep denotes the set of Breaker’s edges at any moment during a Connector-
Breaker game, while V> denotes the set of vertices incident to Connector’s edges. More-
over, denote by 7 the full binary tree with k levels.

Definition 4.1. Let £ € N. Assume a (2 : 2) Connector-Breaker game on some graph
H is in progress. Let x € V(H) \ Vo. Then we call a subgraph 7" = Ty of H good with
respect to (z, H) if the following conditions hold:

(1) = ¢ V(T),

(2) if T is the orientation where the edges are oriented from the root to the leaves, then
for every arc ui € E(?) we have either uw ¢ Ep or (uw € Ep and w € V).

(3) for every leaf v of T' we have vz € E(H) \ Ep.

Lemma 8 (Base strategy). Assume a (2 :2) Connector-Breaker game on some graph H
is in progress with Connector being the next player to make a move. Let x € V(H) \ Vo
and let k > 2 be any integer. Moreover, assume that H contains a binary tree T = T,
which is good with respect to (z, H) and such that its root r belongs to Vi already. Then
Connector has a strateqy S, to reach x (i.e. to add x to Vi) within at most k rounds.
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Proof. We prove the statement by induction on k. For k£ = 2, by assumption we are given
a tree T' = T, the leaves of which are adjacent with x in H \ B, according to Definition 4.1.
If one of the leaves belongs to Vi, then Connector can take the edge between that leaf
and z. Otherwise, according to (2) we obtain E(T) N Ep = &. Then, since the root r of
T belongs to Vi by assumption, Connector can claim one edge between r and a leaf of
T, and for her second edge she can claim the edge between that leaf and x. Thus, she
reaches x within 1 round.

Let k > 2 then. Let T' = T, be a tree as described in the assumption of the lemma.
Denote the root of 7" with r, let r; and ry be the neighbours of r in 7', and let 71, 712
and 791, 22 be the respective children of r; and ry in T'. Each of the vertices r; ; is the
root of a subtree T; ; = Tj_o the leaves of which are adjacent with z in H \ B. Let

Ei,j = {Tiri,j} U E(E,]) U {mu . w is a leaf of T;J'}

for every 1 < ¢,5 < 2, and observe that the four sets E; ; are pairwise disjoint. For the
first round, Connector makes sure that r; and r, are added to Vi if they do not belong
to Vi already. This is possible since for every i € [2] we have that r; € Vi already before
that round or r;r ¢ Ep according to (2) in Definition 4.1. After Breaker’s following move
we know that there are at least two sets F; ; with 1 < 4, 7, < 2 that Breaker did not touch
in his move. Taking the union of two such sets, say £;, ;, and Fj, j,, while identifying 7
with ry if 41 # iy, we obtain a binary tree 7" = T;_; which is good with respect to (z, H')
where E(H') = E;, ;, U E,, j,. Thus, by induction Connector needs at most k£ — 1 further
rounds for reaching x. O

Connector’s main strategy will be split into different stages. Depending on the number
of rounds played so far, she will use similar but different structures that help to increase
Ve until every vertex is reached. These structures are given by the following lemmas while
the proofs of the lemmas will be given in Section 6.

Lemma 9 (Good structures for Stage I). For every constant 6 > 0 there exists an integer
ki € N such that the following holds. Let G ~ G,,,, with p = n=2/3%°  then with probability
at least 1 —n=! the following is true for every r,x € V(G):

Let B be any subgraph of G with e(B) < n'/3Inn, then the graph G\ B contains a copy
T of Tg, such that r is the root of T, x ¢ V(T) and every leaf of T' is adjacent to x in
G\ B.

Lemma 10 (Good structures for Stage II). For every constant 6 > 0 there exists an
integer ky € N such that the following holds. Let G ~ Gy, with p = n=23%  and let
A C V(G) be of size n'/3, then with probability at least 1 —n~" the following is true for
every x € V' \ A:

Let M be any subset of V \ {x}, let B be any subgraph of G with dp(v) < In*n for
every v € V.\ M and such that e(B) < n*3Inn, then G contains a vertex z € Ng\p(A)
and four vertex disjoint copies Ty of Tr, with roots ry such that for every ¢ € [4] we have:

(51) = ¢ V(T),
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(82) zr, € E(G\ B),

(S3) if ?@ 1s the orientation where the edges are oriented from the root to the leaves,

then for every arc wb € E(ﬁ) we have either uw ¢ E(B) or (uw € E(B) and
we M),

(S4) for every leaf v of Ty we have vr € E(G \ B).

T T2 b r3 Ty

(B [y BV sy [fedsdii))

T

Figure 4.1: Structure for Stage II

We postpone the proofs of the above lemmas to Section 6 and recommend to read
Connector’s strategy first.

4.2 The strategy

In the following we prove Theorem 1.5. Let ¢ > 0 be given, and let k; and ks be
integers promised by Lemma 9 and Lemma 10 (applied with § = ¢), respectively. Set
k = max{k, ko} + 2. Before revealing G ~ G,,,, on the vertex set V = [n], we fix an
arbitrary set A; C [n] of size n'/3 and an arbitrary set Ay, C [n] of size n?/3. Then,
with probability tending to 1, all the properties from Lemma 9, Lemma 10 (applied for
A = A;) and Lemma 6 (applied for A = Ay) hold. From now on, let us condition on
these. Let Connector and Breaker play a (2 : 2) game on G. In the following we will first
describe a strategy for Connector, and afterwards we will show that indeed it constitutes a
winning strategy for the connectivity game on G, when we assume all the properties that
we conditioned on above to hold. The strategy will be described through the following two
stages between which Connector alternates. If at any moment Connector cannot follow
the strategy while V' # Vi still holds, then she forfeits the game. (We will show later that
this does not happen).

Strategy description: Fix a vertex » € V to be Connector’s start vertex, and set
Vo = {r} before the game starts. As long as V' # Vi holds, Connector plays as follows,
starting with Stage I for her very first move.
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Stage I: Let x € V' \ V¢ be an arbitrary vertex, where we first prefer the vertices
of Ay, secondly prefer the vertices of A, and only afterwards consider all the re-
maining vertices. Connector then adds the vertex x to Vi within at most k£ rounds.
The details of how she can do this can be found later in the strategy discussion.
Immediately afterwards, if still V' # Vi holds, Connector proceeds with Stage II.

Stage II: Let + € V \ Vi be an arbitrary vertex maximizing dg(xr) among all
vertices in V'\ V. Connector then adds the vertex x to Vi within at most & rounds.
The details of how she can do this can be found later in the strategy discussion.
Immediately afterwards, if still V' # Vi holds, Connector proceeds with Stage I.

Strategy discussion: If Connector can follow the strategy, without forfeiting the
game, until V' = Vi holds, then it is obvious that she succeeds in occupying a spanning
tree and thus wins the game. It thus remains to prove that Connector always can follow
the proposed strategy. In order to so, we start with two simple observations.

