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Abstract

We define a correlated random walk (CRW) induced from the time evolution
matrix (the Grover matrix) of the Grover walk on a graph G, and present a formula
for the characteristic polynomial of the transition probability matrix of this CRW
by using a determinant expression for the generalized weighted zeta function of
G. As an application, we give the spectrum of the transition probability matrices
for the CRWs induced from the Grover matrices of regular graphs and semiregular
bipartite graphs. Furthermore, we consider another type of the CRW on a graph.

Mathematics Subject Classifications: 05C50, 15A15

1 Introduction

Zeta functions of graphs started from the Thara zeta functions of regular graphs by Ihara
[7]. In [7], he showed that their reciprocals are explicit polynomials. A zeta function of a
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regular graph G associated with a unitary representation of the fundamental group of G
was developed by Sunada [16, 17]. Hashimoto [5] generalized Ihara’s result on the Thara
zeta function of a regular graph to an irregular graph, and showed that its reciprocal
is again a polynomial by a determinant containing the edge matrix. Bass [1] presented
another determinant expression for the IThara zeta function of an irregular graph by using
its adjacency matrix.

Cooper [2] treated various properties of a graph G determined by the Ihara zeta
function of G. Morita [13] defined a generalized weighted zeta function of a digraph
which contains various zeta functions of a graph or a digraph. Ide et al. [6] presented a
determinant expression for the generalized weighted zeta function of a graph.

The time evolution matrix of a discrete-time quantum walk in a graph is closely related
to the Thara zeta function of a graph. A discrete-time quantum walk is a quantum analog
of the classical random walk on a graph whose state vector is governed by a matrix called
the time evolution matrix(see [9]). Ren et al. [14] gave a relationship between the discrete-
time quantum walk and the Thara zeta function of a graph. Konno and Sato [11] obtained
a formula of the characteristic polynomial of the Grover matrix by using the determinant
expression for the second weighted zeta function of a graph. Thus, the relation between
the Grover walk and a simple random walk on a graph was established. Konno [10] treated
the one-dimensional correlated random walk derived from one-dimensional quantum walk.

In this paper, we present an analogue of the above relation for the correlated random
walk derived from the Grover walk on a graph. We introduce a new correlated random
walk induced from the time evolution matrix (the Grover matrix) of the Grover walk on a
graph, and present a formula for the characteristic polynomial of its transition probability
matrix.

In Section 2, we review the Thara zeta function and the generalized weighted zeta
functions of a graph. In Section 3, we review the Grover walk on a graph. In Section
4, we define a correlated random walk (CRW) induced from the time evolution matrix
(the Grover matrix) of the Grover walk on a graph G, and present a formula for the
characteristic polynomial of the transition probability matrix of this CRW. In Section 5,
we give the spectrum of the transition probability matrix for this CRW of a regular graph.
In Section 6, we present the spectrum for the transition probability matrix of this CRW
of a semiregular bipartite graph. In Section 7, we present formulas for the characteristic
polynomials of the transition probability matrices of another type of the CRW on a graph,
and give the spectrum of its transition probability matrix.

2 Preliminaries

2.1 Zeta functions of graphs

Graphs and digraphs treated here are finite. Let GG be a connected graph and Dg the
symmetric digraph corresponding to G. Set D(G) = {(u,v), (v,u) | wv € E(G)}. For
e = (u,v) € D(G), set u = o(e) and v = t(e). Furthermore, let e~! = (v, u) be the inverse
of e = (u,v). For v € V(G), the degree deg v = degv = d, is the number of vertices
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adjacent to v in G. A graph G is called k-reqular if degv = k for each v € V(G).

A walk P of length n in G is a sequence P = (eq, - - , e,) of n arcs such that e; € D(G),
t(e;) = o(eir1)(1 < i < n—1)(see [2]). If e; = (v;_1,v;) for i = 1,--- ,n, then we write
P = (vg,v1,"++ ,Up_1,0,). Set | P |=n, o(P) = o(e;) and t(P) = t(e,). Also, P is called
an (o(P),t(P))-walk. We say that a walk P = (e, ,e,) has a backtracking if e} = e;
for some i (1 <i<n—1). A (v,w)-walk is called a closed walk if v = w. The inverse
closed walk of a closed walk C' = (ey,--- ,e,) is the closed walk C~' = (e;1,--- e;!).

