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Abstract

A graph X is said to be unstable if the direct product X x K (also called the
canonical double cover of X) has automorphisms that do not come from automor-
phisms of its factors X and Ks. It is nontrivially unstable if it is unstable, connected,
and nonbipartite, and no two distinct vertices of X have exactly the same neighbors.

We find three new conditions that each imply a circulant graph is unstable.
(These yield infinite families of nontrivially unstable circulant graphs that were not
previously known.) We also find all of the nontrivially unstable circulant graphs of
order 2p, where p is any prime number.

Our results imply that there does not exist a nontrivially unstable circulant
graph of order n if and only if either n is odd, or n < 8, or n = 2p, for some prime
number p that is congruent to 3 modulo 4.

Mathematics Subject Classifications: 05C25, 05C76

1 Introduction

Let X be a circulant graph. (All graphs in this paper are finite, simple, and undirected.)

Definition 1.1 ([18]). The canonical bipartite double cover of X is the bipartite graph BX
with V(BX) = V(X)) x {0,1}, where

(v,0) is adjacent to (w,1) in BX <= v is adjacent to w in X.
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Letting S, be the symmetric group on the 2-element set {0, 1}, it is clear that the
direct product Aut X x S5 is a subgroup of Aut BX. We are interested in cases where
this subgroup is proper:

Definition 1.2 ([11, p. 160]). If Aut BX # Aut X x Sy, then X is unstable.

It is easy to see (and well known) that if X is disconnected, or is bipartite, or has
“twin” vertices (see Definition 2.5 below), then X is unstable (unless X is the trivial
graph with only one vertex). The following definition rules out these trivial examples:

Definition 1.3 (cf. [20, p. 360]). If X is connected, nonbipartite, twin-free, and unstable,
then X is nontrivially unstable.

S. Wilson found the following interesting conditions that force a circulant graph to be
unstable. (See Definition 2.3 for the definition of the “Cayley graph” notation Cay(G, S).)

Theorem 1.4 (Wilson [20, Appendix A.1] (and [16, p. 156])). Let X = Cay(Z,,S) be a
circulant graph, such that n is even. Let S. = SN 27Z, and S, = S\ Se. If any of the
following conditions is true, then X is unstable.

(C.1) There is a nonzero element h of 2Z,, such that h + S, = S,.
(C.2") n is divisible by 4, and there exists h € 1+ 2Z,,, such that

(a) 2h + S, = S,, and
(b) for each s € S, such that s =0 or —h (mod 4), we have s+ h € S.

(C.3") There is a subgroup H of Z,, such that the set
R={seS|s+HZS},

is nonempty and has the property that if we let d = ged (RU {n}), then n/d is even,
r/d is odd for every r € R, and either H ¢ dZ, or H C 2dZ,,.

(C.4) There exists m € Z;

n’

such that (n/2) +msS = S.

Remark 1.5. As will be explained in Remark 3.14, the statements (C.2") and (C.3') are
slightly corrected versions of the original statements of Theorems C.2 and C.3 that appear
in [20]. The correction (C.2) is due to Qin-Xia-Zhou [16, p. 156].

Definition 1.6. We say that X has Wilson type (C.1), (C.2"), (C.3"), or (C.4), respec-
tively, if it satisfies the corresponding condition of Theorem 1.4.

In this terminology (modulo the corrections mentioned in Remark 1.5), Wilson [20,
p. 377] conjectured that every nontrivially unstable circulant graph has a Wilson type.
Unfortunately, this is not true, because counterexamples of order 24 were found by Qin-
Xia-Zhou [16, p. 156] (cf. Observation 6.1).

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.43 2



Three of our results provide new conditions that force a circulant graph to be unstable.
(These conditions provide infinitely many new counterexamples.) It seems likely that
other conditions (and additional counterexamples) remain to be discovered.

Our first condition includes (C.1) as the special case where K = Z,, includes (C.2') as
the special case where K = 27Z,, and includes (C.3) as another special case (see Propo-
sition 3.4).

Theorem 3.2 (cf. 20, Thms. 1, C.1, and C.3]). Let X = Cay(Z,, S) be a circulant graph.
Choose nontrivial subgroups H and K of Z,,, such that | K| is even, and let K, = K\ 2K.
If either

(1) S+HCSU(K,+H)and HNK,=d, or
(2) (S\ K,)+ H C SUK, and either |H| # 2 or |K]| is divisible by 4,
then X is not stable.
Our second condition is the following generalization of (C.4).

Proposition 3.7. Assume X = Cay(Z,,S) is a circulant graph of even order. If X =
Cay(Zn, (n/2) + S), then X is unstable.

Letting S, be the set of even elements of S, and S, be the set of odd elements, as in
Theorem 1.4, our third condition states that if Cay(Z,, S.) is unstable, and S, is invariant
under sufficiently many translations, then X is unstable.

Proposition 3.12. Assume X = Cay(Z,,S) is a circulant graph of even order. If there
exist permutations o and 3 of 27Z,, and a subgroup H of 27Z,,, such that:

(1) a# 5,

(2) if the vertices u,v € 2Z, are adjacent, then the vertices a(u) and B(v) are also
adjacent,

(3) w+ H C S, for all odd w € S, and
(4) a(v) —v € H and B(v) —v € H, for all v € 2Z,,
then X is unstable.
Wilson’s conjecture is vacuously true for graphs of odd order:

Theorem 1.10 (Fernandez-Hujdurovié¢ [4] (or [12])). There are no nontrivially unstable
circulant graphs of odd order.

Therefore, only graphs of even order are of interest. Another of our main results shows
that the conjecture is true in the easiest of these interesting cases:

Theorem 5.1. If p is a prime number, then every nontrivially unstable circulant graph
of order 2p has Wilson type (C.4).
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This allows us to provide an explicit description of the nontrivially unstable circulant
graphs of such orders:

Corollary 5.7. Let X = Cay(Zs,, S) be a connected, twin-free, nonbipartite, circulant
graph of order 2p, where p is prime, and let Sc = S N 2Zs,. The graph X is nontrivially
unstable if and only if there exists m € ZQXp, such that m*S, = S., mS. # S., and
S =25.U((n/2) +mS.).

It also makes it possible to strengthen Theorem 1.10 to a determination of all the
possible orders of nontrivially unstable circulant graphs:

Corollary 5.8. For n € Z*, there does not exist a nontrivially unstable circulant graph
of order n if and only if either n is odd, or n < 8, or n = 2p, for some prime number
p =3 (mod 4).

Here is an outline of the paper. After this introduction comes a short section of
preliminaries. Our main results, which were described above, are proved in Section 3
(Theorem 3.2 and Propositions 3.7 and 3.12) and Section 5 (Theorem 5.1 and its corollar-
ies). In between, Section 4 discusses a lemma from [12]. Finally, Section 6 briefly presents
a few minor results that were obtained by computer exploration.

2 Preliminaries

For emphasis, and ease of reference, we repeat a basic assumption from the first paragraph
of the introduction (and add an exception):

Assumption 2.1. All graphs in this paper are finite, undirected, and simple (no loops
or multiple edges), except that loops will be allowed in Section 4 (see Assumption 4.1).

