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Abstract

The generalized Turan problem ex(n, T, F') is to determine the maximal number
of copies of a graph T that can exist in an F-free graph on n vertices. Recently,
Gerbner and Palmer noted that the solution to the generalized Turan problem is
often the original Turdn graph. They gave the name “F-Turdn-good” to graphs
T for which, for large enough n, the solution to the generalized Turédn problem is
realized by a Turan graph. They prove that the path graph on two edges, P, is
K, 1-Turdn-good for all r > 3, but they conjecture that the same result should hold
for all P,. In this paper, using arguments based in flag algebras, we prove that the
path on three edges, Ps, is also K,41-Turdn-good for all r > 3.

Mathematics Subject Classifications: 05C35, 05C38

1 Introduction

One of extremal graph theory’s most celebrated results was introduced in [27] by Turan
who asked how many edges a (simple) graph on n vertices can contain if it has no clique
containing r+ 1 vertices. Turdn’s solution, which we denote ex(n, K1), is asymptotically
(1-— %)(’2‘) Additionally, Turdn showed that the unique extremal graph is the complete
r-partite graph on n vertices with parts of size [2] or 2] (so that no pair of parts differs
in size by more than one). We call this graph the Turdn graph and denote it T,.(n).

The first extensions to Turan’s theorem considered forbidding graphs other than
cliques. For any graph F, we say a graph G is F'-free if it contains no (not necessar-
ily induced) subgraph isomorphic to F. We use ex(n, F') to denote the maximal number
of edges in an F-free graph on n vertices. The general case is solved asymptotically by

the Erdés-Stone-Simonovits Theorem [9] which proves

ex(n, F) — (1 - ﬁ + 0(1)) (;‘)
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To further generalize the problem, one may consider counting subgraphs other than
edges. Let v(T,G) denote the number of distinct, not necessarily induced subgraphs of
G isomorphic to T. We denote by ex(n, T, F') the maximum of v(T,G) over all F-free
graphs G on n vertices. (Here T is the “target” graph while F'is “forbidden.”) The first
question of this form to be resolved was due to Zykov in 1949 [28] who determined the
value of the function ex(n, Ky, K,.) when t < r by proving that the Turdn graph is the
unique extremal graph.

Theorem 1 (Zykov [28]). Let r and t be integers such that t < r. Then for all n, the
Turdn graph Ty(n) is the unique K,-free graph on m wvertices containing the mazimum
number of K; subgraphs.

Several sporadic cases were investigated (see, for example, [6, 15]) before 2015 when
Alon and Shikhelman introduced a systematic study in [2] in which they determine, among
other results, that for forbidden graphs F' with x(F)=k+ 1> r,

ex(n, K,, F) = (1 + o(1)) (k) (ﬁ)
r) \k
A more precise result can be found in [22]. Since then, the area has been widely studied;
see [8, 11, 16, 20, 21] for an (incomplete) sampling of authors and results.
As in the original Zykov result, for many choices of T" and F' the Turan graph emerges
as the optimal graph, at least for large enough n. In [12], Gerbner and Palmer introduced
the term F-Turan-good to describe such target graphs 7"

Definition 2. Fix an (r + 1)-chromatic graph F and a graph 7" that does not contain F
as a subgraph. We say that T is F'-Turdn-good if ex(n,T,F) = v(T,T,(n)) for every n
large enough.

In the same paper, Gerbner and Palmer prove that the path graph on ¢ edges, P, is
K, 1-Turédn-good for ¢ = 2 and r > 3. They conjecture that paths should be Turan-good
for all choices of » and ¢. In this paper we establish that Ps, the path on three edges, is
K, 1-Turédn-good for all r > 3.

To be precise, define the density of H in G to be

d(H,G) = v(H G)<|G|)_1
) ) ‘H‘
and let F,,, be the family of K, ;-free graphs on n vertices. We define

OPT,(P;) = lim max d(Ps, Gy,).

T ntoo GneFn
Then the following theorem is the primary result of this paper:
Theorem 3. For any integer r > 3,

(i) OPT,(P;) =12 (x=1)°.

(i1) If n is sufficiently large, then P3 is K, 1-Turdn good.
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Note that in [12], Gerbner and Palmer provided a proof of part (i) of Theorem 3.
Part (ii) is an entirely new result. We will re-prove part (i) in the language of flag
algebras, since we will require this proof to obtain part (ii).

In [11], Gerbner and Palmer proved that for two graphs T and F', where x(F') = r,

ex(n, T, F) < ex(n, T, K,.) + o(n/™h).
Combined with Theorem 3, their theorem implies the following corollary.

Corollary 4. For any graph F with chromatic number r > 3,
ex(n, P3, F) = OPT,. (%) (Z) + o(n%).

In the remainder of this section, we establish the conventions used thorough the paper,
reference a few well-known results that will be of use throughout the proof, and then
provide a brief introduction to the flag algebra method. Section 2 contains the flag
algebra calculations we use to establish part (i) of Theorem 3. In Section 3 we establish
a stability result, proving that near-extremal graphs have small edit distance from the
Turan graph. Then in Section 4 we use that stability argument to show that the Turan
graph is optimal for large enough n. We conclude in Section 5 with some thoughts on
what this result means for Gerbner and Palmer’s conjecture for general paths F;.

1.1 Background and Conventions

We use P; to denote the path graph with ¢ edges and ¢ + 1 vertices. If a copy of P53 in G
is defined by the edges wz, ry and yz, then we will use wxyz to denote it. Note that a
set of four vertices in G will frequently give multiple distinct copies of P;5. We use wzryz
for that specific ordering.

° ° °
woox Y z
Figure 1: The path wxyz

We will need the following corollary of Theorem 1:

Corollary 5. Let G be a K, 1-free graph on n vertices. Then

P —6r2+11r—6/n
e e R

Proof. In the Turdn graph T,.(n), any set of four vertices inducing a copy of K, must
come from four different partite sets. Thus there are

<Z> : Z—j + o(n*)

copies of Ky in T;.(n). The claim immediately follows. O
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We will also need the following lemma from folklore characterizing multipartite graphs:

Lemma 6. Define the co-cherry P, to be the unique graph on three vertices with one edge.
Then G is a complete multipartite graph if and only if it does not contain the co-cherry
as an induced subgraph.

. I

Figure 2: The co-cherry

Proof. First, assume G is a complete multipartite graph and let z,y, z € V(G) such that
x is adjacent to y but z is not adjacent to y. As G is complete multipartite, the only way
z is not adjacent to y is if they are in the same vertex class. As x is adjacent to y, it must
be in a different vertex class. Thus x and z do not share a vertex class and are adjacent,
so G[{z,y, z}] does not span a co-cherry.

