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Abstract

We consider matrices with entries that are polynomials in ¢ arising from natural
g-generalisations of two well-known formulas that count: forests on n vertices with k
components; and rooted labelled trees on n + 1 vertices where k children of the root
are lower-numbered than the root. We give a combinatorial interpretation of the
corresponding statistic on forests and trees and show, via the construction of vari-
ous planar networks and the Lindstrom-Gessel-Viennot lemma, that these matrices
are coefficientwise totally positive. We also exhibit generalisations of the entries
of these matrices to polynomials in eight indeterminates, and present some conjec-
tures concerning the coefficientwise Hankel-total positivity of their row-generating
polynomials.

Mathematics Subject Classifications: 05A15 (Primary); 05A19, 05A20, 05A30,
05C05, 05C30, 15B05, 15B36, 15B48 (Secondary).
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1 Introduction

Two well-known enumerative formulas that often arise in the study of trees and forests

ELI"G:1

fo= (n+1)"" (1.1)

and
t, = (n+1)" (1.2)

The first formula, f,, gives the number of forests of rooted labelled trees on the vertex
set [n] :={1,2,...,n} and has the refinement:

k=0

where each summand

fok = <Z i 1) n" " (1.4)

is the number of forests on [n| comprised of k& components (that is, k rooted labelled
trees). The first few f, and f,x are given in Table 1 (see [63, A061356/A137452 and

A000272]).
By adding a new vertex (labelled 0) and connecting it to the root of each component
in a forest, we see that f,,; is also the number of trees on vertices labelled 0,1,...,n,

rooted at 0, where the root has precisely k children.

1See [14], [46, pp. 26-27], [15, p. 70], [69, pp. 25-28], [7], [65] or [3]. See also [25, 52, 60, 34, 57] and [1,
pp. 235-240] for related information.
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In,— k|0 1 2 3 4 5 6 I
0 1 1
1 0 1 1
2 0 2 1 3
3 0 9 6 1 16 (15)
4 0 64 48 12 1 125
3 0 625 500 150 20 1 1296
6 0 7776 6480 2160 360 30 1|16807

Table 1: first few f,, and f, .

The formula in (1.2), t¢,, gives the number of rooted labelled trees on the vertex set
[n + 1] and has the following refinement similar to (1.3):

th = >tk (1.6)
k=0

tog = (Z) nk (1.7)

is the number of rooted labelled trees on the vertex set [n+1] in which precisely & children
of the root are lower-numbered than the root (see [7, 8, 65]). The first few ¢,, and ¢, are:

where each summand

In,—k 0 1 29 3 4 56 t
0 1 1
1 1 1 2
2 4 4 1 9
3 27 27 9 1 64 (18)
4 256 256 96 16 1 625
5 3125 3125 1250 250 25 1 7776
6 46656 46656 19440 4320 540 36 1| 117649
(see [63, A071207]). We point out that this array has an alternative combinatorial inter-

pretation: in [7, 8] the authors show that rooted labelled trees on the vertex set [n + 1]
where £ children of the root are lower-numbered than the root are in bijection with forests
on [n + 1] comprised of k + 1 components in which the vertex n + 1 is a leaf.

The main goal of this paper is to prove the total positivity of some matrices that
arise from generalisations of f,,  and t, ;. Recall that a matrix is totally positive (strictly
totally positive) if all of its minors are nonnegative (strictly positive, respectively).? Total

2The terms “totally nonnegative” and “totally positive” have been used by previous authors (see, for
example, [26, 24, 22]) in place of what we have called here “totally positive” and “strictly totally positive”
respectively. In studying the literature it is important to clarify which sense of total positivity is being
used, since many theorems are valid only for strictly totally positive matrices.

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(3) (2021), #P3.54 3



positivity has many applications across combinatorics, statistical physics, representation
theory, and background material on the topic can be found in [42, 26, 51, 22].
Our first result concerns the forests (of rooted labelled trees) matrix

Fi=(fok)nrso = ((Z : 1)nn_k) , (1.9)
n,k>0

(the first few rows of which appear in (1.5)) and the (rooted labelled) trees matrix

n
T = (tn’k)n,kZO = ((k)nn—k) , <110)
n,k>0

(the first few entries of which appear in (1.8)). We have:
Theorem 1.1. The matrices F and T are totally positive.

The total positivity of the forests and trees matrices has been proven very recently
in [66, 67] using different methods to the ones we employ in the present paper. Sokal
observes in [66] that F is the exponential Riordan array R[F,G] with F(t) := 1 and G(¢)
the tree function [16]

o0 - tn
G(t) = § n" 15, (1.11)
n=1 '

and similarly in [67] Sokal and Chen observe that T is the exponential Riordan array
R[F,G] with

=t 1

F(t) ;n i —eTr (1.12)
and G(t) as above. In [66] and [67] the author(s) exploit these intepretations of F and
T and make use of the production-matrix method to prove these matrices are totally
positive.? The proof of Theorem 1.1 we offer below instead takes a leaf from [5, 24, 22|,
making use of the Lindstrém-Gessel-Viennot lemma and planar networks (see Section 2.2).
The matrices F and T are closely related; by studying the entries one can, in effect,

see the woods for the trees since for n > 0

n—1 k(n k
Fuk = (k—l)nnk - ﬁ(k:)nnk: s (1.13)

that is, F and T are related via a diagonal similarity transform (see Lemma 3.5 in Sec-
tion 3.3):
F = lir% diag((n + €)n=0) ' T diag((k + €)r=0) (1.14)
e

where diag(a) denotes (for the sequence a = (a,),>0) the diagonal matrix with (n,n)-
entry equal to a, and all other entries 0 (note we must take a limit in the above to avoid

3We remark that in [66, 67] the author(s) prove that generalisations of F and T (that are different to
those considered here) are coefficientwise totally positive. We discuss their results further in Section 6.
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division by zero in the first column of T). Total positivity is preserved under matrix
multiplication (this follows from the Cauchy-Binet formula), so (1.14) shows that the
total positivity of T implies that of F (a diagonal matrix with nonnegative entries on the
diagonal is clearly totally positive).

In fact there are a number of identities we present in Section 3.3 that allow one to
go from T to F (and vice versa) via simple matrix multiplications that preserve total
positivity. By specialising ¢ to ¢ = 1 in Lemma 3.11 below we obtain the identity

T=FM (1.15)

where M = (M, )n k>0 is the unit-lower-triangular matrix with (n, k)-entry

(1.16)

n!
My = E
for n > k and all other entries 0. The matrix M is easily shown to be totally positive
(see Section 3.3), so it follows from (1.15) that the total positivity of F implies that of T.
In order to prove Theorem 1.1 it therefore suffices to prove that the forests matrix F is
totally positive; we do this in Section 4 by constructing a planar network with nonnegative
rational weights and showing that the corresponding path matrix is F. The total positivity
of F then follows from the Lindstrém-Gessel-Viennot lemma (see Section 2.1).
In this paper, however, we are chiefly concerned with ¢-generalisations of the forests
and trees matrices. The formula f, ; has a perfectly natural g-analogue, thus we define
the g-forests matriz F(q) == (fnr(q))n k=0 to be the matrix with (n, k)-entry

Onk if k=0,
n—1 k-
Fonld) =\ ) ()" ifn=k>1, (1.17)
q
0 otherwise.
where
1—4q" l+qg+-+¢"2+¢"" ifn>0,
g =7—- = L (1.18)
l—¢q 0 if n=0,
(Z)q is the ¢-binomial coefficient:
n [n],!
e R ARE 1.19
(k) BRCERE (119
in which .
7]y ifn>0,
[ng! = ;1 (1.20)
1 if n = 0,
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and d,,, is the Kronecker delta:

P ?f”:k’ (1.21)
0 ifn#k.

It follows easily from (1.17) that f,x(¢) is a monic self-reciprocal polynomial of degree
(n —1)% — (k — 1)2, and the first few rows of F(q) are:

[ 1
0 1
0 q+1 1 (1.22)
0 ¢*+2¢*+3¢*+2g+1 @F+2¢*+2¢+1 1

The g-forests matrix counts forests on the vertex set [n] with & components with re-
spect to some statistic, which we interpret combinatorially in Section 3 (see Corollary 3.3).
Please note that in [66] Sokal considers a different generalisation of F (he introduces in-
determinates into F that count forests of rooted labelled trees in terms of proper and
improper edges), whereas our results grew from studying natural g-generalisations of the
matrix entries. In Section 6 we discuss how our generalisation gives rise to some curi-
ous conjectures concerning generalisations of well-known polynomial sequences including;:
the Schlafli-Gessel-Seo polynomials; the general Abel polynomials; (p, q)-Stirling cycle
polynomials; and the reverse Bessel polynomials.

Each entry ¢, of the trees matrix has a similar natural g-analogue; we thus define
the g-trees matriz to be T(q) = (tnx(q))nr=0 Where

tal0) = () (el (123

Once more it is easy to see that t,(¢) is a monic self-reciprocal polynomial of degree
n(n —1) — k(k — 1), and the first few rows of T(q) are:

1
1 1

@° +2q+1 @° +2q+1 1 1.94
a® +3¢° + 64" +7¢° +64° +3q+1  ¢®+3¢° +6¢" +7¢> + 647 +3¢+1 ¢ +2¢° +3¢° +2¢+1 1 ( )

It follows from [7, 8] that the entries of the matrix T(gq) count forests on the vertex set
[n + 1] with & + 1 components where the vertex n + 1 is a leaf with respect to some
statistic, and we give a combinatorial interpretation of ¢ in Section 3. We note that our
g-generalisation of the tree matrix and the corresponding combinatorial interpretation
differs from the generalisation of T studied by Chen and Sokal in [67].

The entries of F(q) and T(q) are polynomials in ¢ with integer coefficients, and there
is a natural extension of total positivity to matrices whose entries are polynomials in one
or more indeterminates x. We equip the polynomial ring R[x] with the coefficientwise
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partial order, that is, we say that P is nonnegative (and write P > 0) in case P is a
polynomial with nonnegative coefficients. We then say that a matrix with entries in R|[x]
is coefficientwise totally positive (TP) if all of its minors are polynomials with nonnegative
coefficients, and if all of its minors of size < r are polynomials with nonnegative coefficients
we say that the matrix is totally positive of order r (TP,.). Our main result is the following:

Theorem 1.2. The matrices F(q) and T(q) with entries in the polynomial ring Z[q] are
coefficientwise totally positive.

It is plain to see that the above theorem reduces to Theorem 1.1 when ¢ is specialised
to ¢ = 1. More generally, we say that a matrix M with polynomial entries belonging
to R[x] is pointwise totally positive on some domain D C R* if M is totally positive for
all x € D (by which we mean all the indeterminates x are specialised to values in D).
Coefficientwise total positivity of M thus implies pointwise total positivity for all x € R*,
but the converse is not true.

The main goal of this paper is to prove Theorem 1.2 and the structure of our proof is
as follows: after reviewing some basic concepts in total positivity from the perspective of
planar networks in Section 2, we then provide combinatorial interpretations of the entries
of F(¢) and T(gq) in Section 3 and establish some identities that show the coefficientwise
total positivity of F(q) implies that of T(g). In Section 4 we construct a planar network
with weights that are rational and pointwise nonnegative functions of ¢, and prove that
the path matrix corresponding to this planar network agrees with F(q); thanks to the
Lindstrom-Gessel-Viennot lemma this proves pointwise total positivity of F(q) and T(q)
for ¢ € RT (Theorem 1.1 is then obtained by specialising ¢ to ¢ = 1). In Section 5 we show
how the network from Section 4 can be transformed into a planar network with weights
that are polynomials in ¢, thereby proving Theorem 1.2. We conclude in Section 6 with
some further generalisations and open problems, some of which will be the subject of
future work.

2 Preliminaries

Here we review some fundamental definitions and facts regarding total positivity. Please
note that since our proofs rely on the Lindstrom-Gessel-Viennot lemma, many of the
results in this section are motivated by performing operations on planar networks (see [22,
24, 5, 6]), from which various matrix identites follow.

2.1 Total positivity and the Lindstrom-Gessel-Viennot lemma

One fundamental tool in the study of total positivity is the Lindstrom-Gessel-Viennot
(LGV) lemma. Suppose G is a locally finite acyclic digraph with source vertices U =
{ug, w1, ...,u,} and sink vertices V' = {vg,v1,...,v,}, where the weight w, of an edge e
is an element of some commutative ring R. Let w(P(u;,v;)) denote the product of the
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weights of the edges of a path P(u;,v;) starting at u; and ending at v;, and define

Pa(ui = v;) =Y w(P(u,v;)) (2.1)

P(uiv;)
to be the sum over all weighted paths between u; and v;. The path matriz corresponding
to GG is then the matrix
Pe = (Pa(u; = vj))o<ij<n- (2.2)
We say that a family of nonintersecting paths from U to V is an (n + 1)-tuple
(P, Py, ..., P,) of paths in G such that:

(i) There exists a permutation o of {0,1,2,...,n} such that for each i, P; is a path
from u; to vy).

(ii) Whenever i # j, paths P, and P; have no vertices in common (this includes end-
points).
The LGV lemma states that

det(Fg) = > sen(o) [Jw(p), (2.3)
(Po,P1,...,Pp):U—=V =0

inv(o)

where sgn(o) = (—1) is the signature of the permutation o arising from P, mapping
u; 0 v, (note that inv(o) denotes the number of inversions of o, that is, pairs (i, j)
in {0,1,...,n} such that i < j and o(i) > o(j)). In particular, if the only permutation
giving rise to nonempty families of nonintersecting paths is the identity then det(Pg)
gives the sum over all weighted families of nonintersecting paths in GG that begin at U
and end at V', where the weight of each family is the product of the weights of the paths
(Po, ..., Py).

Suppose now the source and sink vertices of G are fully compatible, by which we mean
that for any subset of sources un,, Uny, ..., Uy, (Where ny < ng < --- < n,) and sinks
Ukyy Ukyy - - - » Uk, (Where k1 < ko < ... < k;), the only permutation ¢ € &, mapping
each source uy,, to the sink vy, that gives rise to nonempty families of nonintersecting
paths is the identity. The LGV lemma then implies that every minor of Pg is a sum
over families of nonintersecting paths between specified subsets of U and V', where each
family has weight [[w(P;). If every edge has a weight that is a positive real number then
Pg is totally positive; if the weights of the network belong to the field Q(x) of rational
functions of x that are pointwise nonnegative on some domain D then FPg is pointwise
totally positive on D; and if the weight of each edge is a polynomial in the indeterminates
x with nonnegative integer coefficients then Pg is totally positive in Z[x] equipped with
the coefficientwise order.

Determining whether a general locally finite acyclic digraph is fully compatible is non-
trivial, however, if G is embedded in the plane and the source and sink vertices U and
V' lie on the boundary of G in the order “first U in reverse order, then V' in order” then
the topology of G clearly implies that U and V' are fully compatible (see, for example,
Lemma 9.18 in [49]). From now on we will refer to locally finite acyclic digraphs embedded
in the plane with fully compatible sources and sinks as planar networks, in the spirit of [24].
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Figure 1: The binomial-like planar network N for vertices ug, uy, . .., uy and vg, vy, . . ., v4.

