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Abstract

This article has been retracted by the authors; see the Corrigendum.

The matching complex of a graph G is a simplicial complex whose simplices are
matchings in G. In the last few years the matching complexes of grid graphs have
gained much attention among the topological combinatorists. In 2017, Braun and
Hough obtained homological results related to the matching complexes of 2 x n grid
graphs. Further in 2019, Matsushita showed that the matching complexes of 2 x n
grid graphs are homotopy equivalent to a wedge of spheres. In this article we prove
that the matching complexes of 3 x n grid graphs are homotopy equivalent to a
wedge of spheres. We also give the comprehensive list of the dimensions of spheres
appearing in the wedge.

Mathematics Subject Classifications: 05E45, 55P15

1 Introduction

A matching in a (simple) graph G is a collection of pairwise disjoint edges of G. The
matching complex of G, denoted M(G), is a simplicial complex whose vertex set is the
edge set of G and simplices are all the matchings in G. The matching complexes first ap-
peared in the 1979 work of Garst [4], where the matching complexes of complete bipartite
graphs (also known as the chessboard complexes) were studied while dealing with the Tits
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coset complexes. In 1992, Bouc [1] studied the matching complexes of complete graphs
in connection with the Brown complexes and Quillen complexes. Thereafter, these com-
plexes arose in connection with several areas of mathematics. For a broader perspective,
see the 2003 survey article of Wachs [10].

Let [n] denotes the set {1,2,...,n}. For two positive integers m,n, the m x n (rect-
angular) grid graph I, ,, is a graph with vertex set V (I, ,,) and edge set E(I',,,,) defined
as follows:

(i,7) € N*:i € [m],j € [n]}, and
(@), (@0, 5") < [i =i + 15— j'[ = 1}.

The matching complex of I'; ,, was computed by Kozlov in [8]. In the same article, he
also computed the matching complexes of cycle graphs. In 2005, Jonsson [6] studied the
homotopical depth and topological connectivity of matching complexes of grid graphs and
stated that “it is probably very hard to determine the homotopy type of” these complexes.
In 2017, Braun and Hough [2] obtained homological results related to matching complexes
of 2 x n grid graphs. Matsushita [9], in 2019, extended their results by showing that the
matching complexes of 2 x n grid graphs are homotopy equivalent to a wedge of spheres.
In this article, we compute the homotopy type of matching complexes of 3 xn grid graphs.
The main results of this article are summarised below.

4 {
E {

Theorem 1. Forn > 1, the matching complex of I's,, is homotopy equivalent to a wedge
of spheres. Moreover, if n € {9k,9k + 1,...,9k 4+ 8} for some k > 0, then

n+k—1

M(Tz0) = \/ (Vi,SY),

i=n—1
where b;’s are some positive integers and >~ denotes the homotopy equivalence of spaces.

For a graph G, a subset I C V(G) is said to be independent if there are no edges
in the induced subgraph G[I], i.e., E(G[I]) = (). The independence complex of G, de-
noted Ind(G), is a simplicial complex whose vertex set is V(G) and simplices are all the
independent subsets of G. The line graph of a graph G, denoted L(G), is a graph with
V(L(G)) = E(G) and two distinct vertices (ag,by), (az,b2) € V(L(G)) are adjacent if
and only if {a1,b1} N {aa, b2} # 0. Note that the matching complex of G is same as the
independence complex of its line graph, i.e., M(G) = Ind(L(G)).

Let G, denotes the line graph of the grid graph I's,,. To compute the homotopy type
of M(T's,), we determine the homotopy type of Ind(G),). The main idea used in this
article for the computation of Ind(G,,) is to make a step by step careful choice to reduce
the graph G,, and arrive at different classes of graphs (a total of nine). All these new
nine classes of graphs have been defined in Section 3.1. To obtain the Theorem 1, we use
simultaneous inductive arguments on the independence complexes of these ten classes of
graphs. For a quick overview of the relations between all these ten classes of graphs, we
refer the reader to see Figure 3.1.

Flow of the article: In the following section, we list out various definitions and results
that are used in this article. Section 3 is subdivided into three major subsections. The
first two subsections deal with the base cases for the graph G, along with nine more
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associated classes of graphs. In the next subsection, Section 3.3, we provide and prove
recursive formulae to compute the homotopy type of the independence complexes of these
ten classes of graphs. The main result of Section 4 is Theorem 19, which gives the exact
dimensions of the spheres occurring in the homotopy type of the independence complexes
of the above mentioned ten classes of graphs.

2 Preliminaries

An (abstract) simplicial complez K is a collection of finite sets such that if 7 € K and
o C 7, then 0 € K. The elements of K are called the simplices (or faces) of K. If 0 € K
and |o| = k + 1, then o is said to be k-dimensional. The set of 0-dimensional simplices
of KC is denoted by V(K), and its elements are called wvertices of K. A subcomplex of
a simplicial complex K is a simplicial complex whose simplices are contained in K. In
this article, we always assume empty set as a simplex of any simplicial complex and we
consider any simplicial complex as a topological space, namely its geometric realization.
For the definition of geometric realization, we refer to Kozlov’s book [7].
For a simplex o € IC, define

k(o,K):={reK:on7=0, cUT €K},
del(o,K) :={reK:0 {1}
The simplicial complexes 1k(o, ) and del(o, K) are called link of o in K and (face)
deletion of o in IC respectively. The join of two simplicial complexes I and Iy, denoted
as IC; x Ko, is a simplicial complex whose simplices are disjoint union of simplices of K

and Ky. Let AS denotes a (|S| — 1)-dimensional simplex with vertex set S. The cone on
KC with apex a, denoted as C,(K), is defined as

Co(K) == K+ Al®,
For a,b ¢ V(K), the suspension of I, denoted as ¥(K), is defined as
Y(K) :=Kx*{a} UK x {b}).
Observe that for any vertex v € V(K), we have
K = C,(Ik(v,K)) Udel(v, K) and C,(lk(v, K)) Ndel(v, K) = lk(v, K).

Clearly, C,(lk(v,K)) is contractible. Therefore, from [5, Example 0.14], we have the
following.

Lemma 2. Let K be a simplicial complex and v be a vertex of K. Iflk(v, K) is contractible
in del(v, KC) then

K ~ del(v, K) V X(Ik(v, K)),
where V denotes the wedge of spaces.

A (simple) graph is an ordered pair G = (V(G), E(G)), where V(G) is called the set of
vertices and F(G) C (V(2G)), the set of (unordered) edges of G. The vertices vy, vs € V(G)
are said to be adjacent, if (vy,v2) € E(G).

The following observation directly follows from the definition of independence com-
plexes of graphs.
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Lemma 3. Let Gy U Gy denotes the disjoint union of two graphs G and Gy. Then
Ind(G1 L Gg) ~ IIld(G1> * IDd(GQ)

Let G and H be two graphs. A map f : V(G) — V(H) is said to be a graph
homomorphism if (f(v), f(w)) € E(H) for all (v,w) € E(G). A graph homomorphism is
called an isomorphism if it is bijective and its inverse map is also a graph homomorphism.
Two graphs G and H are said to be isomorphic if there is an isomorphism between them
and we denote it by G = H.

For a subset A C V(G), the set of neighbours of A is Ng(A) = {x € V(G) : (z,a) €
E(G) for some a € A}. The closed neighbourhood set of A C V(G), is Ng[A] = Ng(A) U
A. If A = {v} is a singleton set, then we write Ng(v) (resp. Nglv]) for Ng({v}) (resp.
Ng[{v}]). A graph H with V(H) C V(G) and E(H) C E(G) is called a subgraph of the
graph G. For a nonempty subset U C V(G), the induced subgraph G|U], is the subgraph of
G with V(G[U]) = U and E(G[U]) = {(a,b) € E(G) : a,b € U}. The graph G[V(G) \ 4]
is denoted by G — A, for A C V(G). For a subset B C E(G), we let G — B to be the
graph with the vertex set V(G — B) = V(G) and the edge set E(G — B) = E(G) \ B.