Now let G be a graph that does not contain the co-cherry as an induced subgraph.
Define a relation on V(G) by = ~ y if x is not adjacent to y. As G is simple, this relation
is reflexive and symmetric, and if x is not adjacent to y and y is not adjacent to z, then
x cannot be adjacent to z, as that would form an induced co-cherry, so the relation is
transitive as well. Therefore this equivalence relation partitions the vertices of GG into
classes which contain no internal edges. Furthermore, two vertices from different classes
are by definition adjacent and thus every edge between vertex classes is present. We
conclude G is complete multipartite. O]

1.2 The Flag Algebra Method

Flag algebras were introduced by Razoborov [24] as a tool to computationally solve prob-
lems in extremal combinatorics. In this section, we will introduce some main ideas
necessary for our proof. For a complete overview see [24]. Flag algebras have been
applied to study a variety of extremal problems on graphs [4, 5, 14, 17, 25] and hyper-
graphs [10, 13, 23|, as well as oriented graphs [7, 18]. These only represent a handful of
the many results in combinatorics which were obtained using flag algebras.

A type o is a graph labeled by [k]. An embedding of o into a graph F is an injective
map 6 : [k] — V(F') so that im(#) is isomorphic to 0. A o-flag (F,0) is a graph F' together
with an embedding 6 of ¢ into V(F). We will let F7 denote the set of all o-flags up to
isomorphism and F? denote the associated subset containing all o-flags on n vertices. If
o is the empty graph, then we will drop it from the notation and simply use F to denote
the set of all graphs, or F, to denote the set of all graphs on n vertices. As an example,
if o* is the following labeled graph on two vertices,

*
o = 2 1

0_*
f3 = { s / s \ ; /\ }
1o a2 1 a2 le 2 1 2
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For a type o labeled by [k], two o-flags (H,6;) and (G,6,), and a set X; of size
|[V(H)| — k selected uniformly at random from V(G) \ im(6s), P((H,6,),(G,0,)) is the
probability that X; Uim(6,) is isomorphic to (H,6;). In the interests of completeness, if
IV(G)| < |V(H)|, then we let P(H,G) = 0. If o is the empty graph, then we will write
P(H,G) to mean P((H,6,),(G,6s)). In this case, the definition of P(H,G) coincides

with the standard notion of induced density. Using the same type ¢* from the previous

example:
1
If H= i and G = \&, then P((H, 91)7 (Ga92)) = g
1 2 1 2

Now suppose that (J,03) is another o-flag. Let X7, Xo C V(G) be two disjoint sets
of size |V(H)| — k and |V(J)| — k, respectively, selected uniformly at random from
V(G) \ im(fy). Then P((H,61),(J,05);(G,62)) is the probability that X; Uim(6s) is
isomorphic to H and X, Uim(fy) is isomorphic to J. Once again, if ¢ is empty, then we
write P(H, J;G) in place of ((H,61), (J,65); (G,02)). Then (1) follows from the definition
of P((Hv 91)? (‘]a 03); (G> 92))

[P((H.61), (J,05); (G, 60)) = P((H,01), (G, 65)) - P((J,65),(G.62))| <O(V(G)|) (1)

Thus, as the size of G tends toward infinity, we can assume that we select X; and X,
independently.

Let RF? be the set of all finite formal linear combinations of elements from F7. For
a given type o, let K7 denote the linear subspace of RF? generated by all elements of the
form

F— > P((F0),(H0)) (H,0)

(H762)e]:'g

where |V(F)| < n. Razborov showed that there exists an algebra A7 = RF?/K? with
well-defined addition and multiplication. Addition is defined in the natural way by adding
coefficients. For example, if F}, F, € A% such that

F1=2' \+ /\ aHdF2= i — 2 s
lo 2 1 2 1 2 1 2
1 2 1 2 1 2

For a fixed type o of size k, if (F1,6,) and (Fy,0) are two elements in F7 such that

then

\V(F)|+ |V(F)| -k =n,

then the product of F; and F; is defined as

(F1,600) - (Fo00) = Y P((Fy,01), (F3,62); (H,05)) - (H,05).
(H,03)eFg

ot
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For example, if

(F1,6,) = 1L2 and (Fy, 09) = 1DAJ2
(F1,01) X (F1,0) = l_l [:1

Observe that the set F7 contains more than just the two graphs pictured in the previous
equation, but in all of these other graphs, P((F},6,), (Fz, 62); (H,03)) = 0. Multiplication
in A” is defined as an extension of multiplication in F°.

A sequence of graphs (G),)n>1, where |V (G,,)| = n, is said to be convergent if for every
finite graph H, the limit lim P(H,G,) exists. We prove here a proposition mentioned

n—o0
in [5].

then,

Proposition 7. Let S = (G,)n>1 be any sequence of graphs with increasing orders. Then
S contains a convergent subsequence (G, )i>1-

Proof. Let Sy = S and enumerate the finite graphs Hy, Hy,.... Then (P(Hy,G,))n>1 is a
bounded sequence of real numbers and thus, by the Bolzano-Weierstrass theorem (see, e.g.,
Theorem 3.6(b) in [26]), contains a convergent subsequence, which induces a subsequence
S1 = (Gn, k=1 of Sp on which the density of Hy converges. Then (P(Hs, Gy, ))k>1 is again
a bounded sequence of real numbers, from which we find a subsequence S, of S; on which
the densities of both H; and Hs converge. Continuing in this way, for each ¢ we generate
a subsequence S; on which the first ¢ enumerated finite graphs have convergent densities.
Let T = (Gpn)n>1 where G, is the nth term of S,. Then for any finite graph H;, as
T is a subsequence of S; after the first j elements, nh_>nolo P(H;,G,,) converges, so T is a

convergent subsequence of S. m

Let Hom™ (A%, R) denote the set of all homomorphisms from A° to R such that
#(F) > 0 for each element F' € F°. Razborov showed that functions ¢ € Hom™ (A%, R)
correspond to convergent graph sequences (G,),>1; that is, the values of ¢ correspond to
the limits of induced densities in (G,)n,>1. It is often more intuitive to think of addition
and multiplication operations in A as representing induced densities of subgraphs in
some very large graph G,,, with an error term O(ng").

For each type o labeled by [k], Razborov also defined a function [-], : RF? — RF,
which we will refer to as the unlabelling operator. For a o-flag (F,0), let q,(F) denote the
probability that (F,6’) is isomorphic to F', where ¢ : V(F) — [k] is a randomly chosen
injective mapping. Let F” denote the graph isomorphic to ' when ignoring labels. Then

[Flo = qo(F)F".