2.2 The binomial-like planar network

The matrices T(g) and F(g) are unit-lower-triangular, so in the sequel we will be principally
concerned with what we call the binomial-like planar network (depicted in Figure 1). This
planar network consists of vertices indexed by i (j) increasing horizontally from the right
(vertically upwards, respectively) where 0 < i < j. Each source u; is the vertex with
index (7,7) while each sink v; is the vertex (0,7). Each horizontal edge directed from
vertex (7,7) to vertex (i — 1, j) has weight a; j_;11, while the weight of a diagonal edge
directed from vertex (i,7) to (i — 1,7 — 1) has weight f; ;_;. We also assume there exists
a directed edge from wug to vy with weight 1.

The binomial-like planar network with weights o = {a;;}i>1 and 8 = {Bi1}is1.20
described above is denoted N. Please note that the source and sink vertices of N are
fully compatible, so it follows immediately from the LGV lemma that the path matrix Py
is automatically coefficientwise totally positive over Z[a, 3] in all of these indeterminates!

This is really the beauty of the LGV lemma (in the context of total positivity): given a
lower-triangular matrix M that appears to be coefficientwise totally positive in R[x], one
can try to prove total positivity by specialising «;;, ;; to suitable nonnegative elements
of R[x] and showing that under such a specialisation

Py = M. (2.4)

Indeed, this is how we concoct our proof of Theorem 1.2. We first show that specialising
the weights of the binomial-like planar network to suitably chosen rational functions of
q yields a path matrix that agrees with F(q) in Section 4; since these rational functions
are all nonnegative for ¢ € Rt we conclude that F(q) is pointwise totally positive for
g € RT. In Section 5 we then transform this binomial-like planar network to obtain a
different planar network with weights that are polynomials in ¢ in order to show that F(q)
is coefficientwise totally positive.
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The planar network construction described above originally goes back to Brenti [5]
who also observed that if the binomial-like planar network A has weights a and 3 that
depend purely on the first index (that is, o;; = ;. and 8;; = [, for all i) then the
entries of the path matrix Py satisfy the n-dependent recurrence

Py(up — v) = apu Pr(tn—1 = v5—1) + B Py (tn_1 — vg) . (2.5)

Similarly if the weights depend solely on the second index (that is, a;; = a.; and B;; = Bay
for all [) then the entries of the path matrix satisfy the k-dependent recurrence

Py (un = vx) = g Pa(tn-1 = vp—1) + Bik Py (un—1 — vg) - (2.6)

The most straightforward (and thus, eponymous) example that illustrates this con-
nection between matrices with entries satisfying purely n- (or k-) dependent recurrences
and binomial-like planar networks is the weighted binomial matriz,

B, = ((Z) x"_kyk) : (2.7)
n,k=>0

)

the entries of which satisfy the linear recurrence

(B:c,y)n,k - x(Bm,y)n—Lk + y(Bz,y)n—l,k—l (28)

for n > 0 with initial condition (B, )or = dok. The corresponding planar network is the
network A with a;; = y and 3;; = x, and it follows immediately from the LGV lemma
that

Corollary 2.1. The weighted binomial matriz By, is coefficientwise totally positive in
Zz,y).

Matrices with entries given by purely n-dependent or purely k-dependent recurrences
have relatively straightforward planar network representations, and often in these cases
it is easy to deduce a straightforward planar network by studying the recurrence.

Matrices with entries that satisfy recurrences dependent on both n and k, however,
give rise to seemingly much more complex planar networks (see, for example, [11]). For
example, the entries of the forests matrix

F = (fuk)niso = ((Z:i)nn_k) , (2.9)
n,k>0

satisfy the recurrence:

ok = (nﬁl)n_l l(n—1)fn1,k+ kil (n (”;1)k+<k—”>) fnl,,“] (2.10)

for n > 1 with initial conditions f, o = dn0, and f1; = 1. We note that we were able to
find the correct weights for the binomial-like planar network corresponding to F in spite
of this complicated recurrence, and not because of it.
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In the sequel we will also make use of the following fact. Suppose a;; = 1 and consider
the sum over all weighted paths from wu,, to v; in N (denoted Py(u, — v)). By studying
the network it is relatively easy to see that Py (u, — vx) can be expressed as a nested
sum

k+1 k+2 n
P/\/(un - Uk) - Z ﬁil,k‘Fl_il Z 6’i27k+2—i2 T Z 6’%4«”—%4@ (2'11)
i1=1 ig=i1+1 In—k=ln—k—1+1
= Z Bil,k+1—i1ﬁi2,k+2—i2 Tt /Bin7k7n—in7k. (212)

1<i1 <<l <N

Observe that if the weights f3;; are dependent only on the first index then Py (u, — vy)
can be realised as the elementary symmetric polynomial

en (X1, X, ..., Xp) = Yo XXy, X, (2.13)

1< <<y <N

where X,, = f3,,... If instead the weights (;; depend solely on the second index then (2.12)
can be realised as the complete homogeneous symmetric polynomial

h, (X1, Xo, .o Xpr) = > X, Xi, - X

in—k

(2.14)

1< <Ky p <+

where X, = [, ;1 (these two observations again go back to Brenti [5]).

In this article we study total positivity primarily through the lens of planar networks;
the next section dicusses how planar networks can be intepreted algebraically as matrix
factorisations.

2.3 DMatrix factorisations

The planar network approach outlined above allows us to easily write down various fac-
torisations of the path matrix Py. Before discussing these factorisations we first clarify
some notation. We use N to denote the binomial-like planar network described in the
previous subsection with the set of horizontal weights @ and diagonal weights 3. Con-
versely, given a matrix M, in this section we will often use Nj; to denote a planar network
with corresponding path matrix Py, satisfying

Py, = M. (2.15)

In this case Ny, is referred to as a planar network representation of the matrix M.
We will make much use of the following definition. For sequences a = (a,),>o and
b := (b,)n>0, let L(a,b) denote the lower-bidiagonal matriz with (n, k)-entry

a, ifn=k,
(L(a, b))n,k>0 = b, ifn=k+1, (2.16)
0 otherwise.
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The first few rows and columns of L(a,b) are:

_ao -
b(] ay
b1 a9
bg a
L(a,b) = b ay . (2.17)
by as
bs ag

In case a,, = 1 for all n we abbreviate L(a, b) to L(b), while if b, = 0 for all n the matrix
L(a, b) is simply the diagonal matrix diag(a) with (n,n)-entry a,, and all other entries 0.
Lastly, if a,, = 1 and the sequence b is constant, that is, b, = x for all n, we abbreviate
L(b) to L(z), and if we have a,, = x and b,, = y for all n with y # 1 we abbreviate L(a, b)
to L(x,y).
The lower-bidiagonal matrix L(a,b) has a planar network representation Npap) in
which
PN oy (Un = 0n) = ay (2.18)

and
Py (Un = V1) = bn (2.19)

(see the diagram on the left in Figure 2). Since we view these matrices through the lens
of planar networks we will refer to the sequences a and b as edge-sequences corresponding
to L(a,b). According to the LGV lemma we have:

Corollary 2.2 (Lower-bidiagonal matrices). The matriz L(a,b) is totally positive in
Zla,b| equipped with the coefficientwise order.

It is straightforward to verify that
L(a,b) = Ey(ao,bo)Er(ar, br)Ea(az, by) - - - (2.20)

where E, (a,b) denotes the elementary (lower) bidiagonal matriz with (n,n)-entry a, (n+
1,n)-entry b, all other diagonal entries 1, and all other entries 0. As with bidiagonal
matrices, in case a = 1 we abbreviate E,,(1,b) to E,(b). We now present a useful lemma
relating matrix products and concatenated planar networks:

Lemma 2.3 (Concatenating planar networks). Suppose M; and My are path matrices
corresponding to two planar networks Ny, and Ny, , where Ny, has source vertices

U= {u(),ul,...,un} (221)

and sink vertices
V= {vo,vl,...,vm}, (222)
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._.U4

._.’Ug

._.UQ

._.Ul

._.U()

NL(a,b) NEo(ao,bo) NE1 (a1,b1) NEz(dzJJz) NEs(a:‘,bs)

Figure 2: The planar network Np(ap) (left), and the planar network that arises from
expressing L(a, b) as a product of elementary lower-bidiagonal transfer matrices and con-
catenating the networks Ng(ao.b0)> VEi(arbr)s - - (right). Note that unlabelled directed
edges are assumed to have weight 1.

and Ny, has source vertices

U = {ug,ul,...,u,} (2.23)
and sink vertices
V' = {vp, vy, .. 0} (2.24)

Then the matriz product MyMs is the path matriz corresponding to the planar network
N, obtained by concatenating the networks Ny, and Ny, that is, Ny, is the planar
network with source vertices U and sink vertices V', where each vertex v; € V is identified
with u; € U’ for all i.

Proof. Since v; is identified with w, we can write the sum over over weighted paths from
Uy to v}, in Ny, as

m

PNM3 (un — Ullc) = Z PN]Ml (un - US)PNMQ (u; - U;c) = (M1M2)n7/€' [
s=0

Concatenating planar networks thus corresponds to multiplying path matrices, and the
matrices M; and M, in the above are referred to as transfer matrices of the planar network
Ny The elementary bidiagonal matrices on the right-hand side of (2.20) are thus transfer
matrices of Mpap),* and concatenating the planar networks for Ey(ao, bo), E1(a1,b1), . ..
yields the planar network on the right in Figure 2.

“Note that the elementary bidiagonals described here are, in fact, referred to as column transfer
matrices, we will shortly also consider what we call diagonal transfer matrices.
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1

Figure 3: The planar network N up to sources ug, u, . . ., ug and vy, v1, . . ., v4 (unlabelled
directed edges have weight 1).

We now interpret the binomial-like planar network N and its path matrix Py from
Subsection 2.2 in light of these definitions. By extending the source vertices of N to
the left so that they lie on the same vertical line we obtain a planar network N that is
isomorphic to A/ (see Figure 3), in particular we have

Py (uy — vg) = P (un — vg). (2.25)

Consider a subnetwork C* of N consisting of source vertices U == {(i + 1,7) : j €
N} and sink vertices V' = {(4,j) : j € N}. Let a; denote the sequence of weights of
horizontally directed edges emanating from vertex (i 4+ 1,7 4+ n) for increasing n, that is,
a; = (ap)n>0 where

i+1,n if > 07
a, = { e BT (2.26)
1 if n=0.
Similarly let b; denote the sequence of weights of the diagonal edges emanating from

vertex (i + 1,74+ n + 1) for increasing n, that is, b; = (Bi+1.)n>0- It is easy to see that
the path matrix corresponding to C* is the column transfer matriz

o = e 220

where [; is the identity matrix of size i, and L(a;, b;) is the lower-bidiagonal matrix with
corresponding edge sequences a; and b;. Obviously the matrix Pg: is totally positive in
Zla;, b;] equipped with the coefficientwise order.
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Since N is the concatenation of column transfer matrices we immediately obtain what
we refer to as a production-like factorisation of Ph:

Corollary 2.4 (Production-like factorisation). The path matriz Py corresponding to the
binomial-like planar network N has the factorisation:

Py o= .. IQ‘ 0 . ]1‘ 0
N 0 ‘L(ag,bg) 0 ‘L(al,bl

] } - L(ap, bo) (2.28)

where a; = (ai+1,n)n20 (U)Zth O[H_LO = ].) G/ﬂd bz = (ﬁi—l—l,n)n}O'

Recall from the previous subsection that the weighted binomial matrix B, , is the
path matrix of the binomial-like planar network N with a;; =y and f3;; = x. The above
corollary thus yields the following factorisation of B, ,:

Corollary 2.5 (Production-like factorisation of the weighted binomial matrix). The
weighted binomial matriz B, has the production-like factorisation

b = [ [T e 2

where L(y,x) denotes the lower-bidiagonal matriz with (0,0)-entry 1, all other diagonal
entries y, all subdiagonal entries x, and all other entries 0.

We note that the above corollary implies that B, , satisfies

11 0
B., = [ - BM}L(y,x). (2.30)

There are other ways to factorise Py that rely on the following helpful definition.
Given a sequence a = (ay)n>0 let T'(a) = (a, ;. )nr>0 denote the lower-triangular matrix
with (n, k)-entry

n—1
ary = [ o (2.31)
j=k

for n > k and 0 in all other cases (we consider the empty product arising from n = k to
be 1). The first few rows and columns of 7'(a) are thus:

1
aio 1
aS,O a§,1 1
T(a) = | azg a3; azp 1 : (2.32)
aio aii,l az,z @Z,s 1
ag,o ag,l ag,z a§,3 43,4 1
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Figure 4: The planar network N7,y that has corresponding path matrix 7'(a).

The matrix T'(a) is the path matrix corresponding to the planar network Nr() in
which
PNT<a)(Un — ) = any, (2.33)

(see Figure 4). Clearly T'(a) is totally positive in Z[a] equipped with the coefficientwise
order, and by comparing Figure 2 with Figure 4 and (2.20) it is easy to see that

T(a) = --- Ey(as)Er(a1)Eo(ag) = (Eo(—ag) 'Er(—ar) ' Ey(—ag)™'--)7Y,  (2.34)
since E,(a)™! = E,(—a). We thus obtain the following corollary:

Corollary 2.6 (Inverse lower-bidiagonal matrices). For a sequence a = (a,)n>0 we have
T(a) = L(—a)™* (2.35)
where —a = (—ay)n>0-

In light of Corollary 2.6 we refer to the matrix 7'(a) as an inverse (lower-)bidiagonal
matriz with corresponding edge sequence a. The case where a,, = x for all n often arises in
the study of total positivity, and T'(a) is then referred to as a Toeplitz matriz of powers of
x since each (n, k)-entry is 2" % and we denote it Ti (). It follows from the LGV lemma
that T (x) is coefficientwise totally positive in Z[x]. More generally, given a sequence
a = (an)n>0 we call the infinite lower-triangular matrix T (a) = (an—g)n k>0 Where a; =0
for I < 0 the (infinite) Toeplitz matriz associated to a.’

5We observe here that a sequence a = (@n)n>o of real numbers is Toeplitz-totally positive if its asso-
ciated Toeplitz matrix T (a) is totally positive, and such sequences are commonly referred to as Pdlya
frequency sequences. A sufficient condition for Toeplitz-total positivity of a sequence a of real numbers is
given by the celebrated Aissen—Schoenberg—Whitney—Edrei theorem [42, Theorem 5.3, p. 412]. Similarly,
a sequence a of elements belonging to R[x] is coefficientwise Toeplitz-totally positive if its associated
Toeplitz matrix Too(a) is coefficientwise totally positive in R[x]; an extension of the Aissen—Schoenberg—
Whitney—Edrei theorem to this more general setting can be found in [66, Lemmas 2.4 and 2.5].
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Figure 5: The planar network Np up to source uy and sink v, (unlabelled edges have
weight 1). Please note the red dashed lines are not part of the planar network, they
delineate the sources and sinks of each diagonal transfer matrix D'.

