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Abstract

Given a surface with boundary and some points on the boundary, a polygon
diagram is a way to connect those points as vertices of non-overlapping polygons on
the surface. Such polygon diagrams represent non-crossing permutations on the sur-
face. If only bigons are allowed, then one obtains the notion of arc diagrams, whose
enumeration is known to have a rich structure. We show that the count of polygon
diagrams on surfaces with any genus and number of boundary components exhibits
similar structure. In particular it is almost polynomial in the number of points
on the boundary components, and the leading coefficients of those polynomials are
intersection numbers on compactified moduli spaces of curves.

Mathematics Subject Classifications: 05A15, 57TM50

1 Introduction

Define a polygon on a connected compact oriented surface S with boundary to be an
embedded (closed) disc bounded by a sequence Py Py, PoPs, ..., Py,_1P,,, P,, P, of properly
embedded arcs, where Py, Ps, ..., P, lie on the boundary 05. The points P, P, ..., P,
are called the vertices of the polygon and the arcs P;P;,; (with i taken modulo m) are its
edges. This notion of polygon allows for “loops” and ”bigons”, which arise in the cases
m = 1 and m = 2, respectively. Given a finite set of marked points M C 0S, a polygon
diagram on (S, M) is a disjoint union of polygons on S whose vertices are precisely the
marked points M. See figure 1 for an example. Two polygon diagrams Dy, Dy on (S, M)
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are equivalent if there is an orientation-preserving diffeomorphism ¢ : S — S such that
®|as is the identity and ¢(D;) = Ds.

Polygon diagrams are closely related to non-crossing permutations as well as dessins
d’enfant, as described in further detail below. In this paper we count them.

Figure 1: A polygon diagram on S 5.

Denote by Sy, a connected compact oriented surface of genus g with n > 1 boundary
components, or just S when g and n are understood. Label the boundary components of
S as Fi,...,F,. Since we will be performing cutting and pasting operations on polygon
diagrams, it is often helpful to choose a single marked point m; € M N F; to be decorated
on each boundary component F; containing at least one marked point (i.e. such that
M N F; # {)). Two polygon diagrams D;, Do on S can then be regarded as equivalent
if there is an orientation-preserving diffeomorphism from S to itself taking D; to D,
such that each decorated marked point on D; is mapped to the decorated marked point
of Dy on the same boundary component. Fixing the total number of vertices on each
boundary component F; to be p; (i.e. |M N F;| = p;), let Py, (g1, ..., itn) be the number
of equivalence classes of polygon diagrams on (S,M). Clearly P,, only depends on

gy i1, -« -yl (nOt on the choice of particular S or M) and is a symmetric function of
the arguments fiq, ..., .
Proposition 1. For (g,n) = (0,1),(0,2),(0,3) and (1,1), Py (1, .., ) is given by
2p1—1 2
, > 0,
Py, 1(/!1 ( )“1+1 Jor ti (1)
1, for uy =0,
2=l (22—l <2#1#2 + 1) ) fOT’ M1, W2 > 07
Poa(pr, po) = {(2 1) ( ) pthe (2)
™), fOTM2=0
(2~ 1 1 — i
Pos(pin, pro, p3) = H ZM > (2,u1,u2,u3 + Z pifhs + Z : 11 + 1) (3)
i=1 ¢ 1<J
217 — 1 1 + 3pg + 200 — 12
Pl,l(,ul) _ M1 PJl :ul 1 . (4)
H 2 — 1 12
Here we take the non-standard convention that when p = 0, (2“ 71) = (71) = 1
“w 0

Observe that the expression for F;(p;) produces a Catalan number, which we have
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written in a non-standard form to highlight the binomial coefficient that arises in the
general statement of theorem 3 below.

Suppose D is a polygon diagram on (S, M) where S is a disc or an annulus, i.e.
(g,m) = (0,1) or (0,2) respectively. Each boundary component F; inherits an orientation
from S. Label the marked points of M by the numbers 1,2,...,|M| =" w, in order
around [} in the disc case, and in order around F} then F, in the annulus case. Orienting
each polygon in agreement with S induces a cyclic order on the vertices (and vertex
labels) of each polygon, giving the cycles of a permutation 7 of {1,2,...>  u;}. Such a
permutation is known as a non-crossing permutation if S is a disc, and an annular non-
crossing permutation if S is an annulus. We say the diagram D induces or represents the
permutation .

Non-crossing permutations are well-known combinatorial objects. It is a classical
result that the number of non-crossing permutations on the disc with N marked points
is given by the Nth Catalan number. Annular non-crossing permutations were (so far as
we know) first introduced by King [20]. They were studied in detail by Mingo—Nica [22],
Nica—Oancea [24], Goulden—Nica—Oancea [13], Kim [18] and Kim—Seo—Shin [19]. More
generally, there is now a wealth of literature on non-crossing combinatorics, with much
of it inspired by connections to random matrices and free probability [28].

In general, if we number the marked points in M from 1 to |[M| = > | p1; in order
around the oriented boundaries Fi, then F,, up to F},, then in a similar way, a polygon
diagram represents a non-crossing permutation on a surface with arbitrary genus and
an arbitrary number of boundary components. This paper studies such non-crossing
permutations via polygon diagrams.

The relation between permutation and genus here differs slightly from others in the
literature. The notion of genus of a permutation 7 in [16] and subsequent papers such as [6,
7, 8], in our language, is the smallest genus g of a surface S with one boundary component
on which a polygon diagram exists representing the permutation m; equivalently, it is the
genus of a surface S with one boundary component on which a polygon diagram exists
representing 7, such that all the components of S\ D are discs. This differs again from
the notion of genus of a permutation in [5].

Given a non-crossing permutation 7 on the disc, it is clear that there is a unique
polygon diagram D (up to equivalence) representing 7. Therefore Py 1(p) is also the p-th
Catalan number. Uniqueness of representation is also true for connected annular non-
crossing partitions. An annular non-crossing partition is connected if there is at least
one edge between the two boundary components, i.e. from F; to F,. Uniqueness of
representation follows since an edge from Fj to F, cuts the annulus into a disc. The
number of connected annular non-crossing partitions counted in Py (p1, f2) is known to

be [22, cor. 6.§]
(2M1 — 1> (2,“2 - 1) < 241 1o )
M1 M2 pa + o)

which appears as a term in the formula (2) for Py a1, p2).
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A disconnected annular non-crossing permutation however can be represented by sev-
eral distinct polygon diagrams. For example, consider a bigon on the disc and remove
a small disk from the region on either side of the bigon to create two polygon diagrams
on the annulus. Whereas these contribute separately to the enumeration P2(2,0), they
correspond to the same annular non-crossing permutation. So Fyo can be viewed as the
total count of annular non-crossing permutations with multiplicities. Similarly, in general
the numbers P, (4, ..., p,) can be regarded as counts with multiplicity of non-crossing
permutations on arbitrary connected compact oriented surfaces with boundary.

Given a polygon diagram D on S where all components of S\D are discs, we may
embed a bipartite graph G in S, dual to D, as follows. We place a white vertex in
the interior of each polygon of D, a black vertex in each component of S\D, and join
vertices by edges across each edge of the polygon diagram D. Capping off the surface
S to a closed surface S by gluing a disc to each boundary component, distinguishing
one edge of the graph (G, as a root, and regarding two such graphs as equivalent if they
are related by a homemorphism of S , we then have a bicoloured rooted map in the sense
of [14]. As S deformation retracts onto G, the number of components of S\G is the
number of boundary components n of S. This graph G is exactly a dessin d’enfant with
a decorated edge on each boundary component corresponding to the decorated marked
point, and the polygon diagram can be recovered from the dessin. If n = 1 then we have
a bicoloured unicellular rooted map. Goupil and Schaeffer [14, cor. 4.3] showed that the
number Bi(u, g) of unicellular bicoloured maps with p edges (which corresponds to the
number of vertices in a polygon diagram) of genus g is given asymptotically by

Bi Ms(g_%)‘w
(:9) i e

Applying Stirling’s approximation to our result contained in equation (4) immediately
gives the same asymptotics in the case g = 1.

Corollary 2.
3/24,u,
L
P e

For general n, enumerative and polynomiality results for the enumeration of dessins
have been previously obtained by Kazarian-Zograf [17], Ambjorn-Chekov [1], and Do-
Norbury [11]. Let RY (1, .., ftn) denote the enumeration of dessins with & black vertices,
and S(n, k) be the Stirling number of the second kind. Then our polygon diagram count
is related to the dessin count by the equation

g+20—¢g —k—-1
Py, opin) = Y ( o Sk, ORY (- ). (5)
g’k

This can be seen by starting with a polygon diagram where Sy ,\D consists of k discs,
grouping those k discs together into [ connected components by adding k — [ handles, and
then adding the remaining g — ¢’ — (k — [) handles amongst these [ components.
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If all polygons in D are bigons, then collapsing them into arcs turns D into an arc
diagram, as defined and studied by the first and third authors with Koyama in [9]. The
count of arc diagrams exhibits quasi-polynomial behaviour, and the asymptotic behaviour
is governed by intersection numbers on moduli spaces of curves. In this paper we show
that the count of polygon diagrams has an analogous structure. The arguments here
parallel those in [9], which deal with the enumeration of arc diagrams. Our arguments are
necessarily more involved than those for arc diagrams but, perhaps surprisingly, produce
cleaner results.

The formulae for P, ,, in proposition 1 suggest that P, (i1, .., tt,) is a product of the
(2“;:1), together with a rational function of uq, ..., u,. In fact we also know the form of
the denominator. Moreover, the behaviour is better than for arc diagrams in the sense
that we obtain polynomials rather than quasi-polynomials.

Theorem 3. For (g,n) # (0,1),(0,2), let a =39 — 3+ n and

1 2 —1

Then
Pg,n(:uh s 7:”’”) = (H CQJL(:U’i)) F97n<ulv ce ,,U,n),
=1

where Fy,, is a polynomial with rational coefficients.

Note that Fy ,, might have some common factors with (2p4,—1)(2p;—3) - - - (2, —2a—1),
which would simplify the formula for P, ,. For example, F} ; has a factor (2u; —3), hence
only (2u; — 1) appears on the denominator in (4).

The Py, (i1, ..., i,) satisfy a recursion which allows the count on a surface to be
computed from the counts on surfaces with simpler topology, i.e, either smaller genus g,
or fewer boundary components n, or fewer vertices > p;.

Let X ={1,2,...,n}. Foreach I C X, let u; = {p; | i € I}.

Theorem 4. For non-negative integers g and piy, ..., jt, such that puy > 0, we have
Py, obn) = Poyn(pn — 1, iy ry) + Zﬂkpg,n—l(,ul + k=1, B g1y)
k=2

+ Z |:Pg—1,n+l(ia j, IU'X\{I}) + Z Pg1,|1|+1 (i’ H’I) Pg2,|J|+1 (]’ H’J) :
i+j=p1—1 g1+g92=9
>0 TUJ=x\{1}

(6)

Note that the dessin count R, satisfies the same recursion, with the only difference
in the initial data. For polygon diagrams, P,,(0,0,...0) = 1 for all (g,n), whereas for
dessins, R, ,,(0,0,...0) = 0 except Ry1(0) = 1.
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An edge is boundary-parallel if it cuts off a disc from the surface S. Two edges are
parallel if there is a disc in the surface S bounded by the union of these two edges with
two segments that lie on the boundary of S. A polygon all of whose edges are parallel
to the same boundary component is local in the sense that it does not detect any of the
underlying topology of S. The enumeration of these polygons is thus combinatorial in
nature. Therefore from a topological point of view, it is natural to count polygon diagrams
where no edges are boundary-parallel. We call such a diagram a pruned polygon diagram.
Observe that a pruned polygon diagram cannot contain a polygon with one edge, otherwise
known as a “loop”. Let the count of pruned polygon diagrams be Qg (1, .., ftn), i-€.
the number of equivalence classes of pruned polygon diagrams on a surface of genus g,
with n boundary components, containing u1, ..., i, marked points respectively. Clearly
Qgn(pt1, ..., ity) is also symmetric in the arguments jiq, .. ., fiy,.