We introduce an equivalence relation between closed walks. Two closed walks C =
(e1,-++ ,em) and Cy = (f1,- -, fm) are called equivalent if there exists a positive number
k such that f; = e;x for all j, where the subscripts are considered by modulo m. The
inverse closed walk of C'is in general not equivalent to C. Let [C] be the equivalence class
which contains a closed walk C. Let B" be the closed walk obtained by going r times
around a closed walk B. Such a closed walk is called a multiple of B. A closed walk C' is
reduced if both C' and C? have no backtracking. Furthermore, a cclosed walk C' is prime
if it is not a multiple of a strictly smaller closed walk. Note that each equivalence class
of prime, reduced closed walks of a graph G corresponds to a unique conjugacy class of
the fundamental group m(G,v) of G at a vertex v of G.

The Ihara(-Selberg) zeta function of G is defined by

Z(G,u) = [ (1 — w7,

(€]

where [C] runs over all equivalence classes of prime, reduced closed walks of G.
Let G be a connected graph with n vertices and m edges. Then two 2m x 2m matrices
B =B(G) = (Bef)e,ren(e) and Jo = Jo(G) = (Je.f)e.sen(c) are defined as follows:

B@f:{ 1 if t(e) = o(f), Je7f:{ 1t f=e?,

0 otherwise, 0 otherwise.
The matrix B — J is called the edge matriz of G.

Theorem 1 (Thara; Hashimoto; Bass). Let G be a connected graph with n vertices and
m edges. Then the reciprocal of the Ihara zeta function of G is given by

Z(G,u)™t = det(Iy, — u(B — Jo)) = (1 — u?)™ " det(I, — uA(G) + v*(D¢g — I,)),
where Dg = (d;;) is the diagonal matriz with d;; = deg g v; (V(G) = {v1,--+ ,vn}).

The first identity in Theorem 1 was obtained by Hashimoto [5]. Also, Bass [1] proved
the second identity by using a linear algebraic method.

Stark and Terras [15] gave an elementary proof of this formula, and discussed three
different zeta functions of any graph. Various proofs of Bass’ Theorem were given by
Kotani and Sunada [12], and Foata and Zeilberger [4].
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2.2 The generalized weighted zeta functions of a graph

Let G be a connected graph with n vertices and m edges, and D(G) = {e1, ..., em, €mi1, - - -
s €omemii = €;1(1 < i < m)). Furthermore, we consider two functions 7 : D(G) — C
and p: D(G) — C. Let 6 : D(G) x D(G) — C be a function such that

O(e, ) = 7(f)0uero(s) — 1(f)Se-1-

We introduce a 2m x 2m matrix M(0) = (M.f)e rep(c) as follows:
My = 0(e, f).
Then the generalized weighted zeta function Zg(u,0) of G is defined as follows(see [13]):
Zc(u,0) = det(Iy,, — uM(9))™*
We consider two n x n matrices Ag(0) = (auo)upev(e) and Dg(0) = (du)uvev(a) as

follows:
o= { O D) e = 00) € D(G),

otherwise,
i [ Do Ol (= (e ifu=v,
0 otherwise.
A determinant expression for the generalized weighted zeta function of a graph is given

as follows(see [6]):

Theorem 2 (Ide, Ishikawa, Morita, Sato and Segawa). Let G be a connected graph with
n vertices and m edges, and let 7 : D(G) — C and p : D(G) — C be two functions.
Then

H (1 —u’p(e;)ple; ")) det(I, — uAg(0) + u’De(0)),

where D(G) =A{e1, ..., em, mst, - am} (emiy =€ (1 < j <m)).

Proof. We give a sketch of proof along Ide et al [6]
Let V(G) = {vy, .. vn} and D(G) ={e1,...,em,e;",...,e;'}. Arrange arcs of G as
follows: e1,e;!, ..., em, e, !. Furthermore, arrange vertices of G as follows: vy, ..., v,.
Now, we deﬁne two 2m xn matrices K = (Key)een(@)wev() and L = (Ley)eep(@)wev (@)

as follows:
Ko 1 ift(e) =, I 7(e) if o(e) = v,
"1 0 otherwise, 10 otherwise.

Here we consider two matrices K and L under the above order. Furthermore, we define
a 2m x 2m matrix J = (Jef)e,fen(c) as follows:

gy { e it

0 otherwise,
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Then we have

M(6) = K 'L — J.
Thus,
Zg(u,0)7' = det(Iy, — uM(6h))
— det(Iop — u(K 'L — J))
= det(Iy, + uJ — uK 'L)

= det(Iy, — uK "L(Iy, + uJ)™1) det(Is,, + uJ).

Let A and B be an m x n and n X m matrix, respectively. Then we have
det(I,, — AB) = det(I,, — BA).
Thus, we have
Zo(u,0)™! = det(I, — u "L(Ia, + uJ)'K) det(Iy, + ud).