Let us return again to the binomial-like planar network A/. Observe that A is isomor-
phic to the planar network Np in Figure 5, in particular we have

Py (up, — vg) = Prp(un — v) (2.36)

for all n, k > 0.
Consider a subnetwork D! of Ap contained between a pair of consecutive dashed
diagonal lines. The path matrix for each such subnetwork is the diagonal transfer matriz:

I | 0

0 | diag(a,)T(by)

where ag = (1)520, & = (Wnt11)n>0 for I > 0, and by = (Bp41.1)n>0 for all [.
The concatenation of subnetworks DY, D!, ... from left to right yields a different fac-

torisation of Pyr, namely its quasi-production-like factorisation:

PDl:

(2.37)

Corollary 2.7 (Quasi-production-like factorisation). The path matriz Py has the fac-
torisation

_ 4 0 L 0
P = 000 | ¢ ey | | 6. Gwaa T3 (238)

where a; = (Oén+1,z)n>0; and b, = (6n,l)n>0-

The weighted binomial matrix B, , thus has the following quasi-production-like fac-
torisation which can also be found in [10, Lemma 2.8]:

Corollary 2.8 (Quasi-Production-like factorisation of the weighted binomial matrix).
The weighted binomial matriz B, has the quasi-production-like factorisation

ot [hhe] (it
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where
yT'(z) = diag(y)T'(z). (2.40)

Observe that we can write the factorisation of B, , above as

_ ey [0 Ll 0

where y = (1,4, y,...), from which it immediately follows that

. 11 0
B,, = T(z)diag(y) - [ 0B, } . (2.42)
We conclude this subsection with one final lemma relating bidiagonal and inverse
bidiagonal matrices.

Lemma 2.9. Suppose a = (a,)n=0 and b = (b,)n=0 are sequences of elements belonging
to a field F'. Then

(i) If a,, = —b, for all n then L(a)T(b) =1;
(ii) If a,, + b, # 0 for all n then

L(a)T(b) = [ : T((]’D,) } () (2.43)

where @' = (a, )0 is the edge sequence in which

+b fn =0,
d) = {fffjl(af%n) Z;n 0 (2.44)
an71+bn71 yn ’
and b' = (b)) >0 is the edge sequence in which
b;l _ bn(an+1 + anrl) . (245)
an + by,

Proof. (i) If a,, = —b,, then we trivially have
L(a)T(b) = L(-b)T(b) = L(-b)L(-b)™' = 1. (2.46)
(1) Suppose a,, + b, # 0 for all n, and let M = L(a)T(b) and

N = H T(?o’) }  L(@). (2.47)

Clearly M,,,, =1 = N,,,,, while for n > k > 0 the matrix entries of M, ; can be written
as a telescoping product

- — bi(a;1 + b;
M, = (Gnq—i—bnq)Hbi = (ay + by) H C;H+b +1) = Nk (2.48)

(the empty product is taken to be 1). O
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Figure 6: The planar network representation of Lemma 2.9

Figure 6 is a planar network representation of Lemma 2.9. As simple as Lemma 2.9
is, it will prove to be a fundamental tool in our proof of Theorem 1.2. In applications in
this paper the field F' will be the field Q(g) of rational functions of ¢, which is the fraction
field of the ring Z[q| of polynomials in q. The planar network we present in Section 4
arises from specialising the weights e and @3 of the binomial-like planar network A to
certain rational functions of ¢, and Lemma 2.9 allows us to transform this network into a
different network with weights that are polynomials in q.

2.4 A remark on Neville elimination

Given a totally positive matrix M there are myriad ways in which to express M as
a product of totally positive matrices, however, if the entries of M belong to R then
Gasca and Pena [30] provide an algorithm for systematically determining a “canonical”
factorisation. The process is based on the Neville-Aitken technique [28] which, in the
context of solutions of linear systems, gives rise to Neville elimination [29, 27]. Neville
elimination can be a powerful tool for studying totally positive matrices in general; here we
sketch a brief overview of it purely for unit-lower-triangular matrices. For a full treatment
please see [30].

Let M = (M, k)o<nk<n be a unit-lower-triangular matrix of size N + 1. If M contains
any zeroes in its initial £ = 0 column then form the matrix M, = (mg,k)ogmw by
moving the offending rows of M to the bottom in such a way that the relative order
among them is preserved (if M does not contain any zeroes in its initial column then set
My = (mpnx)o<ni<n). The entries m?,o for ¢ > 0 are referred to as the (i,0) pivots of M.

Suppose row nq is the bottom-most nonzero entry in column k = 0 of M,. For ¢
decreasing from n; to 1 subtract

m?

mo“fo (row (i — 1)) (2.49)

from row i (thereby reducing m?,o to 0 from bottom to top as i decreases). This operation
is equivalent to left-multiplying M by a product of elementary lower-bidiagonal matrices,
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and can thus be expressed algebraically as

1] 0
EN+1,1(—P1,0)EN+1,2(—p2,0) : "EN+1,N(—PN,0)RN+1M = [ 0| M, } ) (2-50)

where: Eniq,(x) is the elementary bidiagonal matrix of size N + 1 with (n,n — 1)-entry
x, 1s on the diagonal, and Os everywhere else; Ry, is some matrix of size N + 1 that
encodes a permutation of rows; and

mo 0

i, :

o — {mo if m;y # 0,
i0 =

1o (2.51)
0 if mgo =0
is a ratio of (,0) pivots of M.

The matrix M; = (m}%k)()gn’k-g ~—1 on the right-hand side of (2.50) is again unit-lower-
triangular, and the entries in the & = 0 column of M are the (i, 1) pivots of M. Reducing
the zeroth column of M; to Os everywhere except on the diagonal in the manner described
above (that is, rearranging rows and successively subtracting them from each other) yields

1| 0
0 ‘ Eni(=p11)Ena(—p21) - Enn-1(—pn-11) RN }
Ih|] 0

'EN+1,1(_pl,O)EN-i-l,Q(_pQ,O)"'EN+1,N(_[)N,O)RN+1M = [ 0 | M, } (2-52)

o 2 . . .
where My = (m;, ;. )Jo<ne<n—2 is @ matrix of size N — 1 and

i—1,0

_ (2.53)
0 if mj, =0

mi o 1

i, :

P - {ml— if mw 7£ O,
i,1 —

is a ratio of (i, 1) pivots of M.
Proceeding iteratively on smaller and smaller matrices we obtain, after a finite number
of steps, the identity

In_1 | 0 } . { Iy | 0
0 \ Ey1(—p1.n-1) 0 \ Es1(—pin—2)E32(—pan_2)R3
o Ens11(=p10)Ens12(—=p20) - - Enypin(—pno) BvaM = Ing, (2.54)
equivalently,
Ry Enyin(ono) - Enir2(p20) Ens1a(pro)- 1| . 0
| | o S 0 ‘ Ry Ennv-i1(pn-11) - Eni(pi1)
In 2 ‘ 0 } [ In 1 ‘ 0 ]

3 = M. (2.55
0 ‘ RS 1E3,2(P2,N—2)E3,1(,01,N_2) 0 ‘ E2,1(P1,N—1) ( )
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Figure 7: The binomial-like planar network obtained using Neville elimination.

where each p; ; is a ratio of pivots obtained at each step of the algorithm:

;o
pij = —0 (2.56)
mi_10

We call the factorisation of M obtained in this way the Neville factorisation of M.

Gasca and Pena showed in [30] that the matrix M is totally positive if and only if R; =
I; for all j (that is, Neville elimination can be applied to M without ever interchanging
rows at any stage of the algorithm), and the pivots of M are all nonnegative (the same
result can also be found in Chapter 6 of Pinkus’ book [51], although Neville elimination
is not treated explicitly there).

We can translate the Neville factorisation of M into the language of planar networks.
If M is totally positive then it follows from (2.55) that

1 0
Extin(pno) + Ext12(p20) En1a(pro) { 0| Enn_1(pn-11) - En1(p11) }
et T | 0 B
— M, (257
0 ‘ Ess(pa,n—2)E51(p1.n—2) 0 ‘ Es1(p1n-1) (2:57)

where every pivot p;; is nonnegative. We can easily construct a planar network repre-
sentation N} of this factorisation (see Figure 7); the network we obtain is simply the
standard binomial-like planar network with a,, , = 1 and 3, = pn . We call the planar
network Aj; obtained using Neville elimination the Newville network corresponding to M.

We have already seen how to interpret such planar networks as production-like and
quasi-production-like factorisations. By reading the network as a product of column
transfer matrices we obtain the production-like factorisation

L 7y R o o L2 (258)
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where Ly1_;(b}) is the finite lower-bidiagonal matrix of size N +1—i with corresponding
finite edge sequence

b; = (Pi+1,n)0<neN-1-i- (2.59)

Similarly, by reading the network as a product of diagonal transfer matrices we obtain
the quasi-production-like factorisation

B 1| o Ina| 0
M = Ty (by) [ LT } { | (2.60)
where
bj = (pn,j>1gngN7j' (2'61)

We note that the quasi-production-like factorisation above can be obtained directly
from the products of elementary bidiagonal matrices in (2.57), since according to (2.34)
we have

[[j ] = [Ij 0 . (2.62)
0 | En—jrin—i(pn—jj) - En—jr11(pr;) 0 | Tn—js1(by)

The production-like factorisation, on the other hand, can be obtained from (2.57) by
commuting elementary bidiagonal matrices. We have

I | 0
! - E —q4) E i i) 263
{ 0 ‘ En—imn—i(pn—id) - En—ie11(pra) 1 N4+1,N (ON—ii) N+t (1), ( )

and since Ey p, () Enn, () = Enp, () Eng, (z) for ng > ny + 1 it follows that we can
commute elementary bidiagonal matrices in (2.57), thereby obtaining

[EN+1,N(PN,0) e 'EN+1,2(P2,O)EN+1,1(pl,O)] : [EN+1,N(PN—1,1) s EN—i—l,Z(Pl,l)] s
[Ent1n(p2n—2)ENt1n—1(p1,v=2)][Ens1.8(p1.8-1)]
= [EN+1,N(/)N,O>][(ENJrl,Nfl(,ONfl,O)ENJrl,N(prl,l)]
o [Ensi(pr0) Ensi2(p11) - Engan(pinv-1)]. (2.64)

The right-hand side agrees with that of (2.58) since

I; 0
[EN+1,i41(Pit1.0) ENt1ir2(pir11) -+ Engan (piv1 n—ic1)] = | —a |- (2.69)
0 | Ly—it1(b})

Neville elimination can easily be applied to a unit-lower-triangular matrix M with
entries that belong to the polynomial ring Z[x|, though the resulting factorisation may
well consist of matrices with entries that belong to the field Q(x) of rational functions
of x. The planar network N; described in Section 4 below (see Figure 8) that we use
to prove the pointwise total positivity of the g-forests matrix is the Neville network for
the matrix F'(¢) = (fux(q))ni>1. By transforming this Neville network into a different
planar network with weights that are polynomials in ¢ we eventually show in Section 5
that F(q) is coefficientwise totally positive in Zg].
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Determining binomial-like planar networks via Neville elimination can be incredibly
useful if the set of pivots are of a “nice” form from which a general pattern is easy to
guess; however, often when attempting to construct planar networks for suspected totally
positive matrices® one finds oneself with a set of rational expressions for the pivots that
are difficult to make any sense of at all. Luckily, in the case of the forests and the trees
matrices the pivots were of a general form that was easy to understand.

We have now established all of the fundamental concepts required to prove our main
result (Theorem 1.2). In the next section we will interpret the entries of the g-forests
matrix and the g-trees matrix combinatorially, and prove some matrix identities relating
them.

3 Combinatorial interpretations of the entries of the g-forests
and g-trees matrices, and some identites relating them

The entries of the matrices F(q) and T(g) are polynomials in ¢ that count trees or forests
according to some statistic, and it is natural to try to interpret what that statistic might
be. We present one such interpretation in the following two subsections, before considering
some identities relating F(q) and T(q).

3.1 A combinatorial interpretation of the entries of F(q)

We begin with the ¢-forests matrix F(¢) = (fu£(¢))n x>0 Where

n—1 ek .
fanld) = § ;. _ ) (Ml HO<k<m, (3.1)
q
0 otherwise.

The entries of this matrix count forests on the vertex set [n] with & components with
respect to some statistic.

Let F, 1 denote the set of such forests for given n, k, and consider a forest F' € F,, 1,
where k < n.” The vertices of F' can be partitioned into three subsets:

VA (F)UVL(F) U V(F) (3:2)
where
V.(F) = {v € F:visaroot of a component},
Vs(F) = {v € F:vis alowest-numbered child of a root},
Vi(F) = {v € F :vis neither a root, nor a lowest-numbered child of a root}.

6Such as, for example, the maddeningly stubborn Eulerian triangle, which was conjectured by
Brenti [6] to be totally positive over a quarter of a century ago.
"We will shortly consider the case k = n.
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We now describe one way in which to assign weights to the vertices in V,.(F'), Vi(F'), and
Vi(F).
For each root vertex v in V,.(F') define

Vi (Fov)={v v € Vi(F)UV,(F),v <o} (3.3)

to be the set of nonroot vertices in F' that are lower-numbered than v. Each root v € V,.(F)
is then assigned the weight

wt(v) = rlVE) (3.4)
and for a forest F' € F, . define®
niblings(F) = > [Vi(F,v)|. (3.5)
vEV,(F)

The set Vi(F) is a singleton (since we assumed that k& < n) so we denote by vy, the
single element of V;(F'). Consider the roots vg, vy, ..., v5—1 € V.(F) where

Vo <V <00 < Vg—1. (36)
The vertex vy, is a child of one of vy, ..., vx_1, and we assign to vy, the weight
Wt(VUmin) = &, (3.7)

where v; is the parent of vy, (we say that j is the smallest child index of F' and denote
it scindex(F)).
The set V;(F') is nonempty if £ < n—1, and in this case we assign each vertex v € V;(F)
the weight
wt(v) = Parent®)=1 (3.8)

where parent(v) denotes the label of the parent of v, and define

parents(F') = Z parent(v). (3.9)

veVL(F)

Putting the above together in one place we have for a vertex v in F"

AEE e V(F),
Wt(U) — Sscindex(F) V= Umin, (310)

tparent(v)—l = ‘/t(F)
We now define the weight of each forest F' to be the product of the weights of its vertices:

Wt(F) — HWt(’U) _ Sscindex(F) H TlVT(F)‘ tparent(v)—l‘ (311)
veF veEV,(F) vEVL(F)

8The portmanteau “niblings” is a combination of nephews/nieces and siblings.
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Since |Vi(F)| =n —k — 1, it follows from (3.5) and (3.9) that

Wt(F) _ Tniblings(F)Sscindex(F)tparents(F)f(nfkfl) (312)
for each forest F' € F,, , where n > k. We demonstrate the weighting of forests described
above in the following small example.