As the name suggests, the relationship between P, ,, and (), ,, mirrors that of dessin and
pruned dessin counts [11], as well as Hurwitz numbers and pruned Hurwitz numbers [10].
It also mirrors the relationship between the counts of arc diagrams G ,, and non-boundary-
parallel arc diagrams N,, in [9]; we can think of the latter as pruned arc diagrams.
This correspondence between combinatorial objects and their pruned counterparts also
bears a resemblance to constructions appearing in the literature on maps, such as the
notion of non-choppable maps [2]. The relationship between pruned polygon diagrams
and pruned dessins is not as simple as their unpruned versions. In particular the equivalent
of equation (5) does not hold, and the polynomiality of (), ,, does not follow directly from
that of the pruned dessin enumeration.

We call a function f(us,...,u,) that takes non-negative integer arguments a quasi-
polynomial if it is given by a family of polynomial functions, depending on whether
each of the integers i, ..., u, is zero, odd, or even and nonzero. In other words, a

quasi-polynomial can be viewed as a collection of 3" polynomials, depending on whether
each p; is zero, odd, or even and nonzero. More precisely, for each partition X =
X, U X, U Xp, there is a polynomial f(Xﬁ’XO’X@)(MXe,uXO) such that f(u1,...,1n) =
fEeXoXo) (o py ) whenever p; = 0 for ¢ € Xy, p; is nonzero and even for i € X,,
and p; is odd for i € X,. (Here as above, X = {1,2,...,n} and for a set I C X,
pr = {p: | i € I'}.) Call a quasi-polynomial odd if each fXeXeXo)(py  py ) is an odd
polynomial with respect to each u; € X, LU X,.

Note that our definition of a quasi-polynomial differs slightly from the standard defi-
nition in the literature, in that 0 is treated as a separate case rather than an even number.
The notion is sufficiently close though that one might consider it more practical to keep
the term quasi-polynomial than to invent a new variation.

Theorem 5. For (g,n) # (0,1) or (0,2), Qgn(f1,--., ) is an odd quasi-polynomial in
the sense described above.

The proof of this structural result relies heavily on a recursion for the numbers
Qgn(t1, .-, itn) that appears as theorem 17, which may be considered the technical core
of the present work. While the recursion for @y, (i1, ..., 1,) broadly resembles that
for P, ,(p1, ..., ftn) in theorem 4 above, it is more complicated. On the other hand, it
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has the virtue of being an effective recursion on (g,n), in the sense that it expresses
Qgn(pt1, ..., fy) in terms of values of @y, for which 2¢' +n’ < 2g + n. Contrast the
recursion for P, (f, ..., pn) of theorem 4, which involves other values of P,,,. Whereas
the recursion for the pruned enumeration leads to the structural result for the pruned
enumeration, an analogous approach at the level of the unpruned enumeration seems to
the authors to be difficult. It is precisely for this reason that passing to the pruned
enumeration is advantageous.

The pruned diagram enumeration captures topological information of S,, in some
sense. We will show that the highest degree coefficients of the quasi-polynomial @ ,, are
determined by intersection numbers on the compactified moduli space of curves Mg,n. In
this way the quasi-polynomials (g, (1, - . ., itn) behave similarly not only to arc diagram
counts [9], but also to the volume polynomials of Kontsevich [21], the Weil-Petersson
volume polynomials of Mirzakhani [23], and the lattice count polynomials of Norbury [25].
These last three problems are all governed by the topological recursion of Chekhov, Eynard
and Orantin [4, 12] and the fact that they agree to leading order is a consequence of this
fact. It is not yet clear whether the enumeration of non-crossing permutations discussed
presently is also governed by the topological recursion or some variant of it.

Theorem 6. For (g,n) # (0,1) or (0,2), gff’x"’m(ul, .oy M) has degree 6g — 6 + 3n.
The coefficient cq, .. a4, of the highest degree monomial u%dﬁl coe et s independent of
(Xe, X,), and

1

20-Ld)1 - d,)

d dn
wll"'wn .

Cdlv-“vdn

Here v; is the Chern class of the i-th tautological line bundle over the Deligne—
Mumford compactification MW of the moduli space of genus g curves with n marked
points. A discussion of these algebro-geometric concepts would take us too far from the
focus of the paper, so we refer the interested reader to the literature for more details [15].

2 Algebraic identities

In this section we state some identities required in the sequel. The proofs of all the results
in this section appear in appendix A.

The combinatorial identities we require involve sums of binomial coefficients multiplied
by polynomials. The sums themselves also have a certain polynomial structure, analogous
to the sums in [9, defn. 5.5] and [26].

Proposition 7. For any integer a = 0 there are polynomials P, and ), such that

oat1 20\ _ (2:)
2, (n—z) @@ =3)- @n—2a-1 "

()gzgn even
( n )

2041 2n .
Z v (n—z) N (2n—1)(2n_3)...(2n_2&_1)Qa(n).

0<i<n odd
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In particular, in the cases « = 0 and 1 we have

Po(n) = %(n2—n), Qo(n) = %n2, Pu(n) = (n—1)2n? and Qs (n) — %n2(2n2—4n+1). (1)

In other words, we have the identities
2 2
Z V( 2”):.(:) 9= p Z V( 2#): (:) ,u_2 (8)
0<v<p even p=v 2p—1 2 0<v<p odd u—=v 2u—1 2
2p
24 )
’/3( ) = - p— 1)1, 9
Z p—v (2,u—1)(2,u—3)( ) (9)

0<v<p even

s 20 2 () p2(2p° — 4p+ 1)
2 v (u—v) T (2u—1)(2u—3) 5 : (10)

0<vr<p odd

We also need some results for summing polynomials over tuples of integers satisfying
constraints on their sum and parities. They can be proved as in [9] using generalisations
of Ehrhart’s theorem from [3], but we give more elementary proofs in the appendix.

Proposition 8. For positive odd integers ky, ks

> ik ke
inyi2>1, i1+iz=n
i1,i2 have fized parities
15 an odd quasi-polynomial in n. This quasi-polynomial 1s given by a degree ki + ko + 1
polynomial when the parity of n is the sum of the fixed parities of i1 and iz, and is equal
to zero otherwise. Furthermore, the leading coefficient of this polynomial is independent
of the choice of parities.

In other words, in the sum above, we fix elements e1,e5 € Z/27Z and the sum is over
integers 41, 1o such that 41,70 > 1, 41 + i3 = n, 93 = 1 mod 2 and i3 = €5 mod 2.
Proposition 8 can be directly generalised by induction to the following.

Proposition 9. For positive odd integers ky, ko, ..., kny

Z 2116127262 . anm
i1,i2,eim 21, i1zt tim=n
11,02,...,im have fixed parities
is an odd quasi-polynomial inn. This quasi-polynomial is given by a degree y .- | ki+m—1
polynomial when the parity of n is the sum of the fized parities of i1, 1o, ..., im, and is equal
to zero otherwise. Furthermore, the leading coefficient of this polynomial is independent
of the choice of parities.

We will need the following particular cases, which can be proved by a straightforward
induction, and follow immediately from the discussion in the appendix.
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Lemma 10. Let n > 0 be an integer.

1) 1 2
When n is odd, Zz:w and 212:71(”4' 6)(n+ )
0<isn 0<i<n
i odd i odd
2 1 2
When n is even, Z i:% and Z 22:n(n+ g(n+ )
O<isn 0<i<n

3 Basic results on polygon diagrams

3.1 Base cases for the pruned enumeration

We start by working out (),, for some small values of (g,n). As Qgn(p1,...,1y) is
symmetric in its arguments, the next proposition gives all values of Qg 1, Qo2 and Qo3

Proposition 11.

QO,l(Ml) = 5,“,0,
QO,Q(Ml, IUQ) = ﬁléﬂl,ﬂw

2pprops,  for pa, pro, iz > 0,

) mape, for pa, pa > 0, g =0,
Qos(p1, po, pi3) = 4 -
His Jor pa even, py = pz = 0,
0, for pa odd, o = piz = 0.

Here § is the Kronecker delta and @ = n + 0,0 as in [9], so for a positive integer n we
have m = n, while 0 = 1.

Proof. On the disc, every edge is boundary-parallel. Therefore Qg 1(x1) = 0 for all positive
Ha-

For (g,n) = (0,2), all non-boundary-parallel edges must run between the two boundary
components F; and F5, and are all parallel to each other. A pruned polygon diagram must
consist of a number of pairwise parallel bigons running between F; and F,. Therefore
Qo2(p1, pr2) = 0 if pg # po. If 1y = pg > 0, consider the bigon containing the decorated
marked point on Fj. The location of its other vertex on Fy uniquely determines the
pruned polygon diagram. Therefore Qoo (g1, 1t1) = fiy, where the bar notation allows us
to include the trivial case Qo 2(0,0) = 1.

For (g,n) = (0,3), we can embed the pair of pants in the plane, with its usual ori-
entation, and denote the three boundary components by Fi; = Fuuer, Fo = Flor and
Fy = Flignt, With g1, po and pg marked points respectively. Without loss of generality
assume 11 = fg, 3. A non-boundary-parallel edge can be separating, with endpoints on
the same boundary component and cutting the surface into two annuli, or non-separating,
with endpoints on different boundary components. See figure 2.

In a pruned polygon diagram on a pair of pants there can be only one type of separating
edge, and all separating edges must be parallel to each other. Consider a polygon P in a
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F outer

Figure 2: Boundary labels and three types of non-boundary-parallel edges on a pair of
pants.

pruned polygon diagram. All its diagonals are also non-boundary-parallel, for a boundary-
parallel diagonal implies boundary-parallel edges. Further, there is at most one boundary
component on which P has more than one vertex; if there were two boundary components
F;, F; each with at least two vertices then there would be separating diagonals from each
of F}, F} to itself, which is impossible since there can be only one type of separating edge.
Moreover, P cannot have three vertices on a single boundary component, since the three
diagonals connecting them would have to be non-boundary-parallel, hence separating,
hence parallel to each other, hence forming a bigon at most. Therefore a polygon in a
pruned diagram on a pair of pants is of one of the following types:

e a non-separating bigon from one boundary component to another,

e a separating bigon from one boundary component to itself,

a triangle with a vertex on each boundary component,

a triangle with two vertices on a single boundary component, and the third vertex
on a different boundary component,

a quadrilateral with two opposite vertices on a single boundary component, and one
vertex on each of the other two boundary components.

See figure 3. It is easy to see that there can be at most one quadrilateral or two triangles
in any pruned diagram.

If po = pg = 0, then all edges must be between Fj .. and itself and separating. In
this case a pruned polygon diagram must consist of a number of pairwise parallel bigons.
Hence Qo3(f1,0,0) = 0 if p; is odd. If p1 > 0 is even, then the configuration of £
separating bigons gives rise to p; pruned polygon diagrams, as the decorated marked
point can be located at any one of the y; positions. If gy = 0 then there is only the empty
diagram, so in general there are 7i; diagrams.
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.