Notation 2.2. For convenience, proofs will sometimes use the following abbreviation:
n=n/2.

Definition 2.3. Let S be a subset of an abelian group G, such that —s € S for all s € S,
and 0 ¢ S.

(1) The Cayley graph Cay(G, S) is the graph whose vertices are the elements of G, and
with an edge from v to w if and only if w = v + s for some s € S (cf. [10, §1]).

(2) For s € S, we let § = (s,1).

(3) Note that if X = Cay(G,S), and we let S = {5 |s € S}, then

BX = Cay (G x Zs,3).

For s € S, we say that an edge uv of BX is an s-edge if v = u & s.
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Remark 2.4. The reason that the set S in Cay(G,S) is not allowed to contain 0 is that
Assumption 2.1 forbids the graphs in this paper from having loops.

Definition 2.5 (Kotlov-Lovész [7]). A graph X is twin-free if there do not exist two
distinct vertices that have exactly the same neighbors.

Remark 2.6. It is easy to see (and well known) that Cay(Z,, S) is twin-free if and only
if there does not exist a nonzero h € Z,, such that h +5 = 5.

The notion of “block” is a fundamental concept in the theory of permutation groups,
but we need only the following special case:

Definition 2.7 (cf. [3, pp. 12-13]). Let X = Cay(Z,,S) be a circulant graph. A
nonempty subset B of V(BX) is a block for the action of Aut BX if, for every o € Aut BX,
we have

either a(B) =B or a(B)NB=2.

It is easy to see that this implies B is a coset of some subgroup H of Z, X Z,, and that
every coset of H is a block. Indeed, the action of Aut BX permutes these cosets, so there
is a natural action of Aut BX on the set of cosets.

Definition 2.8 (cf. [10, Defn. 3.1]). To say that a circulant graph X = Cay(Z,, S) has
the Cayley Isomorphism Property means that if S’ is a subset of Z,, such that X =
Cay(Zy, S"), then there exists m € Z), such that S" = mS.

Theorem 2.9 (Muzychuk [13]). If n is either square-free, or twice a square-free number,
then every Cayley graph on Z, has the Cayley Isomorphism Property.

3 Some conditions that imply instability

The following known result is elementary, but, for the reader’s convenience, we briefly
recall the proof.

Lemma 3.1 ([9, Thm. 3.2], [11, Prop. 4.2]). Let X be a graph. If there ezist permutations
a and B of V(X), such that « # B and, for every edge uv of X, the vertex a(u) is adjacent
to B(v), then X is unstable.

The converse holds if BX s connected.

Sketch of proof. (=) Define ¢ € Aut(BX) by

o.i) — (a(v),i) ifi=0,
elo.9) {(ﬁ(v),z') if i = 1.

Since a # 3, we have p ¢ Aut X x S5.

(<) Let ¢ € Aut BX, such that ¢ ¢ Aut X x Sy. Since BX is connected, we know
that its bipartition is unique, so the bipartition sets are blocks for the action of Aut BX.
Therefore, after composing by a translation, we may assume ¢(Z, x {i}) = Z, x {i} for
i = 0,1. So we may define permutations a and 3 of V(X) by ¢(v,0) = (a(v),0) and
QD(U, 1) = (ﬁ(v)a 1)' u
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Theorem 3.2 (cf. [20, Thms. 1, C.1, and C.3]). Let X = Cay(Z,, S) be a circulant graph.
Choose nontrivial subgroups H and K of Z,, such that |K| is even, and let K, = K\ 2K.
If either

(1) S+HCSU(K,+H) and HNK, =, or
(2) (S\ K,)+ H C SUK, and either |H| # 2 or |K| is divisible by 4,
then X 1s not stable.

Proof (cf. proof of [20, Thm. 1]). Let h be a generator of H. We will define permutations
a and f of Z,, such that Lemma 3.1 applies.

(1) Define

x+h ifzxe2K+ H, x+h frxe K,+ H,
alx) = B(x) =

T otherwise; x otherwise.

Note that 0 ¢ K, + H (because H N K, = &), so #(0) = 0. Since «(0) = h, this implies
a # B.

Given an edge uv of X, we wish to show that a(u) is adjacent to f(v). We may assume
that either u is moved by « or v is moved by (5. In fact, we may assume that exactly one
of the vertices is moved, for otherwise,

B) —a(u)=(v+h)—(u+h)=v—uecs.

This means we may assume that either v € 2K+ H or v € K,+ H, but not both. Letting
s =v—u €S, this implies s ¢ K, + H.
Also, we have

Bw)—au)e(v+H)—(u+H)=(v—u)+H=s+H,
(u

so we may write 5(v) — a(u) = s+ I/, for some h' € H. By the first assumption of (1),
we know s+ h' € SU (K, + H). Since s ¢ K, + H, this implies s + 1’ € S, so a(u) is
adjacent to 5(v).

(2) If h € 2K, then K, + H = K,, so
(SNK,)+HCK,+H=K,.

Since, by the first assumption of (2), we also have (S'\ K,) + H C S U K,, this implies
that (1) applies. Therefore, we may assume

h ¢ 2K.
Define
r+h ifzxe2K; r+h ifze K,
alr)=<x—h ifxe 2K+ h; flx)=<Rxz—h ifxeK,+h;
T otherwise T otherwise.
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We claim that « # 5. Note that «(0) = h. Therefore, if &« = 3, then we must have
B(0) = h. Since 0 ¢ K,, this implies that 0 € K, + h (which means h € K,)) and —h =h
(which means |h| = 2). Since |h| = 2 and h € K,, we see that |H| = 2 and that |K]| is
not divisible by 4. This contradicts the second half of assumption (2), so the proof of the
claim is complete.

Given an edge uv of X, we wish to show that a(u) is adjacent to S(v). That is, we
wish to show 5(v) — a(u) € S. We have v = u + s for some s € S. We may assume

Bv) —alu) #v—u.
In particular, we cannot have both a(u) = u and B(v) = v. Therefore,

either w€ 2KU (2K +h) or ve K,U (K, + h).

Case 1. Assumeu € 2K U (2K +h) and v € K,U (K, + h). We consider two different
possibilities, but both of the arguments are very similar.

Subcase 1.1. Assume u € 2K. Then a(u) = u + h. Since f(v) — a(u) # v — u, this
implies B(v) # v+ h, so v ¢ K,. By the assumption of Case 1, this implies v € K, + h,
so B(v) = v — h. Hence, f(v) — a(u) = s — 2h.

We have u € 2K and v € K,+ h, so s =v —u € K, + h, which means s — h € K,.
Since h ¢ 2K, this implies s ¢ K, and s — 2h ¢ K,. Since s ¢ K,, the first assumption
of (2) tellsus s+ H C SUK,. Since s — 2h ¢ K,, this implies s —2h € S. So a(u) is
adjacent to 5(v).

Subcase 1.2. Assume u € 2K +h. We have o(u) = u—h. Since 5(v) —a(u) # v—u, this
implies B(v) # v — h, so v ¢ K, + h. By the assumption of Case 1, this implies v € K,
so B(v) = v+ h. Hence, B(v) — a(u) = s + 2h.