Example 3.1. Consider the following forest F' € F; o:

Vo

The roots are indicated by horizontal lines, so V,.(F) = {vg,v1} where vy has label 2
and v; has label 5. The nonroot vertices lower-numbered than the vertex vy are vq, v3, vy
labelled 3,1, and 4 respectively, hence

‘/T(F, 'Ul) = {’ZJQ,Ug,U4}, (313)
while
Vi (F,vo) = {vs}, (3.14)
so it follows that
niblings(F) = |V,.(F,vo)| + |V (F,v1)| = 4, (3.15)

and the vertices vy and v; have weights 7 and r° respectively.

The lowest-numbered child of a root is the vertex vs labelled 1 and since its parent is
the vertex v; we have scindex(F) = 1 and wt(v3) = s.

The remaining nonroot vertices are Vi(F) = {wvy,v4}. The parent of vy has label 2,
while the parent of v, has label 5 so

parents(F') = parent(vy) + parent(vy) = 7, (3.16)
and we have wt(vy) =t and wt(vy) = t*. The weight of F is thus
H Wt(v) — s — Tniblings(F)Sscindex(F)tparents(F)—2. (3‘17)
vel

Note that the weight function (3.11) defined above is for forests on the vertex set [n]
with £ components where k& < n. For k = n the set F,, ,, consists of a single forest on the
vertex set [n] consisting of n components, to which we assign a weight of 1.° The weight
of a forest F' € F,  for general n and k is therefore defined to be

wt(F) = {1 itk =mn, (3.18)

Tniblings(F)Sscindex(F)tparents(F)—(n—k—l) if b <n.

The following proposition gives an explicit formula for the sum over weighted forests.

90bserve that the “empty forest”, that is, the forest on 0 vertices with 0 components, also has weight
1.
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Proposition 3.2. For the set F, i of forests on the vertex set [n] with k components
where n > k we have

Z Wt(F) — Z yniblings(F) gscindex(F) gparents(F)—(n—k—1) _ (n) [k‘]g([n]t)n_k_l-

k
FE]:n,k FE]'—n,k

(3.19)

Our proof below is an extension of the first proof of Proposition 5.3.2 given by Stanley
in [69], and we are very grateful to Bishal Deb for pointing it out.

Proof. A forest F' € F,, ;. consists of a root set V,.(F'), and a subforest attached to the roots
consisting of the vertices Vi(F) U Vi(F). We construct a sequence oy, 09,...,0, k41 Of
subforests of F' (all with root set V,.(F')) in the following way: set oy = F. If i <n—k+1
and o; is defined then let 0,1 be the subforest obtained from o; by removing its largest
nonroot endpoint v; (together with the edge incident to it). Let p; be the unique vertex
of o; adjacent to v; and consider the Prifer sequence (or Priifer code, see [54]) of the
subforest of F' that arises from removing all vertices in Vi(F') U V;(F') in this way,

V(EF) = (p1, P2, - - -, Pur)- (3.20)

Note that for i < n — k, p; € [n], while p,,_ € V.(F), so the number of such sequences is
k,nn—k—l'

Now let F,, v, denote the set of forests with a specified root set V;. of size k. The map
from forests to Priifer sequences described above

v Fuv, = 0"t %V, (3.21)

is a bijection (see [69, Proposition 5.3.2]).!% Our aim is to understand the contribution
from the weights of the vertices in terms of these Priifer sequences and root sets.
Each subforest on the vertices Vi(F') U Vi(F') has a unique Priifer sequence

(P1,P25 -+ s Pnk—1,Pn—), (3.22)
and the first n — k — 1 elements of the sequence correspond to vertices with weights
N e ]
The weight of all sequences (py,pa, - .., Pn_k_1) is thus ([n])"*71. It is easy to see that
the element p,,_; is the parent of vpi,, and since vy, has weight s' for 0 < 1 < k-1

(according to the definition of the weight function), the weight of the set of subforests

with root set V, is
R (3.23)

What remains is to show that the weight of all possible root sets is

(Z) ) (3.24)

10Please note that here [n]" %=1 denotes the Cartesian product of the set [n] with itself n —k— 1 times.
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Given a set of k root vertices V. chosen from [n], form the word w = wyw, . .. w, of length
n on the alphabet {0, 1}, containing Os at positions vy,...,vx € V, and 1s everywhere
else. The weight we assign to each vertex v; € V, then corresponds to the number of
1s preceding the 0 at position w,,, so counting root sets with the weighting specified
above is equivalent to counting all words w with respect to the number of inversions in
w (an inversion is a pair (7,7) such that w; = 1, w; = 0, and ¢ < j). This well-known
interpretation of the r-binomial coefficient can be found in [2, p. 40|, where 7 is replaced

with q. O
The above proposition might invite one to consider the more general matrix
F(r,s,t) = (far(r, 5,1))nk=0 (3.25)
with (n, k)-entry given by
1 if n==r,
s = 30 wa) = 4 (3) WL ito<k<n. (20)
FeFy T
0 otherwise,

but alas, the first few rows of this matrix are:

1

0 1

0 r+1 1 (3.27)
0 (FP4+r+1)(P+t+1) (FP4+r+1)(s+1) 1

which is not even coefficientwise TPy in Zlr, s, t] since
f2,1(r7 S, t)f3,2(r7 S, t) - f3,1(r7 S, t)f2,2(r7 S, t)
= (I+r+r)(s+r(1+s)—t(1+1) £0 (3.28)

In fact it seems the only way to ensure that F(r, s,t) is coefficientwise totally positive is
to set r = s =t = ¢, thereby reducing F(r, s,t) to the g-forests matrix F(q). We therefore
define wt, (F) of F' € F,, 1, to be the the weight function (3.18) specialised tor = s =t = ¢

1 if k =n,

qniblings(F)+scindex(F)+parents(F)—(n—k—l) if k< n. (329>

wt,(F) == {

We conclude:
Corollary 3.3. For the g-forests matriz F(q) = (fnx(q))n k=0 we have
farle) = D wig(F), (3:30)
Fefn7k
where F, . denotes the set of forests on the vertex set [n] with k components.

Having established this combinatorial interpretation of the entries of F(q) we now turn
to the g-trees matrix.
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3.2 A combinatorial interpretation of the entries of T(q)

The entries of the g-trees matrix

Tlg) = ((Z)q([nm-k) (3.31)

n,k>0

count rooted labelled trees on the vertex set [n + 1] where k children of the root are
lower-numbered than the root (with respect to some statistic). In [7, Lemma 2|, however,
the authors give a bijection between the set of all such trees and the set of forests F;, ;.4
on the vertex set [n+ 1] comprised of k+ 1 components where the vertex labelled n+1 is
a leaf (note that a root with no children is also a leaf); we therefore interpret the entries
of T(q) as enumerating forests in F;,, , ., with respect to certain statistics.

We can can construct the set F,, ;. in the following way: either take the set JF, j11
of forests on [n] with k + 1 components, and for each forest F' € F, ;1 attach the vertex
n+ 1 as a leaf to any of the vertices in F' (there are n ways to do this); or take the set of
forests F,,, on [n] with & components and to each F' € F, ; attach the vertex n + 1 as a

singleton component. It follows that

i} n—1 ek n—1 e n n—
[Pttt = 0| Fopia| + [ Fupl = n( k )n T (k — 1)n "= <k)n -
(3.32)

If we weight the forests in F:, ., according to (3.11) in the previous subsection then it
is not difficult to see that for n > k

Z Tniblings(F)Sscindex(F)tparents(F)—(n—k—l) _ ( n ) [k‘ + 1]8([n]t)n—k—1
kE+1
FeF: r

n+1,k+1

since the weight of the set of forests where n + 1 is a leaf, but not a component, is

[n]t Z Tnlbhngs(F)Sscmdex(F)tparents(F)f(nfku) _ <k N 1> T[k + 1]8([n]t)n7k71 (334)

FeF, k1

(we obtain a multiplicative factor of tParent(+D=1 each time we attach n + 1 as a leaf to a
component, and each possible parent of n + 1 is an element of [n] in a forest F' € F,, j41)
and the weight of the set of forests where n + 1 is a singleton component is

Tnfk Z Tniblings(F)Sscindex(F)tparents(F)f(nfkfl) _ Tnfk: (Z) [k]s([n]t)nfkfl (335>
FeF, i r

(since all nonroot vertices of F' € F, ) are smaller than n + 1, and this corresponds to
appending a 0 to the word obtained from the root set V,.(F) described in the proof of

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(3) (2021), #P3.54 28



Proposition 3.2). Now let T(r,s,t) = (¢, x(7, s,t))n k>0 Where

1 if k =n,
tuslros,t) = 3 wh(F) = S ()"t (kG K+ e+ 1,(0),) iR <,
FeFpikn 0 otherwise.
(3.36)

Once more, one might ask whether T(r,s,t) is coefficientwise totally positive, however,
the first few rows of T(r,s,t) are:

1
1 1

(r+1)(t+1) 2 4r4s41 1
(r2+r+l)(t2+t+l)2 (r2+'r+l)(t2+t+1)(r2+s+1) st r?s+r3 42 frs+r+s2+s+1 1

(3.37)
which contains the 2 x 2 minor

tl,O(ra S, t)t2,1(ra S, t) - tQ,O(Tu S, t>t1,1(r7 S, t) = T2 +s—t—rt % 07 (338)

so T(r,s,t) is not even coefficientwise TPy in Z[r, s,t]. Again, it seems the only way to
restore total positivity is to specialise r = s =t = ¢, in which case

tui(0,0,9) = (In]g)" ™" (q”"“ (:)q[k]q + [k + 1]q(k Z 1)q>
= (Z)q([n]q)"kl(q”k[k]q—i- n—k,) = (In])"* (Z)q = tnk(q). (3.39)

We thus have:

Corollary 3.4. The entries of the q-trees matriz T(q) = (tnx(q))nk=0 satisfy

sla) = Y wty(F) (3.40)

Fef;+1,k+1

where F 1 1,y denotes the set of forests on the vertex set [n+ 1] with k+ 1 components,
in which the vertex n+1 is a leaf, and wt,(F') is the specialised weight function for forests

defined in the previous subsection.

It is safe to say that the statistics defined above are quite unconventional, arising from
inserting ¢-weights into the Priifer sequence for trees and forests. In [21] the authors
provide an alternative method for encoding weighted trees that is more refined than that
of Priifer; a closer examination of this weight-preserving bijection in relation to the ¢-
forests and g-trees matrices will form part of future work on these matrices. For the time
being we will turn our attention to some identities relating the matrices F(q) and T(q).
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3.3 Some identities involving F(q) and T(q)

We have already seen in Section 1 that the entries of the forests matrix

Fi=(fok)nrso = ((Z : Dn”_k) (3.41)
n,k>0

and the entries of the trees matrix

n
T := (tn,k)n,k>0 = <(k) nn_k) (342)
n,k>0

satisfy
Jog = %tn,k (3.43)
for n > 0. We therefore have:
Lemma 3.5. The matrices F and T satisfy
F = 11_1;% diag((n + €)n=0) T diag((n + €)n>0). (3.44)

The above lemma shows that the total positivity of T implies that of F, however, by
observing that ¢, o = t,1 for n > 0 we also obtain the following identity:

Lemma 3.6. The matrices F and T satisfy
T = 1ir% diag((n + €)n=0)F diag((n + €)p=0) ' Eo(1) (3.45)
e—

where Ey(1) is the elementary bidiagonal matriz.

Proof. This follows from Lemma 3.5 and observing that right multiplying a matrix with
Ey(1) corresponds to adding column 1 to column 0. O

We conclude that total positivity of F implies that of T, but there are yet more
identities to uncover. By observing that

n—k
Jotipt1 = (Z) (n+1)"" = (Z) Z (n ; k) okl
1=0

we obtain:

Lemma 3.7. The matrices F and T satisfy

F— H T(H (3.47)

where B is the weighted binomial matriz B, ,, with x =y =1,

B = ((Z))nk?o (3.48)
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Combining Lemmas 3.5-3.7 yields the curious dual identities below:
Corollary 3.8. The matrices F and T satisfy

1| 0
0 ‘ lim,_o diag((n + €),0)F diag((n + €),>0) " Eo(1)B

F = (3.49)

and
T = ll_r:% diag((n + €)nx0) {%‘%} diag((n + €)n=0) " Eo(1). (3.50)

But what of the more general matrices F(¢) and T(q)? In order to understand how
the ¢-forests and ¢-trees matrices are related we first present some well-known identities
concerning g-binomial coefficients.

The g-binomial coefficient satisfies the dual recurrences:

(Z>q N (nﬁk)q - <Z:i>q+qk(n;1)q (3.51)
(Z)q N (nik)q = W(Z:Dﬁ (n;)q (3.52)

(see [2, equations (3.3.3) and (3.3.4)], for example). Combining (3.51) and (3.52) above

we obtain i
n—1 1—-4¢" (n
(), - ), o

so it follows that for the g-forest numbers

and

hute) = (4 (ol (3.54

and the ¢-trees numbers

bsla) = ((Z)q([nb)”’“) (3.55)

for n > 1. We therefore have a direct g-generalisation of Lemma 3.5:

we have

Lemma 3.9. The matrices F(q) and T(q) satisfy

F(g) = limdiag(([n], + €)nz0) " T(g) diag(([n]g + €)ns0) (3.57)

e—0
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By observing that t,0(q) = t,1(q) for n > 0 we also obtain a g¢-generalisation of
Lemma 3.6:

Lemma 3.10. The matrices F(q) and T(q) satisfy
T(q) = limdiag(([nl, + )n=0)F(g) ding(([n], + Do) "Eo(D). (358)

Since the entries of diag(([n], + €)n>0)~" are rational functions of ¢, Lemma 3.9 shows
that the pointwise total positivity of F(q) implies that of T(gq), and vice versa (also, note
that Lemma 3.10 shows that the pointwise total positivity of F(g) implies that of T(g)).
It follows that to show both of these matrices are pointwise totally positive (Corollary 4.3
below) it suffices to prove that one of them is. Neither of the above lemmas, however, are
of any help when considering the coefficientwise total positivity of our matrices.

We have one more simple identity that shows the coefficientwise total positivity of F(q)
implies the coefficientwise total positivity of T(g). It turns out that T(q) can be obtained
by right-multiplying F(q) by a simple inverse lower-bidiagonal matrix with entries that
are polynomials in q.