Lemma 4. Let G be a graph and {a,b} be a 1-simplex in Ind(G). If Ind(G — Ng[{a, b}])
s contractible, then )

Ind(G) ~ Ind(G),
where V(G) = V(G) and E(G) = E(G) U {(a,b)}.

Proof. Let 0 = {a,b}. Observe that del(o, Ind( )) = Ind(G) and lk(o,Ind(G)) =
Ind(G) = Ind(G — Ng[{a,b}]). Since Ind(G — Ng[{a,b}]) is contractible, the result
follows from Theorem 2. O

Lemma 5. [3, Lemma 2.4] Let G be a graph and u,u' € V(G),u # v’ such that Ng(u) C
Ne('). Then
Ind(G@) ~ Ind(G — {u'}).

Lemma 6. /3, Lemma 2.5] Let G be graph and v be a simplicial vertez! of G. Let
Ne(v) = {wy,we, ..., wi}. Then

mmﬁszmmG—Mmmy

For r > 1, the path graph P, is a graph with V(P,) = [r] and E(P,) = {(i,i+1) :i €
[r —1]}.
Lemma 7. [8, Proposition 4.6] Forr > 1,
Sk if = 3k,
Ind(P,) ~ < pt if r=3k+1,
Sk if r=3k+2.

LA vertex v of G is called simplicial if G[Ng(v)] is a complete graph, i.e. any two distinct vertices
are adjacent.
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For r > 3, the cycle graph C, is the graph with V/(C,.) = [r] and E(C,) = {(i,i + 1) :
ie[r—=13u{(d,n}.

Lemma 8. [8, Proposition 5.2] Forr > 3,

Sk=L\/ Sk if » = 3k,

We now proceed towards the main graph of this article. Recall that for m,n € N, the
m x n grid graph is denoted by I',, ,, and G,, = L(I's,,) denotes the line graph of I'; ,, (see
Figure 2.1 for example). Formally we define G,, with,

V(Gy) ={ui,vj,wi, xj,y; -0 € [n— 1], € [n]},

E(G1) ={(v1,21)},

E(Ga) ={(v1,21), (w1, v1), (w1, v1), (w1, 21), (w1, 22), (U1, v1),
(u17v2)7(UvaQ)’(xlvyl)a(y1a$2)}’ and

E(Gr) ={(us,vi), (vi, w3), (Wi, ), (i, yi), Wis Tiva), (Tigr, wi), (i, viga),
(vigr,ug) 2 € [n— 1} U {(us, wi1), (Wi, wigr), (Yis Yiyr) 24 € [n— 2] U

{(vi, ) - @ € [n]}.

for n > 3.
Unp—1
Up—
1 U
In
T Tp—
Yn—1
(a) G1

Figure 2.1

3 Homotopy type of independence complexes of G,, and asso-
ciated classes of graphs

In this section, we define nine new graph classes viz. {By,}nen, {An}tnen, {Dn}nen,
{Jﬁ}neNy {()n}nENa {A4ﬁ}n€NH {Cyn}nGNa {laz}nENH {}fn}nGN and-COD1PUte the hOIﬂOtOpy
type of their independence complexes along with that of GG,,. The n-th member of each
of these graph classes contains a copy of GG, as an induced subgraph but not of G,,41.
We divide this section into three subsections. In the first subsection, we define the
above said nine classes of graphs and compute the homotopy type of independence com-
plexes of these graphs along with G, for n = 1. In the next subsection, we compute
the homotopy type of independence complexes of all these graphs for n = 2. The final
subsection is devoted towards proving recursive formulae for the independence complexes
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of all ten graph classes, thereby computing their homotopy types. In particular, we show
that the independence complex of each of the graphs from these graph classes is a wedge
of spheres up to homotopy.

For a better understanding of these inductive results, the recursive formulae of the

homotopy equivalences obtained in Section 3.3 are depicted in Figure 3.1. Each node
in Figure 3.1 denotes a graph class defined in Section 3.1 and an edge X M

Y indicates that Vv, 3™ (Ind(Y,,—x)) appears in the homotopy type formula of Ind(X,)
obtained in Section 3.3. For simplicity of notations, 1 x (3™, —k) is denoted by (3™, —k)
and X! is denoted by X.

Figure 3.1: Summary of homotopy type formulae obtained in Section 3.3

3.1 Graph definitions and n = 1 computations
3.1.1 G,
Since G is an edge (see Figure 2.1a), Ind(G;) ~ S°.

3.1.2 B,

For n > 1, we define the graph B, as follows:
V(Bn> - V(Gn) L {b17 627 b37 b4}7
E(Bl) = E(Gl) L {(b17 Ul)a <b1a b2)7 (b27 b3)’ (b37 b4)7 (b47 m1)} and for n 2 27
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E(B,) = E(G,) U{(b1,u1), (b1, v1), (b1, ba), (b2, b3), (b3, ba), (ba; 1), (ba; y1) }-

b1 by Ul U Unp—1
bg (%] b2 3 P T
c Un,
ol
b3 T b3 T2 T3 ap
b4 b4 Y1 Y2 Yn—1

(a) Bl (b) Bn, n=2

Since By = Cg, Theorem 8 implies that Ind(B;) ~ S* v S*.

3.1.3 A,

For n > 1, we define the graph A, as follows: V(A4,) = V(G,) U {a},
E(Ay) = E(G1) U{(a,x1),(a,v1)} and for n > 2,
E(An) = E(Gn) U {(a,21), (a,v1), (a, 1)}

U1 Uz Un—1
A Un,
a
s .
T 1 X9 X3 Tpy—
Y1 Y2 Yn—1
(a) Ay (b) Ap, n>2

Since A; =~ C3, Theorem 8 implies that Ind(A;) ~ S° v S°.

3.1.4 D,

For n > 1, we define the graph D,, as follows:
V(Dn) = V(Gn) U{d},
E(D;) = E(G1) U{(v1,d)} and for n > 2,
E(Dy) = E(Gn) U{(d,v1), (d,u1)}.

Vg vz Up—
V1 U1 e 'Un
To T3 Ty

Y1 Y2 Yn—1
(a) Dy (b) Dy, n>2

Clearly, Ind(D;) ~ S°.
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3.1.5 J,

For n > 1, we define the graph J,, as follows:

V(Jn) = V(Gn) U {1, 2, J3, Jas J5» Jo }»

E<Jl> - E(Gl) U {(ijl)? (jla 1’1), (j17j3)7 <j17j4>7 (j27 5(31)7 (j27j3)7 <j2>j5)7 (j37j4)7 (j37
j5)7 (j47j6)7 (j57j6>} and for n 2 27

E(‘]n) = E(Gn) U {(jhvl)v (jla xl)? (jlaj?))v (j17j4)7 (j27 :L‘1>, (j27j3)7 (j27j5)’ (j37j4)7 (jg,
J5), (Jas Je), (Js5 Je)s (G2, y1), (41, w1)}-

(5] u9
m U1 i : U2 i >U3
jﬁeexl Jﬁej3exlﬁx2ex3
Js J2 Js J2 n Y2
(a) Jl (b) Jn, n 2 2

Since Ny, (js) € Ny, (js), Theorem 5 implies that Ind(J;) ~ Ind(J; — {js}). Let J]
be the graph J; — {js}. Using the fact that v; is a simplicial vertex in Jj and Ny (v;) =
{j1, 1}, from Theorem 6 we get that

Ind(J7) = E(Ind(J; — Ny [j1])) v E(Ind(J} — Ny [a1])).
Observe that J; — Ny [j1] = Py = J] — Ny[z1]. Therefore using Theorem 7, we conclude
that Ind(J;) ~ S* v S*.