We have u € 2K +h and v € K,, so s =v —u € K, — h, which means s + h € K,.
Since h ¢ 2K, this implies s ¢ K, and s + 2h ¢ K,. Since s ¢ K,, the first assumption
of (2) tellsus s+ H C SUK,. Since s+ 2h ¢ K,, this implies s + 2h € S. So «a(u) is
adjacent to 5(v).

Case 2. Assume Case 1 does not apply. As in Case 1, we consider two different possibil-
ities, but both of the arguments are very similar.

Subcase 2.1. Assume u € 2K U (2K + h). Choose § € {0, 1}, such that v € 2K + dh.
We have a(u) = u + €eh, where € = 1 — 2§, and we also have v ¢ K, U (K, + h), since
Case 1 does not apply, so B(v) = v. Since u € 2K + dh, but u+s = v ¢ K,+ dh, we have
s ¢ K,. So the first assumption of (2) tellsus s+ H C SUK,, so s —eh € SUK,. Since
B(v) — a(u) = s — eh, then we may assume s — eh € K, (otherwise, a(u) is adjacent to
B(v), as desired), so s € K, + e¢h. Then

v=u+s€ (2K +h)+ (K,+eh) =K, + (0 + e)h = K, + (1 — d)h.

Since 1 — § € {0,1}, but v ¢ K, U (K, + h), this is a contradiction.

Subcase 2.2. Assume v € K, U (K, + h). Choose 0 € {0,1}, such that v € K, + dh.
We have 5(v) = v + €h, where e = 1 — 2§, and we also have u ¢ 2K U (2K + h), since
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Case 1 does not apply, so a(u) = u. Since v € K, + dh, but v —s = u ¢ 2K + dh, we
have s ¢ K,. So the first assumption of (2) tellsus s+ H C SUK,, so s+¢eh € SUK,.
Since f(v) — a(u) = s+ €h, then we may assume s+ eh € K, (otherwise, a(u) is adjacent
to B(v), as desired), so s € K, — eh. Then

u=v—3s€(K,+00h)— (K,—¢€h)=2K+ (0 + e€)h =2K + (1 —J)h.
Since 1 —§ € {0,1}, but u ¢ 2K U (2K + h), this is a contradiction. O
Remark 3.3. In the notation of Theorem 3.2, it is clear that

(SN(K,+H))+HC (K, +H)+H=K,+H
Therefore, the first condition of 3.2(1) can be restated as:
(S\ (K,+ H))+HCS.
Wilson types (C.1), (C.2), and (C.3") are special cases of Theorem 3.2(2):

Proposition 3.4. If Cay(Z,,S) has Wilson type (C.1), (C.2"), or (C.3'), then there
are nontrivial subgroups H and K of Z, that satisfy the conditions given in part (2) of
Theorem 3.2 (and |K| is even).

Proof. (C.1) Let K = Z,, and H = (h). Then
(S\K,)+H=5.+(h)y=5.C5,

so the first condition of 3.2(2) is satisfied. Also, since h € 27Z,, = 2K, it must be true that
either |H| # 2 or | K| is divisible by 4.
(C.2") Let H = (h) and K = 2Z,. (Note that |H| > 2, since h is odd and n is divisible
by 4.) Then
K,={xz€Z,|x=2 (mod4)}.

We will show that (S'\ K,)+ H C S U K,.

We may assume h = 1 (mod 4), by applying the graph automorphism z — —z if
necessary. Fix some s € S\ K,.

Suppose, first, that s # 0 (mod 4) (and recall that s ¢ K,, so s # 2 (mod 4)), so s
is odd. This means s € S,, so we see from C.2'(a) that s + 2kh € S for all k € Z. If
s+ 2kh =3 (mod 4), then s + (2k + 1)h € S (by C.2'(b)). If s+ 2kh =1 (mod 4), then
s+ (2k +1)h € K,. Thus, we have s + H C S U K,.

Now, suppose s = 0 (mod 4). Then s+ h € S (by C.2/(b)). Now, since s +h # 0
(mod 4), the previous case tells us that s+h+ H C SUK,. Since h+ H = H, this means
s+ HCSUK,.

(C.3") Let K = (R) = (d). Since n/d is even, we know that K has even order. Then,
since r/d is odd for every r € R, we see that R C K,. By the definition of R, this means
(S\ K,)+ H C S, so the first condition of 3.2(2) is satisfied.

Also, since either H ¢ dZ, or H C 2dZ,,, we know that either H ¢ K or H C 2K. If
H ¢ K and |H| = 2, then it is clear that H N K = {0} C 2K. Thus, in both cases, we
have H N K C 2K, which easily implies that either |H| # 2 or | K| is divisible by 4. [
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There is a strong converse to Proposition 3.4 when 7 is not divisible by 4:

Proposition 3.5. If X = Cay(Z,, S), H, and K satisfy the conditions of Theorem 3.2(2),
and n is not divisible by 4, then X has Wilson type (C.1).

Proof. Since n is not divisible by 4, it is not possible for |K| to be divisible by 4, so the
second half of Theorem 3.2(2) tells us that |H| > 2. This implies that H, .= H N 2Z, is
nontrivial. Also, since n is not divisible by 4, we know that K, N 2%, = @, so

Se+H.=(SN22,)+H. C(S\K,)+HCSUK,C SU(Z,\ 2Z,).

Since H, C 2Z,,, we also know that S.+ H, C 2Z,,. Therefore, we conclude that S.+ H, C
Se, so X has Wilson type (C.1). O

Remark 3.6. By combining Propositions 3.4 and 3.5, we see that if X has a Wilson type,
and n is not divisible by 4, then X must have Wilson type (C.1) or (C.4).

Proposition 3.7. Assume X = Cay(Z,,S) is a circulant graph of even order. If X =
Cay(Zy, S + (n/2)), then X is unstable.

Proof. If o is an isomorphism from Cay(Z,, S) to Cay(Z,, S+#), then Lemma 3.1 applies
with B(z) = a(z) + =. O

Remarks 3.8.

(1) Proposition 3.7 is a generalization of Wilson type (C.4). To see this, note that if
n+mS =S5, then mS = S+ n. Also, it is well known that if m € Z), then
Cay(Zy, S) = Cay(Zy,,mS) (cf. [5, Lem. 3.7.3, p. 48]). Therefore, we conclude that
Cay(Z,,S) = Cay(Z,, S + =), so Proposition 3.7 applies.

(2) M. Muzychuk [14] found an efficient method to check whether two circulant graphs
(such as Cay(Z,, S) and Cay(Z,, S + #)) are isomorphic.

Here is a family of examples that illustrate Proposition 3.7:

Example 3.9. Let n = 2p?, where p is prime and p = 1 (mod 4), and choose ¢ € Z, such
that ¢ = —1 (mod p). Fix some a € Z, of order p, and let S = S, U S,, where

Se = (£2 4+ (a)) U {*a} C 2Z,,
S, = (£2+ (a)) U {xca} C 2Z,,
So=n+ S, C 1+ 27Z,.