Lemma 3.11. The matrices F(q) and T(q) satisfy

T(q) = F(g)T(a(q)), (3.59)

where T'(a(q)) is the inverse bidiagonal matriz with edge sequence

a(q) = (¢"[n+ 1]g)nz0- (3.60)

Proof. Since T'(a(q)) is the inverse of the lower-bidiagonal matrix L(—a(q)) (Corollary 2.6
above), proving (3.59) is equivalent to showing that

Fla) = T(g)L(-al(q)), (3.61)

where L(—a(q)) is a lower-bidiagonal matrix with 1s on the diagonal, (n,n — 1)-entry
—q"[n+ 1], (3.62)

and all other entries 0. We have
T@rl-a@e = (3) Wy =, ) il @y

which clearly yields d,,; for £ = 0. For n > k > 0 the right-hand side of the above equation
reduces, via the dual recurrences (3.51) and (3.52), to

™ ((Z)q—qk(”gl)) = (3 20) b = fute, @y

completing the proof. O
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The matrix T'(a(q)) in the above lemma is clearly coefficientwise totally positive, so it
follows from Lemma 3.11 that in order to prove that T(q) is coefficientwise totally positive
it suffices to show that F(q) is coefficientwise totally positive. We were unable to find a
similar identity that proves the coefficientwise total positivity of T(q) implies that of F(q);
this is why we focus on the matrix F(q) in the sequel.

In the next section we describe how to specialise the weights of the binomial-like planar
network to rational functions of ¢, and show that the corresponding path matrix agrees
with F(g). In Section 5 we show how this network can be transformed into a different
network with weights that are polynomials in ¢, thus proving that F(q) (and therefore
T(q)) is coefficientwise totally positive in Zlg].

4 Pointwise total positivity of the g-forests and g-trees matrices

Recall the binomial-like planar network A with edge weights e and 3 described in Sec-
tion 2. This section is devoted to showing how specialising the weights a and 3 to
pointwise nonnegative elements of the field Q(q) (that is, the fraction field of the polyno-
mial ring Z[q]) yields a path matrix that agrees with F(g), from which the pointwise total
positivity of F(q) (and thus, T(q)) trivially follows. We then present production-like and
quasi-production-like factorisations of F(q).

We begin by observing that since

Flg) = H F,(()q)] (4.1)

where
n

(@) = (s @hon = (1) (o4 2 (42

the pointwise (and indeed, coefficientwise) total positivity of F(q) is trivially equivalent
to that of F'(q).
Now let A denote the binomial-like planar network A in which

a; =1 (4.3)
and ' .
B = dlily (%) (4.4)

(see Figure 8). Observe that since Nj is a binomial-like planar network in which the
horizontal edges have weight 1 it must be a Neville network for some unit-lower-triangular
matrix. We make the following proposition:

Proposition 4.1. The path matriz matriz Py, satisfies

Py, = Flq). (4.5)
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Figure 8: The binomial-like planar network N; up to us and vy.

Please note that by relabelling the source vertices w, — wu,y; and sink vertices
vy — Ups1, and inserting a new source vertex ug at the bottom of N; connected via
a horizontal edge of weight 1 to a new sink vertex vy, we obtain the planar network N}
with corresponding path matrix

11 0
Py = {0 Py, } (4.6)

Since the weights of AJ* are nonnegative for ¢ € R™, the pointwise total positivity of F(q)
(and therefore also T(q) according to Lemma 3.11) follows from Proposition 4.1. The
author would like to point out that he is very grateful to Xi Chen and Shaoshi Chen for
discovering a proof of Proposition 4.1 with ¢ specialised to ¢ = 1, which inspired what
follows.

Our proof of Proposition 4.1 arises from considering directly the sum over weighted
paths in the network N; from wu,, to vj:

Py, (up — vg) = > i, <[k + Q]Q)il it

1<i1 <<y <n [k + l]q
: n+1),\"" .,
: [ank]q (Wq q n—k (47)
q

(see (2.12), where the §;;s have been replaced with the weights defined in (4.4)). Proving
Proposition 4.1 amounts to showing that the right-hand side of (4.7) equals

<Z)q([n + 10", (4.8)
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Since the nested sum in (4.7) is somewhat complicated, in order to make better sense of
it we first prove the following lemma:

Lemma 4.2. Given integers n,m,t with 0 <m <n and 0 <t <n —m we have

F () (), - eon(70), (24 o

s=t+1

Proof of Lemma 4.2. Tt is easy to verify (4.9) for t = n — m — 1 so suppose it holds for
t <n—m — 1 and consider the case t — 1. We have

s () (2, - e () (),

- +[n+ 1]q(:ljrt1)q (%)t 1

the right-hand side of which can be written

() (o (), (020))

B ()

n—t—ml,\m+1
The dual recurrences for g-binomial coefficients (3.51) and (3.52) then reduce (4.11) to
0\ (n—t+1
Il =ty (4.12)
[n —m, m+1 /,
which agrees with the right-hand side of (4.9) when ¢ is replaced with ¢ — 1. O]

With Lemma 4.2 in hand we are now ready to prove Proposition 4.1.

Proof of Proposition 4.1. We will show that
n
Py, (uy — vg) = <k> ([n 4+ 1)) ", (4.13)
q

where Py, (u, — v;) denotes the sum over weighted directed paths in A; starting at u,
and ending at vg. According to (4.7) we have

Pot—u)= Y (i, ([k: + 2]q)“ i, ([n + 1]q>"nk -

1<y <<ty <N [k + 1]‘1 [n]q

(4.14)
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The nested sum (4.14) can be expressed recursively. Let

Sy = i lin_t)q (M)_k gk, (4.15)

ip—k=ln_g—1+1 [n]q

and for 1 <m < n —k — 1 define

n—m ] n + 1 —-m In—k—m e
Sn—k—m = [Zn—k—m]q (W) q n—k—m+1, (416)
In—k—m=tn—k—m—1+1 q .
so that in particular
PNl (un - Uk) = n—k—m’m:n—k—l,iO:O (417)

(where Sy—k—m|m=n—k—1,,—0 denotes the right-hand side of S,,_j_, in which m is replaced
with n — k — 1 and 4o = 0). We make the following claim:
Claim. For 0 < m <n —k — 1 we have

S = ([0 + 1) (” - i”’“ml)q (M>m (4.18)

m+ 1 [n —m],
To prove (4.18) we first observe that since

o= Y []([”“])q(”‘o) (4.19)

i jmin 1t [l

(remember (g)q = 1), the claim clearly holds for m = 0 by virtue of Lemma 4.2. Suppose

then (4.18) holds for m > 0 and consider the case m; = m + 1. Then

St = fu (rommh) s,y (4.20)

by the induction hypothesis (where we have replaced #,,_g_,—1 and i, _;_,,—2 with s and
t respectively). Applying Lemma 4.2 to (4.21) then proves the claim (4.18).

Substituting m = n — k — 1 and ¢y = 0 in the right-hand side of (4.18)) forn >k >0
yields

Pt ) = (ot ( ") (422

n e
_ <k) (I + 1], (4.23)
q
completing the proof. O
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The above proposition immediately implies the following corollary:

Corollary 4.3. The matrices F(q) and T(q) are pointwise totally positive for q specialised
to g € RT.

Proof. According to Proposition 4.1 the matrix F'(q) is the path matrix corresponding
to a planar network with weights that are rational functions of q. Each weight in N is
pointwise totally positive for ¢ € RT, so according to the LGV lemma (see Subsection 2.1)
F'(q) is pointwise totally positive for ¢ € RT. Since pointwise total positivity of F(q) is
trivially equivalent to that of F'(¢), the matrix F(q) is pointwise totally positive. We have
already seen in Section 3 (see Lemma 3.11, for example) that pointwise total positivity of
F(q) implies that of T(q), so T(q) and F(q) are pointwise totally positive. O

Of course for ¢ specialised to ¢ = 1, Corollary 4.3 proves that both the trees matrix
T and the forests matrix F are totally positive (Theorem 1.1). Moreover, the planar
network in Figure 8 implies, via Proposition 4.1, a matrix factorisation of F'(q) and
hence a factorisation of F(¢q). Indeed, we can obtain two such factorisations depending on
whether we view N as a concatenation of column transfer matrices (yielding a production-
like factorisation, see Corollary 2.4 above), or a concatenation of diagonal column transfer
matrices (yielding a quasi-production-like factorisation, see Corollary 2.7 above).

Corollary 4.4. The matriz F(q) has the production-like factorisation

0 = | Sy e S| 02

where L(a;(q)) is the lower-bidiagonal matriz with corresponding edge sequence

ailq) = (q"[z'+uq (M) ) | (4.25)

n+i+1], o0

We will use the above matrix factorisation in our proof of Theorem 1.2, however,
we also remark that F(q) also has a quasi-production-like factorisation (thanks to Corol-
lary 2.7):

Corollary 4.5. The matriz F(q) has the quasi-production-like factorisation

o = [Straar] [ rarar) trear] 69

where T'(aj(q)) is the inverse bidiagonal matriz with corresponding edge sequence

af(q) = <ql+wn+ 1, (M)) | (127)

n+ 1+ 2], .

Having established the pointwise total positivity of the g-forests and ¢-trees matrix
via the planar network A/, in the next section we will show how N; can be transformed
into a different planar network with weights that are polynomial in ¢, from which the
coefficientwise total positivity of F(q) and T(q) follows.
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Figure 9: The planar network N5 up to source ug and sink vg. Note that the dashed red
lines do not form part of the network, they simply delineate the column transfer matrices
of N3. Also note that the direction of the edges have been omitted, the reader should
assume all edges are directed from left to right.

5 Coefficientwise total positivity of the g-forests and g-trees ma-
trices

We now present a different planar network with weights that are polynomials in ¢ and
show that its corresponding path matrix can be transformed into the production-like
factorisation of F(q) from the previous section.

Let N3 denote the planar network in Figure 9. Observe that this network does not
have the structure of the binomial-like planar network that we have considered up to
this point, nonetheless we can still apply the tools from Section 2 to understand the
corresponding path matrix. In particular we will repeatedly make use of Lemma 2.9, so
for ease of reading we recall it here:

Lemma (Lemma 2.9 above). Suppose a = (a,)n=0 and b = (b,)ns0 are sequences of
elements belonging to a field F'. Then

(i) If a,, = —b,, for all n then L(a)T(b) =1;
(i1) If a,, + b, # 0 for all n then

LE@T(B) = | ¢ by | 26) 5.1

where @' = (a, )0 is the edge sequence in which

’ {(lo-{—bo an:O,
a, =

anfl(an‘f'bn) -
Gn—1+bn_1 an > 07
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and b’ = (b)) =0 is the edge sequence in which

bn(@nt1 + bpy1)

b =
" ay, + by,

(5.3)

Consider a subnetwork C* of N; depicted in Figure 9. The column transfer matrix
corresponding to each subnetwork is
I | 0
0 ‘ L(ai(Q))T(bi<Q>)

where L(a;(q)) and T'(b;(q)) are lower-bidiagonal and inverse lower-bidiagonal matrices
(respectively) with corresponding edge sequences

Poi =

(5.4)

a;(q) = (¢ 'i + Ug)nzo (5.5)
and 4
bi(g) = (¢'[n+ 1g)nzo. (5.6)
The path matrix corresponding to N5 has the factorisation
F)'/\/’2 = ~~P02P01PCO (57)
We make the following proposition:

Proposition 5.1. The path matriz for Ny satisfies

Py, = F(q). (5.8)

Before beginning the proof proper we first outline our approach. The factorisation of

Py, in (5.7) is of the form

2

 (LaTy)(LyT3) (Lo T) (L1 Th), (5.9)

where L; denotes a lower-bidiagonal matrix L downshifted by i:

Li = [%] : (5.10)

and similarly 7; denotes an inverse lower-bidiagonal matrix 7" downshifted by i:

T, = l%%] (5.11)

Applying Lemma 2.9 to the rightmost product L;T; we obtain

LT, = T,L, (5.12)
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where T3 is an inverse lower-bidiagonal matrix downshifted by 2 and L) a lower-bidiagonal
matrix downshifted by 1. The factorisation in (5.9) can therefore be expressed as

e (LaTy) (L3 Ts) (Lo Ty T5) L (5.13)

More generally, Lemma 2.9 enables us to “pull” lower-bidiagonal matrices “through”
inverse lower-bidiagonal matrices to the right (compare Figure 6 with Figure 9), so that
in particular for a given ¢ > 0 the factorisation in (5.9) can be written in the form

- (LiyoTiy2) (Lz'+1Tz'+1 HTi+1,j> LiLi -+~ L} (5.14)

J=1

where each 7}, ; is an inverse bidiagonal matrix downshifted by ¢ + 1, and each L] is a
lower-bidiagonal matrix downshifted by i. It is clear that in the limit (as i — oo0) the
inverse lower-bidiagonal matrices vanish, and what remains is a factorisation of P, into
downshifted lower-bidiagonal matrices:

Py, = - LLILLLLL. (5.15)

We will show that this resulting factorisation of P agrees with the production-like
factorisation of F(g) given in Corollary 4.4 of the previous section.

Proof of Proposition 5.1. 1t is easy to see that the matrices agree in the first column,
since
PNQ(un _>/UO) = 5710 = fn,O(Q), (516)

so consider again the matrix

Flg) = (fos(@)uio = ((Z) (1n+ 1]q)”‘k> (5.17)

n,k>0

and let N denote the planar network obtained by removing from N3 vertices ug, vy and
relabelling vertices u; — w;_1, v; = v;_1 for i > 0 (the corresponding path matrix Py 18
thus obtained by deleting the first row and column of Py,).

As described above, we will prove (5.8) by repeatedly applying Lemma 2.9 to the
matrix factorisation of Pyy, thereby expressing Py, as a product of lower-bidiagonal ma-
trices that agree with those given in Corollary 4.4. To this end, fix ¢ > 0 and consider the
product

, — I; 0 1 0
Pl PluPly = L(ai(q))T(bi(q))]m[OL(al(q))T(b1 | H@0@) T (bo(a)
(5.18)
where
ai(q) = (¢ i+ 1g)nzo (5.19)
and
bi(q) = (¢'[n + 1g)nzo (5.20)
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(each matrix P/, is obtained by deleting the first row and column from FPp: defined in (5.4)
above).
Claim 1. We claim that

oty = [ttty | [ty | [ ey ) o) 621

where

T'(q) = [ [ T(bi;(a)) (5.22)

J=0

is a product of inverse bidiagonal matrices with corresponding edge sequences

b (q) = (qi—j[an (M) ) (5.23)

n+1i+2], .

and each L(c;(q)) is the lower-bidiagonal matrix with edge sequence

ci(q) = (q“[z'+1]q (%) ) . (5.24)

n=0

Please note that the lower-bidiagonal matrices L(c;(q)) are obtained by deleting the first
row and column of the matrices found in the production-like factorisation of F(gq) in
Corollary 4.4 above, so proof of the proposition follows once we have proved the claim
(since (5.21) implies that for 0 < n < i+ 1, each (n, k)-entry of P, --- P, Pl agrees
with that of F'(q)).