Figure 3: Types of polygons in a pruned diagram on a pair of pants.

If s > 0 and pug = 0, then since p; > ps, the possible polygons are
e a separating bigon between F, ., and itself,

e a non-separating bigon between F o and Fleg,

e a triangle with two vertices on Fyuier and a vertex on Fleg.

Furthermore there can be at most one triangle. If 1; — s is even, then a pruned polygon
diagram must consist of py bigons from Fyyger to Flery and #5#2 bigons from Foyer to
itself. If py — po is odd, then a pruned polygon diagram must consist of a single triangle,
o — 1 bigons from Fyyer t0 Fleg and ‘“‘T“Q—l bigons from F ., to itself. Again each such
configuration determines pps pruned diagrams accounting for the locations of the two
decorated marked points on Fiyer and Fleg.

If gy, po, i3 > 0, then because pp is maximal, any separating edge or separating di-
agonal in a quadrilateral must be from F . to itself. Therefore the single quadrilateral
(if it exists) must have a pair of opposite vertices on Fyuer and one vertex each on Feg
and Fligns. There are two types of triangles with a separating edge from Fiyier to itself,
depending on whether the last vertex is on Fieg or Fiigne. Call these left or right triangles
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respectively. There are also two types of triangles with a vertex on each boundary com-
ponent, depending on whether the triangle’s boundary, inheriting an orientation from the
surface, goes from Fiyter t0 Fleg O Frigne. Call these up or down triangles respectively.
We then have the following seven cases. See figure 4.

Figure 4: The seven types of pruned polygon diagram on a pair of pants. These correspond
to cases (i)—(vii) reading across rows from left to right

i ere is one quadrilateral. en the pruned diagram must consist of this single

i) There i drilateral. Then th d di t ist of this singl
quadrilateral, pus — 1 bigons between Fjuer and Fleg, and p3 — 1 bigons between
Fouter and Fligne. In this case we must have jig — p1g — pg = 0.
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(ii) There is a left and a right triangle. Then the pruned diagram must consist of these
two triangles, po — 1 bigons between Fyuie, and Fleg, p3 — 1 bigons between Fj e
and Flighs, and %_“3_2 separating bigons between Fy i and itself. In this case
we have py — o — g is positive and even.

(iii) There is an up and a down triangle. Then the pruned diagram must consist of these
two triangles, M’”—Z_M bigons between Fjuie; and Fleg, ’“J””T_“Q_Q bigons between
Fouter and Flight, and %_’“_2 bigons between Fler, and Fyighe. In this case we have
p1 — p2 — pg is negative and even. (Note that py + po — pu3 and pg + pg — o are

both positive and even in this case.)

(iv) There is a single left (resp. right) triangle. Then the pruned diagram must consist
of this triangle, y1o —1 (resp. ps—1) bigons between Fyyer and Fle (resp. Frignt), M3
(resp. p2) bigons between Fiyier and Fiighe (resp. Fleg), and ’“—_“2—2_“3—_1 separating
bigons between F ., and itself. In this case u; — e — p3 is positive and odd.

(v) There is a single up (resp. down) triangle. Then the pruned diagram must consist of
this triangle, ’“’L’”QTW bigons between Fyuer and Fleg, ’“’L“?’T_“Tl bigons between
Fouter and Flighy, and “2+“+‘“_1 bigons between Flef, and Fiigny. In this case pq —
fo — pg is negative and odd. (Note that py + po — pg and gy + pg — pe are both
positive and odd in this case.)

(vi) There are only non-separating bigons. Then the pruned diagram must consist of
’ﬁ’?—_’ﬁ bigons between F e and Fleg, /ﬁ“;—_“—Q bigons between Foyper and Fligh,
and W bigons between Fies, and Fligne. In this case p; — po — pg is negative
or zero, and even. (Note that py + o — puz and pq + gz — pe are both positive and
even in this case.)

(vii) There are only bigons, some of which are separating. Then the pruned diagram
must consist of ps bigons between Fiter and Fleg, 3 bigons between Fiuier and
Flignt, and 2= separating bigons between Fiyier and itself. In this case we have
1 — Mo — i3 1s positive and even.

Observe that for each triple (1, p2, pi3), precisely two of these cases apply, depending on
p1 — po — p3. (Here we count the left and right versions of (iv) separately, and the up
and down versions of (v) separately.) These cases yield two possible configurations of
polygons, and each configuration corresponds to pi;pop3 pruned diagrams, accounting for
the locations of the decorated marked points on the three boundary components. Thus
Qo3 is as claimed. O

3.2 Cuff diagrams

Consider the annulus embedded in the plane with F; being the outer and F, the inner
boundary. A cuff diagram is a polygon diagram on an annulus with no edges between
vertices on the inner boundary F,. (These are analogous to the local arc diagrams of [9].)
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Let L(b,a) be the number, up to equivalence, of cuff diagrams with b vertices on the outer
boundary Fi} and a vertices on the inner boundary Fs.

Proposition 12. For all non-negative integers a,b, L(b,a) is given by

(bzba), fora,b >0,
(be), fora=0,b>0,
, fora=b=0.

L(b,a) =

— o= Q

Proof. This argument follows [9], using ideas of Przytycki [27]. A partial arrow diagram
on a circle is a labelling of a subset of vertices on the boundary of the circle with the label
“out”.

Assume a > 0. We claim there is a bijection between the set of equivalence classes of
cuff diagrams counted by L(b,a), on the one hand, and on the other, the set of partial
arrow diagrams on a circle with 2b vertices and b—a “out” labels, together with a choice of
decorated marked point on the inner circle. Clearly the latter set has cardinality a(bQ_ba).

This bijection is constructed as follows. Starting from a cuff diagram D, observe
that there are b — a edges of D with both endpoints on the outer boundary Fj. Orient
these edges in an anticlockwise direction. (Note this orientation may disagree with the
orientation induced from polygon boundaries.) Label the b vertices on Fj from 1 to b
starting from the decorated marked point. Taking a slightly smaller outer circle F7 close
to Fi, the edges of D intersect F| in 2b vertices, say 1,1',2,2', ... b,0/. Label each of
these 20 vertices “out” if it is a starting point of one of the oriented edges. We then have
b—a “out” labels, and hence a partial arrow diagram of the required type. The decorated
marked point on the inner circle is given by the cuff diagram.

Conversely, starting from a partial arrow diagram, there is a unique way to reconstruct
the edges of the cuff diagram D so that they do not intersect. Regard the circle with 2b
vertices of the partial arrow diagram as the outer boundary F}, with the 2b vertices lying
in pairs close to each marked point of the original annulus, and with the pair close to
marked point ¢ labelled 4,4". Since there are vertices with and without arrows among the
2b vertices, there is an “out” vertex on Fj followed by an unlabelled vertex in an anticlock-
wise direction. The edge starting from this “out” vertex must end at that neighbouring
unlabelled vertex (otherwise edges ending at those two vertices would intersect). Next we
remove those two matched vertices and repeat the argument. Eventually all b — a “out”
vertices are matched with unlabelled vertices by b — a oriented edges. The remaining 2a
unlabelled vertices are joined to 2a vertices on the inner circle F5. These 2a edges divide
the annulus into 2a sectors, which are further subdivided into a number of disc regions
by the oriented edges. Since 2a is even, the disc regions can be alternately coloured black
and white. Each pair of vertices on F} is then “pinched” into the original marked point;
the colouring can be chosen so that the pinched vertices are corners of black polygons
near F}. The vertices of F; can then be pinched in pairs in a unique way to produce a
polygon diagram D, where the polygons are the black regions. This polygon diagram D
has b vertices on F; and a vertices on Fj. Finally, each vertex on F3 belongs to a separate
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Figure 5: Reconstructing a cuff diagram from a partial arrow diagram.

polygon with all other vertices on the outer circle. Placing the decorated marked point
on Fy at each vertex gives a distinct cuff diagram of the required type. See figure 5.

If a = 0 then the bijection fails. From the cuff diagram we can still construct a partial
arrow diagram. But when the cuff diagram is being reconstructed from a partial arrow
diagram, there is a single non-disc region, so not every partial arrow diagram gives rise to
a cuff diagram. Call a partial arrow diagram compatible if it yields a cuff diagram. Since
each edge is now separating, the regions divided by the edges can still be alternately
coloured black and white. All regions are discs except one which is an annulus. Again
choose the colouring so that the pairs of vertices labelled i,7" on F} are pinched into
corners of black regions. The partial arrow diagram is then compatible if and only if the
annulus region is white. However, when the partial arrow diagram is not compatible,
pinching instead the corners of white regions will then result in a cuff diagram. In other
words, if we rotate all the “out” labels by one spot counterclockwise, the new partial
arrow diagram will be compatible. Conversely, if a partial arrow diagram is compatible,
then rotating its labels one spot clockwise will result in an incompatible partial arrow
diagram. Hence there is a bijection between compatible and incompatible partial arrow
diagrams, and the number of cuff diagrams is exactly half of the number of partial arrow
diagrams, or %(2;).

When a = b = 0, there is the unique empty cuff diagram. O

3.3 Annulus enumeration

Proposition 13.

2u1—1\ (2us—1Y\ {2

) (R 1) e >0

(2M;;1)7 Ho = O

P0,2(M1, M2) = {

Proof. 1f us = 0 then a polygon diagram is just a cuff diagram, hence by proposition 12

Poalu0) = 2o, 0) = 5 () = (1 71),

H1 H1

Note that taking (Bl) = 1, this works even when p; = 0.
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If p1q, e > 0, then as we saw in the introduction, from [22] the number of connected
polygon diagrams (i.e. with at least one edge from F to F3) is

(2,“1 - 1) (2,“2 - 1) 211 o

I fh2 iy + o
If there are no edges between the two boundaries, then the polygon diagram is a union of
two cuff diagrams, hence

20 — 1\ [2pe — 1Y\ 2
Poa(p, p2) = < i )( 2 ) ff + L(p11,0) - L2, 0)

U1 o 1+ o
21 — 1\ (219 — 1 2
:<u1 )(ug >( u1u2+1)
5 2 M1+ o
as required. O

3.4 Decomposition of polygon diagrams

Suppose S is not a disc or an annulus. Then any polygon diagram on S can be decomposed
into a pruned polygon diagram on S together with n cuff diagrams, one for each boundary
component of S. Take an annular collar of each boundary component of S, and isotope
all boundary-parallel edges to be inside the union of these annuli. The inner circle of the
annulus at F; intersects the polygons in v; > 0 arcs. Pinch each arc into a vertex, choose
one vertex on each inner circle with v; > 0 as a decorated marked point, and cut along each
inner circle. This produces a cuff diagram on each annular collar and a pruned polygon
diagram on the shrunken surface. This decomposition is essentially unique except for the
choice of decorated marked points on the inner circles, i.e. a single polygon diagram will
give rise to [[_, 7; distinct decompositions. (Recall that 7 = v + §,.) See figure 6.
Conversely, starting from such a decomposition, we can reconstruct the unique polygon
diagram by attaching the cuff diagrams to the pruned polygon diagram by identifying
the corresponding decorated marked points along the gluing circles, and “unpinching” all
the vertices on the gluing circles into arcs. Therefore we have the following relationship
between P, ,, and @, corresponding to the “local decomposition” of arc diagrams in [9].