3.1.6 O,

For n > 1, we define the graph J,, as follows:
V(0,) =V (G,) U{o1, 04,03, 04, 05,06, 07, 08,09 },
E(01) =E(G1) U{(o1,v1), (01,04), (02, v1), (02, 1), (02, 01), (02, 05), (03, 21), (03, 05),
(04, 05), (05, 07), (06, 08), (07, 09), (08, 09) } and
E(O,) =E(Gr) U{(01,w), (01,v1), (01,v1), (02, v1), (02, 21), (02, 04), (02, 05), (02, w1),
(03, 1), (03, Y1), (03, 06), (01, 05), (0508), (07, 09), (08, 09) }

for n > 2.

01 01 Up () Un—1

04 U1 04 V1 V2 V3 Up—

4 07 Oj 09 T
A n
09 I 09 Il T T3 Tp—
3 08 0O¢ 03 n Y2

0og Og O

(a) O1 (b) Op, n>2

Since No, (01) C No, (02), Theorem 5 implies that Ind(O;) ~ Ind(O; — {02}). Observe
that O; — {02} = C4, thus by Lemma 8 we get that Ind(O;) ~ S2.
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3.1.7 M,

For n > 1, we define the graph M, as follows:

U1 U9 Unp—1
(%1 V2 V3 Un—
(% Un
my my
2 sl il
X1 ) x3 Tyy—
ms ms U1 Y2 Yn—1
(a) M1 (b) Mn, n > 2
V(M,) = V(G,) U {mi, ma, ms},
E(M;) = E(Gy) U {(mq,v1), (mq,x1), (M1, ma), (Mg, m3), (ms3, 1)} and for n > 2,
E( ) E(G )'—l{(mbvl)v(mh‘rl)v(m17w1)7(m17m2)7(m27m3>?(m37x1)7<m3ay1>}‘

Since Ny, (ma) € Nyy (1) and My — {21} = Py, Theorem 5 and Theorem 7 imply
that
Ind(M;) ~ Ind(M; — {z1}) ~ Ind(P,) ~ pt

3.1.8 Q.,
For n > 1, we define the graph @),, as follows:

V(Qn) = V(Gn) U{aq1, 42,43, G4 G5, G5, 97}
E(Q1) = E(G1) U{(q1,v1), (1, 93) (01, q4), (g2, 1), (92, 21), (G2, 43), (42 G5),
(¢3:44): (a3, G5), (94, 96), (a5, G6), (45, 47)- (g6, q7)} and
E(Qn) = E(Gy) U{(q1,u1), (q1,v1), (a1, 93), (01, Ga), (g2, 1), (g2, 21),
(q2,w1), (92, G3), (92, G5), (a3, 94), (43 45) (q45 G6)5 (a5, Gs), (@5, G7), (46, q7) }
for n > 2.

q4 q1 V1 Vg U3
S\
qr g5 q2
q7 a5 q2 T T2 T3

(a‘) Ql (b) an n =2

Since ¢7 is a simplicial vertex in @1 and Ng, (¢7) = {¢s, ¢6}, Theorem 6 implies that

Ind(@1) ~ E(Ind(Q1 — Ng, [g5])) V E(Ind(Q1 — Ne, [g6]))-

Observe that Q)1 — Ng, [¢5] = Py, therefore Ind(Q1 — Ng, [g5]) is contractible by Theorem 7.
Since Ng,-Ng, 46](23) € Ng,—Ng, [46)(v1), Theorem 5 implies that

Ind(Q1 — N, [g6]) ~ Ind(Q1 — N, [g6] — {v1}).
Since Q1 — No, [g6] — {v1} = Py, we conclude that Ind(Q)) is contractible.
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3.1.9 F,

For n > 1, we define the graph F;, as follows:

VI(E,) = VI(Gn) U{f1, f2. f5, fa},

E(Fy) = E(Gy) U{(f1,v1), (f1,21), (f1, f2), (fos £3), (fa, fa), (f3, fa), (fa, 21)} and

E(F,) = E(Gn) U{(fi,v1), (fi,21), (f1, f2), (f1,w01), (f2, f3), (fos fa), (f3: fa),
(f4>931), (f47y1)}

for n > 2.
Ul U2 Unp—1
U1 vy Ug vz Up—
Un
I P G W
I3 Ja I3 Ja Y Y2 Yn—1
(a) F1 (b) Fn, n 2 2

Observe that f3 is a simplicial vertex in Fy and Ng, (f3) = {f2, f+}. Using Theorem 6,
we get that

Ind(F}) ~ S(Ind(F, — Ng, [f2]) V S(Ind(Fy, — Np, [f1))).

Since Fl - NF1[f2] = Fl — {f17f27f37f4} = P2 = Fl - {$17f27f37f4} = Fl - NF1[f4]7
Ind(Fy) ~ 2(Ind(P)) V X(Ind(P)) ~ St v St

3.1.10 H,

For n > 1, we define the graph H,, as follows:

V(Hn) = V(Gn) L {h17 h2; h37 h4}7

E(Hy) = E(G1)U{(h1,v1), (b1, ha), (ha, h3), (ha, ha), (R, ha), (ha, v1), (ha, 71)} and for
n =2,

E(H,) = E(Gy)U{(h1,v1), (h1,uw1), (h1, ha), (ha, h3), (ha, ha), (h3, ha), (ha,v1), (ha, 1),
(h’47w1)}~

h Ul Ug Up—1
h1 h2 U1 () V3 T Un— v
h2 V1 "
hs ha . T,
hs hy I Z2 r3  Tn—
L1 Y1 Y2 Yn—1
(a) H; (b) H, n=>2

Since hs is a simplicial vertex in Hy and Ny, (hs) = {he, ha}, Theorem 6 implies that
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Ind(Hl) >~ E(Il’ld(Hl - NH1 [hg])) V E(Ind(Hl - NH1 [h4]))

Note that Hl — NHl[hQ] = Hl — {hl,hg,hg,h4} = PQ and Hl — NHl[h4] = Hl —
{vy, 21, ha, b3, hy} = Py, we get that Ind(H;) ~ Y (Ind(2)) V X(Ind(P;)) ~ S' V pt ~ S!.

3.2 Case n = 2 computation

3.21 G .
In G, Ng,(u1) C Ng,(w;) (see figure on the right), thus by v1 V2
Lemma 5, Ind(G3) ~ Ind(Ge—{w; }). Since Gy —{w } = Cs,
Lemma 8 implies that Ind(Gy — {w;}) ~ S' V S'. Therefore
Ind(G,) ~ S' v S'. 1 2

1
3.2.2 B,
We consider the vertex by in By (see figure on the right) and by Uy
analyse del(b, Ind(B,)) and lk(by, Ind(Bs)). by 2

First note that lk(by, Ind(Bs)) = Ind(By — Np,[b4]). Let ><

B/, denote the graph By — Np,[bs] (see Figure 3.11c). Since 0
Np;(bs) € Npy(v1), Lemma 5 gives that lk(by, Ind(Bs)) ~ by N\BIN T2
Ind(B) — {v1}). Let BY denote the graph Bj) — {v1} — ba s
{(u1,v2)}.

Claim: Ind(Bj) ~ Ind(Bj — {v1}).

Since (u1,v2) ¢ E(BY), {u1,ve} € Ind(Bj). Observe that by is an isolated vertex
in By — Npy[{u1,v2}] and hence Lemma 3 implies that Ind(Bj — Npy[{u1,v2}]) is con-
tractible. Therefore by Lemma 4, Ind(Bj) ~ Ind(Bj U {(uy,v)}) = Ind(Bj — {v1}).