First observe that we can apply Lemma 2.9 to the product L(a;(¢))7T'(b;(¢)) in P,

yielding ; ‘ . ; ‘ .
r_ i+l D
For = [ 0 | Tb(0)) } [ 0 L<a;<q>>] (5.25)
where
oy (@A [ i 4 2],
a;(q) = ( mrind, >n>0, (5.26)
and
. ¢‘ln+1]yn+1i+ 3,
bi(q) = ( it >n>0. (5.27)

Clearly T'(bl(q)) = T(b;o(q)), moreover it is easily verified that af(q¢) = co(q), so sup-
pose (5.21) holds for i — 1 > 0. By the induction hypothesis and (5.25) we have

v [ L | 0 . L | 0 RS 0 .. L(c
PeirFoo=|— | T(bio(q)) } [ 0 | L(aj(q)) T Y (q) } [ 0 [Llem(@) ! (05((]2)8))

We now make the following claim:
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Claim 2. For0 <m <17 —1,

el [T 70ess0) = [ g5, | Hea@) 629
where ¢/ (q) is the edge sequence

¢(q) = (Wmmuq (M)m ) | (5.30)

n+i+1], o0

Claim 2 (5.29) clearly holds for m = 0 by way of Lemma 2.9:

L) T10(0) = |7y - L @) (531

and more generally we have (again by Lemma 2.9)

LT b0 = | pagyy] - L) 632

Letting m = ¢ — 1 above proves Claim 2 (5.29), which in turn confirms Claim 1 (5.21)
since it is straightforward to check that c}(q) = c;(¢), thereby completing the proof of the
proposition.

O

Coefficientwise total positivity of F(g) and T(g) follows almost immediately from
Proposition 5.1:

Proof of Theorem 1.2. Since N3 is a planar network with weights that are polynomials
with nonnegative coefficients in ¢ and we have just shown that Py, = F(g), the matrix F(q)
is coefficientwise totally positive in Z[q] thanks to the LGV lemma. The coefficientwise
total positivity of T(g) then follows from the fact that

T(q) = F(@T((¢"[n + 1g)n>0) (5.33)

(see Lemma 3.11 above), since the inverse lower-bidiagonal matrix 7'((¢"[n + 1],)n>0) is
coefficientwise totally positive. O

Proving Theorem 1.2 was the main goal of this paper, however, the planar network
N5 can be seen as a specialisation of a more general network that appears to satisfy some
interesting properties that we believe warrant further investigation. We discuss this more
general network in the following section.
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6 Further comments and some open problems

In this final section we turn our attention to a generalisation of the planar network N, that
under certain specialisations yield matrices with entries that appear to count a variety of
combinatorial objects with respect to different statistics. These matrices are automatically
coefficientwise totally positive, since they arise from planar networks with weights that
are polynomials with nonnegative coefficients. Furthermore, under certain specialisations,
sequences of row-generating polynomials related to these matrices turn out to be sequences
of polynomials that are already well-known, and in some cases are also known to be
coefficientwise Hankel-totally positive (a sequence a = (P, (x)),>0 of polynomials in one
or more indeterminates x is coefficientwise Hankel-totally positive if its associated Hankel
matriz Hoo(a) = (P4£(X))n k>0 is coefficientwise totally positive in all the indeterminates
X).

We will briefly touch upon the method of production matrices (see [18, 19]), which
in recent years has become an important tool in enumerative combinatorics and has
its roots in Stieltjes’ work on continued fractions!!. The theory of production matrices
with respect to total positivity is extensively studied in [64], however, since [64] is not yet
publicly available we direct the reader to Sections 2.2 and 2.3 of [66] for a fuller treatment.

For our purposes we will require the following principles: let P = (p; ;)i >0 be an
infinite matrix with entries in R[x| equipped with the coefficientwise order. In order that
powers of P are well defined we assume that P is either row finite (that is, has only finitely
many nonzero entries in each row) or column finite. Let us now define the infinite matrix
A = (apk)n k=0 Where

Qp | = (Pn)o,k, (61)

that is, row n of A is the first row of the matrix power P" (in particular we set agr = do)-
We call P the production matriz of A, while A is referred to as the output matrixz of P
and we write O(P) = A. The entries of A are, explicitly,

ank = § Do,iy PiqisPisyis = Pin_2,in—1Pin_1,ks (62)

ilv"'7in—1

which can be seen as the total weight of all n-step walks in N from ig = 0 to i,, = k, in
which the weight of a walk is the product of the weights of its steps, and each step from i
to j has weight p; ;. An equivalent formulation is to define the entries by the recurrence

o0

An e = Z Qn—1,iDik (6-3)
i=0
for n > 1 with initial condition apr = dog.
Given a production matrix P, we define the augmented production matriz to be
. 1000 ---
p - [1000-) 0

HSee [70, 71], which were reprinted together with an English translation in [72, pp. 401-566 and
609-745]
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and it is easy to show [66, Section 2.2] that the output matrix of P has the factorisation

OP) = --- I |0 | | &]o] {1]0]s (6.5)

0P 0o[P| [0]P
Clearly if P is coefficientwise totally positive then so is P, and hence so is O(P) (Theo-
rem 2.9 in [66]). The factorisation given above is the reason we call the factorisation in
Corollary 2.4 production-like. The quasi-production-like factorisation in Corollary 2.7 is

named after the related concept of quasi-production matrices (see [10]) that we do not
require here.

6.1 General Abel polynomials

Let us now return to the g-forests matrix F(q) and consider the matrix

F(a) = (fur(@)nazo = Flg) diag((¢""V)iz0), (6.6)

the row-generating polynomials of which are defined to be

Fo(z;9) =1 (6.7)

and
_ L " /n—1 e
Fulai ) =3 st = 3 () (@l (65)
k=0 k=1 q
for n > 0. By employing the finite sum version of the ¢-binomial theorem [2, Theorem 3.3]:

n n—1
> (Z) (=)' = TJ0 - =), (6.9)
k=0 q =0
in which z has been replaced with (—gz/[n],), we obtain the explicit formulas
Fo(z;q) = 1 (6.10)
and
Fu(ziq) = « ][] (zd" + [nly) (6.11)
i=1
for n > 0.

For ¢ specialised to ¢ = 1 the polynomials F(x;1) reduce to the Abel polynomials
Fo(z;1) = x(x +n)" !, (6.12)

which are the row-generating polynomials of the forests matrix F. Sokal [66] has already
proven that the Abel polynomials (along with further generalisations of the row-generating
polynomials of the forests matrix) are coefficientwise Hankel-totally positive. It is natural
to ask, then, whether this property is preserved if ¢ is left as an indeterminate in F,(z; q).
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The Hankel matrix associated to F,(x;q),

Heoo((Fu(25.9))nz0) = (T, ) k0, (6.13)
where B
Tnke = Fuin(7;q) (6.14)
begins:
1 x
1
T z(qr +q+1) (6.15)

rlgr+q+1) 2(@P+qgr+q+1)(Pr+¢P+q+1)

which contains the 2 x 2 minor
T1,072,1 — T2,071,1 — 2(]2.]32 + 2q3x2 + q4$2 — q.TB + 2q3(133 + q4£[f3 — q2x4 -+ q3x4 % O, (616)

so our generalisation does not preserve coefficientwise Hankel-total positivity. By studying
the minor above, however, one might suppose that shifting ¢ by 1 (that is, replacing ¢
with 1 + r) might yield a polynomial sequence (F,(x;1 + 7)),>0 that is coefficientwise
Hankel-totally positive; indeed, computer experiments conducted with Alan Sokal seem
to confirm this for n < 10. We conjecture:

Conjecture 6.1 (with Alan Sokal). The polynomial sequence (F,(z;1+ 7)),>0 is coeffi-
cientwise Hankel-totally positive jointly in = and 7.

In the following subsections we consider further generalisations of the forests matrix
to more indeterminates, and a common theme begins to emerge; in each case we have
observed that modifying these matrices in a similar way to (6.6) above and shifting the
indeterminates by 1 yields a set of matrices with row-generating polynomials that appear
to be coefficientwise Hankel-totally positive jointly in a number of indeterminates.

The polynomials F,, (z; q) are, in fact, specialisations of a ¢g-generalisation of the general
Abel polynomials presented in [13, 37, 38]:

ao(x;b, h,w,q) = 1 (6.17)
n—1

an(z;b,h,w,q) = (x+0) H(xq’ + b+ [i]h + [n],w) for n > 1. (6.18)
i=1

Note that for h = 1, b = w = 0 the above formula gives a g-generalisation of the Stirling
cycle polynomials, so the polynomials a,(x;b, h,w,q) interpolate between g-forest poly-
nomials and a g-generalisation of the Stirling cycle polynomials (below we will consider a
different g-generalisation of the Stirling cycle polynomials).

Johnson [38, Section 4] showed that the polynomials a,(x;b, h,w, q) are of g-binomial
type, that is, they satisfy
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an(a by, q) — (”) k(004 (1— Q)b+ [Klgw) w(1 — (1 — g)[K],))

X a’k’(x;aa haw’Q) (619)

and

an(z +y;a+5b,0,w,q) = (Z) a1 (yq"; a, (1 = q)(b + [k]qw), w(l — (1 — q)[k],))
k=0 q
X ax(z;a,0,w,q). (6.20)

The identities above are g-extensions of an identity that goes back to Rothe [59] in 1793
and Pfaff [50] in 1795, usually expressed as:

" /n
R,(x+y;h,w) = Ri(x; h,w)R,_r(y; h,w 6.21
i) = 3 ()R o) sl o) (6:21)
where
Ro(z; hyw) =1 (6.22)
and
n—1
Ry(z;h,w) ==z H(:U +ih + nw) (6.23)
i=1
for n > 0.

In [66, Section 6] Sokal explains how these polynomials are a rewriting of the Schldfli-
Gessel-Seo polynomials:

Py(z;a,b) =1 (6.24)
and .
P,(x;a,b) =x H(m + ai + (n —1i)b) (6.25)

i=1
which were introduced by Schlafli in 1847 [61], and resurfaced much later in a 2006 paper
by Gessel and Seo [31] who showed that

Poi(a,b) = [2"]P,(x;a,b) (6.26)

enumerates k-component forests on the vertex set [n] by proper and improper vertices,
and also by ascents and descents. Sokal’s paper contains a fuller discussion of these
polynomials as well as a number of interesting conjectures regarding their coefficientwise
Hankel-total positivity, and we enthusiastically encourage the reader to consult the final
section of [66] for further details.

There is, unsurprisingly, something of an overlap between this current paper and the
generalisations of the forest matrix studied by Sokal [66]. In the next subsection we will
show how our planar network N, from Section 5 can be modified to derive some of the
results proven in [66].
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6.2 Enumerating forests by proper and improper edges

In [66] Sokal considers total positivity properties of generalisations of the forests matrix
that differ from the g-generalisations studied in this paper. We will now show how making
some simple modifications to the planar network N, yields a path matrix that agrees with
one of the generalisations studied in [66].

Given two vertices ¢ and j of a tree T" belonging to a forest, we say that j is a descendant
of 7 if the unique path from the root of T" to j passes through i (note that every vertex is
a descendant of itself). Let e = ij be an edge of T. We say that e is improper if there is
a descendant of j (possibly j itself) that is lower-numbered than i, otherwise we say that
e is proper (see Section 1 of [66]).

Consider the matrix

F(y,2) = (far(¥:2))nr=0, (6.27)

the entries of which are given by

n—Fk
fn,k(ya Z) = Z fn,k,mymzn_k_m (628)
m=0

where f, rm is the number of forests of rooted trees on the vertex set [n] that have k
components and m improper edges. The first few rows of F(y, z) are:

- ;
0 1
0 y+z 1
6.29
0 3y? + dyz + 227 3y + 3z 1 ’ (6.29)
0 25y%z + 15y% + 18y22 + 623 15y% 4+ 22yz + 1122 6y +62 1

each entry is a homogeneous polynomial of degree n — k, and under the specialisation
= z = 1 we recover the forests matrix (that is, F(1,1) = F). Sokal also observes (see the
remark on page 7 of [66]) that the polynomials f,1(y, 2) (which enumerate rooted trees
with respect to improper edges) are homogenised versions of the Ramanujan polynomials
(see [9, 20, 35, 36, 40, 45, 55, 62, 75] and [63, A054589)).
The matrix F(y, z) is the exponential Riordan array R[F, G'] with F'(t) =1 and

w023 5)e ) ()]

(Section 3.2 of [66]) where G(t) is the tree function (see [16] and (1.11) above). Sokal
proved that F(y, z) is coefficientwise totally positive in Z[y, z| using the production-matrix
method; the production matrix for F(y, 2) is the lower-Hessenberg matrix'?

P(y, 2) = (Pnk(Y: 2))n k=0 (6.31)

12 A matrix is lower-Hessenberg if all entries above the super-diagonal are 0.
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Figure 10: The planar network N3 arising from the production-matrix approach used
in [66] (unlabelled edges have weight 1).

with entries

nil ok n—i

n! Y .
if0<k<n+l,
(k—1)! lz:; il (6.32)

0 otherwise

pn,k(y> Z) =

(see [66, Proposition 4.7]). The first few rows of P(y, z) are:

[0 1
0 y+z Y
0 292 + 2yz + 22 2% + 2yz y? , (6.33)
0 6y%2 + 6y% + 3yz2 + 22 6y?z +6y° + 3yz® 3y?z+3y> o3

and P(y, z) has the factorisation [66, Proposition 4.8]

P(y,z) = B.diag((n!)ns0)Tw(y) diag((k!)rs0) " A, (6.34)

B, = ( <Z) z"k) . (6.35)

is the weighted binomial matrix B, , with = z and y = 1 (see Subsection 2.2), T (y) is
the Toeplitz matrix of powers of y (see Subsection 2.3 above), and

where

A= (Ony1,k)nk=0 (6.36)

is the lower-Hessenberg matrix with 1 on the superdiagonal and 0 elsewhere.
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Figure 11: The planar network N up to source and sink vertices ug and v.
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As described above (see (6.5)), the augmented production matrix

Ply,z) = ll()PE)yOZ)---] (6.37)

with P(y, z) defined previously yields the following factorisation of F(y, 2):

L| o
0| B.T(y")

L| 0
0| B.T(y")

1| o

Fly,2) = --- ; ‘ BTG

(6.38)

where y* = ((n + 1)y)nzo [equivalently, T(y*) = diag((n!)n=0)Two(y) diag((kDr=0)) '] A
diagram of the corresponding planar network N3 can be found in Figure 10.

Now let N denote the planar network in Figure 11, the corresponding path matrix of
which has the production-like factorisation

L 0
0 | LB32)T(y")

Py, = [ (6.39)

Rl o

0| L)T(y)
where L(iz) denotes the lower-bidiagonal matrix with 1 on the diagonal, iz on the subdi-
agonal, and 0 everywhere else. Comparing Figure 9 in Section 5 with Figure 11 it is easy

to see that we obtain N from A, by specialising ¢ = 1 and multiplying the weights of
the blue and green edges by y and z respectively. We make the following proposition:

Proposition 6.2. The path matriz corresponding to Ny satisfies

PN4 = F(y,Z) (640)
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Proof. Consider the factorisation of F(y, z) in (6.38) above:

Fly,2) = - L 0 — - h| o - 1| 0 - (6.41)
0 |B.T(y") | | 0]BT(y") | |0]B.T(y")
The matrix B, has the production-like factorisation
Bo— .| ds] 0 | | B0 | 1] 0 L) = |2 L) (642)
0| L(z) 0| L(z) 0] L(2) 0|B.