Figure 6: The decomposition of a polygon diagram.
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Proposition 14. For (g,n) # (0,1) or (0,2),

Ponlpn i) = 3 (@()HM> . (11)

(US ZETH =1
[

It turns out that dividing by a power of 2 for each of the u; that is zero, we obtain a
nicer form of this result, eliminating the piecewise nature of L(u;, ;). Defining

1
/ p—
P (s fin) = —H?:l s Pyn(ps .oy i),

1
Q;,TL<V17 ey Vn) p— WQg7n<V17 e ey Vn>,
=1

and applying proposition 12, equation (11) becomes

Py () = > | (Q;,n(ul, . ,yn)ﬁ <ui2f"yi)) , (12)

3.5 Pants enumeration

Proposition 15.

3
2 7 7 ’L
Pos(pa, 2, pi3) H < a > (2/~L1/~L2M3 + ZM/M + Z Z 1 + 1)

=1 1<J
Proof. 1t is easier to work with P’ and @)’. We split the sum from (12)
3 on
Pl — / 7
0,3(#17M27M3) 0<;#, <Q0,3(V1> Vo, V3) le (Mz‘ _ Vz))

into separate sums depending on how many of the v; are positive. Using proposition 11,
the sum over v; all being positive is given by

2 Q03(”17”2’”3)ﬁ( o ) = > 21/11/2y3ﬁ( 21 )

0<y; <p i = Vi 0<ys <p i = Vi
all v; positive all p; positive
3 M 2#
=2 ; ’
(")
Proposition 7 then gives this expression as
3 (2uz) 2uz 2 (2u1) (2u2) (2u3
i '“z 111 fi2 13
2 Pyl =2 = . . - (2 .
H 2t — 1 (Po(pi) + Qo(p H 5 9 5 (2p1p2103)
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Similarly, when 1y = 0 and 15, 3 are positive we obtain

3
= (i () (2) (5 (o102)
oty =1 fim H O<visps

v1=0,v2,v3>0 vo,v3>0
) G )
s T (py).

We now perform a similar calculation with v; = vy, = 0 and 5 > 0, which yields

3
21 9 9 1 9
S (il (7)) () () 2 )
0<v<pi i1 \Hi T H H2 0<va<yis M3 — V3

v1=v2=0,v3>0 V3 even
) () () 3
2 2 2 2u3—1

The sum over terms with one v; being positive is given by repeating the above calculation,
interchanging the roles of v, 15, v3. Finally when all v; are zero we have

Z <Q6,3(V1aV27V3)ili (MQ;_“W)) = (2*211) . (2222) i <2§)

0<y; <y
v1=v2=v3=0

Note that with our convention of (') = 1, (251) = 2030 (QHZfl). Summing the above

terms, we have Py 3(pi1, pio, p13) = [ 1 240 P} (a1, 2, pi3) as claimed. O

4 Recursions

In this section we will prove recursion relations for both the polygon diagram counts P, ,,
and the pruned polygon diagrams counts ()y,. The recursion for F,, is similar to that
obeyed by the arc diagram counts G, in [9]. The recursion for @, ,, appears messy
at first sight, but if we only consider the dominant part, it actually differs very little
from the recursion for the non-boundary-parallel arc diagram count N, in [9]. The
top degree component of Ny, in turn agrees, up to some simple scaling factors, with
the volume polynomials of Kontsevich [21], the Weil-Petersson volume polynomials of
Mirzakhani [23], and the lattice count polynomials of Norbury [25].

We orient each boundary component F; as the boundary of S. This induces a cyclic
order on the pu; vertices on F;, and we denote by o(v) the next vertex to v along F;. If
w; = 2 then o(v) # v for v a vertex on F;. For any polygon diagram D, orient the edges
of D by choosing the orientation on each polygon to agree with the orientation on S.
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4.1 Polygon diagram enumeration

We now prove theorem 4, the recursion on F,,,, which states that for g > 0 and p; > 0,
equation (6) holds:

Pyn(pns - opin) = Pyn(pn — 1, iy 1y) + ZMP (4 e — 1, e y)

k=2
+ Z |:Pg—1,n+1(iaja IJ’X\{l}) + Z Pgl,|1|+1(i7”’1) P92,|J|+1<j, IJ’J) .
i+j=p1—1 9g1+g92=9g
7>0 IuJ=x\{1}

Recall that we let X = {1,2,...,n} and for each I C X, we let pu; = {p; | i € I}.

Proof of theorem /4. Consider the decorated marked point m; on the boundary component
Fi. Suppose it is a vertex of the polygon K of the diagram D. Let v be the outgoing
edge from my;. If the other endpoint of ~ is also my, then K is a 1-gon, and we obtain
a new polygon diagram D’ by removing K entirely (including m;), and then if py > 2,
we select the new decorated marked point on Fj to be o(m;y). (If g3 = 1 then there will
be no vertices on Fj in D', so we do not need a decorated marked point). Conversely,
starting with a polygon diagram D’ on Sy, with (1 — 1, pa, ..., ) boundary vertices,
we can insert a 1-gon on F} just before the decorated marked point m (if there are no
vertices on Fi, simply insert a 1-gon), and then move the decorated marked point to the
vertex of the new 1-gon. These two operations are inverses of each other. This bijection
gives the term Py, (11 — 1, gy 13) in (6).
If the other endpoint v of « is different from m;, there are various cases.

(A) The edge v has both endpoints on F; and is non-separating.
We cut S = S, , along v into S" = S;_, ., by removing a regular strip v x (0, €)
from S, where 7 = v x {0} and {m;} x [0,¢] C F; is a small sub-interval of
[m;,0(m;)). Then Fj splits into two arcs, which together with + and a parallel
copy v x {e}, form two boundary components Fj and F| on §’, with ~ part of Fj.
If o(m;) = v on Fi, then F{ contains no vertices. We obtain a polygon diagram D’
on S" by collapsing v into a single vertex m/ which is the decorated marked point
on F|, and setting o(m;) as the decorated marked point on F{ (if there is at least
one vertex on F{). The new diagram D’ has i > 0 vertices on F{j and j > 1 vertices
on F] with ¢ + j = pu; — 1. Conversely starting with such a polygon diagram D’
on Sy_1n41 with (4,7, o, . .., 1) boundary vertices, we can reconstruct D. First
expand the decorated marked point m) on Fj into an interval. Then glue a strip
joining this interval on F] to an interval just before the decorated marked point on
Fj. (If i = 0, we can glue to any interval on F{.) This bijection gives the term

ZiJrj:ul,l’ >0 Pg—l,n+1 (17 ja IJ’X\{l}) in (6)

(B) The edge ~ has both endpoints on F; and is separating.
This is almost the same as the previous case. As before, we cut S,, along v
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into two surfaces S| and S, with polygon diagrams D} and D}, such that the new
vertex m) obtained from collapsing v is on S,. The polygon diagram D can be
uniquely reconstructed from such a pair (D7, D}). This bijection gives the term

Zi-i-j:;u—l, §>0 ZglJrgg:g, TUJ=X\{1} Py in1(is 1y) Py, 1410, pj) of (6).

(C) The edge ~ has endpoints m; on F; and v on Fy, for k > 1.
In this case 7y is necessarily non-separating. Cutting S, along v and collapsing ~y
following a similar procedure to the previous cases results in a polygon diagram D’
on a surface Sy, ; with g + gy, — 1 vertices on its new boundary component Fj, and
the collapsed vertex m/ as the decorated marked point on F|. However this is not a
bijection since the information about the original location of the decorated marked
point on Fj, (relative to v) is forgotten in D’. In fact the map D — D’ is p-to-1.
The decorated marked point my can be placed in any of the u; locations (relative
to v). All uy such polygon diagrams will give rise to the same D’ after cutting along
7. Taking the multiplicity uy into account gives the term > o f1x Pyn—1(pia + pix —

L px\ g ey) of (6). 0

4.2 Pruned polygon diagram enumeration

The recursion for pruned polygon diagrams follows from a similar analysis. It is more
involved due to the fact that after cutting along an edge -, some other edges may become
boundary-parallel, so more care is required.

We previously defined 7 as m = n if n is a positive integer, and 0 = 1, following [9].
We now introduce another notation of a similar nature.

Definition 16. For an integer pu, let 1 = pu if 1 is a positive even integer, and 0 otherwise.

Theorem 17. For (g,n) # (0,1),(0,2),(0,3), the number of pruned polygon diagrams
satisfies the following recursion:

. 1
Qon(p1y s pn) = Z mQg—1,n+1(4, 7, MX\{1}) + %Qg—l,nﬂ(o»oa HX\{l})

i+j+m=p1
121,5,m=0

—~—

+ > > muQemaGpxinm) + Y wukQgn-1(i iy (14})

uE>0 | itm=p1+pg i+r=p1—p
2<k<n i>1,m>0 i>1,2>0

+ ik Qgn—1(0, px i) | + D > mQgn-1(i, rx\p14y) + 1 Qgn—1(0, tx\ (147

pe=0 \ i+m=u
2<k<n \i=1,m>0

. . M1
+ Z Z ng1,|I|+1(ZaNI)Qg2,|J|+1<j7/’l’J) + 7@91,‘['*‘1’1(07“I)Qg2,‘]‘+1(0’u(])

g1+g92=9g i+j+m=p1
IuJ=Xx\{1} i21,j5,m=>0
No discs or annuli

(13)
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Here “no discs or annuli” means we exclude any terms in which (g1, |Z|+1) or (g, |J|+
1) are equal to (0,1) or (0,2). The tilde summation ) is defined to be

E Tk Qg 14, Lx\ (1 43) = E Tk Qgn—1(4, x\(161)
i+r=p1—pg i+r=p1— g
i>1,220 i>1,220
- g -T,u}cQg,n—l(Za H’X\{l,k})
ita=pp—p1
i>1,220

Note that when g1 > i the second sum vanishes; when gy < py the first sum vanishes;
when 1 = pi both sums vanish.

Proof. Suppose D is a pruned polygon diagram on S. Let v be the outgoing edge at the
decorated marked point m; on Fj. Since there is no 1-gon in D (they are boundary-
parallel), the other endpoint v of v is distinct from m;. There are three cases for v: (A)
it has both endpoints on F} and is non-separating; (B) it has endpoints on F; and some
other Fj, or has both endpoints on F} and cuts off an annulus parallel to Fy; or (C) it
has both ends on F}, is separating, and does not cut off an annulus. Each of these cases,
especially case (B), has various sub-cases, which we now consider in detail.

(A) The edge v has both endpoints on F; and is non-separating.

If an edge becomes boundary-parallel after cutting S along ~, then it must be
parallel to v on S (relative to the endpoints) to begin with. Given two edges 5, and
B2, both parallel to v, let I be a strip bounded by 3, > and portions of F}. This
strip I is unique, because after we cut open along I, § and ' belong to different
boundary components, so they cannot bound any other strips. There is a unique
minimal strip A : [0,1]> — S containing all edges parallel to ~, given by the union
of connecting strips between all pairs of edges parallel to 7. The left (resp. right)
boundary of A is an edge 7, (resp. vg) joining two vertices p;, and ¢y, (resp. pr and
qr), and the bottom (resp. top) boundary of A is an interval on F; from p; to pg
(resp. qr to qr). Note that A may be degenerate, i.e. 7, and vz may have one or
both of their endpoints in common, or they are the same edge ~.

Observe that all the edges in A, with the possible exception of v, and ~g, form a
block of consecutive parallel bigons inside A. Let there be m > 1 polygons with at
least one edge parallel to . See figure 7. There are four cases.