But, we have

det(Ly, + ud) = [ (1 — w?ple;)u(e; ).
j=1
Let
o, = w5 =1 —w’ple;)pe;t) (1< j<n).

Then we have

U —upler) /o 0
(I 4+ ud) ™t = | —upler)/z 1/ 0
0 -
Thus, for (u,v) € D(G),
("L(Tgm 4+ ud) 'Ky = 7(u,v) /(1 — P p(u, v) (v, u)).
Furthermore, for each v € V(G),
("L(Tp +ud) ™! = —u Z /(1 —u?u(e)u(e™)).
o(e)=v
Hence,
Ze(u,0)' = H(1 — u’p(e;)p(e; ")) det(I, — uAg(0) + u’Dg(6)).
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3 The Grover walk on a graph

Let G be a connected graph with n vertices and m edges, V(G) = {vy,...,v,} and
D(G) = {e1,...,emyer 'y ... ent}. Set d; = d,;, = degv; for i = 1,...,n. The Grover
matriz U = U(G) = (Uef)e,fen() of G is defined by

2/di()(= 2/do(e)) i E(f) =o0(e) and f # e,
Uef: 2/dt(f)—1 iffze_l,

0 otherwise.

The discrete-time quantum walk with the matrix U as a time evolution matrix is called
the Grover walk on G.

Let G be a connected graph with n vertices and m edges. Then the n x n matrix
T(G) = (Tuw)upev(c) is given as follows:

1/(deg gu) if (u,v) € D(G),
Tywo = g
0 otherwise.

Note that the matrix T(G) is the transition matrix of the simple random walk on G(see

[11]).

Theorem 3 (Konno and Sato). Let G be a connected graph with n vertices vy, ..., v, and
m edges. Then the characteristic polynomial for the Grover matriz U of G is given by

det(A\om — U) = (A2 — 1) " det((A2 + 1)L, — 2AT(Q))

(A2=1)m " det((A2+1)D—2)XA(G))
doy - dop, :

From this Theorem, the spectra of the Grover matrix on a graph is obtained by means
of those of T(G) (see [3]). Let Spec(F) be the spectra of a square matrix F.

Corollary 4 (Emms, Hancock, Severini and Wilson). Let G be a connected graph with n
vertices and m edges. The Grover matriz U has 2n eigenvalues of the form

A=ApEiy/1— A2,

where Ar is an eigenvalue of the matriz T(G). The remaining 2(m — n) eigenvalues of U
are £1 with equal multiplicities.

4 A correlated random walk on a graph

Let G be a connected graph with n vertices and m edges, and U be the Grover matrix of
G. Then we define a 2m x 2m matrix P = (P.f)c sep(c) as follows:

Pey = |Uesl.
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Note that ) , ' X
A/d5 (= 4/d5,y) i E(f) =o(e) and f # e,

Py =19 (2/dyyp) — 1) if f=e,

0 otherwise.

The random walk with the matrix P as a transition probability matrix is called the
correlated random walk (CRW) (with respect to the Grover matrix) on G(see [8, 10]).
Let R = (Rcf)e,fen(c) be a 2m x 2m matrix such that

4/d3(f)(: 4/d3(e)) if o(e) = o(f) and [ # e,
Ref: (Q/do(f)—1)2 iff:e,
0 otherwise.

Then we have

P =JoR.

Let G be a d-regular graph. In the case of d = 4, we consider P = (P.f). sep(c) be
the transition probability matrix of the CRW with respect to the Grover matrix on a
d-regular graph G. If t(f) = o(e) and f # e~ !, then P,y =4/d> =4/4* =1/4. If f = e,
then Py = 4/d* — (4/d — 1) = 4/4* — (4/4 — 1) = 1/4. Thus, this CRW is considered
to be a simple random walk on GG which the particle moves over each arc in terms of the
same probability.

By Theorem 2, we obtain the following formula for P.

Theorem 5. Let G be a connected graph with n vertices and m edges, and let P be the
transition probability matriz of the CRW with respect to the Grover matriz. Then

det(Ip, — uP) = [ (1 — u*( S

j=1

— 1)) det(In — UACRW —+ u2DCRW);

o(e;) di(e;)

where

4/d; .
(AcrRW )ay = { T—u2(4/dy—1)(4/dy—1) if (x,y) € D(G),
0

otherwise,

4/d2(4/dy(ey—1) . .
2 ofe)=a 17u2(4/d171)t(4/dt<e)71) ifz =y,

0 otherwise.