If, F = 1:1, then [F], = =
1 2
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Finally, it can be shown using the Cauchy-Schwarz inequality that if o € A7 is some
expression and ¢ € Hom™ (A, R), then

¢ ([e*],) = 0. (2)

2 Theorem 3 (i)

First we will prove a lower bound by counting the number of P; subgraphs in the Turan
graph. After that, the remainder of the section will be devoted to proving the upper
bound using flag algebras.

Lemma 8. For allr > 3,

3
12 (T - 1) < OPT,(Py)
Proof. We begin by counting the paths of length three in the Turdn graph 7.(n). To do
so, we will first choose the central edge of the path and then select two additional vertices
and describe how to attach them to the central edge.

As the Turan graph is multipartite, the central edge must fall between two of the r
vertex classes. Assume for the moment that n is divisible by r. Then there are (;) (2)?
choices for the central edge: first choose two vertex classes and select a vertex from each
class.

Now we consider two cases. In the first case, the P intersects exactly two of the vertex
classes of T,.(n). In this case, as we have already selected the central edge, the two vertex
classes are already specified, so we need only select an additional vertex from each class.
These vertices are each adjacent to a different vertex of our central edge and thus give a
unique Ps. There are (% — 1)® ways to choose these two vertices.

In the second case, the Pj intersects at least three vertex classes of T,.(n). (Note that
as vertex classes contain no internal edges, the P; must contain vertices from more than
one vertex class.) We first select this third vertex, for which there are n — 2(2) choices,
and then select a fourth unique vertex from the remaining n — 3 options. If the fourth
vertex chosen happens to share a vertex class with either end of the central edge, then
there is a unique Pj containing the four vertices with the given central edge. Otherwise,
there are two ways to connect the third and fourth vertices to the central edge. However,
we also select pairs of vertices of this form twice as the fourth vertex we selected was
an eligible choice when we selected the third in this case. Thus either way, this method

produces
n
-2(7)) n-3
(-2 (2)) -
unique copies of Ps.

Putting all of our counts together, for all r > 4,

oar i = (3) () (1) (027 o091 ) ot
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where the error terms accounts for the cases that n is not divisible by r. Factoring out
leading terms gives

v(Ps, Tr(n)) = n*- % (1 - %) ((% — %)2 + (1 - %) (1 - %)) + o(n*).

As (1) = 5yn* + o(n*), it follows that

lim v(Ps, T.(n))

n—oQ

() w3 (=D (G- - (-1) o)

n—oo in‘* + 0(n4)

—1\?
:12<T )
T

Hence, 12 (1) < OPT,(P). O

We will now prove that OPT,(P3) < 12 (%)3 using the flag algebra method. Unlike
many proofs that employ this technique, ours does not require any computer assistance
for verification. With that said, this section does require the multiplication and factoring
of large polynomials. The authors have included a link to SageMath code used to verify
these calculations in the appendix.

Proof of Theorem 3(i). Let Fy = {F;}}%, denote the set of all unlabeled graphs on 4
vertices up to isomorphism, pictured below.

nel lomel mell Aol AN A |

F6=]A Fr = Fy = Fy = Fio =

Figure 3: Enumeration of all graphs in Fj.

Throughout this section, we will be working with the induced densities of subgraphs
in a convergent sequence of K, -free graphs (G, ),>1. In order to simplify notation we
will let P(F) = lim P(F,G,) and similarly d(F) = lim d(F,G,). Summing over all of

n—oo n—oo

the graphs on F,, we observe the following:

Z P(F) =1. (3)

In order to make expressions like this easier to visualize, we will often use a drawing
of F'in place of P(F') in our computations. For example, if (G, ),>1 was the sequence of
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complete graphs on n vertices, then P(Ky) = lim P(Ky, G,) = 1. Using a drawing of K,
n—o0

in order to represent this density, we would write:

= P(Ky) = 1.

Fix r > 4 and let (G,,),>1 be an arbitrary convergent sequence of K, i-free graphs.
By the law of total probability, the (non-induced) density of the path P; can be expressed
as the sum of induced densities of graphs on four vertices in the following way,

ZP v(Ps, Fy). (4)

This expression can be simplified, however, as over half of the graphs in F; do not contain
a Pj3 subgraph.

d(Py) = +2-M+4- 6N\ ]+12-

From Corollary 5 we obtain the following upper bound on P(K4) in (Gp,)n>1-

r3—6r2+11r —6
Note that
9 3 2 2
r°—6r°+11r — 6 —6r“+11r — 6
A=Y ( : ) . P(F) + =

i=0

r—6r2+11r —6
= ( 3 ) - by (3)
>0 by (5)

In the following computations, we will use two sets of labeled flags F5* and F3?, where

0’1:2D Dl’

09 = 2 1,

By the Cauchy-Schwarz inequality, each of the following three expressions is nonnegative
for all r > 4.

1. Pi(r) =6 l’((r_nw - /\)QM _

o1

(6r2—12r+6)-  +(r? —2r+1) -] +(3-3n) ]/+2 v
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emn-o (/- )] -

o2

s, +] -]
3. Py(r) =6 ﬁ((r—Z)lLﬂ Fr-2) O\ —21A2>2N

o

02

(3r2=12r+12): / +(r2—8r+12)]

(2 —6r112) -[A+(4r2—167“+16)~

o

+(20 — 8r) - [\ | + 24 -

Moreover, it can be quickly verified that for all » > 4, the following polynomials are all
nonnegative.

_18(r2—2r+41)
L po(r) = S

_ 3r3—10r247r
2. pi(r) = 355000

_ 9r5—-32rt425s3
3. pa(r) = A(3r5—11r4+913)

__15r3—24r247r
4. ps(r) = A(3r5—1177+9r3)

3
We can add the sum ) p;(r)P;(r) to (4) to obtain the following upper bound on d(P%).
j=0

10 3

d(Ps) <Y P(F) - v(Py, F) + Y pi(r)P(r). (6)

i=0 Jj=0

For each F; € Fy, let Cp, denote the coefficient of the graph F; after combining like-terms
in (6). This gives the following, simplified upper bound on d(P3).

10
a(Py) < CrP(F).
i=0
10
Since Y P(F;) =1, it follows that
i=0
d(Ps) < max{CF, : F; € F4}. (7)
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The following are the exact values of each Cp,.

—1\?
12<r )
.

hd CFO - OFs - CFs - CFQ = CFm -

[ ] CFl =
(21r% — 97r 4+ 108)(r — 1)3

3r5 — 11r% + 973

[ ] CFQ =
(1873 — 11172 + 2057 — 108)(r — 1)?