(1) All m such polygons are bigons.
In this case the p; vertices along Fi are divided into 4 cyclic blocks of con-
secutive vertices: there is a block of m vertices (py,...,pm) followed by j > 0
vertices, followed by another block of m consecutive vertices (g, ..., q1), fol-
lowed by ¢ > 0 vertices, such that there is a bigon between each pair of vertices
{pi»q:}, and m; € {py,...,pm}. Remove all m bigons from the pruned polygon
diagram D and cut S along 7. If j > 0 then let o(p,,) be the decorated marked
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Figure 7: Possible configurations of polygons in case (A).

point on the new boundary component F]. If i > 0 then let o(q;) be the dec-
orated marked point on that new boundary component FJ. This produces a
pruned polygon diagram D" on S|, ., with (4,7, pa, ..., p1,) boundary ver-

tices. The map D — D’ is m-to-1, since m; can be any one of {py,...,pm}
and still produce the same pruned polygon diagram D’. Conversely D can be
reconstructed from D’ up to the possible location of m; as one of {py,...,pm}-

Therefore we have the following contribution to (13):

Z ngfl,nJrl(?f-u% l'l’X\{l}) (14)

it+j+2m=p
m>1,i,j>0

(2) The edge vy, is part of a polygon K which is not a bigon, and all other polygons
are bigons.
If v, # vg then K and A lie on the opposite sides of v, (otherwise K C A,
so must be a bigon), and there are m — 1 bigons in A. Remove all bigons,
cut S along v, collapse 7., to a single vertex my which we take to be the
decorated marked point on the new boundary component Fjj, and let o(pr) be
the decorated marked point on F|. This produces a pruned polygon diagram
D’. Similar to the previous case, the map D — D’ is m-to-1, as m; can any
one of the m vertices between p; and pgr. Therefore we have the following
contribution to (13):

Z m@g—l,nﬂ(i + 1,7, NX\{l}) = Z ng—l,nH(i»ja l"'X\{l})'
i+j+2m=p i+j+2m—1=p
m21,i,520 i,m>1,j20
(15

Note that this formula includes the contribution from the special case v, =
Yr =7y, Where m = 1.

(3) The edge g is part of a polygon K which is not a bigon, and all other polygons
are bigons.
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This is almost identical to the previous case, except now ~ cannot be the edge
~vr. (If we had v = 7 then, since 7 is the outgoing edge from m;, the polygon
containing v would have to be on the same side of v as A.) The map D — D’
is now (m — 1)-to-1, as m; cannot be pr. Therefore we have the following
contribution to (13):

Z (m = 1)Qg-1nt1(5,J + 1, x\13)

i+j+2m=pu
m>=1,1,72>0

= Z (m - 1)Qg71,n+1(i7 ja IU’X\{I}) (16)
i+jH2m—1=pu
,m>1,i>0
Note that this formula correctly excludes the special case v, = yg = v, where
m — 1 = 0 and the formula vanishes.

(4) The edges v, and g are each part of some polygon which is not a bigon, and
all other polygons are bigons.
We allow 77, and g to be different edges of the same polygon. We obtain a
pruned polygon diagram D’ by removing the m — 2 bigons and collapsing vy,
and g to decorated marked points mj and m). For the same reason as the
previous case, 7y cannot be the edge g, so the map D — D’ is only (m—1)-to-1.
Therefore the contribution to (13) is

Z (m - 1)Qg—1,n+1(i + ]-7] + ]-7 IJ’X\{I})

i+j+2m=p1
m>1,1,520
= E MmQg—1n+1(7, 7, NX\{1})‘ (17)
i+j+2m=p
,j21,m=>0

Now we compute the total contribution from cases (A)(1)—(4). We drop the sub-
seripts g —1,n+1 from Qy—1,,41 and X\{1} from py, 4y for convenience. Summing
expressions (14) and (17) and separating the terms according to where 4, j are zero
or nonzero, we obtain

oo+ D> | mQU g )

i+j+2m=p1  i+j+2m=um

m>1,i,520 1,721,m>0
- . : fi
= > Qgw+ Y, mQO.4 )+ Y mQ0.p)+ Q0.0 p)
i+j+2m=p1 j—l—?m:,ul i+2m=p1
2,5,m>=>1 7m=>=1 i,m=>1
o [
= D 2mQUijpm)+ 5 Q0.0,p). (18)
i+j+2m=p1
i,m>1,j>0
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Similarly for expressions (15) and (16),

> mQlgm+ Y, (m-1)Q(jn

i+j+2m—1=p i+j+2m—1=p
i,m=1,7>0 jm=>=1,i20
= > @m-1DRGALm+ Y. mQE0p+ D (m-1)Q(0, ] p)
i+j+2m—1=pu +H2m—1=pu J2m—1=p1
2,5,m>=>1 i,m=1 7,m=1

= Y @m—1)Q,j,p). (19)
i+j+2m—1=pu
1,m>1,5>0

Adding (18) and (19) we have the first line of (13).

(B) The edge v has endpoints on F; and Fy, or has both endpoints on F; and
cuts off an annulus parallel to Fj.
Here k # 1. Note that since (g,n) # (0, 3), if v cuts off an annulus parallel to Fj,
the remaining surface is not an annulus. Hence different values of &k give different
pruned polygon diagrams. There is no double counting when we sum over k.

To standardise the possibilities for v, we define a path o from F} to F as follows,
with & used to denote o with reversed orientation. If v has endpoints on F; and
Fy, then let a = 7. In this case, the edges that become parallel after S is cut along
~ must be one of three types of curves: those parallel to the concatenated paths «,
aFipa, and aFja. On the other hand, if v has both endpoints on F} and cuts off an
annulus parallel to Fj, then let a be a curve inside that annulus, connecting F} to
Fy.. In this case, the curves that become boundary-parallel after S is cut along ~
must be parallel to 7. See figure 8.

aFia alFpa

Figure 8: The paths « and related paths in case (B).

Since S is not an annulus, there is a unique minimal strip A' containing all edges
parallel to «, bounded by edges v} (resp. 7g) joining two vertices p} € Fy and
q; € F}, (resp. pk and ¢g). The top (resp. bottom) boundary of A® is an interval
on F (resp. Fy) from p} to pk (resp. gk to ¢i). Similarly there are unique minimal
strips A% and A3 containing all edges of the second and third type respectively, with
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analogous notations. Note that edges of the second and third types cannot appear
simultaneously, so A% and A? cannot both be non-empty. All three strips A® may
be degenerate. See figure 9.

Figure 9: The configurations of the strips A%, In this figure A, A? are nonempty.

Call a polygon partially boundary-parallel if at least one of its edges is of the three
types «a, aFa, aFia. Call a polygon totally boundary-parallel if all of its edges are
of these three types, and mixed if it is partially boundary-parallel but not totally
boundary-parallel. A totally boundary-parallel polygon is either a bigon, or a tri-
angle with two edges parallel to a and the third edge parallel to aFja or aFia.
Furthermore there can be at most one totally boundary-parallel triangle. Let there
be m partially boundary-parallel polygons. Note m > 1, since « lies in a partially
boundary-parallel polygon.

Assume py; > 0. We split into the following sub-cases: all m partially boundary-
parallel polygons are bigons; m—1 bigons and one totally boundary-parallel triangle;
there is a totally boundary-parallel triangle and a mixed polygon; there is a mixed
polygon but no totally boundary-parallel triangles.

(1) All m partially boundary-parallel polygons are bigons.
We then split further into sub-cases accordingly as there are bigons parallel to
aFya or aFia, or not.

(a) There are no bigons parallel to aFya or aFja.
Then there are m consecutive bigons between F} and Fj. Removing all
m bigons and cutting S along 7 gives a pruned polygon diagram D’ with
i = p1 + pgr — 2m vertices on the new boundary component F|. When
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i > 0, the decorated marked point on F] is set to be o(p}) if 1 > m, and
o(qr) if gy = m. The map D +— D' is muy-to-1, since m; can be any of m
vertices of the bigons on Fi, and my can be any of the u; vertices on Fj.
Therefore we have the contribution

Z MpeQgn—1 (1, HX\{l,k})- (20)

i+2m=p1+p
1<m<min(p1,py),i>0

(b) There are x > 1 bigons parallel to aFya.

See figure 10. Since aFa cuts off an annulus parallel to Fj,, the u; vertices
on Fj, belong to uy; bigons between Fj and Fj. Removing all m = x + py
bigons and cutting along 7 gives a pruned polygon diagram D’ with i =
p1 —m — x vertices on the new boundary component Fj. The decorated
marked point on F] is set to be o(q}) if ¢ > 0. The map D + D’ is
(2x + pg)p-to-1, since m; can be any of the (2x + py) vertices of the
bigons on Fj. Therefore we have the contribution

Z (22 + pg) e Qgn—1 (1, HX\{l,k})-

i+2T=p11 — i,
z>1,i>0

Figure 10: Configuration of polygons in case (B)(1)(b).

Splitting the sum by writing 2z + py, as (x+ py) +2 and setting m = x4+ g,
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we note that ¢ + 2o = uy — g becomes 7 + 2m = p; + py and obtain

Z Mk Qgn—1(1, Hx\{Lk}) + Z TpRQgn-1(1, ,U'X\{l,k})'

i+2m=p1+py i+20=[11— i)
m2uE+1,120 r>1,220

(21)
(¢) There are = > 1 bigons parallel to aF}a.
This is the same as the previous case with F} and F} interchanged. The
map D +— D’ is ujpug-to-1, since the bigons now have p; vertices on Fj.
Therefore we have the contribution:

Z ,ul,qug,nfl(ia HX\{1,k})~
i+2r=pp—p1
2>1,i>0
Writing p; as (x + p1) — x and setting m = x + p;, we note that i + 2z =
Wi — p1 becomes i + 2m = pq + pg, and obtain

Z Mk Qgn1(7, HX\{l,k}) - Z T Qg n—1(1, l'l'X\{l,k})'

i+2m=p1+pp 1+2T=p —p1
m2p1+1,i20 x>1,i20

(22)
Observe that the index set {i + 2m = py + pg,m > 1,7 > 0} is the disjoint
union of index sets {i +2m = py + g, 1 <m < min(py, pg),@ = 0}, {i +2m =
p1 + pg,m = g+ 1,4 > 0}, and {i + 2m = py + pg,m = p + 1,4 > 0}, (If
m = g + 1 then py + pp =@+ 2m = 2u, + 2, hence py > py + 2; similarly if
m > p1 + 1 then pg > g7 + 2. So the second and third sets are disjoint.)
Dropping the subscript g,n — 1 from @ and X \ {1, k} from p for convenience,
we find that the sum of the expressions (20), (21) and (22) is

> QUi )+ D wmQlipm) — Y QU p). (23)
i+2m=p1 4+ i+20=p11 — i) i+2w=pp—p1
m>1,i>0 >1,i>0 >1,i20

(2) There is one totally boundary-parallel triangle and m — 1 bigons.

(a) The triangle has two edges parallel to a and the third edge parallel to
aF; LQL.
See figure 11. The configuration of bigons and triangle is very similar to
that of case (B)(1)(b), the only difference is the innermost bigon parallel
to aFya now becomes the totally boundary-parallel triangle. There are
x — 1 bigons parallel to aFja, 1 totally boundary-parallel triangle, and
ir — 1 bigons parallel to ar. An analogous calculation shows we have the

contribution
E Mtk Qgn—1(4, lx\ (1,6y) + E TrQgm—1(6 Mx\1,5))-
i+2m—41=p1+pk tr+2r—1=p1—pg
m2pg,1>0 x>1,120

(24)
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Figure 11: Configuration of polygons in case (B)(2)(a).