Then

(1) Cay(Zpn,S) = Cay(Zn,S + (n/2)), so Proposition 3.7 implies that Cay(Z,,S) is
(nontrivially) unstable, but

(2) Cay(Z,,S) does not have a Wilson type.
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Proof. (1) Choose a set R of coset representatives for (a) in Z,, such that R +# = R,
and define o: Z,, — Z,, by

a(r+z)=r+cx forr € R and z € (a).

It suffices to show that if v, w € Z,, such that v — w € S, then a(v) — a(w) € S + =.
First, consider two vertices v = r + 2 and w = r + y that are in the same coset of (a).
Then the definition of S implies that v — w = +a, so y = x £ a, so

a(v) — a(w) = (r+cz) — (r+c(zta)) =+ca € S, =5, + .

Next, suppose v € w + ® + (a). Assume, without loss of generality, that v € 1 + 27,
and w € 2Z,. Write v =r+#s+x and w = r +y with r € R and z,y € (a). The
definition of S implies that v —w = # + ca, so y = x & ca, so (using the fact that ¢* = —
(mod p)) we have

aw)—aw)=(r+r+cx)— (r+clztca))=ntlfa=nrFacn+S.

We may now assume that v and w are in two different cosets of (a,#). Then, from the
definition of S, we see that every vertex in v + (a) is adjacent to every vertex in w + (a).
Since a(v) € v + (a) and a(w) € w + (a), it is therefore obvious that «(v) is adjacent to
a(w).

(2) The proof is by contradiction.

Suppose, first, that Cay(Z,,S) has Wilson type (C.1), (C.2"), or (C.3"). Then Re-
mark 3.6 tells us that the graph actually has Wilson type (C.1), so h + S, = S, for some
non-zero h € 27Z,. Since 27, = Z,, we know that |h| is divisible by p. Since S, is a
union of cosets of (h), this implies that |S,| is divisible by p, which contradicts the fact
that |Se| = 2la| +2=2p+2.

We may now assume that the graph is of Wilson type (C.4). Then we can find
m € ZQXp2, such that mS +# = S. Since # is odd, this implies mS, + # = 5,, so
mS, = S.. By passing to the quotient group 27, /(a), we conclude that m = £1 (mod p).
So ma = a ¢ S!. This contradicts the fact that msS, = S’. O

It is shown in [6] that every nontrivially unstable circulant graph of valency < 7 has
a Wilson type, so the following examples have minimal valency among those that do not
have a Wilson type:

Example 3.10. Let n := 3 - 2¢, where ¢ > 4 is even, and let

n n
- :l:,:l:,:l:—,—:l:?)}.
S {3 0.%153

Then the circulant graph X := Cay(Z,, S) has valency 8 and is nontrivially unstable, but
does not have a Wilson type.
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Proof. 1t is easy to see that X is connected, nonbipartite, and twin-free. For convenience,
let a =n/12.
(unstable) Let po: 2Z,, — Zs be the homomorphism with kernel 47Z,,. Then define
p: Ly — Zs by
p(v) = {po(v) ifve ?Zn;
po(v+1) otherwise.

Finally, we let m = (n/6) — 1, and define
a(v) = mv + p(v)r.

We will show that « is an isomorphism from X to X = Cay(Z,, S +#=), so Proposition 3.7
shows that X is unstable. Thus, given v € Z,, and s € S, we wish to show that

a(v+s)—a(v) € S +nr. (3.11)

From the choice of m, we have m -3 = s — 3, and a straightforward calculation shows
that m(» 4+ 3) = =3 (in Z,,), so

m{+3,m+3} + (B) = {£3, £ 3} C S.

Since it is clear from the definition of a that a(v+s) — a(v) € ms+ (), this implies that
(3.11) holds for s € {£3,% £ 3}.

To deal with the remaining elements +6 and +a of S, first note that 6 ¢ 4Z, and
a =22 ¢€ 47, (since £ > 4), so po(6) = 1 and py(a) = 0. Hence, for all v € Z,, we have

p(v+6)=pv)+1and p(v+a)=pv).
Therefore, we have

a(v+6) — av) = (m(v+6) + p(v+6)r) — (mv+ p(v)r)
= +6m + (p(v £6) — p(v))n
=+(n—6)+=n
=46+# (mod n)
€S+ n.
Also note that 271 = 8 (mod 12) (because £ — 1 > 3 is odd), so we have m = 2"t — 1 =
6k + 1, where k is odd. Therefore
a(v+a) —a(v) = (m(v+a)+ plv£a)r) — (mv+ p(v)n)
= dma+ (p(v £a) — p(v))n
= £(6k+ 1)a + 0n
=+(kn+a)
=*a+#nr
€S +n.
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(no Wilson type) First, suppose that the graph has Wilson type (C.1), (C.2), or
(C.3"). By Proposition 3.4, this implies there are subgroups H and K of Z, that satisfy
the conditions of Theorem 3.2(2). In particular, at least one coset of H is completely
contained in S.

We claim that H = (»). Let h = n/|H|, so h is a divisor of n, and H = (h).
Since S contains a coset of H, we know that at least one of any h consecutive elements
r+1,x4+2,...,x+h of Z, is an element of S. Since (# — 3) — (n/12) > n/3, this easily
implies h = ®, which completes the proof of the claim.

Since 6 +# ¢ S and (n/12) +# ¢ S, we then see from the first half of 3.2(2) that
6 € K, and n/12 € K,. This is impossible, because n/12 is divisible by 4, but 6 is not.

Now suppose that the graph has Wilson type (C.4). This means there is some m € Z%,
such that mS = S + #. Since & is even, this implies mS, = S, + #®, so (perhaps after
replacing m with —m, we have m -3 € {3,= + 3}. But then

m-6+r=2(m-3)+nrec2{3,2+3} +r={6+n}
Since 6 +# ¢ S, this is a contradiction. O

Proposition 3.12. Assume X = Cay(Z,,S) is a circulant graph of even order. If there
exist permutations o and 3 of 27, and a subgroup H of 27Z,, such that:

(1) a#p,

(2) if the vertices u,v € 2Z, are adjacent, then the vertices o(u) and [(v) are also
adjacent,

(3) s+ H C S, forall odd s € S, and
(4) a(v) —v € H and f(v) —v € H, for all v € 27y,
then X is unstable.

Proof. Define permutations o’ and 3’ of Z,, by stipulating that
o' (v) = F'(v) = v if vis odd,

whereas

o' (v) = a(v) and B'(v) = B(v) if v is even.

It is straightforward to verify that if uv is an edge of X, then o/(u) is adjacent to 3'(v),
so Lemma 3.1 tells us that X is unstable. O

The following result is the special case where Cay(2Z,,, SN2Z,) has Wilson type (C.4).

Corollary 3.13. Assume X = Cay(Z,,S) is a circulant graph with n = 0 (mod 4). If
there exists m € 2}, such that mS, +# = S,, and S, +2(m — 1)Z, = S, +® = S,, then
X s unstable.
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Proof. Define permutations a and § of 2Z, by a(x) = mz and f(x) = mz + =. (The
assumption that n = 0 (mod 4) implies that & is even, so the image of § is in 27Z,.) Let
H = (2(m — 1)Z,,wn), so S, + H = S,, by assumption. Then Proposition 3.12 applies,
since a(v) —v=(m—1v e2(m—1)Z, C H and f(v) —v=(m—1)v+x C H. O

Remark 3.14. Parts (C.2") and (C.3") of the statement of Theorem 1.4 are corrected
versions of the original statements of Theorems C.2 and C.3 that appear in [20].