3r5 — 11r% + 973

[ ] CF4 = CF5 =
18(r — 1)3(r — 2)(r — 3)

3r5 — 11rt + 993

[ ] CFG =
457r° — 351r* + 103513 — 1389r2 + 870r — 216
2(3r> — 11r* + 9r3)

[ ] CF7 =

(30r — 18073 + 3712 — 3277 + 108)(r — 1)
3r5 — 11rt + 93

By examining leading coefficients and factoring, it is clear that for all » > 1000,

max{Ch, : Fy € Fy} = 12 <T_1)3. (8)

r

We have provided a link in the appendix for SageMath code which can be used to verify (8)
for 4 < r < 1000. This fact, together with (7) are enough to show that

3
OPT,(P;) < 12 (T - 1) .

r

Along with Lemma 8, this completes the proof of Theorem 3(i). O]

3 Stability

For two graphs G and H of the same order, the edit distance between G and H, denoted
Dist(G, H), is the minimum number of adjacencies one needs to add or remove in order to
change G into a graph isomorphic to H. Our goal in this section is to prove that graphs
with P density approaching OPT,.(P3) are close in structure to the Turdn graph T,.(n).
Specifically, we prove the following lemma:
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Lemma 9. For every € > 0, there exists an ng and 6 > 0 such that for every K, i-free
graph G of order n > ng, if d(Ps,G) > OPT,(n) — 4§, then Dist(G,T,(n)) < en?.

We prepare for the proof of Lemma 9 with a collection of lemmas. Several of these
lemmas use the epsilon-delta paradigm, and so in the interest of legibility we have labeled
the lemmas in this section by letter. We adopt the convention that 4, for example, will
always refer to the ¢ in Lemma A. The exception to this rule is Lemma 9 which uses
unadorned variables.

The first lemma is the Induced Removal Lemma, proved by Alon, Fischer, Krivelevich
and Szegedy [1].

Lemma 10 (Lemma A, Induced Removal Lemma). Let F be a set of graphs. For each
ea > 0, there exist ng and 04 > 0 such that for every graph G of order n = na, if G
contains at most an!V D! induced copies of H for every H € F, then G can be made
F-free by removing or adding at most € 4n? edges from G.

We define the set T' to contain each of the graphs F' € F for which c¢p = OPT,.(P3)
in the proof of Theorem 3.

{0k O K

The following is a restatement of Lemma 2.4.3 appearing in [3]. For completeness, we will
provide a short proof.

Lemma 11. /3] Let (G,)n>1 be a sequence of K, 1-free graphs of increasing order such

that
10

lim d(Ps,G,) = lim > Cp, - P(F;,G,) = OPT,(P;),
=0

n—o0

where F; € Fy for alli=0,...,10. Then for all F € F;, lim P(F,G,) > 0 implies that
n—0o0
FeT.

Proof. Let F; denote the set of graphs F' in F, for which lim P(F,G,) > 0. Then

n—oo

lim ZFEQ P(F,G,) =1, implying from Theorem 3(i) that
n—oo

FeF;

For each graph H € F4\T, we know from the proof of Theorem 3(i) that Cy < OPT,(Ps).
Thus, H ¢ F; as otherwise lim ZFEQ Cr-P(F,G,) < OPT,(Ps). O
n—oo

Note that the original statement of Lemma 11 required that (G,),>1 be convergent.
Proposition 7 permits us to apply the lemma with the less stringent restriction that the
sequence have increasing order.

Given the fact that only those graphs in 7" can appear with positive density in the
limit of any extremal sequence, we can now prove the following lemma.
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Lemma 12 (Lemma B). For each eg > 0, there exists a ng and dp > 0 such that any
K, 11-free graph G of order n > np satisfying d(Ps, G) = OPT,(Ps) —dp contains at most
egn® copies of P.

Proof. Assume the contrary; that is, there is eg > 0 such that for every ng and g, there
is a K, 1-free graph G of order n > np satisfying d(Ps, G) > OPT,(P;) — dp containing
at least egn® copies of P,. Let Gy = P,. Then, for each n € N, let G,, have order at least
V(G,-1)| and d(Ps,G,) > OPT, —% with at least ezn® copies of P,. We have

lim d(Ps, G,) = OPT,(P).

n—oo

By inspection, none of the graphs in 7' contain P, as a subgraph. Thus from Lemma 11,

lim d(Py, G,) = 0.

n—oo
This is a contradiction as
o o 2\ ! o\ !
lim d(P,, G,) = lim V(PQ,Gn)( ) > lim EBTLS( ) = 6eg > 0. O
n—00 n—00 3 n—00 3

Next we prove that among all complete r-partite graphs on at least four vertices, the
Turdn graph T,.(n) contains the most P; subgraphs.

Lemma 13. Forn > 4 andr > 4, if G is any complete r-partite graph on n vertices then
v(Ps,G) < v(Ps,T.(n)).

Proof. We count the number of P; subgraphs in a complete multipartite graph using a
similar approach to that in the proof of Theorem 8. We sum over each edge and count
the number of P with that edge as the center. If e = xy is an edge in the center of P;
with z in vertex class V, and y in vertex class V};, let the other edges of the P; be wx and
yz. We classify the P5 into one of four types depending on the location of w and z.

e There are (|V,|—1)(|V,| —1) such P; with w € V, and z € V, as we may not reselect
T ory.

e When w € V, but z ¢ V,, there are (|V,| — 1)(n — |V,| —|V,|) choices for the P as
z falls in some vertex class other than V, or V,,.

e Similarly, when w ¢ V,, and z € V,, there are (n — |V, | — |V, |)(|Vz] — 1) many such
Ps.

e Finally, if w ¢ V, and z ¢ V,, then we must take care to select them uniquely.
Choosing w first and then z gives (n — |V,| — |V, |)(n — |V;| — |V,| — 1) many such
Ps.
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Thus in total, for complete multipartite graphs G,

(P, G) =Y (Ve = DIVl = )+ (V| = D(n = Vel = [V,]) +

e=xy

+ (= Val =V D(UVal = 1) + (0 = [Va = Vy[)(n = [Va| = [V, | = 1)
= > Vel =DVl = 1) + (n = [Va| = [V, ) (n — 3)

e=zy

Now suppose that G has r parts V3, ..., V,. There are |V;||V;| edges between parts V; and
Vj, each of which contributes the same term in the sum above. Thus we may also write

V(PG = Y VIVl = D(Vil = 1) + (= Vil = [V;)(n = 3)). (9)

1<i<j<r

Let G be a complete r-partite graph on n vertices with parts Vi,...,V, such that
V1| = |Va] + 2. If G has no edges but at least four vertices, it cannot be extremal, so
assume G contains at least one edge. Define G’ to be the complete multipartite graph on
n vertices with parts V{, V5, ..., V! where |V/| = [V1| — 1, |V3]| = |V + 1, and |V]/| = |V}
for ¢ > 3.