(b) The triangle has two edges parallel to « and the third edge parallel to
ala.
This is very similar to case (B)(1)(c). An analogous calculation shows we
have the contribution

Z Myt Qgn—1(%, hx\(1,5y) — Z (T = DprQgn—1(3, x\ (1,53)-

i+2m+1=p1+pk i+2r—1=p— 1
m2=p1,i20 z>1,1>20

(25)

(3) There are some mixed polygons and a totally boundary-parallel triangle.
The edge of the triangle not parallel to « is then parallel to either aF.a or
aFa; we consider the two possibilities separately.

(a) The third edge of the triangle is parallel to aFja.
If we view F}, as on the “inside” of an edge parallel to aFja, it is easy to
see that only the “outermost” edge, 7% on the minimal strip A%, can be
an edge of a mixed polygon. Hence there is only one mixed polygon, and
it is on the outside of ¥7. On the inside of v we have exactly the same
configuration of totally boundary-parallel polygons as Case (B)(2)(a) and
figure 11. There are p; — 1 bigons parallel to a. Let there be x — 1 bigons
parallel to aFya, and i vertices on F} outside v2. Then p; = i+ 2z + g+ 1
and m = x + p. We obtain a pruned polygon diagram D’ by removing
all totally boundary-parallel bigons and triangles, cutting S along 7% and
collapsing 7% into a new vertex on the new boundary component Fj of S’,
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which we set to be the decorated marked point m]. Consider the possible
locations of m;. It can be a vertex on Fj of any of the [(x — 1) + (g — 1)]
bigons, of which there are 2(z — 1) + (ux — 1). It can be either of the
two vertices of the triangle on Fy. Or it could be the vertex p?, but not
q2, once again due to v being an outgoing edge from m;. (If ¢% is my,
then v is 2. If 4% is outgoing, then the polygon containing 7% is on the
inside of 7%, making it totally boundary-parallel, a contradiction.) Since
(2(z—1)+ (e —1)+24+1) gy = (2x+ p1) pte, the map D +— D" is (2z+ puy,) por-
to-1. An analogous calculation shows we have the contribution

Z m,qug,nfl(i + 17 H‘X\{l,k})

i2m—+-1=p1+pk
m2pug+1,i20

+ Z Tk Qyn—1(0 + 1, phx\ (1.43)- (26)

i+ 2x+1=p1 —pk
x>1,i20

(b) The third edge of the triangle is parallel to aFja.
This is the same as the previous case with F} and F} interchanged. The
map D — D" is pypug-to-1. An analogous calculation shows we have the
contribution.

Z m#kz@g,n—l(i + 17 H’X\{l,k})

2mA4-1=p1+p
m=p1+1,20

— Z Tk Q101+ 1, px f1.1y)- (27)
i+2xx+211?g;67,ul
(4) There are some mixed polygons but no totally boundary-parallel triangles.
We now split into cases accordingly as there are edges parallel to aFpa or aF,«
or not. There cannot be edges parallel to both, so we have 3 sub-cases.

(a) There are no edges parallel to aFpa or aFia.
Consider the minimal strip A! containing all edges parallel to o. We now
consider the leftmost and rightmost edges of this strip v; and %, and to
what extent they coincide. They may (i) be the same edge; or (ii) they may
share both endpoints but be distinct edges; or they may share a vertex on
(iii) Fy or (iv) Fy only; or they may be disjoint. When they are disjoint,
(v) v} or (vi) g or (vii) both may belong to mixed polygons. This leads
to the seven sub-cases below.
(i) We have v} = v = 7.
Then there are no other edges parallel to v and thus no bigons. Since
~ is an outgoing edge by assumption, it bounds a mixed polygon to
the left. This configuration will be covered in Case (B)(4)(a)(v) and
we do not include the contribution here.

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.9 29



(i) The edges v} and 5 are distinct but with the same endpoints.
Then v; and ~vj bound the bigon A' and there are no other edges
parallel to . This means there are no mixed polygons, contrary to
assumption. Therefore the contribution vanishes in this case.

Figure 12: Configuration of polygons in case (B)(4)(a)(iii).

(iii) The edges 77 and ~} share a common vertex ¢' on F}, but not on F}.
See figure 12. Consider the boundary of A' on Fj, [qk,qt]. This
interval could either be a single point ¢', or the entire boundary Fj.
If it is a single point, then the polygon containing v; and 75 has to
be inside A!, so the diagonal joining p} and pk is boundary-parallel,
contradicting the assumption of a pruned diagram. In the case [¢g, ¢;]
is all of Fy, v} and 7% belong to a single “outermost” mixed polygon,
and there are m — 1 bigons between F} and Fj. Let ¢ > 0 be the
number of remaining vertices on I} outside A'. Then i + py, +1 = iy
and we also have m = p;. We obtain a pruned polygon diagram by
removing all m — 1 bigons, cutting along the concatenated edge vi 7%
and collapsing v} 75 into a new vertex. The map D + D' is mpuy-to-1,
as m; can be a vertex of the m — 1 bigons or p:. Therefore we have
the contribution

Z mpQgn—1(i + 1, Lx\f143)- (28)

H2m41=p1+pk
m=pg,i=>0

(iv) The edges v} and v share a common vertex p' on F; but not on F,.
This is the same as the previous case with F} and F}, interchanged.
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The map D + D’ is ujup-to-1. An analogous calculation shows we
have the contribution

Z m:U’ng,nflﬁ + 17 l'l'X\{l,k})' (29>
i+2m+1=p1+p
m=p1,520

(v) The edges 7; and 75 do not share any vertex, and 7} belongs to a

mixed polygon but 7}, does not.
There are m — 1 > 1 bigons parallel to a.. Let i = p; + px — 2m be the
total number of remaining vertices on F; and F}, outside A'. We obtain
a pruned polygon diagram D’ by removing all m — 1 bigons, cutting
along vi and collapsing 71 into a new vertex. The map D ~ D’
is mug-to-1. Note that if we allow m = 1, this exactly covers the
configuration in case (B)(4)(a)(i). Therefore we have the contribution

Z mpeQg 101 + 1, o\ (1.43)- (30)

i+2m=p1~+pg
1<m<min(p1,pr),i20

(vi) The edges v and ~}% do not share any vertex, and % belongs to a
mixed polygon but 7} does not.
This is almost exactly the same as the previous case, except v bounds
a mixed polygon to the right, so it cannot be . It follows that m;
cannot be p% and the map D + D’ is (m — 1)ug-to-1. Therefore we
have the contribution:

Z (m = DpxQgrn1(i + 1, iy 143)- (31)
i+2m=p1+ug
1<m<min(p1,p),:20
Note that we may allow m = 1 in the summation index because the
summand vanishes for m = 1 anyway.

(vii) The edges v; and 75 do not share any vertex, and both belong to
mixed polygons (possibly the same one).
Since there could be 1 or 2 mixed polygons, we instead define m > 2
to be 2 plus the number of bigons in A'. We obtain a pruned polygon
diagram D’ by removing all m — 2 bigons, cutting the strip A from
S along ! and vk, and collapsing 77 and «} into two new vertices.
Set the decorated marked point to be the new vertex from collapsing
v1. Again since v cannot be 7%, the map D — D' is (m — 1)u-to-1.
Therefore we have the contribution (again we trivially include m = 1
in the summation index)

Z (m = D pxQgn—1(i + 2, x\ 1,43)- (32)

i+2m=p1+ug
1<m<min(p,pk),i20
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(b) There are some edges parallel to aFa.
This is the same configuration as case (B)(3)(a), just without the single
totally boundary-parallel triangle. An analogous calculation shows we have
the contribution

Z Mk Qgn1(i + 1, i\ (1.4y)

i+2m=p1+pp
m2pu+1,i20
+ E xﬂk@g,nfl(’]/ + 17 /'LX\{I,k})' (33)
2+ 2=p1—pg
x>0,220

(c¢) There are some edges parallel to aFa.
This is the same configuration as case (B)(3)(b), just without the single
totally boundary-parallel triangle. An analogous calculation shows we have
the contribution

Z m,qug,nfl(i + 17 “X\{l,k})

i+2m=p1+
m2>p1+1,:20

— Y @D mQuat i+ L) (34)

204+ 2=pp—p1
x>0,1>0

We have exhausted all possibilities in case (B). The total contribution is the sum
of all the expressions (23)—(34), which we now add together. We drop subscripts
g,n— 1 from Q and X \ {1, k} from p for convenience.

We first calculate the sum of terms with summation over m. The m-summation
terms in (26) and (28), (27) and (29) combine to give

Yo o mumQl+ L+ Y mumQli+1,p)

i+2m—41=p1+pk i+2m—+1=p1 +pk
m2p,i20 mz>p,020
+2m=p1+pg i+2m=p1 +pg
m2pg,t>1 m>=puy,e=>1

We rewrite the m-summation term in (32), using the substitution (m',i') = (m —
1,74 2), and then adding a vacuous summation index i = 1, since 1+ 2m = p; +
and m < min(py, p) — 1 cannot hold simultaneously. We obtain

Z murQ (7, ). (36)

i+2m=p1 4+
0<m<min(pq,p)—1,i>1

Since the index set {i+2m = p;+pug, m > 0,7 > 1} is the disjoint union of index sets
{i+2m = pi+p, 0 <m < min(p, pg)— 1,4 > 1}, {i+2m = py+pw, m > pg, i > 13,

THE ELECTRONIC JOURNAL OF COMBINATORICS 28(4) (2021), #P4.9 32



and {i +2m = py + g, m = p;, 1 = 1}, (35) and (36) sum to

Z mﬂk@(ia l"’) = Z mﬂkQ@? “)7 (37>

+2m=p1+pg +2m=p1+pg
m>0,i>1 m>1,i>1

which is the sum of all m-summation terms in (26), (27), (28), (29) and (32).

The m-summation terms in (23) and (37) combine to give

Y+ ) [ mmQ, )

i+2m=p1tp  H2m=p1+pg

m>=1,120 m>1,i>1
= > 2mmQGw+ Y, mmQp)

i+2m=p1+pg i+2m=p1 4
m>1,>1 m>1,i=0

, +
=Y @+ B 00, 69
i+2m=p1+pg
m=0,i>1

where we use the g notation of definition 16 in the final term. This is the sum of
all m-summation terms in (23), (26), (27), (28), (29), (32).