(DCRW)xy = {

Proof. For the matrix P, we have

Pj=——

,
)
(o)
o~
=
)
=
Q
S
o
&
—~
IS8

ole

The we let two functions 7 : D(G) — C and p : D(G) — C. as follows:

4 4
) = —— and p(e) =
di(e) do(e)

T(e
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Furthermore, let

4 4
‘9(67 f) 5t(e)0(f) - ( — 1)66_1f'
dap) do )
Then we have
P= tl\/[(@)

Thus, we obtain
det(Iy,, — uP) = det(Iy, — u ‘M(0)) = det(Iy,, — uM(0)) = Zg(u, ) .

By Theorem 2, we have

m

4
det(Iy,, —uP) = H(l —u¥( —1)( — 1)) det(I, — uAcrw + u*Derw),
- do(e)) dye,)
Jj=1 J J
where 2
4/d2 i
(ACRwW )zy = Lw*(#/da=1)(4/dy—1) if (x,y) € D(G),
0 otherwise,
4/d3(4/dy(e)—1) .
(Derw)ay = Zo(e):x 1—u2(4/dz—1)(4/dye)—1) if z =y, O]
0 otherwise.

By Theorem 4, we obtain the spectrum of the transition probability matrices for the
CRWs induced from the Grover matrices of regular graphs and semiregular bipartite
graphs.

5 An application to the correlated random walk on a regular
graph

We present spectra for the transition probability matrix of the correlated random walk
on a regular graph with respect to the Grover matrix.

Theorem 6. Let G be a connected d-reqular graph with n vertices and m edges, where
d > 2. Furthermore, let P be the transition probability matriz of the CRW with respect to
the Grover matriz. Then

(P — w(4 = )

det (Igm — UP) = 2m

det(d(d + (4 — d)u)I, — 4uA(Q)).

Proof. Let G be a connected d-regular graph with n vertices and m edges, where d > 2.
Then we have
do(ey = dyey = d for each e € D(G).

Thus, we have
4 4 d* —u?(4 — d)*

do(e) di(e) @

1 —u?(
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4/ 4

A = = ' D
( CRW)xy 1—U2<4/dm—1)<4/dy—1) d2—u2(4—d)2 /Lf <x>y)€ (G)
and 42 (4 )y — 1) 44— d)
D = DL = — .
(Dorw)ey %; 1—u2(4/d, — 1)(4/dye) — 1) 2 —u2(4 — d)?
Therefore, it follows that
4 4(4 — d)

a2

A(G) and DCRW =

A =
IV T 2 w2 (4 — d)?
By Theorem 4, we have

det(Iy, — uP)

d*> —u?(4 —d)*)™

,  Ad—d)
7 wa—apMO T e aa— g™

i “2(;12; DI det( — w24 — D)L, — WwA(G) + 1(4 — d)ecL,)

= (E o D™ ferf(d + (4 — dyu), - 4uA(C). -

By substituting u = 1/, we obtain the following result.

Corollary 7. Let G be a connected d-regular graph with n vertices and m edges, where
d > 2. Furthermore, let P be the transition probability matriz of the CRW with respect to
the Grover matriz. Then

det(\yy, — P) = EXZUodD qot(d(dA2 + (4 — d))L, — 4AA(G))

= (A =G -DHmmandet(A+ (5 — 1) 1)L, — $A(G)).
The second identity of Corollary 2 is considered as the spectral mapping theorem
for P.

By Corollary 2, we obtain the spectra for the transition matrix P of the CRW with
respect to the Grover matrix on a regular graph.

Corollary 8. Let G be a connected d(> 2)-reqular graph with n vertices and m edges.
Then the transition probability matriz P has 2n eigenvalues of the form

2\ £ /4AAa2 — d3(4 — d)
where Ay is an eigenvalue of the matrix A(G). The remaining 2(m —n) eigenvalues of P
are £(4 — d)/d with equal multiplicities m — n.

A
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Proof. By Corollary 2, we have

det( Ly, — P) = (A2 — (4 — )2 "/ T1,, cspeeiaian (A(AN? + 4 — d) — 4D 40)

= (W= () d T especiacey (X7 = 4AAaX + d(4 = d)).

Thus, solving
AN — AA X\ +d(4 —d) =0,

we obtain

202 - B4 —d)

A 7

. ]

6 An application to the correlated random walk on a semireg-
ular bipartite graph

We present spectra for the transition probability matrix of the correlated random walk on
a semiregular bipartite graph. Hashimoto [5] presented a determinant expression for the
Ihara zeta function of a semiregular bipartite graph. We use an analogue of the method
in the proof of Hashimoto’s result.