Observation 4.2. For as long as Connector can follow the proposed strateqy, it holds
that dg(v) < In*n for everyv € V' \ V.

Proof. While the Connector-Breaker game on G is going on, let us consider the Box
game Box(8k,1;n — 1,...,n — 1) where for every vertex i € V(G) there is a box F; of
size n — 1. In this auxiliary game, let Breaker take over the role of BoxMaker and let
Connector be BoxBreaker in the following way. Whenever Breaker claims some edge uw in
the game on G, let BoxMaker claim one element in each of the boxes F, and F,,. Observe
that this way, the number of BoxMaker’s elements in any box F, will be equal to dg(v).
Furthermore, whenever in Stage II Connector fixes some vertex x of largest degree dg(x)
(in order to add this vertex to Vi within the following k& rounds), let BoxBreaker claim
an element in the box F),. Observe that everything is within the rules then, as the latter
always repeats within at most 2k rounds in which BoxMaker may get up to 2k - 4 = 8k
new elements over all the boxes.

Now, Corollary 2.1 ensures that whenever a vertex x € V '\ V¢ is selected for Stage II,
right at this moment we have

dp(x) = |F;| < 8k(lnn+1).

Since such a vertex z is always chosen to have maximal Breaker degree among all vertices
in V' \ Vi and since such a choice always repeats within at most 2k rounds, we obtain

dp(v) < 8k(Inn + 1) + 2k -2 < In*n
whenever v € V' \ Vio. This proves the observation. U

Observation 4.3. As long as Connector can follow the proposed strategy the following
holds:

(i) If Ay ¢ Vg, then e(B) < n'/3Inn.
(ii) If Ay ¢ Vi, then e(B) < n*3Inn.
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Proof. Stage I always repeats after at most 2k rounds. Since for Stage I Connector
prefers the vertices of A; to be added to Vg, it takes her at most 2k|A;| rounds until
Ay C Ve holds, if she is able to follow the strategy. Thus, as long as A; ¢ Vi holds,
Breaker cannot have more than 2k|A4;| -2 < n'/3Inn edges. This proves statement (i).
Statement (ii) can be proven analogously. U

Now, using the Observations 4.2 and 4.3 as well as the properties from Lemma 9, 10
and 6, we finally will show that Connector can always follow the proposed strategy. That
is, assuming that so far Connector could follow her strategy, we will show that when she
fixes her next vertex z according to Stage I or Stage II, she can really add this vertex to
Ve within at most £ rounds. In order to do so, we will consider three cases.

Case 1 (A; ¢ V¢): In this case we have e(B) < n'/?Inn according to Observa-
tion 4.3. Thus, by the property from Lemma 9 we can find a copy T of T, in G\ B such
that r is the root of T', such that x ¢ V(T') and such that every leaf of T" is adjacent to
x in G\ B. In particular, T" is good with respect to (z, G \ B). Thus, following the base
strategy S, from Lemma 8, Connector can reach x within k; < k rounds.

Case 2 (A; C Vg and A, ¢ Vi): In this case we have e(B) < n??Inn according
to Observation 4.3, and dp(v) < In’n for every v € V \ Vo C V \ A; according to
Observation 4.2. Applying the property from Lemma 10 (with M = Vo and A = A;)
we can find a vertex z € Ng\p(A;) and four vertex disjoint copies Ty of T}, with roots
r¢ such that for every ¢ € [4] we have that zr, € E(G \ B) and T} is good with respect
to (x,G \ B). In the first round, Connector claims an edge between A; and z which is
possible as A; C Vo and 2z € Ngyp(A1). Afterwards, consider the pairwise disjoint sets

Ey:={zr} UE(T,) U{zw : wis a leaf of T}

for ¢ € [4]. As in the meantime Breaker claims only two edges, there will be at least two
of these sets that Breaker does not touch until Connector’s next move. Without loss of
generality let these be the sets £y and Es. Then the union {zry, zre} U E(T7) U E(T3)
induces a copy of Tg,+1, which is good with respect to (x,G \ B). Therefore, following
the base strategy S, from Lemma 8, Connector can reach x within at most ky + 1 further
rounds. Hence, in total, Connector needs at most ky + 2 < k rounds in this case.

Case 3 (A1 U A2 C Ve and Ve # V): According to Observation 4.2, we have
dg(z) < In®n before Connector wants to add z to Vi. Following the property from
Lemma 6 (with A = A;) we then conclude that dg(z, Ay) > n/? > dg(zx). Therefore,
since Ay C Vg, Connector immediately can claim an edge leading to z. U

5 Analysis of Algorithm 1

The aim of this section is to prove Lemma 7. For that reason we will prove a slightly
more general lemma, Lemma 11, from which Lemma 7 will follow. For Lemma 11 we are
going to apply Algorithm 1 to a set A = {x1,...,2;} of vertices, later choosing one of
them carefully to obtain a vertex x as promised by Lemma 7. That is, we first fix x; and
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apply Algorithm 1 in order to determine the set B*', then we repeat the algorithm for x,
and so on. Amongst other properties we will obtain that it is very likely that all the sets
B are pairwise disjoint and satisfy certain degree conditions. To simplify notation we
set

BYY .= JB™ Ul By (5.1)

<] k<i

Figure 5.1: Structure of BU?

That is, BU% is the set of all bad vertices that are determined immediately after B;”
is created. In particular, B®7=) = U,ea B® is the union of all bad vertices after the
algorithm is proceeded for all vertices ;. Moreover, we let

Co (j,i—1), 1# 1
a(j,i) == {(j B 17%71) =1

denote the pair coming immediately before (j,7) in lexicographic order, for (j,i) #

(1,1).

Lemma 11 (Technical Lemma). Let n be a large enough integer, let € > Tlnlnn/Inn
and let t € N be any constant. For p = n~%/3"¢ generate a random graph G ~ Gnp. Then
with probability at least 1 —n~/* there exists a set A = {x1,...,2,} C V(G) of sizet, such
that successively applying Algorithm 1 for xy, ...,z the following holds for every j € [t]
and i < 7; := min{r,;, [1/e]}:

(P1) @ ¢ B0V U Ng(B6),
(P2) |BY] < =9,
(P3) e(BY) =0,

(2
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(P4) B N (Ng(B*UY)uU B*UY) = g,
1f we aefine L= U € i) a \v, it = sy then
P5) if we d N§ V\ BUD : dg (v, BUD h

3—s(

NGl < (277 i) n" 5 for every s € {0,1,2,3},

and for every k € [t] we have
(P6) 1y, = Tk.
Before proving Lemma 11, let us first show how it implies Lemma 7.