Observe that, Npy(u1) = Npy(ba), so Theorem 5 implies that Ind(By) ~ Ind(By —
{bs}). Since V(B4 — {b2}) N Np,_15,3(b3) = 0, Ind(B5 — {b2}) * {bs} C Ind(By — {bs}) =
del(by, Ind(B3)). Hence the inclusion map Ind(Bj — {bs}) < del(by, Ind(By)) is null
homotopic. Therefore the following composition of maps is null homotopic

Ik(by, Ind(By)) = Ind(B) — {v,}) = Ind(BY) = Ind(B} — {by}) — del(bs, Ind(By)).
Hence 1k(b4, Ind(B3)) is contractible in del(by, Ind(Bs)) and therefore by Lemma 2,
Ind(Bg) ~ del(b4, IHd(BQ)) V E(lk(b4, IIld(Bg))) (1)
Note that Bé/— {bg} = PQUAl, hence 1k<b4, IHd(BQ)) ~ IIld(Bé/— {bg}) ~ IIld(PQLlA1>
Also, del(by, Ind(Bs)) = Ind(By—{bs}) and Np,_(3,3(b3) € Np,—{5,3(b1), Lemma 5 implies
that del(by, Ind(Bs)) ~ Ind(By — {b4, b1 }). However, By —{by, b1 } is isomorphic to P, UG5

(see Figure 3.11b), therefore del(by, Ind(Bs)) ~ ¥(Ind(Gs)). Hence from Equation (1),
we get the following homotopy equivalence.

Ind(B,) ~ 2(Ind(Gs)) V ¥2(Ind(A,)). 2)

Since Ind(A4;) ~ S° VS (see Section 3.1.3) and Ind(Gs) ~ S' VS' (see Section 3.2.1),
we get that Ind(B,) ~ (S* v §?) v 22(S° v §%) ~ v,S2
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by uy U1
b2 V2 bg V1 V2 b1 (3]
1 b2 V2
U1
bs T To bs T To w1
y1 Y1 x2
(a) By — {bs} (b) By — {b4,b1} (c) By = Ba — Np, [b4]
b1 uUq by U1 b1 u1
bo Uy by~ T Vg U2
5 e Y
9 x2 L2
(d) By — {v1} (e) By (f) By — {b2}
Figure 3.11

3.2.3 A,

Note that Na,(u1) € Na,(w;) (see figure on the right), therefore
by Lemma 5, Ind(A;) ~ Ind(As — {w;}). Let A, = Ay — {w}.
Since a is a simplicial vertex in A5 and Ny (a) = {z1,v:1}, Lemma 6
implies that Ind(Aj5) ~ %(Ind(Ay — Ngy[21])) V X(Ind(Ay — Ny [v1]).
The graph Ay — Ny [v1] = Ay — {wi,a,71,v1,51} = P3. Therefore
Ind(Aj — N[z1]) ~ §° Also, Ay — Nay[z1] = Ay — Nyyfv1]. Hence
Ind(Ay) ~ Ind(A}) ~ %(S%) v 5(S°) =S v St

3.2.4 D,

Note that Np,(y;) € Np,(w;) (see figure on the right), therefore
by Lemma 5, Ind(Dy) ~ Ind(Ds — {w;}). Let D) = Dy — {w}.
Since d is a simplicial vertex in Dy and Np, (d) = {u1, v}, Lemma 6
implies that Ind(Dj) ~ X(Ind(Dy — Np; [u1])) V E(Ind(Dj — Npy [v1]).
The graph Dy — Np;[u1] = Dy — {wy,d, u1,v1,v2} = Ps. Therefore
Ind(Dy— Npy[u1]) ~ S°. Also, Dy — Npy [uy] = Dy — Npy [v1], therefore
Ind(Dy—Npy[v1]) ~ S°. Hence Ind(D,) ~ Ind(Dj) ~ %(S) vE(S°) =
Stv st

3.2.5 J,

Since Ny,(j6) € Ny,(j3) (see figure on the right), from
Lemma 5, Ind(Js) ~ Ind(Jy — {js}). Observe that
Jy — {js, 1} = O; and therefore from Section 3.1.6

U1l
U1 U2

X1 X9
n

d U1

U2
U1

x1
x2

Y1

we see that del(xq, Ind(Jy — {j3})) ~ Ind(O;) ~ S%
Note that, lk(zy,Ind(Jy — {j3})) =~ Ind(Jo —

{21, Js, jr1, J2, v, wi,yn }) = Ind(P U Ps) o~ S'. Since Jo i I
the fundamental group of S? is trivial, Ik(zy, Ind(J; — J5
{js})) is contractible in del(zy,Ind(Jy — {j3})).
Ind(Jp) ~ S* v X(St) ~ S? v §2
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3.2.6 O,

Since No,—{o5}(07) = {05} S No,—{09}(02) N No,— {09} (04) and No,—(oe3(0s) = {06} <
No,—{0}(03), from Theorem 5 we get that del(og, Ind(O2)) = Ind(O3 — {09}) ~ Ind(O, —
{09, 09, 04,03}). Observe that Oy — {09, 02, 04,03} = Dy LI P, U Py (see Figure 3.12b), and
therefore del(og, Ind(03)) ~ ¥?(Ind(Dy)).

We see that lk(og, Ind(Os)) = Ind(Oy — Np,[09]) = Ind(Oy — {07, 08,09}). Let Of be
the graph Oy — {07, 08,09} (see Figure 3.12c). Since No,(0s) € Noy (1), from Theorem 5,
Ind(O}) ~ Ind(O) — {x1}). Denote the graph O} — {z1} by O} (see Figure 3.12d). Since
O35 — Noy[{y1, 72}] contains an isolated vertex og, we see that Ind(Oy — Nog[{y1, 22}]) is
a cone over og and therefore contractible. Hence from Theorem 4, Ind(O%) ~ Ind(Oj —

{(y1,22)}).

pe

08 0Og y1

07 05

b 02 - {09702a03704}

%®

03 Y1
(c) Oy = Oy — {07, 08,00} (d) Oé’ =0y —{z1} (e) Oy
Figure 3.12

Denote the graph Oy — {(y1,72)} by Oy'. Since Nogy(0s) = {03} = Noy(y1), from
Theorem 5 we get that Ind(O}') ~ Ind(O) — {os}). Clearly OF — {og} = Q1 U P>, and
therefore lk(og, Ind(O,)) ~ X(Ind(Q1)). Note that V(05" — {06}) N No,—{0e}(0s) = 0 and
therefore Ind(O5' — {o0g}) * {0s} C Ind(O3 —{o9}) = del(0g, Ind(O2)). Hence the inclusion
map Ind(O) — {o}) < del(o0g,Ind(O,)) is null homotopic. Thus the composite map

Ik(0g, Ind(05)) = Ind(0%) = Ind(0%) = Ind(0}) = Ind(OY — {0}) — del(0g, Ind(Oy))

is null homotopic.

Therefore Theorem 2 implies that Ind(Os) ~ del(og, Ind(02)) V X(1k(0g, Ind(Os))) =~
¥2(Ind(Ds)) V ¥2(Ind(Q1)). Since Ind(Ds) ~ S' VvV S (cf. Section 3.2.4) and Ind(Q,) is
contractible (cf. Section 3.1.8), Ind(Oy) ~ S* v S3.
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3.2.7 M,

Since Ny, (m2) € Ny, (1) (see figure on the right), Theorem 5
implies that Ind(Ms;) ~ Ind(Ms—{x1}). Since Nas,—ga,3(u1)
Nity— {23 (w1) and My —{z,} = Cs, Theorem 5 and Theorem 8
implies that Ind(Ms) ~ S%.