(C.2") Y.-L.Qin, B.Xia, and S.Zhou [16] corrected the original hypothesis (C.2) by
adding condition (b). (Note that complete graphs with more than two vertices are stable
[16, Eg. 2.2], but satisfy condition (a) with h = 1, so this condition alone does not imply
instability, even when n is divisible by 4.)

(C.3) The original statement of hypothesis (C.3) in [20, p. 376] includes the extraneous
hypothesis that d > 1, and neglects to state the requirements that n/d is even and that
cither H ¢ dZ,, or H C 2dZ,. (Ezplanation: [20, Thm. 1] does not require the Cayley
graph generated by the red edges to be disconnected, so there is no need to assume d > 1.
The proof of [20, Thm. C.3] uses the assumption that r/d is odd to conclude that each
component of Cay(Z,, R) is bipartite; this requires each r € R to be an element of even
order in Z,,, which means that n/ged(r, n) is even. Conditions (1) and (2) near the bottom
of [20, p. 360] translate to the requirement that either H ¢ dZ, or H C 2dZ,.)

It was mentioned above that if n > 2, then the complete graph K, is stable [16,
Eg. 2.2]. However, if n is even, then K, satisfies the conditions in the original statement
of (C.3) (with H = (n/2), R = {n/2}, d = n/2, and r/d = 1 for the unique element r
of R). This shows that the additional conditions in (C.3") cannot be deleted.

4 The main lemma of [12]

Assumption 4.1. For the proof of Corollary 4.7, it will be helpful to temporarily relax
our standing assumption that all graphs are simple (see Assumption 2.1). Namely graphs
are allowed to have loops (but not multiple edges) in this section.

The following elementary observation is stated only for automorphisms in [12], but
the same proof applies to isomorphisms.

Lemma 4.2 (cf. [12, Lem. 2.2]). Let m € Z*, and let X, = Cay(Gy,51) and Xy =
Cay(Gla, S2) be Cayley graphs, such that

(1) Gy and Gy are abelian, and
(2) for j =1,2, we have ms # mt for all s,t € S;, such that s # t.

If ¢ is any isomorphism from X, to X, then ¢ is also an isomorphism from Cay(Gy, mSt)
to Cay(Ga, mSsy), where mS; ={ms|s € S;}.

Proof (cf. proof of [12, Lem. 2.2]). Write m = pyps - - - p., where each p; is prime, and let
m; = p1p2 - - - p; for 0 <@ < r. We will prove by induction on ¢ that ¢ is an isomorphism
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from Cay(G1,m;S1) to Cay(Ga, m;S2) The base case is true by assumption, since myS; =

For v,w € G;, let #(v,w) be the number of walks of length p; from v to w in the
graph Cay(Gj, m;—15;). These walks are in one-to-one correspondence with the p;-tuples
(51,82, ..,Sp;) of elements of m;_1.5;, such that

S1+ S+ FSp, =W —0.

Since G; is abelian, any cyclic rotation of (s1, So, .. ., sp,) also corresponds to a walk from v
to w. Therefore, the set of these walks can be partitioned into sets of cardinality p;,
unless w = p;s + v, for some s € m;_1.5;, in which case there is a walk of the form
v, s4+v,2s5+v,...,p;s+v = w. (Also note that s is unique, if it exists, by assumption (2).)
Hence, we see that

#(v,w)#0 (modp;) <= wvisadjacent to w in Cay(G;, pim;_1.5;).

Since p;m;_1 = m;, the desired conclusion that ¢ is an isomorphism from Cay(G1, m;5) to
Cay(Gg,m;Ss) now follows from the induction hypothesis that ¢ is an isomorphism from
Cay(G1,m;_1S1) to Cay (G, m;_157) (and the observation that isomorphisms preserve the
value of the function #). O

Corollary 4.3. Let X = Cay(Z,,S) be a circulant graph of even order, let ¢ be an
automorphism of BX , and let

S'={seS|s+(n/2)¢S}.
Then ¢ is an automorphism of Cay(Z,, X Zg,25" x {0}).

Proof. For every s € S, we have

{(t,1) e G x{1}|2(t,1) =2(s,1) } ={(s,1), (s + =, 1)},

since % is the unique element of order 2 in Z,. Hence, the set
{(t,1) € Sx{1}]2(,1) =2(s,1) }

has cardinality 1 (which is odd) if s +# ¢ 5, and has cardinality 2 (which is even) other-
wise. Therefore, the desired conclusion is obtained by applying the proof of Lemma 4.2
with Gy = Gy = Z,, X Zy and m = 2, since 2(5" x {1}) = 25" x {0}. O

Corollary 4.4 ([12, Rem. 3.1], [17, Thm. 23.9(a), p. 58]). Let ¢ be an automorphism of
a Cayley graph Cay(G,S), and let m € ZT. If G is abelian and ged(m, |G|) =1, then ¢
is an automorphism of Cay(G,mS).

Proof. Apply Lemma 4.2 with G; = Gy = G and S; = S, = S. To verify hypothesis (2)
of the lemma, note that the map x — mx is a bijection on G, since ged (m, |G|) =1 [

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.43 14



Corollary 4.5. Let a be an automorphism of BX, where X = Cay(Z,,S) is a circulant
graph, let s,t € S, and let k,{ € Z*. Assume

(1) a maps some s-edge to a t-edge,
(2)
(3) k=¢ (mod ged(]s|, [t])), and
(4) ged(k,|s|) = ged (€, [t]) = 1.
Then lt € S.

ks e S,

Proof. By assumption (3), there exists m € Z*, such that m = k (mod s) and m = ¢
(mod |t]). Then assumption (4) implies that m is relatively prime to |s| and |¢|, so, by
Dirichlet’s Theorem on primes in arithmetic progressions, we may choose a prime p > 2n,
such that pm =1 (mod lem(]s|,[t])). This implies pks = s and plt = t.

Since p is relatively prime to |Z, X Zs|, we know from Corollary 4.4 that every au-
tomorphism of BX is an automorphism of Cay(Zn X ZQ,p(S X {1})) Since (s,1) =
p(ks, 1) € p(S X {1}), and o maps some s-edge to a t-edge, this implies that ¢ € pS.
Since t = plt, and multiplication by p is a bijection on Z,, X Zs, this implies ¢t € S. [

Here are two interesting special cases:

Corollary 4.6. Let a be an automorphism of BX, where X = Cay(Z,,S) is a circulant
graph, and let s,t € S. If o maps some s-edge to a t-edge, and either ged(]s|, \t]) =1, or
S contains every element that generates (s) (e.g., if |s| € {1,2,3,4,6}), then S contains
every element that generates (t).

Proof. Let £t be a generator of (t), so ged (¢, [t]) = 1. It suffices to find k € Z*, such that
kse S, k= (mod ged(|s],|t])), and ged(k,|s|) =1,

for then Corollary 4.5 tells us that ¢t € S.