We next rewrite the m-summation terms from (30) and (31) with the substitution
(m/,7) = (m —1,i+4 1) to obtain

ST mmQli+ 1) + > (m-D)wmQli+1,p)

+2m=p1+pg 1+2m=p1+pg
1<m<min(p1,4k),i20 1<m<min(p1,4k),i20

H2m4-1=p1+pk
0<m<min(p1,uk)—1,i>1

and similarly with (33) and (34) to obtain

S o mmQl+ 1w+ > mmQi+1,p)

i+2m=p1+py i+2m=p1+[ig
m2puE+1,120 m=pi1+1,:20

- X o+ Y |mrbmeGw. @)

i+2mAl=p1+pur  i+2mtl=p1+pg
mzpug,i>1 mzp1,521
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Now combining the m-summation terms in (24), (25), (39), (40) we obtain

Z mupQ(i, p) + Z mprQ (7, )

i+2m—1=p1 +pk i+2m~41=p1 +pk
m2p,t20 m2p1,:20

- Z (2m + 1) Q (4, )

H2m1=p1+pk
0<m<min(pq,puk)—1,i>1

+ oo+ > (m + DuxQi, p)

i+2m4-1=p1+pr  H2m4-1=p1+pk
m2pg,i=>1 m>=p1,e>1

= Y emtmQGu+ | Y.+ > | mmQ(O, )

i+2mA1=p1 +pg 2mtl=p1+pr  2mtl=p1+pg
m20,i>1 m2pg mzpu

(1 + p — 1)
2

= > Cm+)mQl, ) +

i+2m+1=p1+pk
m=0,i>1

1 Q(0, p). (41)

This is the sum of all m-summation terms in (24), (25), (30), (31), (33), and (34).
Adding (38) and (41), we have the total of all m-summation terms:

—_— —_—

. + g — 1
> mm@(%uHMqu(O,uH%m@(&u)- (42)
T

Now we sum the terms with summation over x. These arise in the expressions
appearing in (23), (24), (25), (26), (27), (33) and (34). The total is

Z fE,qu(i, /'l') - Z xﬂkQ(i’ IJ’) + Z xﬂkQ(i’ /J’)

1+2r=p1— g i+2r=p— 11 i+2r—1=p1 —pk
x>1,i>0 x>1,i>0 21,120
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This total is

- Y @-ymQGw+ Y amQi+1p)

i+2r—1=pr—p1 i+2x+1=p1—pg
x>1,i20 x>1,i>0

i+2r+1=pr—p1 i+2r4+2=p1 —pk
x>1,i20 20,220

— Y @ DmQi+ 1)

i+2x+2=pE—p1

x>0,1>0
i+2r=p1—pg 1+2z=pg—p1 +2z+1=p1—py
20,0 £20,i>0 £30,i>0
— Y wmQlw+ Y wmQlipw) — > QU p)
i+2x+1=pp—p1 i+2w=p11 — i) i+2r=pp—p1
230,i>0 >0,i>1 20,i>1
+ Y wmQl) — Y (r+ DmQ, )
iH2x+1=p1—pg i+2x+1=pr—p1
>0,i>1 220,i>1

=Y 2umQl + 00, )

A 2
+2r=p1 —p
x>0,i>1
. (p1 — e + 1)
+ ) (22 + D@t p) + Q0. p)

2x+1=p1—pg
20,121

—_——

- Y 2w - 00,

1+2z=pg—p1
z>0,i>1

e~

Y @ mQw) — 00,

2
i 2x+1=pK—p1

x>0,i>1
i+T=p1— g i+x=pp—H1
220,i>1 220,i>1
i — p— g+ 1 e — po — p1 — 1
+<(12 ) 4 5 ) _{ 5 ) 21 )>qu(0,u)- (44)
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It is not hard to verify that for py, pup > 1,

~—— e~ e~

() | (=1 (i — )
=Tyt 2 T
n (o —p+1) (e —pa) (e —pa — 1)
2 2 2 ’

Hence combining (42) and (43) we have the second line of (13).

If up = 0, then there are only two possible configurations of partially boundary-
parallel polygons. Either they form m bigons parallel to aFja, or they form m — 1
bigons and the outermost edge is parallel to aFia belongs to a mixed polygon.
These two configurations respectively contribute the two terms of

Z 2mQgn—1(4, lx\(1.6y) + Z (2m = 1)Qyn-1(i + 1, x\(143)-

i+2m=p1 i+2m=p
i20,m>1 i=20,m>1

Adding a zero term to the first sum and reparametrising the second, this expression
becomes

Z 2mQgn—1(4, lx\f16y) + Z (2m + 1)Qgn-1(4, lx\1.43)

i+2m=p +2m+1=p
120,m>0 i21,m>0
= E ng,nfl(Za IU'X\{l,k}) + Mng,n—l(O, .u’X\{l,k})'
i+m=p1
121,m>0

This gives the third line of (13).

(C) The edge « has both ends on S, is separating, and does not cut off an
annulus.
The configurations in this case are essentially identical to those in case (A), where
~ is non-separating. Moreover the calculation is formally identical, since we simply
substitute the expression Qg, 7141(A, 1) Qgs,11+1(0, ;) in place of the expression
Qg-1,n+1(A, 0, px\ 1y) everywhere. We obtain the last line of (13). O

4.3 The punctured torus case

With the recursion (13) of theorem 17 in hand, we now obtain the count of pruned polygon
diagrams on punctured tori, using the established count for annuli in proposition 11. Then,
using proposition 14, we obtain the count of general polygon diagrams.

Proposition 18.

Mo S0 odd,

24
Qu1(p) = %, w1 > 0 even,
1, M1 = 0.
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Proof. For (g,n) = (1,1) the recursion (13) reduces to

Qi1(p1) = Z mQo2(%,7) + %QO,Q(QU)-

i+j+m=p1
i21,5,m=0

By Proposition 11, Qg2 (i, j) = E(Si,j. If 17 > 0 is odd, then we have

Qum)= > mi=5 > m-m="5 meg

2i+m=p1 0<m<,u1—2 0<m<py —2 0<m<p —2
i,m>=1 m odd m odd m odd

Lemma 10 gives the two sums immediately, and we obtain

(=12 T —2) (= D pd —

If 11 > 0 is even, then similarly we have

1
Q11(p1) = Z mH— =3 Z m(ul—m)—l—%

2i+m=p1 osm<pu1—2
i,m>=1 m even
g 1 M1
-2 m-g5 2, miT
0S<m< 1 —2 o<m<pu1—2
m even meven

and lemma 10 then yields

pln =2 L= =Ym w4 +8m
2 4 2 6 2 24

Qi1() =

Proposition 19.

2u—1) 1w+ 3u? 420 — 12

P, —
1) (u 2% —1 12

Proof. By Proposition 14, for uy > 0, and then by proposition 18,

Piy(m)= > @ 1(y1)< . Vl) _ Q1,1(V1)( 2411 >

v1<p1,v1 odd V1<p1,V1 even

3 3
B vy — 11 2141 vy + 81y 2/
DT PR EED D= -

% —V
v1<p1,v1 odd m 1 V1< p1,V1 even H 1

Using the combinatorial identities (8)—(10), this simplifies to (2“ ) 2;71 “3+3“21J;20“712. O

We have now proved proposition 1, with equation (1) proved in the introduction and
equations (2)—(4) proved in propositions 13, 15 and 19 respectively.
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5 Polynomiality

We now prove theorem 5, that Qg (i1, ..., it,) is an odd quasi-polynomial for (g,n) #
(0,1),(0,2). The proof follows in the same fashion as proposition 18.

Proof of theorem 5. We use induction on the negative Euler characteristic 29 — 2 4+ n.
When 2g —2+n =1, (g,n) = (0,3) or (1,1), and the theorem holds by propositions 11
and 18. Fix the parities/vanishings of (pq,...,1,). We split the right hand side of
the recursion of equation (13) for @)y, into nine partial sums depending on the pari-
ties/vanishings of (7, 7). We will show that each partial sum is a polynomial. Within each
partial sum, since the parities/vanishings of (4, j, pt1, . . ., ft,,) are fixed, Qg—1n+1, Qgn—1,
Qg1 111+1 and Qg, | 71+1 are polynomials by the induction assumption. Split each polynomial
into monomials in (4, j, i1, ..., p,). To show quasi-polynomiality and oddness it is suffi-
cient to show that for (7, ) with fixed parities/vanishings, and for odd positive integers K
and L, the following statements hold. (The degrees K and L remain odd by the inductive
assumption. )

1. The expression A(;) = > itjtm=p mifjL is an odd polynomial in p.
i>1,j,m>0

i21,m=0 i>1,x>0

2. The expression B(p1, ) = (Ziﬂn:uﬁuk mupi™ + Ziﬂzmukxuki[() is an odd
polynomial in g1 and puy.

K

3. The expression C'(p1) = > itm=p, mi™ is an odd polynomial in p;.

i>1,m>0

For the first statement, we have

Aw) =Y mifjh = > mifit= Y mifE+ Y mifh
i+j+m=u1 i+j+m=pu1 i+j+m=pu1 i+j+m=pu1
i>1,7,m=0 i,j5,m>1 i,j,m>=1,m even i,5,m>1,m odd
Since i, j have fixed parities and K, L are odd, it follows from proposition 9 that A(u)
is an odd polynomial in p;. A similar argument shows that C'(p;) is an odd polynomial
in p1. As for B(pi, o), another application of proposition 9 shows that for some odd
polynomial P(x),

—_ N

K K

B(pa, k) = > mpi® 4+ wpy
i+m=p1+pg i+T=p1—p
i>1,m>0 i>1,2>0

pP(p1 + p) + paP(pa — ), for py > g,
P (pa + i) — pe P (e — ), for py < puy,,

= p[P(p1 + ) + P(pa — )]

That P is odd then implies that B(uq, ) is odd with respect to both py and pug. O
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If we keep track of the degrees of the polynomials in Proposition 9, we see from the
recursion of equation (13) that only the top degree terms in Qg n—1, Qqg, j1j+1 and Qg, |j+1
can contribute to the top degree component of Qé,ne’Xo’X”). Going through each term on

the right hand side of (13), it is easy to verify by induction that

e the degree of Q%“Xmm is 6g — 6+ 3n (i.e. when Xy = () and all variables py, ..., iy,

are NoONzero),

e the degree of ng,{f’X“’X@) is at most 6g — 6 4+ 3n — | Xy| if Xy is non-empty.

Furthermore, since the leading coefficient of the resulting odd polynomial in Proposition 9
is independent of parities, it again follows by induction that for puq,...,u, = 1, the top

degree component of @, ,,(p1, - - ., f1,,) is independent of the choice of parities of py, . .., fiy.

Let [Qgn(pi, ..., pn)]™P denote this common top degree component of the quasi-
polynomial @, ,. More generally, we use [-]*P to denote the top degree component of any
polynomial. Then for positive py1, ..., i, the recursion (13) truncates to

top
[Qg,n(,ula s >ﬂ'n)]t0p = Z m[Qg—l,n-&-l(ia ja H’X\{l})]top
i+j+m=p
ijm=>1

— top
+ Z Z Mty [Qgn—1(i, Bx 1) " + Z 2k Qg1 (15 oy 1,5y)]" P

2y \ thm=p1+uy i+T=p1—

B i,m=1 i,x>1

— top
+ > > m[Qgy e (i )] (Qgayt a1 (s )] : (45)

91+92=9g t+j+m=p1
IuJ={2,...,n} 1,7,m>1
| No discs or annuli

We now compare the pruned polygon diagram counts @),, to the non-boundary-
parallel (i.e. pruned) arc diagram counts Ny, of [9]. We observe from the following
two theorems that N, satisfies some initial conditions and recursion similar to those of

Qgon-
Proposition 20 (][9] prop. 1.5).

I fiafts, + o + p3 even,
N0»3(M17ﬂ’27[113) = {M1M2N3 M1 H2 3

0, M+ o + ps odd,

%, w1 > 0 even,
Nia(p1) = <0, u1 >0 odd,

]_, M1 = 0.
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Proposition 21 ([9] prop. 6.1). For (g,n) # (0,1),(0,2),(0,3) and integers u; > 0,
M2 -y Hn 207

m o m :
Non(pa, .- s pin) = Z 9 g—1,n+1(%JaMX\{1})+ Z Z EN,n—l(%HX\{Lk})

i,,m=0 f=0 i,m=20
i+j+m=p1 2<j<n \ i+m=p1
m even m even
m —_ — m
+ E g o M Nyn—1(t; x\q1y) + E o M Ngn-1(t, x\(141)
1 >0 i,m>=0 i,m>=0
2<j<n \ i+m=p1+u +m=p1—pg
m even m even
m ) .
+ E g ENgl,\IH-l(Z?H’I)Ng2,|J|+1(j’l'l'J)

91+92=g 1,,m=0
IWJj={2,....,n} i+j+m=p1
No discs or annuli " €VeEN

Using the same argument as for Q) ,, the first and third authors with Koyama showed
that Ny, is an odd quasi-polynomial such that

o if Y piis odd, then Ny, (p1,. .., py) =0,

o if Y°" | 41; is even, then the degree of Ng(ﬁ"”x"’m (1, ...y pin) is 6g — 6+ 3n (i.e. when
all u; are nonzero),

e the degree of Ng(ﬁe,Xn,X@) is at most 6g — 6 + 3n — | Xj|.