3.2.8 Q.

Since g7 is a simplicial vertex in @)y (see Figure 3.13a), Lemma 6 implies that Ind(Qs) ~

Y(Ind(Q2 — Ng,[gs])) v E(Ind(Q2 — Nos [g6]))-

44 q1 Ul 44 q1
V2
I xI9
Y1
(a) Q2 (b) Q2—Ng,lgs]—{u1,v1}  (c) Q2 — Ng,[qs]
Figure 3.13

Note that

NQQ*NQQ[%]((M) = {ql} - NQQ*NQQ[QS}(U’l) N NQQ*NQQ[%](uQ)v

therefore Lemma 5 implies that Ind(Q2 — Ng,lgs]) ~ Ind(Q2 — Ng,lgs] — {w1,v1}).
See that Q2 — Ng,[gs] — {u1,11} = M; U P, (see Figure 3.13b). Hence Ind(Qs —
No,lgs)) ~ E(Ind(M;)). Also Q2 — Ng,[gs] = M, (see Figure 3.13c), and therefore
Ind(Q9) =~ ¥*(Ind(M;)) V X(Ind(M,)). Since Ind(M;) is contractible (cf. Section 3.1.7)
and Ind(Ms,) ~ S? (cf. Section 3.2.7, we get that Ind(Qy) ~ S3.

3.29 F,
Since f3 is a simplicial vertex in F3, from Theorem 6 we have
IHd(FQ) ~ Z(Ind(FQ — NF2 [fg])) V E(Ind(FQ — NF2 [f4]))
Observe that Fy — Np[fo] = Fo — {f1, fa, f3, fa} = G2 and Fy — Np,[fy] = Fh —

{z1,y1, fa, f3, fa} = H; (see Figure 3.14a). Since Ind(Gy) ~ S' vV S! (cf. Section 3.2.1)
and Ind(H;) ~ S' (cf. Section 3.1.10), Ind(F3) ~ %(S' v S) v B(S) ~ V382

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.16 14



ha hy

Figure 3.14

3.2.10 H,

Observe that hg is a simplicial vertex in Hy (see Figure 3.14b). Thus using Theorem 6,
we get
Ind(Hs) ~ X(Ind(Hy — Ny, [he])) V X(Ind(Hy — Ny, [hal)).
Observe that Hy — Npy,[he] = Gy and Hy — Np,[h4] = Ps. Therefore, Ind(Hs) ~
Y(Ind(Gs)) vV E(Ind(Ps)) ~ X(S* v SY) v E(Sh) = v3S2

3.3 General case computation

The main outcome of this subsection is that the independence complex of any graph
among the ten classes of graphs (defined in Section 3.1) is a wedge of spheres up to
homotopy. We prove this by induction on the subscript of the graphs, i.e., n. The cases
n = 1,2 follow from the Section 3.1 and Section 3.2. Fix n > 3, and inductively assume
that for any k£ < n, the independence complex of any graph, among the ten classes of
graphs, with subscript £ is a wedge of spheres up to homotopy.

3.3.1 G,

For n > 3, we show that

\/5S2 if n= 3,
Ind(B,_;) VvV X3(Ind(A,_3)) ifn>4.

—~
w
~~—

Ind(G,) ~ {

We do this by analysing del(wy, Ind(G,,)) and lk(wy, Ind(G,,)). As del(wy, Ind(G,,))
Ind(G,, — {w:}) and G,, — {w1} = B,,_1 (cf. Figure 3.15a), we have del(wy, Ind(G,,)) ~
Ind(B,,-1), for n > 3. Further note that, lk(wy, Ind(G,)) = Ind(G,, — Ng, [w1]).

For n = 3, del(wy, Ind(G3)) ~ Ind(B;) thus by Section 3.2.2, Ind(Bs) ~ V,4S%. Also,
G3 — Ng,[wi] & Pg, therefore Lemma 7 implies that lk(w;, Ind(G3)) ~ S'. Since the
fundamental group of V4S? is trivial, lk(wy, Ind(G3)) is contractible in del(wy, Ind(G3)).
Hence, from Lemma 2, Ind(G3) ~ del(wy, Ind(G3))VE(Ik(wq, Ind(G3))) ~ V4S?*VE(SH) ~
V5S2.

We now analyse lk(wy,Ind(G,)) for n > 4. Let G! be the graph G, — Ng, [wi]
(cf. Figure 3.15b). Since Ngr (y1) € Ner (73), Theorem 5 implies that Ind(G),) ~
Ind(G), — {x3}). Observe that both the graphs G), — {x3} — Ngr —251[{ys, z4}] and
G, — {3} — Nar {233 [{ys, ya}] have y; as an isolated vertex (see Figure 3.15¢c), therefore
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(e) G5 —{u1} (f) G5 —{y1, us, v3}

Figure 3.15

the independence complexes of these graphs are contractible. Hence, Theorem 4 implies

that Ind(G, — {ws}) ~ Ind(G}, — {23} — {(y3, 24), (y3,94)})-

Let G = G, — {3} —{(y3, x4), (y3,y4) }. Since Ngn(ys) € Neu(y1) (see Figure 3.15d),
Theorem 5 implies Ind(G,) ~ Ind(G), — {y1}). Note that V(G? —{y1}) N Ne, —fuw,}(21) =
0, therefore Ind(G” — {y1}) * {w1} C Ind(G,, — {w1}) = del(w;,Ind(G,)). Hence the
inclusion map Ind(G?” — {y,}) < del(wy, Ind(G,,)) is null homotopic. Thus the following
composition of maps is null homotopic:

lk(wy, Ind(G,)) = Ind(G, — {x3}) = Ind(G”) = Ind(G” — {11}) < del(wy, Ind(G,)).
Therefore by Theorem 2,
Ind(G,) ~ del(wy, Ind(Gy,)) V E(lk(wy, Ind(G,))).

As shown earlier, del(wq,Ind(G,)) ~ Ind(B,_1), therefore to prove Equation (3),
it suffices to show that lk(wy, Ind(G,,)) ~ X*(Ind(4,_3)). From the above discussion,
we know that lk(ws,Ind(Gy)) ~ Ind(G), — {y1}). Since Neu_y3(u1) S New—gy3(us) N
N _(y3(vs), Lemma 5 implies Ind(G), — {y1}) ~ Ind(G), — {y1} — {us,vs}). Moreover,
G — {y1,us, v3} is isomorphic to Py LI P, U A, _3 (see Figure 3.15f). Thus, by Theorem 3,
lk(wy, Ind(G,,)) = Ind(G2 — {y1, uz, v3}) =~ X?(Ind(A,_3)).

Corollary 9. Forn > 1, Ind(G,) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.1, Section 3.2.1, induction hypothesis, and
Equation (3). O

3.3.2 B,

Let n > 3 and consider the vertex b, in B,. Let B], = B,, — Ng,[b4]. Since both the
graphs B;, — {vi} — Np; _quy[{u1,u2}] and B;, — {v1} — Np; _o3[{11, v2}] have by as an
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isolated vertex, their independence complexes are contractible. Let B! = B! — {v;} —
{(u1,us2), (u1,v2)}. Now using the similar arguments as in the case of By, we get that
Ind(B,) ~ Ind(B/). Moreover, the similar arguments imply that

Ind(B,) ~ %(Ind(G,)) V ¥*(Ind(A,_1)). (4)
Corollary 10. Forn > 1, Ind(B,) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.2, Section 3.2.2, Theorem 9, induction hypoth-
esis, and Equation (4). O

3.3.3 A,
For n > 3, we show that

\/582 if n= 3,

VaX(Ind(D, 1)) V ¥ (Ind(A,,_s)) if > 4. (5)

Ind(A,,) ~ {

In A,, ais a simplicial vertex with Ny, (a) = {v1,wy,x;}. Therefore by Lemma 6,
Ind(A,) ~ X(Ind(A,, — Ny, [v1])) V 2(Ind(A,, — Na,[w1])) V E(Ind(A,, — Na, [21])).