A bipartite graph G = (Vi, V) is called (qi, ¢2)-semiregular if deggv = ¢; for each
ve Vi(i=1,2). Fora (¢ + 1, g + 1)-semiregular bipartite graph G = (V4, V3), let G be
the graph with vertex set V; and edge set {P : reduced walk | | P |= 2;0(P),t(P) € V;}
for i = 1,2. Then GM is (q; + 1)go-regular, and G is (g + 1)g;-regular.

Theorem 9. Let G = (V,W) be a connected (r,s)-semireqular bipartite graph with v
vertices and € edges. Set | V |= m and | W |= n(m < n). Furthermore, let P be the
transition probability matriz of the CRW with respect to the Grover matriz of G, and

Spec(A(G) = {£A, -+, £\, 0,...,0}.

Then
det(Iy. — uP) = (1 — u?(4/r — 1)(4/5 — 1)) 7(1 — u*(4/r — 1))"™

< [T = w?(4/s = 1)(1 — w?(4/r — 1)) - miu?).

r2s?
j=1
Proof. Let e € D(G). If o(e) € V, then
do(e) =T, dt(e) = S.
Thus, we have
4 4 rs —u?(4—r)(4 —s)
1 —u? —1 —1) = ,
(do(e> )(dt(e> ) rs
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o 4/d2
(AC’RW):B?J T 1—u?(4/dx—1)(4/dy—1)

{ m% if (x,y) € D(G) and z € V,
- 1

)
rmwaeasys i (z.y) € D(G) and x € W,
e 4/d%(4/d 1)
(DCRW)Im = Zo(e):x 1—u2(4/f11—1)téz)/dt(e)_1)
. 4(4-s) _ 4(4—s) .
= { " T(Ts—uz((il_—'r))(4—s)) - rs—u24((44__7~))(4_s)) if z c V,
S SrmeEnE—) — meddna—y 1rEW.
Next, let V' = {vy, -+ , vy} and W = {w,- -+ ,w,}. Arrange vertices of G as follows:
Vi, Uy Wi, e o, Wy, We consider the matrix A = A(G) under this order. Then, let
0 E
r=lE o)

By the Gram-Schmidt orthogonalization, there exists an orthogonal matrix F € O(n)
such that

m 0 0 --- 0
EF=[R 0]= : :
* O 0
Now, let
I, O
i
Then we have
0 RO
'HAH=| 'R 0 0
0 0 O

Furthermore, let
a=4/(rs —u*(4—7r)4—s)).

Then we have

A B 0 as/rE
CEW = ar/s'E 0 ’
and
D | a(d-9)I, 0
CRW 0 ad—rI, |’

Thus, we have
0 as/TR 0
"HAcrwH = | ar/s 'R 0 0
0 0 0
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and ( )
HDorwH = 0 a4 —rI,
By Theorem 2,

det(Iy — uP) = (rs—u?(4-r)(d—s))° det(I, — uAcrw + u*Derw)

rege

(rs—u?(4—r)(4—s))¢

rese

L, + a4 — s)u’l, —asu/TR 0
x det —aru/s 'R L, + a(4—r)u’l, 0
0 0 L+ ad—r)ul, .,

_ (rs—u?(4—r)(4—s))¢ (1 + CY(4 . ,’,,)u2>n—m

resc

det ( a +_aoffu7;2§>lm (1 +;?4sqi/:)fz{f)1m D

L, R
det mo 14a(d—s)u? r
()

(rs—u?(4—r)(4—s))ctm—n

= (rs +u?(4 —r)s)"m

TESE
x det (

= (@O T (g 24— 7)s)n

r€s€

(1+ a4 —s)u)L, 0
—aru/s 'R (14 a4 —r)u’)L, — % '‘RR

x (14 a(d—s)u2)" det((1 + a4 — r)u’)T,, — 7575= ‘RR)

_ (rs—u2(d-r)(d—s)tmn (rs +u?(4 —r)s)"m

rege

x det((1+ a(4 — s)u*)(1 + a4 — r)u?)L, — o*u? 'RR).

Since A is symmetric, ‘RR is symmetric and positive semi-definite, i.e., the eigenvalues
of ‘RR are of form:
)\%a 7>‘3n()\17"' a)\m 2 0)

Furthermore, we have
det(A\L, — A(G)) = A" ™ det(\? — 'RR),

and so,

Spec(A(G)) = {1, -+, A, 0,...,0}.
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Therefore it follows that
det(Iz6 — ’ZJ,P)
(rs —u?(4 —r)(4 — s))ctm—n

— 2 4 — n—m
pr (rs4+u“(4d—r)s)

X H((l + a4 = s)u?) (1 + a4 —r)u’) — o?Xu?)