Proof of Lemma 7. Apply Lemma 11 with ¢ = 7. Then a.a.s. we can find a set A =
{x1,..., 2} as promised by this lemma. Now, fix any set M C V(@) of size 3. Since
|A| = 7, it will be enough to verify the following two statements.

(i) Every vertex z € A satisfies (B1)—(B3).

(ii) At most six vertices x € A do not satisty (B4).

For (i), consider any x; € A. Property (B1) follows immediately by the definition
of B’ and Property (P3). Moreover, Property (B3) follows immediately from the halt
condition of Algorithm 1. To see Property (B2), let v € B;’. By the algorithm, v is
added to Bj” if dg (v,\U,.; By’) = 2. Moreover, we have v € V \ B because of
Property (P4) and since B}’ N (U,§<Z ij) = @ according to the algorithm. Now, using
the Properties (P5) and (P6), and provided n is large enough, we deduce | N S(j,i)‘ <n~¢/?
and thus v ¢ Ns(m = @. This yields dg (v,U,-; By’) < de (v, B*U09) < 2. Finally,
using that eq(B;”) = 0 according to Property (P3), we deduce dg (v,U,; By') = 2,
proving (B2).

Let us prove (ii) then. For any k < j, we have B® C B! by Definition (5.1) and
since B = Uigmk B/* by Algorithm 1. Thus, using Property (P4) we conclude that

B® and B® are disjoint. Moreover, since B* C B*7%) we also obtain that Ng(B™) C
Ng(B*99). Thus, using Property (P4) again, we get that G does not have any edges
between B* and B**. As a consequence we have that every vertex v which is adjacent
to but not contained in B* for some j € [7] needs to be element of V \ B®"+). However,
according to Property (P5) and since 7,; < [1/e] holds by Property (P6), we obtain
N&Tmt) = @ for large enough n. This implies that every vertex of V' \ B®"=) is adjacent
to at most two of the sets B¥ with j € [7].

We conclude that at most 3 of the pairwise disjoint sets B* may contain a vertex of
M. If a vertex v € M belongs to some set B* with j € [7], then v ¢ B* U Ng(B"™*)
for every k # j. If otherwise a vertex v € M belongs to V' \ B®") then it is adjacent
to at most two of the sets B*. Hence, there are at most six vertices x € A such that
M N (B* U Ng(B*)) # @. This proves statement (ii). O
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Proof of Lemma 11. For the proof of Lemma 11 we expose the edges of G ~ G, step
by step with respect to the given algorithm, and only during the process we choose the
vertices of A randomly. To be more precise, we proceed as follows: We first choose
xy uniformly at random from V(G) = [n| and then apply Algorithm 1 for z;. Once,
Algorithm 1 has been applied for z;_; and afterwards B*-! is determined, we choose
x; uniformly at random from [n] and apply Algorithm 1 for x;. While doing this, we
always expose only those edges which have not been exposed yet and which are needed to
determine the next set B;” in the algorithm. For example: When applying the algorithm
for z1, we first expose only the edges incident to x; so that we are able to determine By*.
Once this set is fixed, we expose all edges incident to By* that have not been exposed yet,
so that we can find B;'. We then expose all edges incident to B3* that have not been
exposed yet, and so on.

For the analysis of the algorithm, we consider the pairs (j,¢), with j € [t] and ¢ € [7],
in lexicographic order. We consider the following event:

Ea: for all pairs until and including (j,4) the Properties (P1)-(P5) hold,
and the Property (P6) is true for all k£ < j.

We will show that
P (B |Bagay) < 5n7/° (5.2)
for every pair E;;), where Eq ) is the event which is always true. Before going into
detail, let us first prove that Lemma 11 follows, once (5.2) is proven.

Claim 5.1. If (5.2) holds, then P (E,,, ) and ry, = 7,) = 1 —n~</%.

Proof. Observe first that for every j € [t] the events E(sz) and E; ;) are equivalent.
Indeed, by definition E(jhj) implies F(;;,), since 1, > 7;. Now, let F(;;) be given and
let us explain why E(j,rzj) follows then. If we assume that the latter does not hold, then
T # Te;, and by definition of 7; we then have 7; = [1/e] < r,,. Applying (P2) for (j,7;),
which is given under assumption of E;z), we obtain By’ = @. But this means that
Algorithm 1, when processed for vertex x;, must have already stopped, i.e. 7., < 7}, a
contradiction.

Moreover, by looking at the above argument more carefully we see that whenever one
of the events E(;;, ) and E{;z) holds, we must have r,; = 7; < [1/e].

For every j € [t] we now conclude that

P (EGiy) =P (Bory) < P (Eoa
=1

(5.2) B e S 10 e S
< T 5n~3 + P <E(j*1,7‘zj71)> < ?n 3 +P <E(j*177‘zj71)> .

Eui) + P (Bugn)

Applying the above inequality recursively we finally obtain

P (E(t,rzt) and r,, = ft) —P (E(t—“t)) <. gn_g P

as claimed. ]

(o
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It thus remains to prove (5.2). We start with a few observations.

Observation 5.2. If Algorithm 1 adds a vertez v to the set B}, then dg(v, B{*,) > 1 and
de (v, Upei1 BY') 2 2-

Proof. Algorithm 1 adds a vertex v to B;” if d (v, Ui B;”) > 2 and only if v was not
already added to some B,‘fj with k£ < ¢. However, the latter ensures dg (v, Us <i2 B,fj ) <1
and thus dg (v, B{?,) > 1. O

Observation 5.3. If E,; holds, then the following is true:
(i) ‘ngifl BY| < |Ba(j’i)‘ <n'/* and |Uk<i71 NG(BI?H < |NG(Ba(j’i))| < n?/e,
(i3) If Algorithm 1 adds a vertex v to B;”, then v € V' \ B0,

Proof. If E,;; holds, we obtain

LR RSB IEAED SRS SRS SUSEE Rt

k<j €<r) 0<i k<j €<rj 0<i

and
- .. (2-1) 1—e 1—¢ 1
|BUD) U Ng(B*)| < 2jn3 +2jns -2n5 5 < nd®

provided n is large enough. Thus, (i) follows.

For (ii) observe that, according to the algorithm, no vertex from (J,, ; B)’ can be
added to B;’. Moreover, using Property (P4), no vertex in B*%Y has a neighbour in B;?,
(or in {z;} in the case when ¢ = 1, because of (P1)), while every vertex being added to
B;” needs to have such a neighbour according to Observation 5.2 (or since By’ = Ng(z;)

if i = 1). It thus follows that no vertex from B*U%) = B*UD U], _, | By’ is added to
B;”. O

2

Now, for each j € [t] and i € [r;] we will prove (5.2), by showing that, under condition
of E,j,), each of the Properties (P1)-(P5) in Lemma 11 fails to hold for the pair (j,4)
with probability smaller than n~°/3. This is obviously enough for showing (5.2) when
i > 1. To get (5.2) for i = 1, recall that under condition of Eu¢;1) = E(j—1,,_,) we also
have that 7., , = 7;_; (as shown in the proof of Claim 5.1), making sure that (P6) holds
for (j,1) as well. We discuss each of the Properties (P1)—(P5) separately.