(see Corollary 2.5 with y = 1 and «x replaced with z, and also observe that the right-hand
side above implies that L(z) is the augmented production matrix of B,). It follows that

L] 0
0| B.7(y")

L| 0
0 | B.T(y")B.

Fly,2) = - (6.43)

A straightforward calculation confirms that
T(y*)B: = DTu(y)D™" DToo((2" /nd)yz0) D" = DIo((2"/n!)nz0) D™ DTu(y) D"
= B, T(y") (6.44)
where D = diag((n!),>0), since Toeplitz matrices matrices commute:
Tw(@a)Tw(b) = Tw(axb) = T (b)Tw(a) (6.45)
where a % b is the convolution of the sequences a and b

axb = (Zakbn_k> : (6.46)
n=>0

k=0

=

Furthermore, it is easily verified that

BZBZ/ = BZ+Z' = 1 0 . L(Z —+ Z/)7 (647)
0 Berz’
hence
0 | B.T(y*)Ba. 0| L(22)T(y") 0| L(z)T(y")

Iteratively commuting T'(y*) with B;, and writing

B.Bi = | | i+ 1)2) (6.49)
0| B(it1)=
for increasing i in the factorisation of F(y, z) given above completes the proof. O
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Figure 12: The planar network N5, obtained by introducing g-weights into the network
N3.

The focus of this paper has been ¢-generalisations of the forests and trees matrices,
and note that we can easily introduce g-weights into the planar network A5. Consider
the network N5 in Figure 12, which has the corresponding path matrix

L | 0 ]
0 | B.()T((yln + 1]g)u=0)

1 0

0| Bo(q)T((yln + 1]g)n=0)

B.(q) = ((Z)qwk) B (6.51)

Flg,9,2) = (Far(@,9,2))nis0 = Prs (6.52)

and observe that IA:(q, Yy, z) is the output matrix of the lower-Hessenberg production matrix

] (6.50)

Now let

P'(¢,y,2) = DyToo((2"/[n]gDnz0)To(y) Dy ' A (6.53)

where D, = diag(([n]4!)n>0)-
Define the row-generating polynomials of F(q,y, z) to be:

A

Fulwiq,y,2) = Y furlg,y,2)a", (6.54)
k=0
We have the following lemma:

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(3) (2021), #P3.54 51



Lemma 6.3. The sequence (Ien(x, 4,9, 2))ns0 of Tow-generating polynomials of

A

Flg.y,2) = O (P'(¢,9,2)) (6.55)
15 coefficientwise Hankel-totally positive jointly in q,x,y, 2.
In order to prove Lemma 6.3 we first recall two easy results from [66]. The first is:

Lemma 6.4 (Lemma 2.6 in [66]). Let P = (p; ;)i >0 be a row-finite matriz (with entries
in a commutative ring R) with output matriv A = O(P); and let B = (b; )i >0 be a
lower-triangular matriz with invertible (in R) diagonal entries. Then

AB = byoO(B 'PB). (6.56)
That is, up to a factor by, the matriz AB has production matriz B~'PB.

The second is the following theorem:

Theorem 6.5 (Theorem 2.14 in [66]). Let P = (pi;)ij=o be an infinite row-finite or
column-finite matrixz with entries in a partially ordered commutative ring R, and define
the infinite Hankel matriz Hy(Og(P)) = ((P™™)oo)nm=o- If P is totally positive of
order r, then 50 is Hoo(Oy(P)).

Our proof of Lemma 6.3 relies on these two useful facts, and follows along the same
lines as the argument found in the proof of Lemma 2.16 of [66] where D is replaced with
D,, B, is replaced with B,(q), and

n

¢ = (Pn)nzo = (Z %) : (6.57)

=0

Proof of Lemma 6.3. The row-generating polynomials of IA:(q,y, z) are the entries in the
zeroth column of the matrix

A

F(q,2,y,2) = F(a.y,2)B:(q), (6.58)

and according to Lemma 6.4 above we have

A~

F*(g,7,y,2) = O(B.(q)"'P'(q,y,2)B.(q)). (6.59)

Since P’(q,y, z) is coefficientwise totally positive it suffices (thanks to Theorem 6.5) to
show that the matrix

B.(q)"'P'(¢,y,2) B (q) (6.60)

is coefficientwise totally positive. We have

Bi(q) = DyToo((a"/[n]gDn=0)Dy " (6.61)

q
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Figure 13: The planar network N.

and
P'(q.9,2) = DyTo() DA (6.62)

It follows that B,(q) and DT (¢)D, " commute.
Note further that according to the recurrences for g-binomial coefficients (see (3.51)
and (3.52) in Section 3) we have

ABy(q) = Bu(q)(diag((¢"2)nz0) + A). (6.63)

We therefore have

B.(q)""P'(¢,y,2)B:(q) = B:(q) "' D,T.

= By(q) ' DyTso(p) D, By (q)(diag((q"x)ns0) + A)
= DyToo(¢p) D, ' (diag((¢"x)nz0) + A)
= DyToo(¢) D, A(I + AT diag((¢"2)n>0))

(since AAT = I), yielding the identity
B, P (¢,y,2)B:(q) = P'q,y,2)(I + A" diag((¢"2)nz0)), (6.64)
SO B;; P’ (q,y, 2)B:(q) is coeflicientwise totally positive. This completes the proof. ]

My experiments suggest that there is a more general principle lurking behind Lemma 6.3,
concerning production matrices of ¢g-Riordan arrays (see [12], and also [39, 32]). This will
be rigorously addressed in future work; for now we turn our attention to a more general
planar network that yields both N5 and N, under suitable specialisations.
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Consider now the planar network A in Figure 13 and observe that NV can be obtained
from Ng by specialising ¢ in Ns to ¢ = 1. Alternatively, by specialising y = z = 1 in N
and leaving ¢ as an indeterminate we obtain the planar network N.

The path matrix corresponding to Ng has the factorisation:

Py, = - [3‘ 0 ]

L 0 ]

0 | L(ai(q.2))T(bi(g.y))

1| 0

0| L(ao(q, 2))T(bo(g. y))

] (6.65)

where
a;(q,2) = ("2 + 1g)nzo (6.66)
and
bi(q,y) = (¢'yln + g)nzo. (6.67)
Let ) i
F(g.y,2) = (far(q,¥:2))ng=0 = Puq (6.68)

and note that F(q,y, z) is a generalisation of F(¢) and F(y, z) in the sense that F(1,y,z) =
F(y, z), and F(g, 1,1) = F(q).
Sokal showed in [66] that the row-generating polynomials of F(y, 2):

Fuliy,2) = Y farly, 2)z* (6.69)
k=0

are coefficientwise Hankel-totally positive jointly in x,y,z (Theorem 1.3 of [66]). One
might wonder, then, whether the sequence (F,,(; ¢, ¥, 2))n>0 of row-generating polynomi-
als of F(q,y, z) defined to be:

n

Fulwiq,9,2) = Y fuklg,y, 2)2" (6.70)
k=0

is also Hankel totally-positive. Unfortunately this is not the case, for the Hankel matrix

Hoo((lzn(@qa%z))@o) = (Tnk)n k>0 (6.71)

where .
Tnk = Fn+k($7 q,Y, Z) (672)

contains the 2 x 2 minor:
T10Ma1 —Toom1 = ¢Cr’yz+3¢° 02 yz +¢* 2?22 + P22 — *0? 2% + PP 2+ 20 2 4- 2qa%y)?
—2qxPyz + 2qxy — 2q2%2 — 2Py £ 0. (6.73)
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However, it appears that coefficientwise total positivity can be restored by multiplying

F(q,y, z) by a simple diagonal matrix. Consider the matrix

I_:(Q7 Y, Z) = (fn,k(Q7 Y, Z))n>0 = IE(Qa Y, Z) diag((Qk(k_l)/Q)k>0>’ (674)

the row-generating polynomials of which are

n

Fulw:q,9,2) = Y far(g,y,2)2" Fanl(a,y, 2)g" D2k (6.75)
k=0 0

k=

for n > 0. The matrix If(qj Yy, z) is manifestly totally positive, and the sequence of row-
generating polynomials of F(q,y, z) appear empirically (up to 5 x 5) to be coefficientwise
totally positive jointly in ¢, x,y, z. I conjecture:

Conjecture 6.6. The Hankel matrix H((F,.(2;4,y, 2))n=0) is coefficientwise totally pos-
itive jointly in q,x,y, 2.

But what of a combinatorial interpretation of the entries of F(q,y, 2)? As we have seen,
on the one hand the entries of F(1,%,2) count forests on n vertices with k components
with respect to proper and improper children, and on the other the entries of F(g,1,1)
count forests on n vertices with & components with respect to the statistics defined in
Section 3. I therefore pose the following problem:

Problem 6.7. Find a combinatorial interpretation of the entries of F(q,y, 2).

6.3 A generalisation with more variables

We will now present some conjectures that have arisen from generalising the planar net-
work AN even further. Recall first the following (p, q)-generalisation: for n > 0 define

g = 2 = S iy, (6.76)
pP—q =0
where p and ¢ are indeterminates. For n > 0, [n],, is a homogeneous polynomial of
degree n — 1 in p and ¢; moreover it is symmetric in both p and g. We have [0],, = 0 and
[1],4, = 1, and if p = 1 we recover the ordinary g-number [n],. We will also make use of
the following (p, q)-generalisation of factorial numbers: for n > 0 define

[ [ipg ifn>0,
n]pq! = P (6.77)
1 if n=0.

Consider now the planar network A7 in Figure 14. The path matrix corresponding to
N7 18
PN7 = (fn,k(pacbra S, 7, 1, Y, Z))n,k>0 (678)

which has the factorisation
Py

7

- "'P02P01P00 (679)

ot
t
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Figure 14: The planar network A7 up to source and sink vertices ug and vg.

1Pyl

where
I
Poi = |—21 | 0 (6.80)
0 ‘ L(ai(p7Q7nyZ))T(bi(r7 S?M7y))
in which L(a;(p, q,, 2)) is the lower-bidiagonal matrix with edge sequences
ai(p,¢,7,2) = (V7 2li + Upg)nzo (6.81)
and T'(b;(r, s, 1, y)) the inverse lower-bidiagonal matrix with edge sequences
bi(r,s,11,9) = (1'y[n+ re)nso- (6.82)
Now let
F(pv q,7,8,7%, 1L, Y, Z) = (fn,k(p7 q,7, S, 1, Y, Z))n,k}() = P/\/77 (683)

and note that A7 reduces to N (see Figure 13) when p,r, s, v, u are specialised to p =
r=1and s=v=pu=gq,soF(pq,rsv,uy,z) is a generalisation of the forests matrix
to eight indeterminates.

The first few rows of F(p, q,7, 5,7, i1, y, 2) are:

1
0 1
0 vz +y

6.84
0 Ppyz +7°p2® +¥quz + ¢ Ppz ez a2 1 (6.84)

+72yz +ypyz + py? +ry? syt py oy + sy
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Clearly this matrix is coefficientwise totally positive jointly in p,q,r, s, v, u,y, 2, and
the entries must count forests on the vertex set [n| with k& components with respect
to eight different statistics. I present two main open problems regarding the matrix
F(p,q,7, 8,7, 1, y, z). The first is:

Problem 6.8. Find a combinatorial interpretation of the entries of F(p, q,7,s,v, i, y, 2).

We know that specialising p =r =y =2 =1 and s = 7 = u = q yields the g-forests
matrix F(q), and the entries count forests on n vertices with & components according to
the statistics presented in Section 3. Similarly, by specialisingy=pu=p=q=r=s=1
we obtain the matrix F(y, z), the entries of which count k-component forests on n vertices
with respect to proper and improper edges. In the following subsections we identify other
specialisations of p, q,r, s,7, i, y, 2z yielding matrices with entries that appear to count a
variety of interesting combinatorial objects including: permutations with respect to left-
right maxima, unordered forest of increasing labelled trees, 0-1 tableaux by inversions
and noninversions, and perfect matchings with respect to crossings and nestings.

Now define the row-generating polynomials of F(p, q,r, s,v, i, y, z) to be

Folwip, ¢, 8,7, 10,9,2) = > faa(p,q.7, 8,7, iy, 2)a, (6.85)
=0

and consider the Hankel matrix

Hoo((Fn(xa p,q, 7, 8,79 1Y, Z))n}O) = (ﬂ-n,k>n,k20 (686)

where
Tn,k = Fn+k(x;p7Q7r7Sa77Mayaz)' (687)
The first few F,(x;p,q,7, 8,7, 1, y, ) are:

n Ful@;p,4,7,5,7, 1, Y, 2)

0 1

1 T

2 r(x+y+7z2) (6.88)
3la(@®+ (u+r+s)ay+ (u+r+9)y* +2(1+p+q)zz

+y(p+vA+p+q)yz + 1 (p + ¢)2°)

so the associated Hankel matrix contains the 2 x 2 minor:
T2, — To0Mi,1 = YV P yz + 7°pa’z® +°pa’z + 2qa’yz + 72 qa’ 2 + +Pqa’z

+ 2 2lyz — 2?22 4+ 2tz + 7um2yz — 2yxtyz — 2ya3z
2 2 3 2,2 3 2,2 3 2,2 3
+ pxty® 4 prcy + rety” + redy + sety” + saty — a7y — 22°y # 0. (6.89)
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The polynomial sequence (F,(z;p,q,7,s,7, 14, ¥, Z) )nso is evidently not coefficientwise
Hankel-totally positive. However, consider instead the matrix

F<p7 q,7y S, 7 Uy Y, ’Z) = (fn,k(p7 q,7,S, 7, 1, Y, Z))n,k}()
= F(p,q,7, 5,7, 1.y, 2) diag(((pgrsyp) " *=72)20), (6.90)

the row-generating polynomials of which are

Folwip, @, 8,7, 169, 2) = far(0,a,7, 8,7, 1y, 2)a"
k=0

= > Fakp:ai7s 5,7, 11,9, 2) (pgrsyp) "Dk (6.91)
k=0

for n > 0.

The sequence (I~:n(x;p,q,r,s,77 U, Y, Z))nso0 is not coefficientwise Hankel-totally posi-
tive, however, my computations suggest that shifting the indeterminates p, ¢, r, s,y, u by 1
yields a polynomial sequence that appears empirically to be coefficientwise Hankel-totally
positive jointly in nine indeterminates! I make the following conjecture:

Conjecture 6.9. The polynomial sequence
(Fa(zs L9/ L+ L0 148 149 L 1y, 2))nso (6.92)
is coefficientwise Hankel-totally positive jointly in x,y, z,p', ¢, 7", s, v, 1.