_ (TS — u2<4 — T)(4 — s))Eerin (T’S + u2(4 . T‘)S)n_m

= 4— 2(4—
" H rs+u*(4 — s)r rs+u’(4—r)s

Pl rs—u2 —r)(4—s)rs—u?(4—71)(4—s)

9 16u? )
T(rs —u2(4 —7r)(4 — 5))2

_ (TS — u2(4 — T)(4 — s))ﬁimin (T’S + u2(4 . T‘)S)n_m

m

X H(rs(s +ut(4—5))(r+u*(4—7r)) — 16X7u?)

J=1

= (1—u’(4/r = 1)(4/s = D))" (1 +u*(4/r - 1))" ™

2

(1 +u(4)s — 1)1 +u*4/r — 1)) — 16@#) O

—:

7=1

Now, let u = 1/A. Then we obtain the following result.

Corollary 10. Let G = (V,W) be a connected (r, s)-semiregular bipartite graph with v
vertices and € edges. Set | V |= m and | W |= n(m < n). Furthermore, let P be the
transition probability matriz of the CRW with respect to the Grover matrixz and

Spec(A(G)) = {£A1, -+, £\, 0,...,0}.
Then
det(My — P) = (V> — (4/r — 1)(4/s — 1)) “ (N + (4/r — 1))"™
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m 2

X H((A2 +(4)s — 1))\ + (4/r — 1)) — 16%)\2).

By Corollary 4, we obtain the spectra for the transition probability matrix P of the
CRW with respect to the Grover matrix of a semiregular bipartite graph.

Corollary 11. Let G = (V,W) be a connected (r, s)-semiregular bipartite graph with v
vertices and € edges. Set | V |= m and | W |= n(m < n). Furthermore, let P be the
transition probability matriz of the CRW with respect to the Grover matriz and

Spec(A(G)) = {£A1, -+, £\, 0,...,0}.
Then the transition matriz P has 2¢ eigenvalues of the form

1. 4m eigenvalues: \ =

iJ 21252 — drs? — 4r2s + 167 + \/(27’232 —4rs? —dr2s +16)%)? — 4r3s3(4 — 1) (4 — s)

2r2g2 ’

2. 2n — 2m eigenvalues:

T Y
r
3. 2(e — v) eigenvalues:
4
A=+/C -1 -1
\/(r ) -1

Proof. Solving

22
(N4 (4/s — 1))\ + (4/r — 1)) — 167n2—;2>\2 =0,
ie.,
4 4 162 4 4
Mi(—4+-—2——I N4+ (==-1(-=1)=0
+CHs2- R C o1 =0,
we obtain
1 4 4 16N2 4 4 16N2 4 4
A=+ =((2—=-—= L) + e IV 4= —1)(= -1
(@-c-S+ ) \/< S-SR - (- ),
and so the result follows. O
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7 Another type of the correlated random walk on a cycle graph

The CRW is defined by the following transition probability matrix P on the one dimen-

sional lattice: ;
a
S

at+c=b+d=1, a,bc,de|0,1].

As for the CRW, see [8, 10], for example.

We formulate a CRW on the arc set of a graph with respect to the above matrix P.
The cycle graph is a connected 2-regular graph. Let C), be the cycle graph with n vertices
and n edges. Furthermore, let V(C,) = {v1,...,v,} and e; = (v;,v;41)(1 < 7 < n),
where the subscripts are considered by modulo n. Then we introduce a 2n x 2n matrix
U= (Uef)&feD(Cn) as follows:

where

d ift(f) = o(e), f#etand f=ej,
b if f=eland f=e¢;,

Uy = @ H(7) =0l ] ) and /=
c if f=eland f= €;
0 otherwise.

Note that U can be written as follows:

[ dQ7t o,
v )

where Q = P, is the permutation matrix of ¢ = (12...n). The CRW with U as a
transition probability matrix is called the second type of CRW on C,, with respect to the
above matrix P.

Now, we define a function w : D(C,,) — R as follows:

w(e):{ d ife=e; (1<

a 1fe—e

1<j<n),
(1<j<n).

Furthermore, let an n x n matrix W(C,,) = (Wyy )uwev(c,) as follows:

w0, = { w(u,v) if (u,v) € D(Cy),

0 otherwise.
The characteristic polynomial of U is given as follows.