After straightforward, if tedious, calculation, we use (9) to see v(Ps, G'") — v(P5,G) =
Ap, where

Apy, = (Vi = [Va| = 1)((n = Vi = [Va)(n = 3) + 2(Vi| = D[Va| + D [Vil(n =2 = [V;]))

J=3

Note that by assumption |Vi| > |Va|+2 and n > 4, that n > |Vi|+|Vz| as Vi, Vo C V(G)
and that n—2 > |V;| for j > 3 because |V;| < n—|V1| and V; must have at least two vertices
to satisfy |V1]| = |Va|+2. Thus |Vi| —|Va| — 1 is strictly positive and (n—|Vi|—|Va])(n—3),
2(IVal = D[Val, and 377_4|Vj|(n — 2 — [Vj]) are each nonnegative. If Ap, = 0, then each
term must be exactly zero. This means n = |V;| + |V2| and |V2| = 0. But then n = |V}],
so all of the vertices of G are in one part which contradicts that G’ has at least one edge.
We conclude Ap, > 0 and thus G’ contains more P5 than G.

Thus we see GG was not extremal and therefore the Turan graph, the unique complete
r-partite graph in which no pair of vertex classes differs in size by more than one, is the
complete r-partite graph with the greatest number of Ps. O

In the next lemma, we prove that if G has large Ps-density, it is close in edit distance
to a nearly balanced complete r-partite graph.

Lemma 14 (Lemma C). For any two independent parametersec > 0 and o > 0 there are
ne and 6c > 0 such that if G is a K,y 1-free graph with order n > n¢ satisfying d(Ps, G) >
OPT,(P;)—0d¢, then there is a complete r-partite graph G’ with parts X, ..., X, satisfying
Dist(G, G") < yen? and, for each 1 <i < r,

1—60
n
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Proof. Let ec,7¢ > 0 be given. We require a v, > 0 but defer its exact definition until
later. Take n4 and 64 to be as in Lemma 10 so that any graph G of order n > n4
containing at most §4n> copies of P, can be made P,-free by editing at most yen? edges.
Then take np and dp to be as in Lemma 12 so that for any graph G of order n > npg
which satisfies d(Ps,G) > OPT,(P3) — §p contains at most §4n® copies of P (that is,
apply Lemma 12 with ep = d4).

Though we are not ready to define them yet, we will ensure e > max(n4,ng) and
dc < min(da,dp). Let G be a graph of order n > n¢ satisfying d(Ps, G) = OPT,(n) — éc.
By Lemma 12, G has at most d4n> copies of P, and thus by Lemma 10 we may edit at
most v-n? edges of G to get a Py-free graph, G’. It follows from Lemma 6 that G’ is a
complete r-partite graph as it is both K, -free and P,-free. Let X;,..., X, denote the
partite sets of G'. We complete the proof by demonstrating these partite sets all have size
nearly 2.

There is a constant ¢ > 0 such that each edge removed from G is contained in at most
cn? copies of P;. (The constant ¢ counts the number of ways to extend an edge and two
other vertices into a copy of Ps.) Thus

d(Pg, G,> 2 OPTT<P3) - 50 - C’}//C
as the Ps-density of the removed edges is at most

yen? - en® )
—— = C .
IV (B3] il

To prove that the partite sets have bounded size, we will show that if they do not, we
may alter G’ to increase its P3 density beyond OPT,.(Ps). As OPT,(Ps) is, by definition,
a limit, we can, for large enough n¢, get upper bounds on the Ps-density of such graphs
that are as close to OPT,(P3) as necessary to arrive at a contradiction.

We require a partial result from the proof of Lemma 13. Recall that when moving one
vertex from vertex class Vi to vertex class V5 the change in the number of P3 subgraphs
was

Py = (Vi = Vel = 1)((n = Vi| = [Val)(n = 3) +2(Vi| = DIVl + D [Vil(n =2~ |Vj])

=3

Assume first that there is a partite set that is too large. Specilically, assume, without
g
loss of generality, that |X1| > Lree fcn. We consider two cases.

First, assume

1+4+¢
il Cn<iXi| <3,

There must be a partite set of G, say X», that satisfies | X5| < 2; if not,

1+¢ n 3
n—Z|X| “n (T—l)r—n+7cn
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is a contradiction. Consider the process of moving one vertex from X; to X, repeated
<Zn times. At each step of this process,

1 1
|X1‘_’X2!>( téo, fc, )—(—n—l—g—cn):g—cn.
r

3r

We take n¢ large enough that this value is always at least 2 so that number of P; subgraphs
increases at every step. In particular, as | X;| + | X3| stays constant and

3

n '
X Xol < =4+—-—< -
| Xq] + [ X 2+T 1"

we have
Ap, =2 (| X1] = [Xao| = D)((n — [X1] = [Xa2[)(n = 3)) > (in - 1) ((n=3n)(n—3)).

Take 7c large enough so that n > nc implies n — 3 > § and $¢n — 1 > $¢n, giving

Ec
Ap, > —n-—- n
B2 a2 3
Now, as we repeat this process <Zn times, the total increase in the number of copies of
P; is at least
Ec ECc 3 €& 4

n-—n’> = n
3r 32r 9672

As |V(Ps)| = 4, this increases the P3 density of G’ by at least 5. By choosing dc and
v¢ such that

2

Xe;
9612

dc + cvp <

we arrive at a graph G” with

2 2

Xe;
96 5 = OPT,.(P3) — d¢ —c*y’c+96T2

d(Pg, G//) = d(Pg, G/) > OPTT<P3),
a contradiction for large enough 7.

Otherwise, we have | X;| > §. We wish to use a similar approach to the first case, but
we must assure that the lower bound on Ap, is cubic in n at each step of the process.
There must be a partite set of G', say X», that satisfies | Xs| < 2(7“ " < < #n (recall r > 4);
if not,

1

- 1)mn =n,

,
n=|X;|+ X| > 2 +(r
= 3o
a contradiction. We start by moving {5 vertices from X; to X,. These moves increase
the number of copies of P3, but we disregard those increases. After these moves we have
| Xi|>2%— 2 =2nand

n<|X|<n+n 3
— < =+ —==—n.
12 236 T 127 12
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Starting from this modified graph we can move 3; additional vertices from X; to X,. For
each such move, we have

1
X=Xl =)= (2n——n)—(2n+-n)-1=—-1>"
(1G] = Xl = 1) (12" 24") (127”24") 12 13

by choosing n¢ large enough, and

21, - 1), > 2 <3n— 1) (L)>"

again with ne large enough. Thus

n n2 n3

Ap, > — — = —
213718 234

n

5; times increases the total number of P; subgraphs by at

least %, increasing the Pj density of G’ by . By taking dc + ¢7¢ < z we again
get a graph with P5 density larger than the optimal density, a contradiction when 7¢ is
sufficiently large.