If ged(]s], [¢]) = 1, we may let k = 1.

Since ged (4, [t|) = 1, we know that ¢ is relatively prime to ged(|sl,|t]), so there is
some k € Z™", such that

k=( (mod gcd(]s|,|t])) and ged(k,|s]) = 1.

(For example, we could take k to be a large prime.) If S contains every element that
generates (s), then ks € S. ]

Recall that the following cor’s assumption that X is loopless will automatically be
satisfied in all of the following sections of the paper (see Assumption 2.1).

Corollary 4.7. Let o be an automorphism of BX, where X = Cay(Z,, S) is a connected,
nonbipartite, loopless, circulant graph, and let t € Z,,. If «(0,1) = (¢,1), then S does not
contain any generator of the subgroup (t).
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Proof. Let S¢ = G\ S be the complement of S, and let X¢ = Cay(Z,, S¢). Since BX
is connected, it is easy to see that every automorphism of BX is also an automorphism
of BX*“.

Note that 0 € S¢, since X is assumed to be loopless. Therefore, we may let s = 0 (so
|s|] = 1) to conclude from Corollary 4.6 that S¢ contains every generator of (¢). O

The following result is stated only for automorphisms in [12], but essentially the same
proof applies to isomorphisms.

Corollary 4.8 (cf. [12, Thm. 1.1]). Assume X; = Cay(Z,,S1) and Xy = Cay(Z,, S2) are
twin-free, connected, circulant graphs of odd order. If ¢ is any isomorphism from BX; to
BX,, such that

P(Zn x {0}) = Zn x {0},

then there is an isomorphism o: X1 — Xa, such that o(x,i) = (a(z),i) for all (z,1) €
BX;.

Proof. This follows quite easily from Lemma 4.2 (with m = n + 1), by the argument in
the proof of [12, Thm. 1.1]. O

5 Unstable circulant graphs of order 2p

Theorem 5.1. If p is a prime number, then every nontrivially unstable circulant graph
of order 2p has Wilson type (C.4).

The proof of this theorem will use several lemmas that are stated in greater generality
than is needed here, because they may be useful for understanding the unstable circulant
graphs of other square-free orders.

Lemma 5.2. Let X = Cay(Z,, S) be a connected, nonbipartite, circulant graph, such that
n =2 (mod 4). Then X has Wilson type (C.1) if and only if BX has an automorphism «,
such that

(1) a ¢ Aut X x Sy, and
(2) « fizes 27, X Ly (setwise).

Proof. (=) This is the easy half of the proof (and does not require the assumption that
n =2 (mod 4)). If h+ S, = S., then we may define o € Aut(BX) by

oo i):{(x+h,i) ifr =i (mod 2),
’ (z,1) if v #4 (mod 2).

(<) Since o ¢ Aut X x Sy, there is some v € Z,, such that a(v,1) # a(v,0) + (0,1).
After conjugating « by a translation that moves (v,0) to (0,0), we may assume v = 0.
This means that «(0,0) = (0,0) and «(0, 1) # (0, 1).
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Let S, = SN 2Z,, and let X, = Cay(2Z,, S.), so the subgraph of X induced by
27, X Zo is BX.. Then assumption (2) implies that a restricts to an automorphism
of BX,.

Now, let X! be the connected component of X, that contains 0. Since n =2 (mod 4),
we know that n/2 is odd, so [(S.)| is odd. This implies that BX/ is connected, and is
therefore a connected component of BX,. Since BX! contains the fixed point (0,0), we
conclude that BX! is a-invariant. Therefore, o restricts to an automorphism of BX].
Since « fixes (0,0), then it follows from Theorem 1.10 that «(0,1) = (0,1). This is a
contradiction. O

Lemma 5.3 (Klin-Muzychuk, 1995, personal communication). Let

o X = Cay(Z,,S) be a circulant graph of order n,
e (G be an abelian group of order n,
e ¢ €7, such that eg =0 for all g € G, and
e m € 7, such that m =1 (mod e) and ged(m,n) = 1.
If X is isomorphic to some Cayley graph Cay(G,T) on G, then S = mS.

Proof (Klin-Muzychuk). Let ¢ be a primitive nth root of unity, and, for 1 < ¢ < n, let
Ai = D e (80 A, A, ..., A, are the eigenvalues of X [2, Prop. 3.5, p. 16]. Since
ged(m, n) = 1, there is a Galois automorphism « of the field extension Q[(]/Q, such that
a(¢) = ¢™ [8, Thm. 6.3.1, p. 278]. Since eg = 0 for all g € G (and G is abelian), we
know that each eigenvalue of Cay(G,T) is a sum of eth roots of unity. (The range of any
homomorphism y: G — C* consists of eth roots of unity, so this is a consequence of the
well-known formula in [1, Cor. 3.2] that generalizes the above formula for the eigenvalues of
a circulant graph.) Since m = 1 (mod e), this implies that every eigenvalue of Cay(G,T)
is fixed by a. So Ai, A9, ..., A\, are fixed by a. For 1 < i < n, this means

Zcis =\N=al\) =« (Z CZS> _ Zcmzs _ Z ¢,
ses ses sesS semS

Since the Vandermonde matrix [("/]i<; j<, is invertible [19] (and therefore has linearly
independent rows), this implies that S = m.S. m

Lemma 5.4. Assume X = Cay(Zy,S) is a nontrivially unstable, circulant graph of even
order, and there exists o € Aut BX, such that « fizes the two cosets of 27, x {0} that
are in Zy, x {0}, but interchanges the two cosets that are in Z, x {1}. If X does not have
Wilson type (C.1), then:

(1) n=2 (mod 4),
(2) (SN2Z,) =2Z,, and
(3) X = Cay(Z,,S + (n/2)) (so Proposition 3.7 applies).
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Proof. Let

o S.=S5N2Z,,

e S,=5\5,

o G, =27, X Lo,
Go = (2Z, x {0}, (1,1)) = ((1,1)) = (2Z,, x {0}) U ((2Z,, + 1) x {1}),
X, = Cay(2Z,, S, + #),

B.=BX, = Cay(Ge, S, x {1}) be the subgraph of BX induced by G,

B, = Cay(G,, S, x {1}) be the subgraph of BX induced by G,, and
e # =n/2 (see Notation 2.2).

By assumption,

the restriction of a to G, is an isomorphism from B, to B,.

(1) [The proof of this part of the lemma does not require the assumption that X does
not have Wilson type (C.1).] Suppose n # 2 (mod 4). Then ged(1+#,n) = 1. Therefore,
since G, is cyclic, and ®#g = 0 for all g € G, we see from Lemma 5.3 that

Se=(14+8)S, =S, +=.

This means that B, has twins. More precisely, since |®#| = 2, each equivalence class of
vertices with the same neighbors has even cardinality. So the same must be true in the
isomorphic graph B., which means there exists an element (hq, hy) of order 2 in G., such
that

(Se x {1}) + (h1, ha) = Se x {1}
Since the element of order 2 in the cyclic group 27, is unique (and the equation 14+hy = 1
implies that hy = 0), we conclude that S, is invariant under translation by #. We already
know that the same is true for S,, so we conclude that S +#% = S. This contradicts the
assumption that X is nontrivially unstable (and therefore twin-free).