Theorem 12. Let C, be the cycle graph with n vertices, and U the transition probability
matriz of the second type of CRW on C,,. Then

det(My, — U) = det((A2 + (ad — be))L, — AW(C,,)).
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Proof. At first, we consider two 2n x2n matrices B = (Bef)e, rep(c,) and J = (Jeg)e, ren(cy)
as follows:

) _ b—a if f=e"'ande=e¢;,
Bef—{ Bu(f) 1ft(e)—0(f), Jef: c—d iff:e—l ande:(a;l,

otherwise, 0 otherwise

Then we have

U="B+"J.

Now, we define two 2n x n matrices K = (K,,) and L = (L,) as follows:

Kev:{ 1 ift(e) = v, L. :{ Su(e) if o(e) = v,

0 otherwise, otherwise,
where e € D(C,,),v € V(C,,). Then we have
K 'L =B, '"LK = W(C,).

Thus,
det(Iy, —ulU) = det(Iy, —u('B +1J))

= det(Iy, —u(B+J))

= det(I, — uJ — uB)

= det(I,, — uJ — uK ‘L)

= det(Iy, — uK "L(Iy, — uJ)™) det(Iy, — uJ)

= det(I, — u 'L(Iy, — uJ)'K) det(Iy, — uJ).

But, we have

det(Iy, — ud)

B [ I, —(b—a)ul, I, (b—a)ul,

= et g, I, } - det { 0o I,
T, 0

= At e, I — w2 —a)(c— D)L, ]

= (1—(a—0b)(d—-c)u?)".

Furthermore, we have

(I, —uJ) ™' = Y bl)(d — c)u2(12n +uJ).

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.21 16



Therefore, it follows that
det(Iy, — uU)
= (1—(a—"0)(d—c)u*)"det(L, —u/(1 - (a —b)(d — c)u?) 'L(Iy, + uJ)K)
= det((1 - (a—b)(d - c)u*)I, — u 'LK — u 'LIK)
= det((1 - (a —b)(d — c)u*)I,, —uW(C),) — u? 'LIK).
The matrix 'LJK is diagonal, and its (v;, v;) entry is equal to
(c—d)w(e; )+ (b—a)w(e;) = (c —d)a+ (b—a)d = ac + bd — 2ad.

That is,
"LIK = (ab + cd — 2ad)L,.

Thus,

det(Iy, — wU)
= det((1 — (a — b)(d — c)u*)I,, — uW(C,) — u?*(ac + bd — 2ad)I,,)

= det(((1 + (ad — bc)u®)I,, — uW(C,,)). O

Substituting u = 1/, the result follows.
By Theorem 7, we obtain the spectra for the transition probability matrix U of the
second type of the CRW on C),,. The matrix W(C,,) is given as follows:

[0 d 0 a |

a 0 d ... 0
W(C,) = | : :

000 ...0d

| d 00 a 0|

Corollary 13. Let C,, be the cycle graph with n vertices, and U the transition probability
matrix of the second type of CRW on C,,. Then the transition probability matrix U has
2n eigenvalues of the form

)\_ui\/;ﬂ—él(ad—bc)
N 2

, 1€ Spec(W(Chy)).
Proof. At first, we have

det(Iy, — uU) = (A2 — uX + (ad — be)).
pESpec(W(Cr))
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Solving
M — pA + (ad — be) = 0,

we obtain

A:ui\/u2—24(ad—b0). 0

Now, we consider the case of a = b = ¢ =d = 1/2. Then the matrix W(C,) is equal
to

W(C,) = %A(C’n).

By Corollary 6, we obtain the spectra for the transition probability matrix U of the
second type of CRW on C,,.

Corollary 14. Let C,, be the cycle graph with n vertices, and U the transition probability
matriz of the second type of the CRW on C,,. Assume that a =b=c=d =1/2. Then
the transition probability matriz U has n eigenvalues of the form

215

A = cosb;, 0j27<j:0717'”)n_1) ().

The remaining n eigenvalues of U are O with multiplicities n.
Proof. 1t is known that the spectrum of A(C,,) are

217

2cosb;, 0; = (j=0,1,...,n—1). ]

n
Note that the spectrum of (*) are those of the transition probability matrix of the
simple random walk on a cycle graph C,.
We can generalize the result fora = b = ¢ = d = 1/2 on C,, to a d-regular graph(d > 2).
Let GG be a connected d-regular graph with n vertices and m edges. Furthermore, let P
be the d x d matrix as follows:

1
P=-J
a e

where Jg is the matrix whose elements are all one. Let U = (Ugf)e sen(c) be the the
transition probability matrix of a CRW on G with respect to P. Then we have

U, = { 1/d if t(e) = o(f),

0 otherwise,

and so,

1
U =-B.
d

Similarly to The proof of Theorem 7, we obtain the following result.