Property (P1): The statement is trivially true for j = 1. So, let 7 > 1 and let us
condition on F,(;1). The vertex x; is chosen uniformly at random from [n] after Algo-
rithm 1 has been applied for zy,...,2; 1 and B*Y) was determined. Now, conditioned
on Eyj1), we have |B*0Y U Ng(BWD)| < n?3 due to Observation 5.3. It thus follows
that

P ((P1) fails for j | Eyg1)) < nE<noi. (5.3)
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Property (P2): Let j € [t]. Consider first the case when i = 1. Then By” = Ng(x;)
and using Claim 2.1 we have

P ((P2) fails for By’ |Ea(;1)) < exp(—n%_%) <n c.

So, let i > 1 from now on and consider the moment immediately after B;’, was deter-
mined, i.e. when all remaining edges incident to B;”, get exposed in order to determine
BY.

When we condition on F,;;, only vertices from v € V' \ B4 can be added to B;-Ej
according to Observation 5.3. Moreover, before B;’, was determined, for every vertex
v eV \ B all the edges towards B;’, have not been exposed so far. Now, if a vertex
v €V \ B%U% is added to B}’ then by Observation 5.2 one of the following two options

needs to happen:
(i) dg(v, B;”;) = 2, or
(i) d¢(v,Bi?,) =1 and d¢(v,U,.,_, By’) > 1.

Conditioned on E,; ), the expected number of vertices in (i) is smaller than n-|B;” |*-

( ; xj .
p? 2 pl/3-26+2/3 Neanwhile, for (i), observe that de(v,U,.;_; By’) = 1, which means

that v € Uy, No(By’). Since we have |UJ,.,_, Ne (B,’)| < n**~¢ according to Ob-

servation 5.3, we get that the expected number of vertices in V \ B0 satisfying (ii)
. . (P2) . . .y
is at most n?37¢ . |B,|-p < n'/3~0+9/3 Summing up, we get that the (conditional)

expected size of B;” is at most

1—2(i+2)e 1—(i4+5)e 1—(i+4)e
3 3 3

n +n <n

and thus, using Markov’s inequality (Lemma 4), we obtain
P ((P2) fails for (j,1)|Eag) < nE < ne. (5.4)

Property (P3): Again we condition on the event Eq; ;. By Observation 5.2 all the
vertices we add to B} need to come from V'\ B Thus, when B;” is determined, neither
of the edges in E(B;”) has been exposed before. With probability at least 1 —n=%/3 we
get |B/7| < n(1=%)/3 according to (5.4). If we condition on the latter, the expectation of

Ty - xj (P2) . . .
eq(B;”) is smaller than |B;”|*- p < el Thus, using Markov’s inequality (Lemma 4),

4e

P ((P3) fails for (j,1)|Eags) < nF 4nTE <n

Property (P4): Let i = 1. If j = 1 then the statement is trivially true. Otherwise,
we know from (5.3) that, under condition of Ey;,), we have z; ¢ B*UDUNg(B2D) with
probability at least 1 —n~'/3. This implies B}’ N B*V") = @ and thus it remains to check
that it is unlikely to have a vertex from Ng(B*7Y)\ B*@Y landing in B;”. Note that before
B’ gets determined none of the edges between Ng(B*9D)\ B2JD and z; has been exposed
so far, when z; ¢ B0 U Ng(B*WD). Thus, using Observation 5.3, we (conditionally)
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expect at most |Ng(BWD)[-p < n?37¢.p = n= vertices in (Ng(B*0V)\ BUV)N B,
It follows that
P ((P4) fails for (j,1)|Eqg1)) <n” S4nE<n

Let i > 1 then. Under assumption of E, ), we have that B;?, N Ng(BWY) = @
according to (P4). But then, according to Observation 5.2, no vertex from B*U'Y is added
to B;?, giving that B;’ N B*%Y = &. Tt thus remains to check that it is unlikely to have
a vertex from Ng(B*D)\ B0V landing in B;”. Using that B;?, N B*U:Y) = & by (P4),
we note that before B;? gets determined, no edge between Ng(B*UD)\ B and B;?,
has been exposed. Now, applying Observation 5.2, a vertex v from Ng(B*W1)\ B ig
added to B;” if

(i) dg(v,B;?}) > 2, or
(11) dG(UyBixil) =1 and dG(U’Uk<i—1 Bl?) > 1.

Hereby, again using Observation 5.3 as well as (P2), the (conditional) expected num-
ber of vertices in (i) is at most |Ng(B*W))| - |B?,|>p* < n~3. For (ii), observe that
Ng(B®UD)\ B0 c V' \ B0 holds, since |J,_; By’ and Ng (B 1)) are disjoint due
to Property (P4). Therefore, if dg(v U,€<Z L\ B) > 1 and v € Ng(B*Y) \ BaUY | then

v € N2 .. Using (P5) and (P6), we have that ‘N )‘ < n!/3. Thus, the (conditional) ex-

(P2)
pected number of vertices satisfying (ii) is bounded from above by n'/3-|B/? |-p < n~*/3,

Summing up, we expect at most

a(j,5)"

£

I
vertices in B;” N (Ng(B*WD)\ BU:Y)). By Markov’s inequality (Lemma 4) we obtain
P ((P4) fails for (j,1)|Ea(z) <n "

Property (P5): Consider first the case when (j,7) = (1,1). The bound on |N(01’1)| is

trivially true. So, let s > 1. Immediately after B! = Ng(x) is determined, none of the
edges between V' \ B n ) and BMY has been exposed. Moreover, according to Lemma 5,
with probability at least 1—exp(—n'/372%) we have | B(bY| < n1=9)/3 Thus, if we condition
on that bound, the expected size of N7, ,, is at most n - (|BED] - p)” < p3=s(+42)/3 1
follows that
3—s(1+4e)

. n 3

IP’((P5) fails for (1, 1)) e <n”
1 —_—
s€[3] (28 + 1)

wlm

So let (j,4) # (1,1) from now on. Again, the bound on |N0 | is trivially true. Under
condition of E,(;; we have |B;”| < n(!=%)/3 with probability at least 1—n~*/3 according
0 (5.4). Condition on the latter from now on. Given that F,;; holds, we additionally
get

3— s(1+5)

<Ps>{(2j5 +i—Dn 5 ifi>1

NS ’L 3—s 5 s €
} ol } h (2(]’—1)5‘ —1—7“363.71)713 g e 2 < (2jet+i—1)n = =
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for every s € {0,1,2,3}. Thus,