Clearly A, — Ny, [r1] = D,y = A, — Ny, [v1] (see Figure 3.16a for n = 3 case).
Therefore Ind(A4,) ~ VoInd(D,—1) V Ind(A, — Ny, [wi]). Since Az — Na,[wi] = B,
Lemma 7 and Section 3.2.4 implies Ind(43) ~ 3X(S' v S!) v (S' v S!) v (St = v5$2

U2 Uy U U2

Vg U3 Uy
<> &
3 w “*’)
Y1 Y2 Y1 Y1 Y2 Ya
(a) A3 — Nag[v1] (b) A5 = A5 — Nag[w] (c) A5 — {vs,uz} — {3,93}

Figure 3.16

It now suffices to show that Ind(A, — Na,|w;]) ~ 3*(Ind(A,_3)), for n > 4. Let
A;I = An — NAn[wl]. Since NA%(ul) = {uz} - NA%<U3) N NA%(’Ug) and NA%(yl) =
{y2} € Nar (x3) N Nar (y3) (see Figure 3.16b), Lemma 5 implies that Ind(A},) ~ Ind(A], —
{vs, uz, x3,y3}). Moreover, A — {vs,uz,x3,y3} = P, U P, U A, 3 (see Figure 3.16¢).
Therefore, Ind(A,, — N, [w]) =~ X?*(Ind(A,,_3)).

Corollary 11. Forn > 1, Ind(A,) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.3, Section 3.2.3, induction hypothesis, and
Equation (5). O
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3.3.4 D,

Let n > 3. Clearly d is a simplicial vertex of D,, and Np_(d) = {u1,v1}. Therefore by
Lemma 6, Ind(D,,) ~ X(Ind(D,,— Np, [u1]))VE(Ind(D,,—Np, [v1])). Since D,,—Np, [v1] =
D,y and D,, — Np,[ui] = J, o (see Figure 3.17), we have the following homotopy
equivalence

Imd(D,) ~ £(Ind(Dy_1)) V E(Ind(J,_»)). (6)

Figure 3.17

Corollary 12. Forn > 1, Ind(D,,) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.4, Section 3.2.4, induction hypothesis, and
Equation (6). O

3.3.5 J,

For n > 3, we show that
Ind(J,,) ~ Ind(O, 1) V ¥*(Ind(D,,_1)). (7)

Since Ny, (js) € Ny, (js), Theorem 5 implies that Ind(.J,) ~ Ind(J,, — {js}). Observe
that J, — {Js, 21} = O,—1 (see Figure 3.18a) and therefore del(xy,Ind(J, — {j3})) =
Ind(Jn — {jg,xl}) ~ IHd(On_l).

Let J), be the graph J,, — {js3}. We analyse lk(z1,Ind(J))). Clearly lk(z,Ind(J}))
Ind(J}, = Ny [21]). Let J = J, — Ny [x1]. Observe that the graph J! = D,,_; LI P3 (se
Figure 3.18b). Since Nyu(js) = {js} = Ny»(j5), from Theorem 5 we get that Ind(J)
Ind(J) — {j5}). Clearly J — {js} is isomorphic to D,,_; U P,. Hence lk(zy,Ind(J)))
Ind(D,, 1 U Py) ~ X(Ind(D,,_1)).

o

1R

&

Y2

<4
J6
Js

(a) J3 — {js, 21} = O2 (b) J3 = Do LI P3

j5 jg Y1 Y2

Figure 3.18
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Note that V(J — {js5}) N Ny, —{js.e13(J2) = 0 and therefore Ind(J) — {j5}) * {j=} C
Ind(J,, — {js,z1}) = del(z1,Ind(J))). Hence the inclusion map Ind(J! — {j5}) —
del(z,Ind(J))) is null homotopic. Thus the composite map

lk(zy,Ind(J})) = Ind(J?) = Ind(J” — {js}) = del(zy, Ind(J"))

is null homotopic. Thus from Theorem 2 we get that Ind(J]) =~ del(xy,Ind(J))) Vv
Y(k(z1, Ind(J)))) =~ Ind(O,_1) V X*(Ind(D,,_1)).

Corollary 13. Forn > 1, Ind(J,) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.5, Section 3.2.5, induction hypothesis, and
Equation (7). O

3.3.6 O,

For n > 3, we show that
Ind(0,,) ~ ¥*(Ind(D,,)) vV X*(Ind(Q,,_1)). (8)

Let O, = O,, — {07, 08,09} (see Figure 3.19a). Using similar arguments as in the case
of Oy, we get that del(og, Ind(O,,)) = X%(Ind(D,,)) and lk(og, Ind(0,,))) ~ Ind(0”), where
O, = O, —{x1} (see Figure 3.19b). Since O, — No»[{y1, z2}] and O;; — Nou[{y1,y2}] both
contain og as an isolated vertex, Ind(O;, — No» [{y1, 2}]) and Ind(O. — Nov [{y1,y2}]) both
are cones with apex og and therefore contractible. Hence from Theorem 4, Ind(O)) ~
Ind(O5 — {(y1,22), (y1,42)}). Denote the graph Oy — {(y1,22), (y1,92)} by O. Ob-
serve that the graph O is isomorphic to Q,_1 LU P3 (see Figure 3.19¢) implying that
1k (09, Ind(O,,)) ~ X(Ind(Q,—1)).

Now similar arguments as in the case of Oy imply that lk(og, Ind(O,,)) is contractible
in del(og, Ind(O,,)). The Equation (8) then follows from Theorem 2.

(b) O3 (c) OF’

Figure 3.19

Corollary 14. Forn > 1, Ind(O,,) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.6, Section 3.2.6, Theorem 12, induction hy-
pothesis, and Equation (8). O
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3.3.7 M,
For n > 3, we show that
Ind(M,) ~ %(Ind(M,_1)) V X*(Ind(F,,_2)). (9)

Since Ny, (ma) € Ny, (x1), Theorem 5 implies that Ind(M,,) ~ Ind(M,, — {z1}). Let
M/ be the graph M, — {z;}. We compute the link and deletion of the vertex m; in
Ind(M)).

"

(c) My —{ms} (d) My —{mi}

Figure 3.20

Note that lk(mq, Ind(M;)) = Ind(M, — Nay [m4]). Let M) be the graph M), — Ny [m]
(see Figure 3.20a). Since Ny (ms) € Ny (22), from Theorem 5, we get that Ind(M))) ~
Ind(M, —{x2}). Observe that both the graphs M) —{z2} — Nar— (23 [{y2, ¥3}] and M) —
{@2} = Nagy— (203 [{y2, y3}] contain an isolated vertex mg and therefore their independence
complexes are contractible. Thus, using Theorem 4 we get that Ind(M — {x9}) ~
Ind(M)) — {z2} — {(y2,x3), (y2,y3)}) (see Figure 3.20b). Denote the graph M/ — {z3} —
{420 20), (42, 35)}) by M, Since Ny (32) € Ny (ms), Ind(M,") = Ind(M," — {my}).
Observe that M, — {ms} = P, U F,_, (see Figure 3.20c), therefore lk(my,Ind(M!)) ~
Ind(M") ~ Ind(P, U F,_5) ~ %(Ind(F,_,)).

We now compute the homotopy type of del(mq,Ind(M))) = Ind(M] — {m1}) (see
Figure 3.20d). Since Nag —gm,3(m2) © Ny — oy (1) and M) — {my, iy} = P, U M,_4,
we get that del(mq,Ind(M))) ~ Ind(P, LU M,,_1) ~ X(Ind(M,,_1)).