Theorem 15. Let G be a connected d-reqular graph with n vertices and m edges. Further-
more, let U the transition probability matriz of the CRW on G with respect to P = 1/dJ,.
Then

1
det(Alyy, — U) = A" det(AL, — - A(G)).
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Thus,

Corollary 16. Let G be a connected d-regular graph with n vertices and m edges. Further-
more, let U the transition probability matriz of the CRW on G with respect to P = 1/dJ,.
Then the transition probability matrix U has n eigenvalues of the form

A= é)\A, Aa € Spec(A(G)).

The remaining 2(m — n) eigenvalues of U are 0 with multiplicities 2m — n.

8 Future work

In this paper, we presented the spectrum of the transition probability matrix P of the
CRW induced from the time evolution matrix U of the Grover walk on a regular graph
and a semiregular bipartite graph by using a determinant expression for the general-
ized weighted zeta function of a graph. Here, the transition probability matrix P is the
Hadamard product U o U of U and itself.

Thus, we can propose the following problem.

Problem 17. Let a matrix U be the time evolution matrix of any discrete-time quantum
walk on a graph. Then, what is the spectrum of the doubly stochastic matrix P = UoU?

From now on, we shall study the above problem.

Acknowledgements

We would like to thank the referee very much for many useful comments and improvement
of definitions of the Ihara zeta functions.

References

[1] H. Bass. The Ihara-Selberg zeta function of a tree lattice. Internat. J. Math., 3:
717-797, 1992.

[2] Y. Cooper. Properties determoned by the Thara zeta function of a graph. Electronic
J. Combin., 16: R84, 2009.

[3] D.Emms, E. R. Hancock, S. Severini and R. C. Wilson. A matrix representation of
graphs and its spectrum as a graph invariant. Electr. J. Combin., 13: #R34, 2006.

[4] D. Foata and D. Zeilberger. A combinatorial proof of Bass’s evaluations of the Thara-
Selberg zeta function for graphs. Trans. Amer. Math. Soc., 351: 2257-2274, 1999.

[5] K. Hashimoto. Zeta functions of finite graphs and representations of p-adic groups.
In Adv. Stud. Pure Math., volume 15, pages 211-280. Academic Press, New York,
19809.

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.21 19



[6] Y. Ide, A. Ishikawa, H. Morita, I. Sato and E. Segawa. The Thara expression for
the generalized weighted zeta function of a simple graph. Linear Algebra and its
Applications, 627: 227-241, 2021.

[7] Y. Ihara. On discrete subgroups of the two by two projective linear group over p-adic
fields. J. Math. Soc. Japan, 18: 219-235, 1966.

[8] N. Konno. Quantum walks (in Japanese). Sangyo Tosho, Tokyo (2008).

[9] N. Konno. Quantum walks, In Lecture Notes in Mathematics, volume 1954, pages
309-452, Springer-Verlag, Heidelberg, 2008.

[10] N. Konno. Limit theorems and absorption problems for one-dimensional correlated
random walks. Stochastic Models, 25: 28-49, 2009.

[11] N. Konno and I. Sato. On the relation between quantum walks and zeta functions.
Quantum Inf. Process., 11(2): 341-349, 2012.

[12] M. Kotani and T. Sunada. Zeta functions of finite graphs. J. Math. Sci. U. Tokyo,
7: 7-25, 2000.

[13] H, Morita. Ruelle zeta functions for finite digraphs. Linear Algebra and its Applica-
tions, 603: 329-358, 2020.

[14] P. Ren, T. Aleksic, D. Emms, R. C. Wilson and E. R. Hancock. Quantum walks,
Ihara zeta functions and cospectrality in regular graphs. Quantum Inf. Process., 10:
405-417, 2011.

[15] H. M. Stark and A. A. Terras. Zeta functions of finite graphs and coverings. Adv.
Math., 121: 124-165, 1996.

[16] T. Sunada. L-functions in geometry and some applications. in Lecture Notes in
Math., volume 1201, pages 266-284, Springer-Verlag, New York, 1986.

[17] T. Sunada. Fundamental groups and Laplacians (in Japanese). Kinokuniya, Tokyo,
1988.

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.21 20



	Introduction
	Preliminaries
	Zeta functions of graphs
	The generalized weighted zeta functions of a graph

	The Grover walk on a graph
	A correlated random walk on a graph
	An application to the correlated random walk on a regular graph
	An application to the correlated random walk on a semiregular bipartite graph
	Another type of the correlated random walk on a cycle graph
	Future work