[Nl = [NGia )|+ NG \ N

HE) + | NGy \ Nagga |- (5.5)

Now, for s € [3], if a vertex v ends up being in NGy \ N ot then, by definition, v €

V\ BY) c vV \ B and dg (v, B*U9) = ¢ for some ¢t < s. But this means that
veN t(j 0 and, in order to be added to N( i) the vertex v needs to get at least s —t edges

towards B;” (which get exposed only after B;” has been determined, since v € V'\ BU?),
) \ N ‘ is at most

(J”L
< (2]5 —1—z—1)

Qz )

S [Nl (B2 ]2 < (g 1) o (n )

We conclude that the (conditional) expected size of ‘

t<s t<s
L . 3—s(14e)—(i+2)(s—t)e
:(2j61+l—1)§ n 3
t<s
. . 3—s(1+4+e)—3e 3—s(1+e)—2.5¢
é(?ysl—l—z—l)g n 3 <n 3 )
t<s

where the first inequality uses (P2) and (P5), and the last inequality uses that i < 7; <
2e71. Thus, with Markov’s inequality (Lemma 4) and union bound, we obtain
P (33 €8] NGy \ Nl > n73_5(135)_6) <n3.

(JZ

Combining this with (5.5), we see that with (conditional) probability at least 1 — n=/2
we have

3—s(1+¢) 3—s(l4e)—¢

NGl < et +i=1)n™ 5 +n" 5 <(2je7 +i)n

3—s(1+¢)
3

for every s € [3], and thus
P ((P5) fails for (j,i)|Euga) <n~ 3 +n

This finishes the proof of Lemma 11. n

6 Good structures for Connector

6.1 Technical Lemma

Throughout Section 6, we will consider the sequence («;);en given by

=327 -2 (6.1)

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(3) (2021), #P3.10 21



and note that oy = 1 and a;41 = 2(a; + 1) hold. In order to simplify our argument, in
the next lemma we will consider € to be a real number of the form e = 1/(9 - 2¥-2 — 3)
with k£ € N. Note that this yields

2 1
wme =3 and 1€ = 3¢ (6.2)

Given G ~ G, and = € V(G), with high probability the following lemma will provide us
with a suitable subgraph H of G which later (see e.g. Claim 6.1) will turn out to contain
many copies of T that help to prove Lemma 9 and Lemma 10.

In order to simplify notation, we set

Li={(,5,0): 1<i<k1<j<2",1<0<4}.

Starting with vertex disjoint sets Vj; ;) C V(G) for (4,7,¢) € I we will iteratively find
well-behaving subsets M, ;) of those which later turn out to be good candidate sets for
embedding the vertices of 7, even when some edges of G are not allowed to be used.
Hereby, the tuple (i, j) will represent the position of a vertex in the desired tree, while the
component ¢ is used in order to apply our argument on disjoint subsets of V' (G) labeled
with distinct indices ¢, so that we will be able to find a few edge-disjoint copies of Ty.
When we find the candidate sets M; ;) by applying Algorithm 2 we will start with the
neighbours of x and afterwards move iteratively through the levels of Ty until we finally
find candidates for the root of 7.

Lemma 12 (Decomposition of Gy, ). Let k > 3 be an integer, let € = (9 -2F2 — 3)~1
and let n € N be large enough. Let G ~ G,,, with p = n~3%. Fiz x € V(G) and let

V(@) ={z}u |J Vi UR
(i?j)e)elk

be any partition of V(G) such that |Vi; | = n/(28"*) holds. Then with probability at
least 1 — exp(—In'?n) there exist sets Mg ;o C V(G) and a subgraph H C G with

U Mijpu{z}
(i»j)e)elk
such that the following are true for every (i,7,0) € Ij:
1) Mo C Vi
|M; 0] = nt/2HeEn =% n

D4

(D1)
(D2)
(D3) ifi>2 then Vv € Mo : dy (v, Mi—12j-1,0) 2 1 and dy (v, M(i—1250) 2 1
(D4) ifi =2 then Vv € M_19j-1.0 U Mi—1250 : du(v, M jp) < nl@imeim0e

(D5)

D5) Yv e Mqu g : v € Ng(v)
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Viic1,2j-1,0) Vii-1,25.0)

Figure 6.1: Part of the structure of H, depicted in red

(D6) Ve € E(H) 3(i,j,¢) € I : e € Eq(M—1,25-1,0 U M(i-12j,0), M(i je))
where we define M ;o = {x} for every j € [2¥] and ( € [4].

Proof. Fix x € V(G) and let

V(G) ={z}u |J ViUR

be any partition of V(G) such that |V(;;n| = n/(2"™). We will iteratively construct a
subgraph H together with sets M ;¢ C V/; ;¢ through Algorithm 2 and we will prove
that with probability at least 1 — exp(—In'®n) the algorithm succeeds in creating these
candidate sets in such a way that all the Properties (D1)—(D6) hold. Again, we provide
a pseudocode here in order to emphasise in which order the edges of G, , will be exposed.
Whenever a new set is going to be determined, we will only expose those edges which
have not been exposed before and which are needed for the corresponding step in the
algorithm.

Following Algorithm 2 it is obvious that the Properties (D1), (D3), (D5) and (D6)
hold.

Let & be the event that the Properties (D2) and (D4) hold for every i < ¢ (and every
j < 2" and ¢ € [4]). In the following we will show that

P(S_l) < exp (—n%> and P (E

St,l) < exp (—2 Int? n)

for every 2 <t < k. Observe that, once these two inequalities are proven, we can deduce
that P(&) > 1 — kexp (—2ln1'5 n) > 1—exp (— In'?® n), from which Lemma 12 follows.

The event &;: Property (D4) holds trivially when ¢ = 1. For (D2) observe that a stan-
dard Chernoff argument (apply Lemma 2 and union bound) yields that, with probability
at least 1 — exp(—n'/?), for every j € [27!] we have

nste

1 _
ok+5 >n3teIn"?n.

1
|Ne(z, Vian)| = §p’V(1,M)| =
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Algorithm 2: Good subgraph H for vertex x
Input : graph G, vertex z € V(G), partition of V(G) as described in
Lemma 12
Output: subgraph H, sets M
Mg o) := {x} for every j € [2"] and ¢ € [4];
V(H):={z} and E(H) =2 ;
for 1 <:<kdo
for 1 <j<2""do
forl1 </{<4do

M(z',j,z) = {U € V(z‘,j,e) : dG(UaM(iflzjfl,E)) > 1, dG(’U:M(ifl,Zj,Z)) = 1}

if ’M(i,j,f)‘ > nl/3+o¢¢a ln—2az’ n
then remove arbitrary vertices from M; ;)
until [M; ;0| = pl/3taic p=20i .
V(H) < V(H)U Mg
E(H) < E(H) U Eq(M(i-1,2j-1,0) U M(i-1.2j.0), M3 j.0))

end

end
end
halt with output H and sets M(Z"jj)

Since M j ) is obtained from Ng(x, V{1;.) by reducing the latter to size n'/3teIn"%n,

we then obtain that (D2) holds for i = 1. Thus, P(€;) < exp(—n'/3).