(2) Since n = 2 (mod 4), we know that # is odd. So Z, = 2Z, U (2Z,, + #»). For
convenience, label the 4 cosets of 2Z, x {0} by

C! =27, x {i} and C! = (2Z, +=)x {i} foric Z,.
Then G, = C°UC! and G, = C°UC!. By assumption, « fixes C? and C?, but interchanges
Cl and C!.

The function p(x,i) = (z + im, i) is an isomorphism

from B, = Cay(G.,, S, x {1}) to BX, = Cay(2Z,, x Zs, (S, + =) x {1}).
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By composing ¢ with the restriction of a to G, (that is, by restricting the map (p(oz(x, @))
to G¢), we obtain an isomorphism from BX, to BX,. Since X does not have Wilson
type (C.1), we know that X, is twin-free (see Remark 2.6), so we see from Theorem 1.10
that each connected component of X, is isomorphic to a connected component of X,.
Hence, these two connected components must have the same order, which means that the
two subgroups (S.) and (S, + #) of Z,, have the same order, and are therefore equal. So

(Su#) D (S US,) = (S) = Zy.

Hence, (S.) is a subgroup of index < 2 in Z,, and must therefore be all of 27Z,. This
establishes (2).

(3) Let us begin by making a part of the above proof of (2) more concrete. It was
established there that composing ¢ with the restriction of a to G, is an isomorphism
from BX, to BX,. Since X, is twin-free, we therefore see from Corollary 4.8 that there
is an isomorphism aq: X, — X,, such that

a(z,1) = (a(z) +n,1) for z € 2Z,.

Similarly, if we let ¢'(z,1) = (3: +(1—1)m, i), then restricting the map a(gp’(:z:, z)) —(»,0)
to G, yields an isomorphism from BX, to BX,. So there is an isomorphism a;: X, = X,
such that

?

a(z,1) = (a1(z) +#,1) for z € 2Z,.

By comparing the two formulas for a(x, 1), we see that ay = a;.
Now, define o’: Z,, — Z,, by

o (x) =

ao(x) ifx € 2Zn,
ag(x +n)+n ifx ¢ 27Z,.

Since S = S, U S, (and therefore S+# = (S, +#) U (S. +#®)), it will suffice to show that
o' is an isomorphism from Cay(Z,, S.) to Cay(Z,, S, + #)

and
' is an isomorphism from Cay(Z,, S,) to Cay(Z,, S. + #).

The first is easy to see from the definition of o/, because
ap is an isomorphism from X, = Cay(2Z,, S.) to X, = Cay(2Z,, S, + #).
To establish the second, let s € S,. If x € 2Z,,, then
daz+s)=a((z+s)+n)+n (definition of o, since x + s ¢ 27Z,)

€ap(z)+ S, +#» <040 = o 18 an isomorphism)

from X, to X,
=da'(x) + (Se +#). (definition of o, since x € 2Z,)
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Similarly, if = ¢ 27Z,, then

o/ (x4 8) = ap(x + 5) since x + s € 2Z,,

( definition of o/, )
:ozo((x+4%)+(s+%)) (B+r=0)
Qo = v is an isomorphism
from X, to X,
= (ao(z+8) +8) + (S + =) (B+r=0)
definition of ¢/,
since x ¢ 27,

€ ap(x+n)+ S,

=o/(z) + (S +»).

Since o/ (x + s) € o/(x) + (S. + #) in both cases, we conclude that o’ is an isomorphism
from Cay(Z,, S,) to Cay(Z,, Se + #), as desired. This completes the proof of (3). ]
The following result gathers the most important conclusions of Lemmas 5.2 and 5.4.

Corollary 5.5. Let X = Cay(Z,,S) be a nontrivially unstable, circulant graph, such that
n =2 (mod 4), and such that 27, x {0} is a block for the action of Aut BX. Then either
X has Wilson type (C.1), or X is isomorphic to Cay (Zn, S+ (n/2)) (so Proposition 3.7

applies).

Proof. Since X is unstable, there exists a € Aut BX, such that o ¢ Aut X x S5. By
composing with a translation, we may assume that « fixes (0,0). Since 2Z, x {0} is a
block for the action of Aut BX, this implies that « fixes 2Z,, x {0}. It must also fix the
bipartition set Z, x {0}, so it fixes the difference

(Z,, x {0}) \ (2Z,, x {0}) = (2Z,, + 1) x {0}.

And then « either fixes the two remaining cosets, or interchanges them. In the first case,
Lemma 5.2 tells us that X has Wilson type (C.1). In the second case, Lemma 5.4(3)
provides the desired conclusion. O]

The following result presents some useful special cases. Recall that the “Cayley Iso-
morphism Property” was defined in Definition 2.8.

Corollary 5.6. Assume X is as in Corollary 5.5. Also assume that either
(1) X has the Cayley Isomorphism Property, or
(2) X, has the Cayley Isomorphism Property, or
(3) n is square-free, or

(4) the valency of X, is < 5.

Then X has Wilson type (C.1) or (C.4).
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Proof. Assume X does not have Wilson type (C.1). Then Corollary 5.5 tells us that
X = Cay(Z,, S +#).

(1) If X has the Cayley Isomorphism Property, this implies there is some m € Z,
such that S +# = mS, so X has Wilson type (C.4).

(2) Assume that X, has the Cayley Isomorphism Property. Let ag and «; be the iso-
morphisms in the proof of Lemma 5.4(3). Since X, has the Cayley Isomorphism Property,
we have ag(z) = m (), for some m € Z), and some ¢ € Aut X.. Then

mS, = m (p(S.) — ¢(0)) (¢ € Aut X.)
= ap(Se) — ao(0) (ao(z) = mp(x))
= S, 45 (a0 Xe = X,).

Now, since ¢ € Aut X, = Aut Cay(2Z,, S.) and m € Z), Corollary 4.4 implies
¢ € Aut Cay(27Z,, mS,) = Aut Cay(2Z,, S, + ) = Aut X,.

Therefore
m(S, +8) = m(p(S, + ) — ¢(0)) (p € Aut X,)
= ap(S, + 1) — ao(0) (ao(z) = mep(x))
_g Qg = 1 is an isomorphism
e from X, to X,

so mS, = S, +#. Therefore
mS =m(S.US,) =mS.UmS, = (S, +8)U (S, +#8) =S5 +=.

So X has Wilson type (C.4).

(3) The order of X is square-free, so Theorem 2.9 tells us that X has the Cayley
Isomorphism Property. Therefore (1) applies.

(4) It is known [10, §7.2] that every connected, circulant graph of valency < 5 has the
Cayley Isomorphism Property. (A proof for valency 4 can also be found in [15, Thm. 5.4].)
Therefore (2) applies. O

Proof of Theorem 5.1. Let X = Cay(Zy,, S) be a nontrivially unstable, circulant
graph of order n = 2p. It is easy to see, by inspection, that there are no nontrivially
unstable, circulant graphs of order 4, so p is odd. Therefore n = 2p is square-free.
Let
S'=S\(S+p).