Finally, we now assume for contradiction that |X;| < =2¢n. If [X;] < mn,

then there must be another partite set X; with |X;| > H%n as otherwise

and repeating this process

1—(T—1)€c

i 14¢
n:E:Mﬂ<———7———n+&—1) ¢
=1

r

n=mn

is a contradiction. As we have already handled cases with a too large part, we may assume

1—(r—1)e 1 —e¢c

n <Xy <

n.
r

There must be a partite set X; with [X;| > %, again because otherwise the parts combined

cannot contain n vertices. Then we move a vertex from X; to X; and repeat the move

z-n times. Then as before at every step of the process

€
n >0
r

| Xs| — | X1| >

and, using very rough bounds,

1—¢ 1+e n
X+ X < rcn+ Cn<;

+n<3
— < -n.
2 4

2
Therefore this process also increases the P density of G’ by at least 92%, a contradiction

for §¢ small enough. We conclude each partite set Xi, ..., X, must be within the specified
bounds.
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For completeness, we explicitly specify our choices of n¢, ¢, and . We set

5 in (6,5, L _<C
= min —_— —
¢ 478790000 20012

;. 1 e2
— Imin
e 7€ 50000¢" 200¢r2

12
Nc = max (nA,nB, —T, 144)
Ec

where 7)¢ is also large enough to guarantee all graphs of this form are sufficiently close to
OPT,(Ps).

These choices assure that we can combine Lemmas 10 and 12 to produce a G’ with
Dist(G, G') < v-n* < yen? also that

FDEPRES S 11
Yo < =
¢TI S 50000 T 200006 10000 5616
and 2 2 2 2
€ ce € €
5 < ¢ ¢ _ _fc _ ‘¢
¢S 5002 T 20002 1002 < 96727
as well as the bounds we use on n, all hold. O

We are now ready to prove Lemma 9.

Proof of Lemma 9. Let ¢ > 0 be given. Set ng = n¢ and 6 = ¢ from Lemma 14 with
Yo = ¢/2and e¢ = /2r. For any G of order n > ng such that d(Ps, G) > OPT,(Ps)—6, we
get a complete r-partite graph G’ satisfying Dist(G, G) < $n* and with parts X5,..., X,
satisfying

— £ 1+ QE_T

TP |X;| < n.
”

We claim Dist(G’, T,.(n)) < §n°. From each of the r parts, at most =n vertices must be
added to or removed from that part. Thus in total, $n vertices are altered. Each vertex
requires changing at most n adjacencies, so the total edit distance is bounded above by
£n?,
2

Finally, by first making the at most %nQ edits to change G into G’ and then making the
at most Sn? edits to change G’ into T,(n), we have demonstrated Dist(G, T,(n)) < en?,

completing the proof. O

4 Exact Result

In this section we will prove Theorem 3(ii). We now know that for large enough n, if G is
an n-vertex K, 1-free graph that is close to being extremal, then G is close in edit-distance
to T,.(n). As we will show in this section, the process of adding or removing the necessary
edges in order to transform G into T,.(n) must increase the number of Ps-subgraphs in
G. First we need the following proposition, which shows that in any extremal graph each
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pair of vertices must be contained in approximately the same number of Ps-subgraphs.
We define vg(v,T) as the number of (not necessarily induced) subgraphs of a graph G
isomorphic to 7' containing v.

Proposition 15. Fiz r > 4. Then there exists an ng = mng(r) such that if G a
K, 1-free graph on n > ng vertices for which v(Ps,G) = ex(n, P3, K,y1), then for ev-
ery vertex v € V(G)

1 —1 1
ve(v, Py) > (OPTT(Pg) - ﬁ) (” 5 ) _ ﬁn3.

Proof. From the proof of Theorem 3(i), there must exist some ng such that

v(Ps,G) > (OPTT(pg) _ %) (D

for every extremal graph G on n > ng vertices. Suppose that G is such a graph on
n > max{ng, 2r*} vertices. We count the copies of P3 in G in two ways to see

S valv, Py) = 40(Py, G) > 4 (OPTT(P;J,) - %) <Z)

veV(Q)

Thus, by averaging there must exist some vertex u € V(&) for which

ve(u, Py) > (OPTT(Pg) - T—{O) (" ) 1).

Suppose for contradiction that for some vertex v € V(G),
1\ [n—1\ 1,
va(v, Py) < (OPTT(Pg) - m) < 3 ) -

Let G’ be the graph obtained from G by deleting v and replacing it with a vertex u’
so that N(u') = N(u). We claim that G’ is K, -free. Suppose for contradiction that it
is not. Then «' must be contained in every copy of K, 1 in G'. As u is not adjacent to
u’, none of these K, contain u. However, since N(u) = N(u’), this implies that we can
replace v’ with u in each (r 4 1)-clique. Since V(G') — {v'} = V(G) — {v}, this implies
the existence of an (r + 1)-clique in G, which is a contradiction.

Let v (u, v, Py) denote the number of P3 subgraphs containing both v and v in G. Then
since vg (v, P3) = vg(u, Py), we have added at least v (u, P3) —vg(u, v, P3) subgraphs and
removed at most vg(v, P3) subgraphs. Hence,

v(Ps,G") = v(Ps, G) + va(u, P3) — vg(u, v, Ps) — vg(v, Ps)
Since vg(u, v, P3) < 2n?,
1
I/(Pg, G/) > V(Pg, G) + —4n3 — 2n2.
r

By assumption, 5n® — 2n? > 0. This would imply that v(Ps,G') > v(P3;,G) which
contradicts the assumption that G was extremal, completing the proof. O
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We will also require the following proposition much later in the proof of Theorem 3(ii),
where we will provide more explanation of why it is required. For completeness, we will
state it here.

Proposition 16. For all integers v > 4, there exists an ng = ng(r) such that for all
n 2 Ny,

(i) OPT.(P3)(";") = 01(r)= > (2 — 2%) n®, where

r 272

(i) OPT,(P3)(";") — 52(7“)%3 > (88— 2 — ) n3, where

54 78 96 T2 24 24
) =12- T+ GOt T

Proof. Part (i) immediately follows from the inequality below, which is true for all r > 4.