The event &: Assume that &_; holds. Observe that, before the sets M, ;) get deter-
mined by Algorithm 2, none of the edges between the sets V|, ), with j < 2F=i and the
sets M;_1,0), with j/ < 2¥7"! have been revealed so far. Now, conditioning on Prop-
erty (D2) for i =t — 1, a Chernoff-type argument yields the following with probability at
least 1 — exp (— In'*® n):

(i) da(v, Mi—1,2j-1,0) < In"?n and dg(v, Mi—1250) < In'? n for every v € Viij0) with

j < 2k7i+1’
(1) ea(Mi-12i-10, Viijo) 2 0.5+ [Mim125-10] - Vil - p for every j < 267+

(6.2)

In fact, for (i) observe that |My_ 195 1.0 = |Myu 1950 = n'/3ee "< p=! which
implies that the (conditional) expectation of the degrees in (i) is bounded by 1. Thus,
applying Lemma 3 ensures that the probability for one vertex v failing to satisfy the
degree conditions in (i) is bounded by 2jexp(—In'?n); a union bound completes the
argument. Moreover, by Lemma 2 and a simple union bound, the property in (ii) fails
with probability at most exp (—n?/?).

Now, let us condition on the properties in (i) and (ii) from now on. Consider

M o) = {U € Viigo : de(v, M(i71,2j71,€)) = 1}7
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—

Mg = {U € Miijo : da(v, Mi12j0) 2 1}

and observe that, according to Algorithm 2, M(; ;4 has size n/37%€ In">* n if and only

if ]\//T(mg) is at least of that size. In order to see that the latter is likely to hold, we first
observe that
@ 6G(]w(Z 1,2j— 14)7‘/(2797 ) (P2 24 (ai—1+1)e

| Mol = nlo = ns

Notice that when we determine the set ]\Af(i,j,@ we don’t need to reveal the edges between

AA/f(i7j7g) and M(;_12;¢. Thus, we can expose these edges afterwards, and by a Chernoff-
type argument (apply Lemma 2 and union bound) we get, with probability at least 1 —
exp (—n'/?), that

ea(Mje), Mii—1,250) = 0.5 [M 0| - [Mi-1250] - p

for every j < 2871 It then follows that

— W eq(Myjp, Mi-1250) @2 6.1
|M(i,j,£)| > G( (%Jl,f)l’ - (i 1,2%@) > n%+(2ai_1+2)8 In—4ei-1—4 (:) n%-&-aie In—2e
nrn

n

from which (D2) follows, as was explained above.

As next, let us look at Property (D4). Fix s € {0,1} and consider the set MU’(Z'JI) =
N (v, Vi j)) for every v € M1 2j_s0. According to a Chernoff-type argument (apply
Lemma 2 and union bound), with probability at least 1 — exp( nt/ 3), it holds that
|M J(i,5,0) )| < nl/3te for every v € M;_12j—s¢). Notice as before that, when we determine
the set M JG,j,0) we don’t need to reveal the edges between M (g0 and M 05— (1-4),0)-
Thus, we can expose these edges afterwards, and another Chernoff-type argument (apply
Lemma 2 and union bound) yields that, with probability at least 1 —n exp (—n(o‘i*ﬁz)s) >
1 —n7¢, it holds that

N o2 e (61 (0o e
eq (Mv,(i,j,f)aM(i—1,2j—(1—s),é)> QP\M jé)‘ ’Mz 1,2j—(1—s), e)| < ploit? (& pleieiz1)
for every v € M;_12j_s4. Finally, notice that a vertex w € M; ;¢ C V(e can only
become a neighbour of v in H if w € M (i:48) ¢ and Eg(w, M;_12j—1-s) ) # (), where the

first condition comes from the definition of M, ¢ ), and the second is a consequence of
the construction of M(; ;. in the Algorithm 2. But this immediately implies

du(v, M) < eq <Mv,(i,j,€)7M(i—l,Qj—(l—s),E)) < nloimei-e)

as is required for Property (D4).
Hence, summing up all the failure probabilities that occurred in our argument, we see
that

P (Z 8t_1) < exp (— In'® n) ~+ exp (—Tﬁ) +2 <exp ( i) + exp ( 5))
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< exp (—21n1'5 n) .
This finishes the proof of Lemma 12. O

Having Lemma 12 in our hands, we are now able to prove Lemma 9 and Lemma 10
in the following. For short, let us write

M= | Mg (6.3)

iji (i, 0)Ely
for every ¢ € [4], and for every i € [k] set

L= |J Mgy and Lo:={z}. (6.4)
3l (3,5,0) €Iy

6.2 Finding good structures — Part 1
Proof of Lemma 9. Let 6 > 0 be given. Then fix k£ € N such that

1

R R

holds, and let k; = k + 1. We will prove the lemma for p = n~2/3*¢ and notice that by
the monotonicity the lemma then follows for p = n=%/3 as well. As before, we set

Li={(,,0) eN’: 1<i<hk, 1<j<2"" 1<0<4}.

Let V' = [n] be the vertex set, and let z,r € V be fixed. Before exposing all the edges of
G ~ G, we fix a partition

m={}u J VioUR

of the vertex set such that r € R and |V{; | = n/(25"*) for every (i,7,0) € I. We will
show that with probability at least 1 — n~? a random graph G ~ G,,, is such that for
every subgraph B with e(B) < n'/3Inn the graph G \ B contains a copy T of T, as
desired, additionally satisfying that V(7) C ([n] \ R) U {r}. Taking a union bound over
all choices of r and x, it then follows that the property described in Lemma 9 holds with
probability at least 1 — n~1.

In order to do so, we first expose the edges of G on [n] \ R. By Lemma 12 we know
that with probability at least 1 — exp(— Ints n) there exist subsets M(; ;¢ C Vi ;¢ and a
subgraph H C G on the vertex set (J; ; oy, M(ij.U{z} such that all the Properties (D1)-
(D6) hold. Let & be the event that such a graph H with vertex sets M, ;¢ exists. From
now on, we will condition on £y to hold. Recall the definition of M, in (6.3) and L; in
(6.4). We first observe that there must be many copies of Ty in H with all leaves being
adjacent to x in H.
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Claim 6.1. For every { € [4] and every v € My,,1,0) there exists a tree T, = Ty, such that
v 18 the root of T,
V(T,) € My and E(T,) C E(H),

all the leaves of T, are adjacent to x in H,

Proof. Label the vertices of 7y in such a way that the root gets label (k,1) and for
every vertex with label (7,7) and ¢ > 1 its two children get the labels (i — 1,25 — 1) and
(1 — 1,2j), respectively.