From Theorem 2, it is now enough to show that the inclusion map lk(my, Ind(M))) <
del(my,Ind(M))) is null homotopic. We know that lk(mq,Ind(M))) = Ind(M) ~
Ind(M") ~ Ind(M," — {ms}) and del(my,Ind(M)) = Ind(M/ — {m,}). Note that
V(M, —{m3}) 0 Nag —mi3 (ma) = 0. Thus Ind(M,, — {mz}) * {mz} C Ind(M, — {m:})
implying that the map Ind(M, — {ms}) = Ind(M’ — {m,}) is null homotopic. Hence
the composition map

Ik(my, Ind(M!)) = Ind(M, — {ms}) < del(my, Ind(M))
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is null homotopic.
Corollary 15. Forn > 1, Ind(M,,) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.7, Section 3.2.7, induction hypothesis, and
Equation (9). O

3.3.8 Q.

For n > 3, using the same arguments along the lines as in the case of ()2 we get that,
Ind(Q,) ~ 2(Ind(M,)) V X2(Ind(M,_1)). (10)

Corollary 16. Forn > 1, Ind(Q,,) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.8, Section 3.2.8, Theorem 15, induction hy-
pothesis, and Equation (10). ]

3.3.9 F,

Observe that f; is a simplicial vertex in F,, with Ng, (f3) = {fe, fa}, and therefore,
Ind(F,) ~ X(Ind(F, — Ng,[f2])) V X(Ind(F,, — Ng,[fs])) by Theorem 6. Since F,, —
Ng,[f2] =~ Gy, and F,, — Ng, [fs] >~ H,—1 (see Figure 3.21), we get that

Ind(F,) ~ X(Ind(G,,)) V X(Ind(H,,_1)). (11)
Corollary 17. Forn > 1, Ind(F},) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.9, Section 3.2.9, Theorem 9, induction hypoth-
esis, and Equation (11). O

24t Uz
U1 ‘W‘
U3
fl w1 s
€2

Y2
(b) F3 — Ngy[fo] (c) F3 — Np[fa]

Figure 3.21

3.3.10 H,

Observe that hs is a simplicial vertex in H,, with Ny, (hs) = {he, ha} (see Figure 3.22a).
Therefore from Theorem 6,

Ind(H,) ~ S(Ind(H, — Ny, [h2])) V S(Ind(H, — Ny, [ha])).
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(b) Hy — Np,(hs) (c) Hy — Npy(ha) — {uz,v2}

Figure 3.22

We see that Ny, _ny, ma)(P1) € Nu,—ny, 1) (U2) N Ni,—ny (1) (v2), therefore Theo-
rem 5 implies that Ind(H, — Ny, [h4]) ~ Ind(H, — Ny, [hs] — {u2,v2}). Since H, —
Ny, [ha] — {ug,v2} = Py U F,,_5 (see Figure 3.22¢) and H,, — Ny, [ho] = G,,, we get that

Ind(H,) ~ X(Ind(G,,)) V £*(Ind(F,_5)). (12)
Corollary 18. Forn > 1, Ind(H,) is homotopy equivalent to a wedge of spheres.

Proof. The result follows from Section 3.1.10, Section 3.2.10, Theorem 9, induction hy-
pothesis, and Equation (12). ]

4 Dimension of the spheres occurring in the homotopy type

In this section we determine the dimensions of all the spheres occurring in the homotopy
type of the independence complexes of all ten classes of graphs defined in Section 3.1.
Forany m >n > 1,let [n,m|={a € Z:n < a<m} and

Stml — {X:X:\/Snv...\/ \/ S"™*™ for some dy, ..., dpmy1 > 0}
dy

dm+1

Theorem 19. Letn > 1.
1. If n € [9%,9k + 8], then Ind(G,,) € SP—tnth=1l,
2. If n € [9% + 8,9k + 16], then Ind(B,) € S+,
3. Ifn € [9% + 7,9k + 15], then Ind(A,,) € Sh—1n+H,
4. If n € 9k + 6,9k + 14], then Ind(D,) € SP—1nHH,
5. Ifn € [9k + 4,9k + 12], then Ind(J,) € Stnrk+il,
6. If n € [9k + 3,9k + 11], then Ind(O,,) € S+inth+2],
7. If 1 #n € [9k + 2,9k + 10], then Ind(M,,) € S and Ind(M;) ~ pt.

8. If 1 #n €9k + 2,9 + 10], then Ind(Q,,) € SHLn+k+ll - gnd Ind(Q,) ~ pt.
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9. If n € [9k,9k + 8|, then Ind(F,) € Snn+H,

10. If n € 9k, 9k + 8], then Ind(H,) € Svn+h,

Proof. The proof is by induction on n. For n < 8, the explicit homotopy types can be
computed using the results from Section 3 and are listed in the Table 1.

n 1 2 3 4 5 6 7 8
IIld(Gn) SO Sl \ Sl \/5S2 \/9S3 \/16S4 \/3155 \/5586 \/94S7
Ind(B,) | VoSt | Vv,S? V.S? ViaS? VoS® V4580 V76ST V13688 V6 S
IIId(An) \/QSO Sl \ Sl \/582 \/1083 \/1484 \/2185 \/4286 Vig S7 \/7087 Voo SS
Ind(D,) | S* |StvS! V4 S? VeS?3 VSt V16S® Vg SO | VogS® Vi1 ST | VauST Vyo SB
IIld(Jn) \/281 \/282 \/483 \/884 Vg 85 \/12S5 Vs Sﬁ \/1686 Vo S7 \/3287 V36 SB \/5688 V6 Sg
IIld(On) S2 \/283 \/4S4 V SS V6S5 V3 Sﬁ \/8S6 Vo S7 \/1687 Vog SS \/2888 V55 Sg \/4489 V108 SlO
Ind(]\fn) pt 82 \/383 \/684 \/14S5 \/3086 \/5gS7 \/9388
IHd(Qn) pt SS \/384 \/985 \/2086 \/44S7 \/ggSg \/15189
Ind(F,) | VoSt | VvsS? VeS? Vi6S? VosS? V35S0 V102S” V17788
Ind(Hn) Sl \/382 \/783 \/1284 \/2485 \/4786 \/8387 \/12988

Table 1: Independence complexes of all ten classes of graphs for n < 8

For n > 9, let us assume that the result holds for all m < n.

1. From Equation (3), we have the following:

Ind(G,,) ~ Ind(B,_1) V £*(Ind(A,,_3)).

(13)

Let n € [9k,9k + 8], then n — 1 € [9(k — 1) + 8,9(k — 1) + 16]. By induction,
Ind(B,_;) € S=tn+k=1 Clearly n — 3 € [9(k — 1) +6,9(k — 1) + 14]. If n — 3 =
9(k —1)+6 = 9(k — 2) + 15, then by induction Ind(A4,_3) € S=4n=3+k=2 anqd
forn —3 € [9(k —1) +7,9(k — 1) + 14], Ind(A,_3) € SP~47=3+k=1 Hence from
Equation (13), Ind(G,,) € Sh=tn+k=1],

. From Equation (4), we have the following:

Ind(B,) ~ %(Ind(G,)) V £*(Ind(A,1)). (14)
Let n € [9%k+8, 9k +16]. From part (1), we know that for n = 9k +8, X(Ind(G,,)) €
Stttk and for n € [9k + 9,9k +16] = [9(k +1),9(k + 1) + 7], X(Ind(G,)) €
Stvntk+l] - Clearly n € [9k + 8,9k + 16] implies n — 1 € [9k + 7,9k + 15]. By
induction, Ind(A,,_;) € S"=27+#=1l and therefore X?(Ind(A,_)) € S+ Thus
Equation (14) implies that Ind(B,) € Sn+k+il,

3. From Equation (5), we have the following:

Ind(A,) ~ VoX(Ind(D,—1)) V *(Ind(4,,_3)). (15)

Let n € [9k+7,9k+15]. If n—1 € [9k+6, 9k + 14], then by induction Ind(D,,_;) €
Stn=2n+k=1] and therefore Y (Ind(D,,_;)) € SI"=1+4 Clearly n € [9k + 7,9k + 15]
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implies that n—3 € [9k+4,9k+12]. If n—3 € [9k+4,9k+6] = [9(k—1)+13,9(k—
1)+ 15], then by induction Ind(A4,,_3) € S"~4"*k=4 and therefore ¥3(Ind(A,_3)) €
St=tntk=1l For n — 3 € [9k + 7,9k + 12], Ind(A, _3) € SP=4"=3+k and therefore
¥3(Ind(A4,,_3)) € SP~17 K The result now follows from Equation (15).