9 39 3 21 24 3 3 9 39
OPT,(P3) —0u(r) ==~ s5+55+—5— % 55+

R N > N
ro 22 23 ot b Qp6 0 QT T e Q27

In an identical manner, part (ii) is implied from the following, which is true for all

completing the proof. O

After assuming that G is an extremal graph, and therefore close in edit-distance to
T, (n), we will show that most vertices in G must closely resemble a vertex appearing in
the Turan graph. Given this fact, we will use Proposition 15 to show that any vertex
that does not look like this cannot be contained in enough copies of P; to justify G
being extremal. This will ultimately show that G must be isomorphic to 7}.(n), since
the removal /duplication process described in the proof of Proposition 15 would otherwise
increase the number of P; copies in G.

Proof of Theorem 3(ii). Let r > 4. Fix ¢ > 0 and assume that ny = ng(r) is large enough
to satisfy the following conditions.

(i) Any K,,-free graph G on n > ny vertices with
d(Ps,G) > OPT,.(P;) — ¢
must satisfy Dist(G, T, (n)) < Fn?.
(ii) ng = 2r* and is large enough to satisfy the conditions of Proposition 15.

(iii) no is large enough to satisfy the conditions of Proposition 16.
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Let G be an extremal graph on n > ng vertices. Recall that (i) means that we can
transform G into T,.(n) by changing at most T%nQ adjacencies. We will call each edge
removed in the process of transforming G into 7T}.(n) a surplus edge, and each added edge
a missing edge. Let b(v) denote the total number of surplus edges and missing edges
incident with a vertex v. If v is a vertex for which b(v) > —5n, then we say that v is a bad
vertez.

Partition the vertex set of G into sets X1, X, ..., X, so that after changing all required
adjancencies in G the sets X, Xo,..., X, are the partite sets of T,.(n). For the moment,
move each bad vertex from its original set and place it into a new set Xj,.

Claim 17. |Xo| < %n.

Proof. Since Dist(G,T,(n)) < Z5n? and each vertex v € X, satisfies b(v) > %n,
1
r

Claim 17 follows immediately. O]

Now we will show that all surplus edges must be incident with at least one vertex
in Xo. This will allow us to focus only on the bad vertices. For a finite collection of
vertices x1, Ty, ...,y € V(G) let N(xy,za,...,x,) denote the common neighborhood of
x1,Za, ..., Ty which is the set of vertices in V(G) adjacent to each of xy1, za, ..., z,.

Claim 18. There are no surplus edges in V(G) \ Xp.

Proof. Suppose for contradiction that for two vertices u and v in X, \ X, are adjacent for
some integer j € [r]. By symmetry we may assume that j = 1. Since neither vertex is
contained in X, both u and v are incident with at most T%,n missing edges in X, \ Xo.
This implies that there are at most %n vertices in X, \ Xy not contained in N (u,v). Since
Claim 17 implies that we have moved at most T%n vertices from X5 to Xj,

n

(V) N X\ X0l > |2 - B—ZJ - 0.

r

Let wq be one of the vertices contained in the set (N (u,v) N X3)\ Xo. Then wvws, induces
a triangle in G. Since ws is also only incident with T%n missing edges, we can apply an
identical argument using u, v, w, and the set X3 to show:

(V) 0 X\ %ol > 2] - |55 >0

implying that we can find some w3 € X3 such that uvwsws induces a K4 in G. Continuing
this process for each j € {4,...,r}, we can always select one vertex w; € X in an identical
manner so that uvws ... w; induces a copy of K in GG. This is possible since

(N G,y ) N XG)\ o] > [ - V]t—;)”J >0
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for each j. This, however, would imply that after selecting vertices u, v, ws, ..., w,_; that
induce a copy of K,

n r+1)n
(N (v, s, - wy—1) N X0) \ Xo| = M - L%J > 0.
Thus, we can select a vertex in X, that is adjacent to each of u,v,ws, ..., w,_1. This,
however, induces a copy of K,.; in G which is a contradiction. O

For each i € [r], let d;(v) = [(N(v) N X;) \ Xo|. We say that v € X is a type 2 vertex
if d;(v) > 0forall i =1,...,r. Otherwise, if there exists some i € [r]| for which d;(v) = 0,
then v is a type 1 vertex.

Claim 19. If v is a type 2 vertex, then there exist i,j € [r] for which
1 < di(v) < dj(v) < 3n.
r

Proof. Suppose for contradiction that for all i € [r], d;(v) > Tign By symmetry, we may
assume that .

5n < di(v) < dy(v) < -+ < d,(v).
Let w; € X be a neighbor of v. Then d;(w;) > % — % for all integers i > 2 since w ¢ Xj.
This, along with Claim 17, implies that

(N () A X) \ o] > | 5] - ﬁ—’;J S0,

Using an argument identical to that in Claim 18, we continue selecting vertices w; € X
for each j € {3,...,7} so that vw,w, ... w; induces a copy of K. This is possible since
for each j € {3,...,r — 1},

n jn
|(N('U,'ll)1,w2...,wj,1)ij)\Xo‘ 2 LﬁJ - \‘7’_5J > 0.
This would imply, however, that vw; ... w, induces a copy of K,.;. Since the above
argument only relied on d;(v) being nonzero, and v is a type 2 vertex, this implies that
da(v) < %5n completing the proof of Claim 19. O

Given v € G and a copy P = vxyz or P = zvyz of P containing v, we say that P
is v-good if none x, y, or z is contained in Xy. The next claim will show that a type 2
vertex in GG would not be contained in enough copies of P to justify G being extremal.

Claim 20. G does not contain any type 2 vertices.

Proof. Suppose that v € Xj is a type 2 vertex. Then by symmetry, di(v) < da(v) < 5n.
Let vujusug be a v-good path. We can count the number of these paths by considering
the possible locations of u;. The following list will provide the location of uy, followed by
the maximum number of paths of the form vu usus.
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1. If uy € X; or u; € Xy, then there are at most 273‘ ways to select u;. Otherwise,

there are at most = 2n ways to select uy. There are =" 1) n? ways to select uy and

ug since the only requlrement is that each vertex Cannot be in the same set as its

predecessor. This gives
2 r=2\ (r—1>2%,
J— _.I_ . n
r3 r r?

v-good copies of P3 where v is an end point.

Next suppose that ujvusus is a v-good path. The maximum number of such paths

can be counted by considering the locations of u; and us. In each case below, we give the
location of u; and us, followed by the corresponding maximum number of P3 subgraphs.