Since X is twin-free, we know that S + p # S (see Remark 2.6), which means that 25" is
nonempty.

Case 1. Assume 25" # {0}. Since 2Z,, has order p, which is prime, every nonzero

element is a generator. So 25’ generates 2Zy,. We also know from Corollary 4.3 that
every automorphism of BX is an automorphism of

Cay(ng X ZQ, 25/ X {O})

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.43 21



By combining these two facts, we conclude that 2Z,, x {0} is a block for the action of
Aut BX.

Therefore, Corollary 5.6(3) applies, so X has Wilson type (C.1) or (C.4). However,
274, = Z, has no nontrivial, proper subgroups, so it is obvious that X does not have
Wilson type (C.1). Therefore, it must have Wilson type (C.4), which is exactly what we
needed to prove.

Case 2. Assume 25’ = {0}. This means that S’ = {p}, sop € S.

Since X is unstable, we may let a be an automorphism of BX, such that a(0,1) = (¢, 1)
with ¢ # 0. For all x € Z,, we see from Corollary 4.7 that if |z| = |t|, then = ¢ S. Since
p € S, this tell us that [t| # 2. So |t| is either p or 2p. Therefore, either S does not
contain any element of order p, or S does not contain any element of order 2p. However,
since 25" = {0}, we also know that s +p € S for all s € S\ {p}. Also note that

s| =p <= [s+p| = 2p.

Putting this together, we conclude that S = {p}. This contradicts the fact that the
nontrivially unstable graph X must be connected. O]

Corollary 5.7. Let X = Cay(Zsp, S) be a circulant graph of order 2p, where p is an
odd prime, and let Sc = S N 2Zy,. The graph X s unstable if and only if either it
is trivially unstable, or there exists m € Zi , such that m*S, = S,, mS, # S., and

S=5.U((n/2) + mS.). v

Proof. (<) If X is not trivially unstable, then the conditions imply that X has Wilson
type (C.4).

(=) Assume X is nontrivially unstable. We conclude from Theorem 5.1 that X has
Wilson type (C.4), so there is some m € Zs,, such that S = mS + p. Since p is odd, this
implies that S, = mS, + p (where S, = S\ S.) and

S, = mS, +p=m(mS, +p) = m*S.,.

If mS, = Se, then S, = S, + p, so S =S + p, which contradicts the fact that nontrivially
unstable graphs are twin-free. O]

Corollary 5.8. For n € Z*, there does not exist a nontrivially unstable circulant graph

of order n if and only if either n is odd, or n < 8, or n = 2p, for some prime number
p =3 (mod 4).

Proof. (=) If # is not prime, then 2Z, = Z,,, has a nontrivial, proper subgroup A.
Choose some b € 2Z, \ A, and let S = {£1} U (£b+ A), so S, := SN 2Z, = £b+ A.
Then X = Cay(Z,, S) has Wilson type (C.1), so it is unstable.

If # is prime, and ®# # 3 (mod 4) (and n > 8), then # = 1 (mod 4), so there exists
m € Z), such that m?> = —1. Let S = {&1,# £ m}, so S, :== SN2Z, = {+m + »} and
S =mS + . Then X = Cay(Z,, S) has Wilson type (C.4), so it is unstable.

In either case, X is also connected (because 1 € S) and nonbipartite (because S, # @).
Hence, if X is not nontrivially unstable, then it must not be twin-free, so there is a nonzero
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h € Z,, such that h + S = S. Note that in both cases, S, = {£1} and since n > 4 and
h is nonzero, it cannot happen that {1} + h = {£1}. It follows that S, + h = S, and
Se +h =38, (and h is odd).

Since S, + 2h = S, (and Sy = {£1}), we must have 2h = 0, which means h = &, so
Se=5,+n={n=L1}.

If & is not prime, then, since {# £ 1} = S, = b+ A, we must have (2) C A. Since
n > 4, this implies |b 4+ A| = |A| > n/2 > 2, which is a contradiction.

If » is prime, we must have m = +1 (since S, = {®# & m}, which contradicts the fact
that m? = —1.

(<) We prove the contrapositive: supposing there does exist a nontrivially unstable
circulant graph of order n, we will show that n is odd, that n > 8, and that n/2 is not a
prime number that is congruent to 3 (mod 4).

The fact that n is odd is immediate from Theorem 1.10. Also, it is easy to see, by
inspection, that there are no nontrivially unstable circulant graphs of order 2 or 4; so
n = 6.

Now suppose X = Cay(Zy,, S) is a nontrivially unstable circulant graph of order 2p,
where p is prime, and p = 3 (mod 4). (This includes the case where n = 6.) We will
show that this leads to a contradiction. By Theorem 5.1, we know that X has Wilson
type (C.4), so there is some m € Zj,, such that S = mS +#. Write m = m,my, where
m, has odd order (as an element of the group Zs,), and the order of my is a power of 2.
Since Zy, is cyclic of order p — 1 = 2 (mod 4), there are no elements of order 4 in Zj,
so mg € {£1}. Since S = —9, this implies S = m»S, so we conclude that S = m,S + &.
After repeatedly multiplying both sides of this equation by m,, we see that S = m*S + =
for any odd number k, including k& = |m,|. Hence, we have S = S 4 #. This contradicts
the fact that X is twin-free. O

6 Computational results

S. Wilson [20, p. 377] mentioned: “There are 3274 circulant graphs which are non-trivially
unstable and have no more than 38 vertices.” However, we performed computations that
produce a different number: there seem to be 3576 such graphs (up to isomorphism).
The interested reader can reproduce our results in only a few minutes by running the
Sagemath! code or Magma code or Maple code that is available online at https://
arxiv.org/src/2108.05893/anc/.

Analysis of these graphs establishes:

Observation 6.1. Every nontrivially unstable circulant graph of order less than 40 has
a Wilson type, ezcept the following six graphs (up to isomorphism), all of order 24:

(1) Cay(Zoq, {+2, £3, +8, 49, +10}),
(2) Cay(Zoy, {£2, 43, +8,+9,+10,12}),

!Sagemath code can be run online at https://cocalc.com/
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(3) Cay(Zog, {*1,£2, +5, 47, 48, +10, £11}),

(4) Cay(Zos, {£1, 42, +5, 47,48, +10, £11, 12}),

(5) Cay(Zo, {£1, 42, 43, +5, 7, +8, +9, +10, £11}),
(6) Cay(Zoy, {+1,42, 3,45, +7, 48, 4£9, +10, +11,12}).

The first of these graphs appears explicitly in [16, p. 156], and it seems that some (or all)
of the others were also known to the authors of that paper.

Remark 6.2. Several additional days of computer time extended the exhaustive calcula-
tions to order 50. (However, these calculations are certainly not definitive, because they
were performed only once, so their correctness has not been verified.) Lists of the ad-
ditional 67725 nontrivially unstable graphs have been archived at https://arxiv.org/
src/2108.05893/anc/.

We note that the instability of every example that was found is explained by the
instability conditions in Section 3. On the other hand, the calculations uncovered 316
additional examples of nontrivially unstable circulant graphs with no Wilson type: 52 of
order 40, 262 of order 48, and 2 of order 50.
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