Let ¢ € [4] and v € M1, be given. Applying Property (D3) iteratively we find
an embedding of 7, into H, such that the root of 7 is mapped to v, and such that the
vertex with label (7, ) in 7y is mapped to a vertex in M, j» C M;NL;. Let T, denote the
resulting copy of Ty in H. Also every leaf of T has some label (1,5) with 1 < j < 2F!
and thus the corresponding leaf in T;, is contained in M, ;. By Property (D5) it follows
that the latter is adjacent to x in H. Thus the claim follows. U

From now on, for every v € L = Uze[4] M 1,0 fix a tree T}, as described above. Since,
for the property that we are aiming for, we need to have control on how many such trees
become useless when some edge is removed from H, we define

Se:={veLly: ec E(T,)U{rw: wis aleaf of T},}} (6.5)

for every edge e € E(H). Under assumption of the event £y, we next deduce that S, does
not get too large.

Claim 6.2. Let &y hold. Then |S.| < n*/*~¢ for every e € E(H).

Proof. Let e € E(H), then e is incident to at least one vertex y € M for some
(1,7,0) € I, because of Property (D6). For every vertex v € S, there must exist a
path P in T, leading from y to v. According to Property (74), this path P needs to
be of the form P = (y,viy1,Vitr2, ...,V 1,v) with v, € L, for every i +1 < s < k — 1.
Following Property (D4) and Property (D6), we have dg (vs, Lyi1) < n{®+17%) for every
i+1<s<k—1anddy(y, Lip) < nl®+172)¢ Thus, the number of all possible such
y-v-paths P that belong to some T, with v € Ly is bounded from above by

k—1
2
Qg —Qg )€ A —0; )€ 3 €&
| |n( s+1 S) n( k 7,) g ns ,

where the last inequality holds by (6.2) and since «; > a7 = 1. This proves the claim. [

We next expose the edges incident to r € R. By a standard Chernoff argument (apply
Lemma 3 and union bound), we conclude that with probability at least 1 —exp(—0.51n*n)
it holds that

da(r,S.) <In*n (6.6)
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for every e € E(H), and

1 1
o2y nT3T @D oy pte

1
de (r. M > Zp|M D2 o2 6.7
a (r Mu10) > 5p1Me0) YT SYRCIT (6.7)

for every ¢ € [4]. Conditioning on (6.6) and (6.7) as well as the event £y, which
together hold with probability at least 1 —exp(—0.5 In'?® n) > 1—n~3, it remains to prove
that for every subgraph B with e¢(B) < n'/3Inn the graph H\ B C G'\ B contains a copy
T of Ty, as was described at the beginning of the proof.

So, let B of size e(B) < n'/?Inn be given. Set Sp := |J,.p Se and observe that

(6.6) 2 1 3
devs (r,Sp) < dg (r,Sp) < |B|-In"n <n3In’n.
For every ¢ € [4] we thus obtain

1
6.7y n3te

dens (1, M) = da (r, Mg10) — e(B) > T nsnn > de\s (1, SB) ,

provided n is large enough. Hence, for every ¢ € [4], we find a vertex x;, € N\ p(r) with
xy € My1,0 \ Sp. By the choice of T,, (Claim 6.1), the tree T}, is a copy of Ty in H with
x¢ being its root, such that every leaf of T}, is adjacent to x in H C G and such that
V(T,,) C M,. Moreover, by the definition of S, in (6.5), and since z, ¢ Sg, we find that

E(T,,)U{zw: wis aleaf of T,,} C E(H)\ E(B).

Now, set T to be the union of T, T,, and {z1r,xor}. Then, since M; N My = &, we get
that T'C G\ B is a copy of Tgr1 = Ty, with all its leaves being adjacent to = in G \ B.
Moreover, r is the root of T, and we have = ¢ V(T'), since x ¢ M, D V(T,). O

6.3 Finding good structures — Part 11

Proof of Lemma 10. Let § > 0 be given. Fix k € N such that § > ¢ := 1/(9-2F2 - 3)
holds, and let ks = k. Again, it is enough to prove the lemma for p = n=2/3+¢ and to use
the monotonicity of the desired property. Again, we set

Li={(,,0) eN’: 1<i<hk, 1<j<2"' 1<0<4}.

Let V = [n] be the vertex set, let A C V with |A| = n'/? be fixed, and let € V' \ A.
Before exposing the edges of G ~ G, ,, let

m={z}u |J VesnUR

be any partition of the vertex set satisfying A C R and [V; ;| = n/(2"*) for every
(i,7,0) € Iy. We will show that with probability at least 1—n"2 a random graph G ~ G,,,,
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is such that for every vertex set M C V'\ {x} and every subgraph B, with e(B) < n*?Inn
and dp(v) < In®n for every v € V' \ M, the graph G \ B contains a vertex z and four
binary trees T, as described by the lemma, additionally satisfying that z € R\ A and
V(1) C Ve = U Vi for every £ € [4]. Then, taking union bound over all choices of
x, Lemma 10 follows immediately.

In order to do so, we first expose the edges of G on [n] \ R. By Lemma 12 we know
that with probability at least 1 — exp(—In'®n) there exists a subgraph H C G with
V(H) C [n] \ R as well as subsets M j» C V{; ;¢ satisfying the Properties (D1)-(D6).
Let &y be the event that such a graph H with vertex sets M ;) exists. From now on,
we will condition on €y to hold. Following Claim 6.1 we then know that for every ¢ € [4]
and every vertex v € M) there exists a tree T}, = Ty, in H such that V(T;) C V; and
such that all the leaves of T}, are adjacent to x in H.

Set R = R\ A and for every ) C Ly = Uée[éq M1, let

Bigg = {u eR: do(u,Q) > n%+%}. (6.8)

Next expose all remaining edges of G. Under the assumption of £y we then have the
following

Claim 6.3. Let £y hold. Then, with probability at least 1 — exp(—0.5In*n) the following
holds:

a) Yl e 4 Yo e R : da(v, My 1) > nt/3t2/3,
(k,1,0)
(b) |Ng(A) N R!| > n?/3+2%/3,
2/3+e/2

(¢) for every Q C Ly of size '~ we have |Bigg| < n

Proof. For (a) notice that dg(v, M1,0) ~ Bin(| M., p) and thus

— L (ap+1)e 9 n%—i—a
E(da(v, M, —|M ep e GH
(de(v, Mg1,0))) = [M1,00lp T [,

Applying Chernoft’s inequality (Lemma 2) and a union bound over all choice of ¢ € [4]
and v € R we get P((a) fails) < 4nexp(—n'/3).