I have verified the above conjecture to 5 x 5, and I do not yet understand what
these polynomials enumerate. The conjectured coefficientwise Hankel-total positivity of
the shifted row-generating polynomials of IE(p, q,7, 8,7, I, Y, Z) is in a sense stronger than
the coefficientwise total positivity of F(p,q,r,s,7, 1, y,2) alone, and in light of this a
combinatorial interpretation of the entries of IE(p, q,7, 8,7, 4, Y, z) is much desired. Clearly
each (n,k)-entry enumerates k-component forests on n vertices with respect to eight
statistics; interpreting these statistics is left as an open problem:

Problem 6.10. Find a combinatorial interpretation of the entries of ﬁ(p, G, 7S,y by Yy Z)-

6.4 (p,q)-Stirling polynomials

The network A7 is an interlacing of two different planar networks (one with green diagonal
edges, one with blue). By setting r = s = u = y = 0 we effectively remove the blue edges
and are left with a binomial-like planar network we shall denote 7. Specialisingy = z =1
in V] we obtain the binomial-like planar network with edge weights specialised to a;; = 1
and

5i,l - [2 - 1]p,q7 (693)
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with corresponding path matrix

G(pa Q) = (gn,k(p7 Q))n,k>0 - P/\/’é = F(pa q, 07 07 1a 07 07 1) (694)

The weights of the network N7 are purely i-dependent so the entries of G(p, ¢) satisfy the
recurrence:

gnk<p7 Q) = Ggn—1 kfl(P, Q) + [n—l]pqgnﬂ kfl(p7 Q) (6-95)

for n > 1 with initial condition g = dox. Moreover we have

Ink(0:0) = enr([Upg [2lpgr- -5 [0 —1pg) (6.96)

by way of (2.13) in Section 2. The recurrence (6.95) can be found in [17, Proposition 2.2]
and [74], and the expression in terms of elementary functions (6.96) can be found in
Proposition 2.3 (part (a)) of [17]. The entries of G(p, q) are thus a (p, ¢)-generalisation
of the Stirling cycle numbers (or unsigned Stirling numbers of the first kind, denoted
¢pqln, k]) and the row-generating polynomials of G(p, q) are

co(z;ipq) =1 (6.97)
and for n > 0

(x;p,q) = xH T+ [ilpgq) (6.98)

(see Proposition 2.3 part (b) of [17] where y = 1). Note that the authors of [17] have a
combinatorial interpretation of ¢, 4[n, k], but it has nothing to do with forests and trees!
Intead they consider 0-1 tableaux: a 0-1 tableau is a pair ¢» = (\, f) where A = (A} >
Ay = --- = \p) is a partition of an integer m = |A| and f = (fi;)1<j<n, a filling of of
the corresponding Ferrer’s diagram of A with Os and 1s such that there is exactly one 1
in each column. In [17] de Médicis and Leroux define two statistics on ¢: the inversion
number, inv(1)), is the number of 0s below a 1 in ¢, and the noninversion number, nin(v),
is the number of Os above a 1 in ¢. They then show that

Cpgln K] = Y pringn) (6.99)
¢€Td(n—1,n—k)

where T'd(k,r) denotes the set of 0-1 tableaux with & rows and columns of length at most
r, where the lengths of the columns are distinct.

Permutations, however, are perhaps arguably more natural objects to study in relation
to generalisations of the Stirling cycle numbers (the polynomial ¢, (z; 1, 1) is the generating
function for permutations counted with respect to cycles, after all). For p specialised to
p =1 Zeng [74, Section 3, where s,(n, k) = ¢"*c; 4[n, k]| showed that

(w31,q) = > almgm@ (6.100)

O'GG’VL
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where Irm(o) denotes the number of left-right maxima in a permutation ¢ (that is, the
number of o(i) such o(i) > o(j) for all j < i), and inv(c) the number of inversions of o
(that is, the number of pairs ¢ < j such that o(i) > o(7)), hence

gnk 1 q = Z qlnvcr (n— k’ (6101)

ceB, (k)

where &,,(k) denotes the set of permutations on [n| with & left-right maxima.
Clearly G(p,q) is totally positive, and for p specialised to p = 1 we can express the
row-generating polynomials of G(1, ¢) as the S-type (or Stieltjes-type) continued fraction'®

1
L+ ) crgln, Kzt = (6.102)
n,k>1 1— Alt
Aot
Lot

Ant
1
where Ay, 1 = (2+[n],)q¢" " and Ay, = [n],¢" T forn > 1 (Lemma 3 of [74], where we have
replaced x with tq, and a with z/q). If a sequence of polynomials has an S-fraction with
nonnegative coefficients then the corresponding Hankel matrix is coefficientwise totally
positive (see [64] and [49, Section 9]), so we have:

Corollary 6.11. The polynomial sequence (¢, (x;1,q))ns0 s coefficientwise Hankel-totally
positive i x,q.

The Hankel matrix of ¢, (x;p, q), where p and ¢ are indeterminates, however, begins

1 T x(x+1)
x z(z+1) z(z+1)(p+q+x)
5 9 (6.103)
z(x+1) z@+1)(p+tg+az) z@@+1)p+q+z) @ +pg+q +2)
which contains the 2 x 2 minor
T1,072,1 — T2,071,1 = p1:3 + p1:2 + qx3 + q.flf2 — Z‘B — I‘2 % 0 (6104)

so is not even TPy in Z[p,q|. Again it appears, however, that right-multiplying G(p, q)
by a simple diagonal matrix yields a matrix whose row-generating polynomials appear to
be coefficientwise Hankel-totally positive when p, ¢, and ~ are shifted by 1.

Consider the matrix

k(k—l)/2)k>0)
(6.105)

G/(p7Q7ﬁ)/>Z) = (9;,19(2976],% Z))n,kZO = F(p7Q>0707770a07Z)dlag(((pq’y)

13The study of continued fractions goes back to Euler, and was reinvigorated more recently by Flajolet
in [23].
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and define its row-generating polynomials to be

G(w:p.0.7.2) = 3 Gp(P. 07 202" = 3 Fui(p.0.0,0,7,0,0, 2)(pgy) V20",
k=0 k=0
(6.106)
Clearly G'(p, q,7, z) is coefficientwise totally positive jointly in p, ¢, ~, z (this follows from

Cauchy-Binet and the LGV lemma). I make the following conjecture:

Conjecture 6.12. The polynomial sequence (G, (z;p+1,q+ 1,7+ 1, 2))ns0 is coefficien-
twise Hankel-totally positive jointly in p, q, v, x, z.

I have verified this up to 7 x 7, and am yet to discover a suitable combinatorial
interpretation of these polynomials. I therefore pose the following problem:

Problem 6.13. Find a combinatorial interpretation of the polynomials G/, (z;p, q,7, 2).

6.5 Generalised Bessel polynomials

Now consider the planar network N7’ obtained by specialising p = ¢ =~ =2 =0 in N7
(effectively removing all diagonal blue edges from the network), and let

M(ra Snuay) = (mn,k(ra 37:“/7:9))71,7620 = pj\/;’ = F(070>T78707M7y70) (6107)

be the corresponding path matrix. The matrix M(r, s, 11, y) has a production-like factori-
sation:

I | 0 L | 0
M(r, s, u,y) = --- . .
st y) 0 | T(as(r, s, p1,9)) ] [ 0 | T(ai(r. 5. 11,9)) ]

| 0 ]
0 | T(ag(r, s, 1,y))

| (6.108)
Where ai(n S, M? y) = (sz[n + 1]7’,3)7120'
Each matrix T'(a;(r, s, p,y)) has (n, k)-entry:
itn—k), [r.s! 6.109
Y (6.109)
and specialising r, s, 4 to r = s = = 1 we obtain
F -
0 1
0 1
1 ‘ 0 ] = |0 QZQ 2y 1 (6.110)
0 ‘ T(al(17171>y)) 0 6y3 6y2 3y 1
0 24yt 2497 1297 4y 1
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(this array appears in [63, A094587]). Compare the above with the production matrix
defined in Proposition 1.4 of [48]:

Ps = (Pn)njz0 (6.111)

where

n!
— P if 0 <k<n+1,
poi = RO " (6.112)

0 otherwise,

(here ¢ = (én)n>0 is a sequence of indeterminates, and we set ¢g = 1). The first few rows
of Py are:

0 1
0 ¢ 1
0 2 2 1
2 201 (6.113)
0 693 602 301 1
0 24ds 24¢s 1269 4¢y 1
It is easy to see that (6.110) is the augmented production matrix
Py = [1000 ] (6.114)
Py
in which ¢; = y*.
The output matrix of Py is the generic Lah triangle:
o -
0 1
0 ol 1
L= (Lo (6)) g = . (6.115
( ,k(¢)) k=0 O Qﬁ% + 2(252 3¢1 1 ( )
0 &F +8p1ds +6h3 To7 +8py 661 1
the row-generating polynomials of which are
Lo(¢.y) = > Lux(@)y". (6.116)
k=0

The entries of L are generating polynomials for unordered forests of increasing ordered
trees on the vertex set [n| having k components, in which each vertex with 7 children
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is assigned a weight ¢;.'* Setting ¢ = (1), in (6.115) we obtain the reverse Bessel
triangle:

1
0 1
0 1 1
M(1,1,1,1) = |0 3 3 1 (6.117)
0 15 15 6 1
0 105 105 45 10 1

(see [63, A001497]). The row-generating polynomials of M(1, 1,1, 1) are the reverse Bessel

polynomials (see [33])
" (n+k) [anF
bulr) = Ek::o (i—k)!)k;! ( - ) (6.118)

which is an orthogonal sequence of polynomials related to the Bessel polynomials (see [44,

33]):
" (n4 k) sa\k
yn(r) = ﬁ <§> (6.119)

via the identity
On(x) = z"y,(1/x). (6.120)

It follows from [48] that the sequence of polynomials ,,(z) is coefficientwise Hankel-totally
positive.
Consider now the row-generating polynomials of M(r, s, 11, y), defined to be

M, (x;7, s, 1, y) = Z Mo 1o (7, 8, 1, ) 2", (6.121)
k=0

and note that the polynomials M, (z;7, s, i, y) are generalisations of the reverse Bessel
polynomials in the sense that M,,(z;1,1,1,1) = 0, (z).

It follows from [48] that the polynomial sequence (M, (z;1,1,1,y)),>0 is coefficientwise
totally positive jointly in x and y. Again, it is natural to ask whether the generalisation
where r, s, i, y are left as indeterminates preserves coefficientwise Hankel-totally positivity.
The answer is no, since the Hankel matrix

HOO«Mn(x;r? 57“7?/))7120) = (ﬂ—n,k)n,k%b (6122)

1 An ordered tree is a rooted tree in which the children of each vertex are linearly ordered. An unordered
forest of ordered trees is an unordered collection of ordered trees. An increasing ordered tree is an ordered
tree in which the vertices carry distinct labels from a linearly ordered set (usually some set of integers)
in such a way that the label of each child is greater than the label of its parent; otherwise put, the labels
increase along every path downwards from the root. An unordered forest of increasing ordered trees is an
unordered forest of ordered trees with the same type of labeling.
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where
Tog = Maoix(@ir, 8, 10,y) (6.123)

contains the 2 x 2 minor
T 01 —Moom = p’y’+uz’y+ra’y® +rady+sey® +sady—a?y? —22%y £ 0. (6.124)

Once more, however, it appears that Hankel-total positivity could well be restored by
right-multiplying M(r, s, i, y) by a simple diagonal matrix and shifting r, s, u by 1.
Consider the matrix

M/(’I“, Sy 1, y) = (m;,k(rv S, W, y))n7k>0 = M(ﬁ Sy My y) diag(((rsﬂ)k(k_l)/Q)kZO) (6125)

and let

M (57,5, 1, y) = > mly (rys, my)a® = mg (e, s, py) (rsp) D228 (6.126)
k=0 k=0

be the corresponding row-generating polynomials of M'(r, s, 1, y). 1 conjecture:

Conjecture 6.14. The sequence of polynomials (M) (z;r+ 1,5+ 1, u+ 1,y))ns>0 is coef-
ficientwise Hankel-totally positive jointly in 7, s, i, z, .

I have verified this up to 5 x 5, and am yet to discover a suitable combinatorial
interpretation of the entries of M(r, s, i, y) or indeed M/(r, s, i1, y), and therefore pose the
following problem:

Problem 6.15. Find combinatorial interpretations of M'(r, s, 1, y) and M(r, s, i, y).

There is one final observation to make concerning perfect matchings that may help in
tackling the foregoing problem. A perfect matching M on [2n] is a partition of 1,2,...,2n
into n pairs (4, j) where i < j. We denote the set of all such perfect matchings My, and
it is well-known that

IMo,| = (2n— 1. (6.127)
Two pairs (i,, j,) and (is, js) belonging to M € My, form a crossing if i, < iy < j. < js,
and form a nesting if i, < iy < j; < j.. The number of crossings in M is denoted cr(M)

and the number of nestings is denoted ne(M).
If 1 and y are specialised to 1 = y = 1 then the first few rows of M(r, s, 1,1) are:

1

0 1

0 1 1

0 r+s+1 r+s+1 1

0 2r2s+ 13 +7r24+2rs2+2rs 2r%s+ 13 4+ 124+ 2rs2 +2rs 24 rs+r 1
+2r 4+ 834+ 52425 +1 +2r+ 834+ 524+25+1 +s24+s5+1

(6.128)
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For s specialised to s =1 and 0 < n < 20 [ have verified empirically that
n—1

2% +1 (20 —1
M (r,1,1,1) = (1—r)l‘"Z(—l)"”r’“(’““W%—J_rl(:+k). (6.129)
k=0

The formula above (where n is replaced with n+1) was found implicitly by Touchard [73],
and explicitly by Riordan [58] (see also [4, 41, 47, 53, 56]), and counts perfect matchings
with respect to crossings (or nestings):

n

DU SRR ] e
2n+1\n+k+1
MeMap MeMay, k=0
(6.130)

However, more may indeed be true, since it looks like the k£ = 1 column of M(r, s, 1, 1)
counts perfect matchings with respect to crossings and nestings. For 0 < n < 20 my
computations have confirmed that

mpa(r,s,1,1) = [t"]S(t;r, s) (6.131)

where S(t;7, s) is the S-type continued fraction

S(t;r,s) = : (6.132)

Since S(t;r,s) is the S-fraction for perfect matchings first given by Kasraoui and Zeng
in [43, Proposition 4.4, with p, ¢ replaced by r, s respectively] (see also [68, Theorem 4.4]
specialised toz =y =u=v=1,p, =p_ =71, and ¢, = ¢_ = s), [ make the following
conjecture:

Conjecture 6.16. Forn > 1

mpa(r,s,1,1) = Z ror(M) gne(M) (6.133)
MEMQ(nfl)

As described above, there exists an explicit formula for counting perfect matchings
with respect to crossings or nestings given by Touchard and Riordan, however, an explicit
closed formula that counts perfect matchings with respect to crossings and nestings is yet
to be found. I therefore pose the following problem:

Problem 6.17. Find a closed form formula for m,, ;(z;7,s,1,1).
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