1. If uy,us € Xy or uyp,us € Xo, then there are at most —j ways to select each of
and us from either of the two sets. There are at most = 1n ways to select ug. If
u; € X7 and us € Xy or uq € Xy and uy € X7, then there are at most then there
are at most :f—g ways to select u; and us from each of their given sets. Again, there

are at most %n ways to select uz. This accounts for at most

copies of Ps.

. If exactly one of u; or uy is contained in X; U Xy, then there are at most 5 ways to
select that particular vertex. The vertex not in X; U X5 can be selected from (r —2)
2
possible sets. Thus, there are @ ways to select u; and wuy. Finally, there are
at most %n ways to select uz. This accounts for at most
4 (r—=1)(r-2)

_.—-n
73 72

copies of Ps.

- If uy,us ¢ X7 U Xy, then there are at most wn ways to choose u; and us if

they are in different sets, and (r=2) 2 ways to choose u; and wus if they are in the
same set. As there are at most Tn ways to select ug, this accounts for at most

((’f’— Dir=2)(r=3)  (r= 1)(7’—2)> 3

r3 r3

copies of Ps.

There are at most %n? subgraphs containing v and at least one other vertex in X,. Thus,
combining each of the terms we have calculated, we get the following upper bound:

n3
v(v, P3) < 62(T)E
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where d5(r) is taken from Proposition 16, which then implies the following:

n—1 18 42 12\
It is straightforward to verify that for all r > 4,
18 48 12
_____ > _—

Since (10) must be true of each type 2 vertex and G is assumed to be an extremal
graph, Proposition 15 implies that G cannot contain any type 2 vertices. O

By Claim 20, each v € Xj is a type 1 vertex. We will now show that if v and v are two
type 1 vertices for which d;(v) = d;(u) = 0, then u and v cannot be adjacent. Specifically,
we will prove that if v and v are adjacent, then one or the other is not contained in
sufficiently many P; subgraphs to justify G being extremal. Note this is slightly different
from our approach to type 2 vertices, as we will not disprove the existence of type 1
vertices.

Claim 21. Suppose that u and v are adjacent type 1 vertices for which d;(v) = d;(u) = 0.
Then there exists some index j # i for which

1
|N(u,v) N (X;\ Xo)| < 3n

Proof. By symmetry, we may assume that ¢ = 1. Suppose, for contradiction, that
IN(u,v) N (X;\ Xo)| > &n for all j € {2,...,r}. Using an argument identical to those
in Claims 18 and 19, select one vertex w; in X; for all j = 2,...,r, starting with X5, so
that w; € N(u,v,ws, ..., wj_1) N X;. This is possible since

(N (v, g2 1)\ Xl > [ 5] - {(‘7;—51)% -0

for all j € {2,...,7 — 1}. After selecting vertices wy, ..., w, in this way, we once again
obtain a copy of K, in G which is a contradiction. O

Claim 22. If u and v are two type one vertices for which d;(v) = d;(u) = 0, then u and
v are not adjacent.

Proof. By symmetry, Claim 21 implies that

1
[N (u,v) N (X2 \ Xo)| < 3

Therefore without loss of generality,

r2—1
273

[(N(v) N (X5 \ Xo)) \ N(u)] < n.
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Hence,
r?+1
23
Suppose that vujusus is a v-good path. Similar to Claim 20 we can count the number of
such paths by considering the location of u.

dy(v) < n.

1. If u; € X, then there are Ztln ways to choose uy. Otherwise, there are %n ways

2r3
.. 1)2 .
to choose u;. Similar to before, there are %rﬂ ways to choose uy and ug. This

accounts for at most
<r2+1 r—2) (r—1) ,

+ n
23 r 72

copies of P3 where v is an end-vertex.

Next we can count the number of v-good paths of the form uyvusus by considering the
locations of u; and us.

2
1. If uy,us € Xs, then there are at most (Tzﬂn) ways to select u; and uy. There are

2r3
@n ways to select usg. This gives an upper bound of

r2+1\2 (r—1) 4
. . n
23 r
r241

2. If exactly one of u; or uy is contained in X, then there are =3 n to choose that
specific vertex. Since neither of the remaining vertices can be contained in the same
set as its neighbors, there are at most %712 ways to choose the remaining

vertices on the path. This gives at most

4+l (r=1)(r-2)
. . . n
23 72

copies of Ps.

2

copies of Ps.

3. If uy,us ¢ Xy, then there are at most 0723‘#”2 ways to choose u; and usy if they
are in a different set and (’:—f)nz ways if they are in the same set. There are {—1p

.
ways to select ug, giving an upper bound of

((7“— Dir=2)(r=3)  (r= 1)(7"—2)> 3

3 r3
copies of Ps.

Since there are at most r%n?’ copies of P3 containing v and at least one other vertex in Xy,

n3
v(v, P3) < &y (T’)E
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Where 6;(r) is taken from Proposition 16, which implies the following:

OPT,(P) (” 5 1) — (v, Py) > (9 - ﬁ) nd.

r 22

It is straightforward to verify that for all r > 4,
9 39 1

= >
ro 2rz2 " ot

Thus, by Proposition 15, vertex v cannot exist in G under the assumption that G is

extremal. Since v and v were arbitrarily chosen, this completes the proof of Claim 22. [

Proof of Theorem 1.3(ii), continued. From Claim 22, if two vertices u and v in
Xy have the property that d;(u) = d;(v) = 0 for some i € [j], then u and v cannot be
adjacent. Thus, we can take each vertex in Xy (since each vertex is a type 1 vertex) and
place it in some partite set so that GG is an r-partite graph. Adding the necessary edges to
make GG a complete r-partite graph, however, would increase the number of P; subgraphs
in G. As we have already shown by Proposition 13 that the Turan graph is best possible
among all complete r-partite graphs, this completes the proof of Theorem 3(ii). O

5 Concluding Remarks

The main result in this paper follows a similar approach to that used in [19], which
determined that the five cycle Cj is also K, ;-Turan-good for » > 3. It is likely that
this method could be applied to other graphs, perhaps including P, or Cs. However, as
the number of vertices in the target graph increases, the number of graphs considered in
the flag algebra step grow exponentially and the number of cases in the stability result
increase as well. Therefore, the authors believe a different method will need to be used
to investigate the conjecture of Gerbner and Palmer that P, is K, -Turan-good for all
values of /.
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6 Appendix

Link to SageMath code that can be used to verify (8) in Theorem 3(i):

https://www.combinatorics.org/ojs/index.php/eljc/article/view/v28i4p34/
data
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