For (b), observe first that |R'| > %. Applying Chernoff’s inequality (Lemmas 2 and 3)
and a union bound, we see that with probability at least 1 — exp(—0.91n*n) we have

2
nste

and dg(v, A) <In®n  for every v € R

1
(4, R) > S| AR p >

From these inequalities we can conclude that

eg(A, R/>

> n%(l-&-a).
In’n

INc(A)NR'| >
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Thus, P((b) fails) < exp(—0.91n*n).

For (c) we start by observing that according to a Chernoff and union bound argument
(applying Lemma 3) the following property holds with probability at least 1 — exp(—n):
for every subsets X C Ly and Y C R’ of sizes |X| = n!'™% and |Y| = n?/3t/2 we
have eg(X,Y) < n'*¥/2. Given that property, assume that (c) fails to hold. Then there
exist Q C Ly of size n'~> and a subset Big,, C Big, with |Bigg| = n?/3+¢/2 We then
have eq(Q, Bigy,) < n'**/2 under assumption of the property mentioned above; but also
eq(Q, Bigy) > n'/*T/2 . |Bigp| = n'* according to the definition of Big, in (6.8), a
contradiction. Thus, P((c) fails) < exp(—n).

Finally, summing up all the failure probabilities, that were obtained above, the claim
follows. O

Conditioning on the event £ and on the properties described in Claim 6.3, it remains
to prove that for every vertex set M C V\{z} and every subgraph B, with e(B) < n*3Inn
and dp(v) < In®n for every v € V' \ M, the graph G \ B contains a vertex z and four
binary trees T; as described at the beginning of the proof. So, let any such M and B be
given. Similarly to the proof of Lemma 9 consider the set

Se={vely: ec E(T,) U{zw: wisaleaf of T,}}
for every edge e € E(H), and let Sx := |J,cy Se for every X C V. Further, let

Bi:={e€BNH: e=abwithac Ly \Mand b€ L;} and B*:= | ] B,
1€[k]
Similarly to Claim 6.2, we prove the following

Claim 6.4. Let &g hold. Then |Sp-

1-2
<n e

Proof. We first bound |Sg,| for every i € [k]. If v is a vertex in Spg,, then this means
that the edge set E(T,) U {zw : w is a leaf of T},} needs to contain an edge e = ab € B
between a vertex a € L; 1 \ M and a vertex b € L;. By assumption on B we have
dg(a) < In®n. Moreover, there must exist a path P in T, leading from b to v which
is of the form P = (b, v;11,vit2,...,Uk_1,v) with vy € L, for every i +1 < s < k — 1.
Analogously to the proof of Claim 6.2 we know that the number of such paths is at most
Hf:;ll plasti—as)e — plan—aie  Proyvided n is large enough, we thus conclude that for i > 2
it holds that

o i3 lig. 2
1Sp,| < |Li_y| - In?n - plok—aie = gh=it8pgtaiie 2y, p5-ae

< plleimee 3 p < pl=3 iy

where for the equation we make use of Definition (6.4), Property (D2), the equation
age = % from (6.2), and where in the last inequality we use that, according to (6.1),
a; — ;1 = 3-22 > 3 holds. Moreover, since Ly = {z} and using (6.1) again,

|Sp,| < |Lo| - In®n - nler—a)e = ni—<n’n.
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Hence, [Sp«| < 3 e 19B:] < n'~2?¢, which finishes the proof of the claim. O

< n'7? and the properties in Claim 6.3 it follows

Now, under assumption of |Sp-
that

|(Nes(A) N R) \ Bigg,,,

> [Ng(A) N R'| —e(B) — |Bigg,,

(b)>’(C) n30+e) —pilnn —nits > 2¢(B),

provided n is large enough. Thus, there exists a vertex
z € (NGf\B(A) N R/) \ BigSB*
such that dp(z) = 0. In particular, we then obtain that

(@) 1
dg\B(Z, M(k,l,f)) = dg<2, M(kJ,g)) > n3(1+25) > dg(z, SB*)

for every ¢ € [4], where in the last inequality we use that » ¢ Bigg .. For every £ € [4] we
thus find a vertex r, € M1, \ Sp- such that zr, € E(G\ B). The latter already ensures
that Property (52) holds. By the choice of T} := T,, (Claim 6.1), we know that T} is a
copy of Ty in H such that V(T,) C M, and such that all the leaves of T, are adjacent to
x in H. Since 7, ¢ Sp+ we also know that the set E(Ty) U {zw : w is a leaf of T;} does
not contain any edges from B; for i € [k]. Thus, if there is an edge ¢ = ab € B that
belongs to E(T;) with a € L;_1 and b € L; for some 2 < i < k, then a € M must hold,
according to the definition of B;, B* and Sp«. This yields Property (53). Analogously,
if there were edges from B incident to x and to a leaf of T, then z € M would need to
hold. However, we have x ¢ M by assumption, and thus Property (54) follows. Finally,
(S1) holds, since V(T;) C M, by Property (72), and x ¢ M,. O

7 Concluding remarks

Adding more constraints. Another variant of Maker-Breaker games are Walker-
Breaker games (see e.g. [7], [9] and [13]) which put even more constraints on the edges
that Maker may choose from in every round. Here, Maker is only allowed to claim her
edges according to a walk. That is, in each round she must claim a free edge or she must
walk along one of her already claimed edges, such that this edge is incident to her current
position in the graph. It is quite natural to ask what happens in the connectivity game
on G ~ Gy, when the game is played in the Walker-Breaker setting. This is work in
progress already. Moreover, one may consider the variant in which Breaker also needs to
play as a Walker, as suggested in [9] and [12]. We have not considered this variant, but
we would be interested in how it behaves compared to the usual Maker-Breaker game and
the Connector-Breaker game, respectively.

Considering different graph properties. In our paper we consider the Connector-
Breaker game on G ~ G,,, in which Connector aims for a spanning tree. By combining
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our argument with the randomized strategy given by Ferber, Krivelevich and Naves [11],
we can even show that n=2/3+°(1) is the size of the threshold probability when Connector
aims for a Hamilton cycle. For a clearer presentation in this paper, we however skip the
full argument here. A proof will appear in a follow-up paper. Furthermore, it would
be interesting to consider other graph properties and to study the relation between the
Connector-Breaker game, the Walker-Breaker game and their Maker-Breaker analogue.
For example, consider the H-game where Maker (or Connector/Walker) wins if she claims
all the edges of a copy of a given (constant size) graph H. Following [3] and the approach
given in [7] it turns our that for all the three types of games the threshold bias for a
(1 : b) game played on K, is of the same order, namely ©(n'/™2(H)) with my(H) being
the maximum 2-density of H. This is in contrast to the connectivity game discussed in
this paper. We wonder whether in the unbiased H-game on G ~ G, it also holds that
the threshold probabilities for winning either variant are of the same order.
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