Furthermore the leading coefficients of Ny, encode intersection numbers of psi-classes
on the compactified moduli space of curves M, ,.

Theorem 22 ([9] thm. 1.9). For (g,n) # (0,1) or (0,2), and py,...,pu, = 1 such that
> u; is even, the polynomial Néﬁe’x"’m (1, .-, pn) has degree 6g — 6+ 3n. The coefficient
Cd,...d, of the highest degree monomial ,ufdlﬂ ,u%d"H is independent of (X., X,), and

1
259—6+2nd ... d, | Mo

d dn
wll"'wn .

Cdl:'-~7dn

By comparing the recursions for the top-degree terms of Q),,, and Ny ,, we show they
are equal up to a constant factor.

Proposition 23. For (g,n) # (0,1) or (0,2), and p1,. .., pn = 1 such that >  u; is even,

[Qg»n(ﬂla s 7“”)]1;01) = 24g+2n_5[Ng,n(Mlu s 7/~LTL)]t0p'
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Proof. The top degree component of N, , satisfies the recursion

top
[Ny N =1 > F Wamtmnlivd )
gn\H1, - Hn = o g—ln+l 40 Bx\ {1}
2,7,m=>1
i+7ji+g};u1
_ top
m , o ~— m , o
+ Z Z Eﬂk[Ng,n—l(Z7 By gip)] P+ Z gﬂk[Ng,n—l(la Py g1p)] P
1 >0 i,m>1 i,m=>1
2<j<n \ itm=p1+pg i+m=p1—pk
L m even m even
— top
m ‘ o ‘ o
+ > > 5 o1, )P [Ngy 1141 (, p)]™P (46)
9g1+9g2=9g 1,7,m=1
IuJ={2,....,n} i+j+m=p1
| No discs or annuli " éven

Since both [N, (f1, - -, pin)]"P and [Qgn (g1, - - ., pn)]*" are independent of parities, we
may assume all y1; to be even, so that none of Ny 1,413, 7, x\13)s Non—1(8, Bx\(1.43),
Ny, i11+1(, por); Ngg 17141 (7, pey) vanish due to parity considerations.

Compare the right hand sides of equations (45) and (46). They are identical except
for factors of 2, and that Ny, sums over even m, while @)y, sums over both even and odd
m. Proposition 9 implies that for @, the top degree component of the sum over even m
in (45) is the same as that over odd m. This introduces another factor of 2. Comparing
the base cases (proposition 20 for Ny, propositions 11 and 18 for @),,) and recursions
on top degree terms ((46) for Ny, and (45) for ),,), we obtain by induction the desired
result. O

We now prove the remaining theorems from the introduction.
Proof of theorem 6. This follows immediately from theorem 22 and proposition 23. [

Proof of theorem 3. This follows the same argument as proposition 15. Recall from sub-
section 3.4 the notation

1
Qomb1s - i) = WQM(M, s )
=1

Since Qg is a quasi-polynomial, so is @ ,,. Separating @ ,, into monomials we see that
the right hand side of equation (12)

Pl ) = | (Q’(Vl, ) ﬁ (Mzﬁ))

0<y; <
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is a sum of terms of the form

n(s () () e

Hi — Vi Hi — Vi

i€Xe \ O<yi<p; 1€X, \ O<yi<py, 1€Xy
Vi even v; odd
X57X07X(Z))

where n; < 3g — 3 + n as the degree of Qg.n is at most 6g — 6 + 3n — | Xy|. B

proposition 7, each expression
. 2/L;
Z Vi2n1+1< H )
Hi — Vi

1<y <pi
v; fixed parity

(%)
Hi

(2u; — 1)(2p; —3) -+ (2n — 2n; — 1
for polynomials P,,. Hence taking a common denominator,

is of the form

, - ()
Fanlptas i) = (H Qu,—1)(2m—3)---(2n—2(3g—3—|—n)—1)>Fg’n('ul"”’ﬂn)

1
for some polynomial F},. Since (251) 204;,0 (2“’_1) P, ,, has the required form. O
An alternate proof of theorem 3 based on equation (5) is also possible.

A nice way to express the relationship (12) is to package P, , and @, into generating
differentials. For g > 0 and n > 1, let

—p1—1 o —
w;n(xla'--axn): Z Pg/m(:uh"'a,un)xlul ...xn#n 1d$1"‘dl‘n
Hseespbn 20
w;?,n(zlv-"yzn) = Z Q;’R(Vl,..., )211/1 1 --ZZ"_1 dzy - - -dz,.

VlyeeoyUn 20

Following [9] and [10], for any quasi-polynomial f,
wf(zla'--7zn) = Z f(Vl,.. Vn) Zlyl L. 25”71 le"'dZn

V1,e.Vn 20

is a meromorphic multidifferential, hence wgn is a meromorphic multidifferential. Using

techniques from these previous works, one can show the following.

Proposition 24. The multidifferential w®, is the pullback ofw under the maps x; =

(142;)? .

Zi

ag,n ,n

This result gives a way to relate the enumeration P, ,, introduced in this paper with
its pruned counterpart (), , at the level of generating functions and its proof relies on
proposition 14. Although the relation appears rather succinct in this language, it is not
clear how one could use it to easily bypass the intricate combinatorics involved in the
proof of theorem 17. For instance, one can observe that using proposition 14 to replace
all instances of P, , in the recursion of theorem 4 with expressions involving @Q,, does
not immediately reproduce the recursion of theorem 17.
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A  Proofs of combinatorial identities

We now give elementary proofs of the statements from section 2.
Recall proposition 7 states that there are polynomials P,, (), such that

oat1 20\ _ (2:)
2. P (n—z) = @D =) @n—2a—1 e

0<i<n even

() _ &)
Z 1 +(n—i)_(2n—1)(2n—3)...(2n_2a_1)Qa(n).

0<i<n odd

Proof of proposition 7. For a = 0, we have

( 2n ) :(2n—1)[(2n—1)—(2n—2i—1)]( Qn)

1

n—i 2(2n — 1) n—i
_ [((2n—1)—(n—i—1))((2n—1)—(n—i))—(n—i)(n—i—l)]( 2n )
| | 2(2n — 1) o n—i
- [(n - ZQJEerz(f 1_) — (n —2?+ 2) - _22()2(:—_11)_ : (nzf z)] '
Therefore both sums telescope and
2 ) oo () i ()
) =m0 () = ()
It follows that Py(n) = 52, Qu(n) = . For a > 0, we have
j20+3 <n2f Z) — p22atl (jﬁ Z) — (n+i)(n — §)i%*! <n2f Z)
— p2i2etl (fﬁ’ Z) — on(2n — 1)i2e+ (71211 1__2 Z)
By induction
) e ey
— 20 =Gy (2%;)— 23yl
It follows that
Poii(n) = n?[(2n — 2a — 3) Py(n) — (2n — 1) Py(n — 1)] (47)
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and similarly
Qar1(n) = n*[(2n — 20 — 3)Qa(n) — (2n — 1)Qqa(n — 1)) (48)
are polynomials in n. O]

Using Py, Qo calculated above and the recursions (47) and (48), we immediately obtain
the identities of equations (7)—(10).

Recall proposition 8 states that for positive odd ki, ky and fixed parities of iy, 79, the
sum of i]flz'gz over 11,1y > 1 such that i1 +i5 = n is an odd polynomial of degree ki + ks +1,
with leading coefficient independent of choice of parities.

Proof of proposition 8. Let Sk(n), Si(n), Sp(n) be the k-th power sum, the even k-th
power sum and the odd k-th power sums:

Sen)= > Sm= Y dF S = ) "

1<i<n 1<i<n, i even 1<i<n, i odd

Let B; denote the i-th Bernoulli number with the convention B; = —%. The standard
generating function argument leading to Faulhaber’s formula

1 R L 1 k41 y
— —1)¢ B: +1-i _ k B: k+1—1i 4
) = g 2 (") mer ey 3 (] B

can also be used to show that

1 (k+1 ,
Se(n) =nf 4+ ——— 21( , )Bi htl=i if n i , 50
w(n) =n 1) Oék ) n if n is even (50)
1 (k+1 .
So(n) =nk 4+ —— 21 Bi(n*t 7t — 1), if n is odd. 51
w(n)=n D) Ogék ( . ) (n ) if niso (51)

Since the odd Bernoulli numbers are zero except By = —3, equations (49), (50), and (51)
imply that S§(n) and S{(n) are even or odd polynomials depending on the parity of k41,
with the possible exception of the constant term and the n* term. The coefficient of n*
in S§(n) is 1 if n is even and 0 otherwise. The coefficient of n* in Sg(n) is 3 if n is odd
and 0 otherwise. If n is even, then the constant terms in Si(n) and Sp(n) are both 0. If

n is odd, then the constant terms in S5 (n) and Sp(n) are

1 (k+1
+C0p =+ ——— 21( . )Bi.
2(k+1) Oék 1

Observe that Cj,/k! is the coefficient of ¥ in (54)(52%5) = =15 Since ezlﬂ +=5=1
Cy = 0 for positive even k.
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If the fixed parity of 7; is odd, then

S ke Y i) = Y (C1)k ﬂ(j)nﬂswg_j(n).

t1,0221, t1ti2=n 1<ii<n, 0<j<ks
i1,i2 have fixed parities 41 odd
i i —1)k2—7 (k2 go i
Since k1 + ko + 1 is odd, each term (—1) (])n SR tks—j(n) is almost an odd poly-

nomial except for the constant term and the n* %77 term in Sp +ho—j(n). The coeffi-

cient of nFrtk2—7 ig % if n is odd and 0 if n is even. Hence the overall contribution to

So(—1)k27d (kj?)an,‘gler_j(n) is 0 in both cases, as Y i, (—1)/ (kf) = 0. The constant
term in Sp . s(n) is 0 unless k; + ky — j is odd, i.e. j is odd, so it contributes an odd
degree term (—1)*2=J (?)C’kﬁb_jnj to S (—1)ke=J (k]?)angﬁkrj(n). Therefore overall
So(—1)k27d (ka)angﬁkrj(n) is an odd polynomial of n.

Similarly if 7; is even, then

k- . . —J k: | Qe
> i = Y iftm—i)? = Y (-1 ]( ?>n]3k1+k2—j(”)

11,9221, i1+ig=n 1<i1<n, 0<y<ke J
i1,i2 have fixed parities i1 even

is also an odd polynomial of n.
Finally, it follows easily from induction that

> %(TZ) :a;(x+1)r7‘!-(ﬂf+n)'

0<ign

Hence by equations (49), (50) and (51), the leading coefficient of 3 i, is>1, i14ig=n 01052,

11,72 have fixed parities
regardless of the choice of parities, is

S mnineal) - (een(U) e

0<j<ke

Therefore the odd polynomial has degree k; + ko 4+ 1, and the leading coefficient is inde-
pendent of the choice of parities. m

Lemma 10 simply gives explicit expressions for S9(n), S9(n), S§(n) and S§(n), which

follow immediately from (49) and (50).
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