4. From Equation (6), we have the following:

Ind(D,) ~ X(Ind(Dy—1)) V E(Ind(J,—2)). (16)

Let n € [9k + 6,9k + 14], then n — 1 € 9k + 5,9k + 13]. If n — 1 =9k +5 =9(k —
1) + 14, then by induction Ind(D,_;) € SI"=27+*¥=2] and therefore X(Ind(D,,_,)) €
Sh=tntk=1l = Otherwise n — 1 € [9%k + 7,9k + 14] and by induction Ind(D,_,;) €
Stn=2n+k=11 and thus ¥(Ind(D,,_,)) € S"=1+kl - Also n € [9k + 6, 9% + 14] implies
n—2 € [9k+4,9k+12]. By induction Ind(J,_5)) € S*=27=2+k+1] thereby implying
that X(Ind(.J,_2)) € S"~1+k Result then follows from Equation (16).

5. From Equation (7), we have the following:

Ind(J,) ~ Ind(0,_1) V *(Ind(D,,_1)). (17)

Let n € [9k 4+ 4,9k + 12], then n — 1 € [9k + 3,9k + 11]. By induction, we have
Ind(O,,_;) € S+ Moreover, if n — 1 € [9k + 3,9k + 5] = [9(k — 1) +12,9(k —
1) + 14], then by induction ¥*(Ind(D,_1)) € S For n — 1 € [9k + 6, 9k + 11],
Y2(Ind(D,,_1)) € S *+++1 Therefore the result follows from Equation (17).

6. From Equation (8), we have the following:

Ind(0,,) ~ ¥*(Ind(D,,)) vV X*(Ind(Q,,_1)). (18)

Let n € [k +3,9% + 11]. Ifn € [9k +3, 9% +5] = [9(k — 1) +12,9(k — 1)+ 14], then
by induction ¥2(Ind(D,)) € S+in+k+ll - Further, if n € [9%k + 6,9k + 11], then
again by induction ¥?(Ind(D,,)) € SIP*+1n+k+2l - Observe that n € [9k + 3, 9k + 11]
implies n—1 € [9k+2, 9k +10] and therefore by induction we have ¥?(Ind(Q,,_1)) €
Sln+2n+k+2] The result then follows from Equation (18).

7. From Equation (9), we have the following:

Ind(M,) ~ S(Ind(M,_1)) V Z*(Ind(F,_»)). (19)

Let n € [9k+2,9k+410], then n—1 € [9k+1,9k+9]. If n—1 = 9k+1 = 9(k—1)+10,
then ¥(Ind(M,,_;)) € S =1 For n — 1 € [9% + 2,9k + 9], X(Ind(M,_,)) €
SntH by induction.  Clearly n € [9k + 2,9k + 10] implies n — 2 € [9k, 9k +
8]. Therefore by induction, Ind(F, ) € S"27+k=2] and hence ¥?(Ind(F, ,)) €
Svntkl - Equation (19) then implies that for n € [9k+2, 9k+10], Ind(M,,) € Sn+kl,

8. From Equation (10), we have the following:

Ind(Q,) ~ S(Ind(M,)) V ¥2(Ind(M,_,)). (20)

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.16 24



Let n € [9k+2,9k+10], then X(Ind(M,,)) € SPHin+k+l Clearly n—1 € [9k+1, 9k+
9]. If n—1 = 9k+1 = 9(k—1)+10, then Ind(M,,_,)) € SP=1"++=2] thereby implying
that ¥2(Ind(M,_,)) € S"+tn+kl For n — 1 € [9k + 2,9k + 9], ¥2(Ind(M,,_,)) €
Sltntk+1] by induction. The result now follows from Equation (20).

9. From Equation (11), we have the following:

Ind(F,) ~ (Ind(G,)) V (Ind(H,_,)). (21)

Let n € [9%,9k + 8]. From part (1), we have Ind(G,) € St =1 and there-
fore ¥(Ind(G,)) € Sl"+k Clearly n — 1 € [9k — 1,9k + 7). Ifn —1 = 9k —
1 = 9(k — 1) + 8, then by induction Ind(H,_;) € S*'7*=2 and therefore
Y(Ind(H,_;)) € SP=1 For n — 1 € [9k,9% + 7], Ind(H,,_,) € Sh—tntk-l]
and hence ¥(Ind(H,_;)) € 8™ by induction. The result now follows from
Equation (21).

10. From Equation (12), we have the following:

Ind(H,) ~ 2(Ind(G,)) V 23 (Ind(F,_,)). (22)

Let n € [9k, 9% + 8]. From part (1), we have Ind(G,,) € S*~17+#=1] and therefore
¥ (Ind(G,)) € S"n k. Clearly n —2 € [9k — 2,9k +6]. If n—2 € [9k —2,9%k — 1] =
[9(k — 1) +7,9(k — 1) + 8], then by induction ¥?(Ind(F,_;)) € S»*+#=1 Further,
if n —2 € [9k,9k + 6], then again from induction ¥?(Ind(F,_,)) € S %l The
result then follows from Equation (22). O

5 Future directions

From Theorem 19, we see that the number 9 plays an important role in determining
the dimensions of spheres that occur in the homotopy type of M(I's,). It would be
interesting to see if there is any relation between the number or the dimension of spheres
in the homotopy type of M(I's,) and the combinatorial description of I's,. Another
interesting enumerative problem is to calculate the Betti numbers of M(I's,). More
precisely,

Question 20. Can we determine the closed form formula for the homotopy type of
M(Ts,)?

Based on the main result of this article, our computer-based computations for various
general grid graphs, and [9], we propose the following.

Conjecture 21. The complex M (I, ,) is homotopy equivalent to a wedge of spheres for
any grid graph I', .
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Corrigendum — submitted March 1, 2025

To determine the homotopy type of the independence complex of the line graph of 3 x n
grid graphs, Ind(G,,), one of the techniques used in our article involved examining maps
between the independence complexes of subgraphs, particularly analyzing whether these
maps are null-homotopic or not.

For a subgraph H of a graph G, if H is not an induced subgraph of G, then the
independence complex Ind(H) of H may not be a subcomplex of Ind(G). We initially
overlooked this point, using inclusion maps from non-induced subgraphs instead. This
oversight alters the homotopy type of independence complex of certain subgraphs of
the main graph G,, hence changing its homotopy type. In particular, it affects the
results of Sections 3.2.2, 3.2.5, 3.2.6, 3.3.1, 3.3.2, 3.3.5, 3.3.6, and 3.3.7. For instance,
using SageMath, we computed the homology of Ind(Gy) and see that the homology is
non-trivial only in dimension 8. However, using the recurrence relation given for G,, in
Section 3.3.1 and Table 1, we see that the homology of Ind(Gy) should be non-trivial in
dimensions 8 and 9.
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